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ON THEOREMS OF B.H. NEUMANN CONCERNING
FC- GROUPS, 11

V. FABER* AND M.J. TOMKINSON

ABSTRACT. B.H. Neumann characterized central-by-finite and
finite-by-abelian groups. In this paper, we generalize these results by
characterizing those members of a large class of groups that are cen-
tral-by (<m) or (<m)-by-abelian. Here we mean that a group is
(< m) if its cardinality is less than m for some infinite cardinal m.

1. Introduction. B.H. Neumann [8] characterized central-by-finite and
finite-by-abelian groups. A group G is central-by-finite if and only if
each subgroup has only finitely many conjugates or, equivalently, U/U,
is finite for each subgroup U of G. Here U, denotes the core of U; that
is, the largest normal subgroup of G contained in U. We use U€ to denote
the normal closure of U in G; then G is finite-by-abelian if and only if
|UG: U| is finite for each subgroup U of G.

Eremin [3] indicated that it is only necessary to consider the abelian
subgroups of G in the first of these results. A corrected form of Eremin’s
proof can be found in the book by Goréakov [7].

In [13], one of us considered the extension of these results to FC-groups
in which |G/Z(G)| < m or |G'| < m, where m denotes an infinite cardinal.
Here we go further and consider the extent to which the FC-condition
can be relaxed.

To describe our results, we define the following classes of groups. If m
is an infinite cardinal, the class mC consists of those groups G in which
|G: Cy(x)] < m for each xe€ G. Z,, is the subclass of mC consisting of
those groups G in which |G: C4(S)| < m for each subset S S G such
that S| < m. See [4] and [5] for theorems concerning the abelian subgroup
structure of mC-groups.

In the case m = &, both these classes coincide with the class of FC-
groups and so either class may be considered as a generalization of the
class of FC-groups. As was shown in [13], the condition on Z,,-groups
makcs these groups much easier to work with, and here we are able to
prove the following results.

*The majoi ‘portion of this work was done while the first author was on the faculty of
the University of Colorado at Denver.
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THEOREM A. Let G € Z,,. Then the following are equivalent:
() 1G/Z] < m,

(i) |U/Ug < m for each U £ G,

(iii) |CI(U)| < m for each U £ G,

(iv) |A/Agl < m for each abelian subgroup A of G, and
(v) |CI(A)| < m for each abelian subgroup A of G.

THEOREM B. Let Ge Z,,. Then |G'| < m if and only if |AC: A| < m for
each abelian subgroup A of G.

In Theorem A, it is reasonable to restrict our attention to Z,-groups
because the condition [G/Z| < m clearly implies that G € Z,,. In the case
of groups in which |G’| < m, this restriction seems somewhat unsatis-
factory. In [13], the most interesting result showed that for FC-groups
(without a Z,-condition), |G’| < m if and only if |Ug: U| < m for each
U £ G. We can improve this result when m is uncountable in the following
form.

THEOREM C. (GCH). Let n and m be infinite cardinals such that n <
m and let G be an nC-group. Then |G’'| < m if and only if (U¢: U| < m for
eachU £ G.

Since the condition |G’| < m only implies that G is an mC-group, we
might hope to prove the result for mC-groups and change the condition
n < m to n = m. However, we construct an example that proves the
following.

THEOREM D. (27 = mt). There is a group G € m* C such that |G'| = m*
but \UG: U| < m for each U £ G.

The proofs given here are usually rather different from and a consider-
able improvement upon those given in [13]. In certain results, the case
in which m = §&; has to be treated separately from the uncountable case
and we do not always include this special case. Sometimes the countable
case is purely a matter of detail and would only divert the reader from
the main arguments. In one proof (Lemma 5.3), the countable case is
considerably more complicated; it can be found in [13].

2. Notation. Let S and T be sets, S < T always means strict inclusion.
The cardinality of S is denoted by |S|. If m is an infinite cardinal, m™* is
the first cardinal greater than m and exp m = 2m. The cofinality of an
ordinal y (respectively, cardinal m) is the first cardinal n such that ¢ (re-
spectively, m) is the sum of » smaller ordinals (respectively, cardinals); we
denote this relationship by n = cf(y) (respectively, cf(m)); m is a regular
cardinal if cf(m) = m and is singular otherwise. A cardinal m is a strong


file:///G/Z/
file:///G/Z/

CONCERNING FC-GROUP, II 497

limit if exp n < m for every n < m. The first infinite ordinal is denoted
by w. Additional terminology can be found in [11].

Let G be a group and S and T be subsets. C(S) denotes the centralizer
of S in G. We denote the center of G by Z(G) = Cy(G). If S = {1}, the
trivial subgroup, we often denote S by 1. If x, y € G, the commutator of
x and y is [x, y] = x1y~1xy. We denote by [S, T] the set {[s, ¢]: s€ S,
te T}. The derived (commutator) group of G is denoted by G’. The con-
jugate class of Sin G is CI(S) = Clg(S) = {g71Sg: g€ G}. If G;,iel isa
family of groups, their direct sum (restricted direct product) is denoted by
Dr;;G;. If g = m;~;g; is an element of Dr,c;G,, then supp(a,) denotes
the set of coordinates / € / such that a; is nontrivial; that is, supp(a;) =
{ieI:a; # 1}. Additional terminology can be found in [9] and [10].

3. Preliminary Results. We shall see that problems may arise with the
class of mC-groups when m is singular. The following result shows that
these difficulties do not arise with Z,,-groups.

LEMMA 3.1. If G € Z,,, then G € nC for some regular cardinaln < m.

PrOOF. Let G € Z,,; then certainly G emC. Let n = sup{|Cl(x)|: x €
G} < m. If n = mand nis singular, then n = m = X ,i,M, With m, <
m. By the definition of n, there are elements x, € G with [Cl(x,)] = m,.
Let S = {x,: a < cf(m)}: then [G: Cx(S)| = X m, = m although |S| =
cf(m) < m. This is contrary to G € Z,, so, if n = m, n must be regular.
If n < m, then G € n*C, nt is regular and n* < m. This proves the lemma.

LEmMMA 3.2. Let m be uncountable and let either n < m or n = m be
regular. If G e nC and S S G such that |S| < m, then |{SC)| < m.

PROOF. (S¢) = | J{<x¢): x € S}. Now [{xC)| = n,, where n, < nif n
is uncountable and n, < n if n = Ry, and so [{SC)| = X, Ifn < m,
then }}.-.n, < n|S| < m. If n = m is uncountable and regular, then
n, < nfor all x and so, since |S| < n, X, e, < B = m.

COROLLARY 3.3. Let m be a strong limit cardinal. Then G € Z,,, if and only,
if G € nC for some regular n < m.

PROOF. One direction is just Lemma 3.1. So we assume that G € nC for
some regular n < m and let S € G with |S| < m. For m uncountable,
[{SC¢Y] < m by Lemma 3.2. Hence |G: Cg(S)| = |G: Cg({S))| =
|Aut {S¢>| < exp |[KS¢Y| < m. If m = 8, then, as remarked earlier,
Ge Z, if and only if G e mC.

At this stage, we note the following elementary result (see Lemma 2.1
in [13]).

LeEMMA 3.4. Z,, and mC are both QS-closed classes of groups.
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We now need to consider the elementary relationships between the
different cardinalities |US: U|, |U/U|, and |CI(U))|.

LEMMA 3.5. Let m be an infinite cardinal and let either n < mor n = m
be regular. Let U be a subgroup of the nC-group G.

(i) If|U/Ug| < m, then |UC: U| < m.

@) If |CID)| < m, then |USG: U| < m.

PROOF. (m uncountable) (i) Let T be a transversal to U, in U; then
U= U:er Ugt and |T| < m. By Lemma 3.2, |[{T¢)| < m and clearly
UG = U{TGY; hence |UC: U| < m.

(i) Let T be a transversal to Ng(U) in G so that |[T| < m. For each
teT, Ut £ UG6G) and so UG £ ULTC). By Lemma 3.2, KTCY| < m
and hence |U¢: U| < m.

The following example shows that if # is singular then we must have
n < m in this result and also in Lemma 3.2.

ExampLE 3.6. Let 4, and B, be elementary abelian 3-groups of cardi-
nality §, and let ¢,: 4, — B, be an isomorphism.

Let X, = 4,1 x B, and X = Dr2yX,. Let Y = Dr;2,{y,> be an
elementary abelian 2-group and form the split extension G of X by Y
such that [x, y,] = 1 if xe€ X,, and m # n and [x, y,] = x if x € X,,. Then
G/ X| = 8, G’ = X, Z(G) = 1, and G € §,C.

Now |Y/Yg =8 < 8, but Y6 = G and so |YG:Y| = 8, showing
that Lemma 3.5(i) is false for mC-groups if m is singular. This also shows
that Lemma 3.2 is false if the condition n < m is weakened to n = m
when m is singular.

Let U, = {aa*: ae A,y and U = Dr2, U,. Then NyU) = X and so
ICI(U)| = Ry < B, but US = X and, since X = U x Drj2,B,, we have
|X:U| = 8,. Thus Lemma 3.5(ii) is also false for mC-groups with m
singular.

It was observed in [13] that the converses of Lemma 3.5(i) and (ii) are
false even for Z,, (| 8,C-groups.

LeMMA 3.7. Let U be a subgroup of the Z,-group G. Then |CI(U)| < m
if and only if |U/Ug| < m.

PRrOOF. (m uncountable). If |U/U;| < m then, since G/U; € Z,, (Lemma
3.4),|G: Cs(UJUg)| < m. Hence |G: Ng(U)| < m.

If |CI(U)| < m, let T be a transversal to Ng(U) in G so that |T| < m.
By Lemmas 3.1 and 3.2, |KT¢)| < m. Since Ge Z,, |G: Co(XTCH)| < m
and so |U: Cy({T¢))| < m. But Cy({T6)) is normalized by (7¢) and
Ng(U)and so Cy({T6)) <1 G. Thus Ug 2 Cy({T¢)) and hence |U/Ug| < m.

LeEMMA 3.8. Let m be an infinite cardinal and let either n < m or n = m
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be regular. If U is a subgroup of the nC-group G with |G: U| < m and
|U'| < m, then |G'| < m.

PRrROOF. (m uncountable). By Lemma 3.2, there is a normal subgroup N
such that NU = Gand [N| < m, G' < U'N and so |G’| = |U'| |N| < m.

LemMMA 3.9. Let U be subgroup of the Z,-group G such that |G:U| < m
and |UJZ(U)| < m. Then |G|Z(G)| < m.

PrOOF. (m uncountable). By Lemmas 3.1 and 3.2, there is a normal
subgroup N of G such that NZ(U) = G and |N| < m. Since Ge Z,,
|G: Co(N)| < mand hence |G: Z(U) (| Ce(N)| < m. But Z(U) (| Co(N) =
Z(G).

We saw in [13] (following Lemma 2.3) that Lemma 3.9 is false without
the Z,-condition even if G is an FC-group. In Lemma 3.8 we need » to
be regular if » = m as is shown by Example 3.6 if we take U = X.

4. Existence of N-subgroups. Neumann’s original proof [8] and the
generalizations in [13] both depend on obtaining subgroups of a rather
special type and then discussing these groups in some detail. An N-group
of cardinality m is a group generated by elements a,, b,, a < p, where p
is the least ordinal of cardinality m, satisfying the conditions

O (@0, ag] = [ba, byl = laq, bg] = 1, if a # B,
and
[ag, b) = ¢, # 1.
It is a consequence of these conditions that
2 a,ag' is noncentral if & # .

The N-group {a,, b,; @ < p) of cardinality m is called an N;-group if
it satisfies the additional condition

3) ¢y # cg, Whenever @@ # §.

THEOREM 4.1. If G is a Z,,-group with |G'| Zm, then G contains an N;-
subgroup of cardinality m.

PROOF. Suppose that we have defined the elements a,, bse G for all
B < a(some @ < p) such that [ag, a,] = [bg, b,] = [ag, b,] = 1if § # 7,
and [ag, byl = cs¢<a,, b,; v < B>. Let S, = {ag, bg; B < a}and let C, =
Ce(S,). Since Ge Z,, and |S,| < m, |G; C,| < m. By Lemmas 3.1 and
3.8. |Ci| = m. If m is uncountable, |{S,>| < m; if m = 8, then G is an
FC-group, G’ is periodic, and [{(S,> () G| is finite. In both cases, [{S,>
N G’| < m and so C, contains elements a,, b, such that [a,, b,] = ¢, ¢
(8> Thus we can construct the Ny-subgroup {a,, b,: a < p).
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To obtain the more interesting case required for Theorem C, we use the
result proved in [12] in the following form. (The result also follows from
the Marczewski-Erdés-Rado Theorem on J-systems [2]).

THEOREM 4.2. (GCH). Let n and m be infinite cardinals with n < m. Let
S be a family of sets such that |S| = m and |A| < n for each A€ S. Then
there is a subfamily F of S such that |F| = mand || ) 42per(4 N B)| < m.

CorOLLARY 4.3. (GCH). Let n and m be infinite cardinals with n < m
and let G e nC. If S & G such that |[S, G| = m, then there is a subset T of
S such that |[T, G| = m, but |[T, T]| < m.

ProoF. For each s€ S, |{[s, g]: g € G}| < n and so we have m subsets
X, = {[s, g]: g € G} of cardinality less than m. (This is clear if m is un-
countable; if m = §&; then G is an FC-group, G’ is periodic and {[s, g]:
s€ S, g € G} is infinite.) There is a subset S of S such that [S;| = m and
there are distinct elements x; € X, s € S;. The commutator [s, z] is in the
intersection X, (] X,. By Theorem 4.2, there is a subset T of S, such
that || = m and hence |[T, G]| = m but [{ J,~,er(X; N X,)| < m. Hence
I{[t1, t2): 11, t2€ T}| < m and, if m = R again is considered separately,
it follows that |[7, T]| < m.

THEOREM 4.4. (GCH), Let n and m be infinite cardinals with n < m.
If GenC and |G’'| = m, then there is a normal subgroup F of G with |F|
< m such that G|F contains an Nq-subgroup of cardinality m.

PRrOOF. If m = R, then G € Z,, and Theorem 4.1 gives the required
result by taking F = 1.

Suppose m is uncountable. By Theorem 4.3, there is a subset T S G
such that |[T, G]| = m and |[T, T]| < m. By Lemma 3.2, |[7, T]¢| < m.
Factoring out F; = [T, T]°, we have an abelian subgroup 4 =
{T>F,/Fysuch that |[4, G]] = m (writing Fin place of G/F)).

We can choose elements a;, i € I, of A and b; i € I, of G such that |I| =
m and [a;, b;] = ¢; with ¢; # c¢; whenever i # j. By Theorem 4.3, there is
asubset B = {b;;iel;} of {b;:iel} such that [B| = mand |[B, B] <
m. Again |[B, B]6| < m, and factoring out F, = [B, B]¢, we have (taking
subsets if necessary) two abelian subgroups 4; = {a;; iel;) and B; =
{b;; i € Iy with the commutators ¢; = [qa;, b,], i € I, being distinct.

Now let X; = [a;, B;] U [4;, b;]; then |X,| < n and ¢; € X,. There is a
subset J of I; such that [J| = m and |z, /(X; | Xp)| < m. Factoring
out F3 = (s (X; N X,))C, we have (taking subsets if necessary) ele-
ments a;, b, j € J, such that [a;, a,] = [b;, b)] = [a;, b,] = 1ifj # k and
[a;,b;] = c;and c; # ¢, wheneverj # k.

Well-ordering the set J, we can relabel the elements a;, b, j € J, as a,,
by, a < p.
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5. Abelian subgroups of N;-groups. We have shown in §4 that in Z, -
groups with |G’| = m there is a large Nq-group. Theorems B and C will
follow if we can show that an Nj-group of cardinality m contains an
abelian subgroup X such that [X¢; X| = m. Our proof of this fact for
the uncountable case is considerably shorter than that given in [13], de-
pending on the following result about abelian groups.

THEOREM 5.1. Let A; i€ I, be an uncountable family of finitely generated
subgroups of an abelian group A with |I| = m. Then there is a subgroup
B < A with |B| < m and a subset J of I such that |J| = m and {A;B|B:
ieJ) = Dr, ;(4;B/B).

Proor. Embed A in a divisible group Dr;-,D; where each D, is locally
cyclic. For each iel, let X; = {1e A: n)(4) # 1} = (Jaca, supp(a);
then each X; is finite. By Theorem 4.2, there is a subset J S 7 such that
[/| = m and X = | J;,;c A(X; U X,) has cardinality less than m. Let B =
A () Drye xD;. If a = [[;-;a;€ B with a; € A;, then a; = a [],;.;a;' and
so supp(a;) € X; N (X U (J;+X;) = X. Thus ;€ B and so (4;B/B: i€
J> = Dr;-{(A,B|B).

THEOREM 5.2. Let G be an Ni-group of cardinality m. [If m = 8, as-
sume further that G is an FC-group.] Then G contains an abelian subgroup
X such that | X6: X| = m.

PROOF. (m uncountable). We may use the argument of the first two
paragraphs of the proof of [13]. Theorem 3.2 to assume that G is nilpotent
of class two.

Let G, = <a,, b,); then G, is a finitely generated nilpotent group and
so C, = Z(G,) is finitely generated. The groups C, are finitely generated
subgroups of the abelian group Z(G). By Theorem 5.1, there is a subgroup
H < Z(G) with [H| < m and a subset / of {a: & < p} such that [[| = m
and {(C,H/H: a€l) = Dr,.;C,H/H. Now ¢, € C, and the ¢, are dis-
tinct. Since [H| < m we can therefore choose a subset J of I such that
|J| = m and G,H/H is nontrivial for each « € J.

Let xe G H () (GgH: 3 # a) : then x = g.h = gh; with g € (G: 8 #
ay. Thus g, = ghh1e Z(G,) = C, and ge Z({Gs: B # a)) = {Cq:
B8 # a>. Thus xe C,H (| {<CgH: 8 # a) = H. Hence (<G ,H/H: aeJ)
= Dr,,G,H/H.

Relabel the elements of J by ordinals 3, 8 < p. The group GGgiy H/H
is nonhamiltonian and so there is a cyclic subgroup X; of GyGgz1H such
that X§H > XgH. Let X = (H, X5; 8 = A+ 2n), where 1 is a limit
ordinal and » a natural number. Then |X¢: X| = m as required.

Theorem 5.1 is not available for the case m = ), and we have not been
able to make any significant reduction to the proof included in Theorem
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3.2 of [13]. The original proof of Neumann [8] also gives a proof for that
case. Theorems B and C now follow by combining Theorem 5.2 with
Theorems 4.1 and 4.4, respectively.

We also are able to give a proof of Theorem A which is considerably
shorter than that given in [13]. The proof depends on the following rather
simple result about abelian groups.

LEMMA 5.3. Let B be a subgroup of the abelian group A such that |B| <
m. Then there is a subgroup C of A such that B ) C = 1,

(i) |4/C| < m if m is uncountable, and

(ii) A/C satisfies the minimal condition if m = §,.

PROOF. (i) Embed A in its divisible hull 4 = Dr,_,D;, where each D;
is locally cyclic and hence is countable. Since |B| < m, the set J =
Uscs supp(b) = {ieI; x,(B) # 1} has cardinality less than m. Let C; =
Drie;—jD; and C= A ()} C;. Then BN C & Dr;D; 1 C; =1 and
AJC € (A + Drie;D,)/C = Dr,e;D;/(C (| Dr,.;D;) = Dr;-;D,. Thus
|4/C| £ IDre;Dy| < m.

(ii) For each b € B, choose a subgroup M, maximal subject to b ¢ M.
Then A/M, is cyclic or of type C,«. B is finite, and if C = (),=pM, then
B (1 C = 1 and 4/C satisfies minimal condition.

THEOREM 5.4. Let Ge Z,, and |G|Z| = m. Then G has an abelian sub-
group X such that | X|X¢| = m.

Proor. If |G'| = m, then by Theorem B there is an abelian subgroup
X such that [X¢; X| = m. It follows from Lemma 3.5(i) that |X/X;| = m.
We may therefore assume that |G'| < m.

We now show that G contains an N-group of cardinality m. Suppose
that we have constructed elements a;. bg for § < a (some a < p) such
that [ag, a,] = [bg, b,] = [ag b,] =1, if B#7, [ag bs] = c5 # 1. Let
S = {ag bg; B < a}, then |S,| < m and if C, = C(S,), [G: C(S,)| <
m. By Lemma 3.9, |C,: Z(C,)| = m and so there are elements a,, b, € C,
such that[a,, b,) = ¢, # 1. Then 4 = {a,, &« < p) is an abelian subgroup
of Gsuch that |4/4 < Z| = mand |4 N G'| < m.

If m is uncountable, then by Lemma 5.3 there is a subgroup X of 4
such that [A/X| N mand X N G' = X 1 (4 ) G') = 1. It follows that
|X/XN Z| = m and also [X;, G] = X ) G' =1 so that X £ X () Z.
Hence | X/ X | = m.

If m = R, then G is an FC-group and so G/Z is residually finite. Hence
AJ/A () Z is a countably infinite direct product of finite cyclic groups: in
particular }r,(A) is infinite where r ,(4) denotes the p-rank of 4. By Lemma
5.3, there is a subgroup X of A4 of A4 such A/X satisfies the the minimal
conditionand X (1 G' = 1. Since Xr,(A4/X) is finite, it follows that X/X
Z is infinite. As above, X < X () Z and so | X/X;| = Ro.
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The proof of Theorem A4 now follows easily. It is clear that if [G/Z] <
m, then |U/Ug;| < m for each U =< G. Since the equivalence of statement
(ii) with (iii) and statement (iv) with (v) was established in Lemma 3.7,
and since statement (ii) obviously implies (iv) it is only necessary to show
that (iv) implies (i). This is the content of Theorem 5.4.

6. The counterexample. The example that we give to prove Theorem
D is based on the construction first used in [1] and again in [6].

Let ¥ and W be vector spaces over a field K and let p: V x V » W
be an alternating bilinear function. If y: V' x V' — W is any bilinear
function such that p(x, y) = y(x, ) — y(», x), then V' x W can be given
the structure of a nilpotent group of class two, denoted by G = Vy W,
by defining (x, a)(y, b) = (x + y, a + b + y(x, »)). Note that [(x, a),
(3, B)] = (0, p(x, ).

Using this construction, the result will follow by taking the ¥, W, and
p provided by the following theorem.

THEOREM 6.1. (2" = m™"). Let K be a field with |K| < m. Writing w,,
w,+1 for the least ordinals of cardinality m, m*, let V, W be m*-dimensional
spaces with bases {v,: @ < wy11}, {Wo: @ < @y} Let Ve = (Vi < &)
and W, = (W,; a < ¢). Then there is an alternating bilinear function
p: V x V — W such that

D) p(Ve x V) s W, fore < w41 and

(i) p(L x L) = W for each m*-dimensional subspace L of V.

If G = VyW, then condition (i) shows that Gem™C. If U £ G, denote
UG'/G’ by U, then U may be considered to be a subspace of V = G/G'.
If |U| £ m, then since m* is regular, U £ V, for some ¢ < w,4; and so
UG = UU, Gl = Up(U x V) < UW,. Hence [US: U| £ m. If |U| = m,
then condition (ii) shows that U’ = G’ and so U <] G.

PRrOOF. For our proof of Theorem 6.1, we use the following notation. If
P is a subspace of V, and f: V, x V, — W is a given alternating bilinear
function, let §(P) = min{a: w, ¢ f(P x P)}. In fact, § depends on f as
well as P but no confusion will arise from our abbreviated notation.

LEMMA 6.2. f: V, x V, — W, (e = w,) be an alternating bilinear function
such that

(a) JWW, x V) = W,, for each o < e.
Let R be a family of subspaces of V, such that
(b) each P € R satisfies codimp(P () Vypy) = m

and
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(© [R| < m.

Then there is an extension f*: V.1 x V.1 — W,y of f such that

(1) f*isan alternating bilinear function,

Q) f(Vy x Vo) € W, foreacha £ ¢ + 1, and

(3) for each veV, and Pe R, there is an element ue P such that
S, v +v) = wipy.

Proor. If R = ¢, then condition (3) is vacuous and we may define
S ve) = 0, for all @ < e. So we may assume that R # @ and so |V, x
R| = m. We well-order V', x R with order type w, and label the ath ele-
ment (v‘@, P(@),

We define inductively a set of vectors {u,: @ < w,} such that

(i) supp (u,) () supp (up) = @, ifa # 8
and

(i) uaeP @ — Viiptayy.

We may define 4, to be any element of P — V. Then for any § <
w, we may assume that u, has been defined for each a < 0. Let 3 =
Uaco SUpp (Ug); then [Z] <m. If V5 =<v,; a<e a¢l), then
codimy, (V,_y) < m and hence

COdimP(d)ﬂVE_E (P(O) ﬂ VevE ﬂ VJ(P("))) = m.

Therefore we can choose uy € (P (1 V._y) — Vjpwy. This completes
the inductive definition of the u,’s.

Now let g, be the largest member of supp (u,) = {ay, ..., a,. 0.} then
we may assume that u, = 2%, §v,, + v, We define

S* Vo ve) = Wypy — fltdgs v(@)

and f*(vg, v,) = 0,if 8 # o, forany a.
Clearly f* can be made bilinear and alternating by defining f(v,, v)=
— f*(v, v.); thus condition (1) is satisfied.

f(uav ve) =f(va,,,v ve) = Ws(pl) _f(uw v(a)),
and so
S*gy ve + V) = Wy(pt.

If ve V., P € R, then there is an « such that v = v(@ P = P and so
u, is the element required for condition (3).
If 8 # o, for any a, then f*(vg, v,) = 0 € Wy,,. Also

S*gp Vo) = Wyipy — flUag, V') € Wyipwy + W,

N

by hypothesis (a). But u, ¢ Vipw), so 0(P¥) < g, and Wjpa,
W,...- Thus f*(v,, v.) € W,_,,, as required for condition (2).
This completes the proof of Lemma 6.2.
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Proor oF THEOREM 6.1. For each e(w, £ ¢ < w,+1) we can define F(e)
to be an m-dimensional subspace of V. in such a way that every m-di-
mensional subspace of V occurs as some F(e).

Letf: V, x V, — W, be any alternating bilinear function such that
JWa x V,) € W, for each a < w,. [For example, let f(vg, vot1) = We
for all @ < w, and f(v,, vp) = 0if B > a+ 1.] We extend fas follows.

Suppose that we have defined the extensions f: V, x ¥V, — W, such that
fV, x V) € W,, for each o < ¢. We extend this to f: V.1 X V.o —
W, using Lemma 6.2 with R, = {F(¢): ¢ < ¢ and codimpy,(F(z) N
Vsrap) = m}. If v is a limit ordinal, then f: V, x V, » W, is defined
coherently.

Let p: V x V — W be the resulting alternating bilinear function.

Suppose that V has an m*-dimensional subspace L such that p(L x L)
# W. Then let ¢ be minimal such that w; ¢ p(L x L). Wj; has dimension
m and W; < p(L x L). So there is an m-dimensional subspace P of L
such that o(P x P) 2 W; and codimy(P () V;) = m. Clearly 6(P) = 0.
Also, P = F(y), for some 7. Now L contains an element v = 3],..&v; +
vy, for some £ > 9. P = F(y) € R and 2j;..§;v; € V.. So there is an ele-
ment u € P such that p(u, v) = f(u, 33;.,&;v2 + v,) = ws. This is a con-
tradiction to w; ¢ p(L x L) and hence p(L x L) = W for all m*-dimen-
sional subspaces L of V.
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