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A PAIR OF BIORTHOGONAL SETS OF POLYNOMIALS 

W.A. AL-SALAM AND A. VERMA 

ABSTRACT. The two sets of polynomials {J? ß\x)} and {K^ ß\x)} 
where J^,ß\x) is of degree n in xk and K% ,ß\x) is of degree n in x 
(n = 0, 1,2, . . . ) are constructed so that they are biorthogonal on 
(0, 1) with respect to discrete distribution dQ(a, ß; x) which has 
jumps [ccq\w[ßq\i(aq)1/[a/VUM, at x = q\ When k = 1 these 
reduce to the little #-Jacobi polynomials. Various other properties 
are also given. 

1. Introduction. Let a(x) be a "distribution" on [a, b] (finite or infinite), 
that is, a(x) is bounded, incrasing on (a, b), with infinitely many points of 
increase, and such that j * xn da(x) < oo for all n ^ 0. 

The set of polynomials {Pn(x)}9 and the set of polynomials {Qn(x)}9 

deg Q„(x) = n for n = 0, 1, 2, . . . are said to be biorthogonal on (a, b) 
with respect to dcc(x) if 

(LI) §b
aPn(x)Qm(x)Mx) = KKm 

with A„ # 0 and 5WW the familiar Kronecker delta. In this paper we shall 
take Pn(x) to be of degree n in xk where k is fixed. 

Didon [7] and Deruyts [6] considered this concept in some detail. For 
example, given the set {Pn(x)} the set {Qn(x)} is uniquely determined and 
conversely. 

This concept has been reconsidered in [11], [12]. It is shown that (1.1) 
is equivalent to (1.2) and (1.3), 

(1.2) $ypn(x)da(x){ = 0 0 g I < 7! , 

^ 0 i = n 

and 

(1.3) fa*QJLx)da(x)l °0 

0 ^ i < n, 

i = n. 

Thus if & = 1, {PHOC)} and {Qn(x)} collapse to the set of orthogonal 
polynomials associated with cc(x) on (a, b). Both Didon and Deruyts 
gave as an example the case da(x) = xa-l(\ - xy-1 dx on (0, 1). More 
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recently Chai [13] suggested a polynomial of degree n in xk which is or­
thogonal to x*(i = 0, 1, . . . , « — 1) on (0, 1) with respect to da(x) = 
jca-1(l — xy~xdx. This case was considered earlier in [6] and [7]. 

Lately considerable interest has been shown in the little #-Jacobi poly­
nomials Pn(x; a, ß\q) [1, 2, 3,10,15] defined by 

q~n, aßqn+1; q, qx 
aq 

(1.4) P»(x; a, ß\q) = M 

whose orthogonality relation is then 

(1.5) f * Pn(x; a, ß\q)PM(x; a, ß\q) dQ(a, ß; x) = hnÔnm 
V 0 

where Q(a, ß; x) is a step function with jumps, at x = q'\ 

dQ(a, ß; x) = \aq}i^\ (aq)*, i = 0, 1, 2, . . . , 

(1.6) 

n laq]n[aßq]n[aßq2hn K ' 

In this paper we shall employ the following notation : For \q\ < 1 we put 
iß\ #)oo = IT^=o(l — aclj) a nd f° r arbitrary complex number «, (a; q)n = 
(a; q)ool(aqn; #)TO, so that in particular if n is a non-negative integer (a; q)n 

= (1 — tf)(l— aq)- • -(1 — qn~x) in which case the restriction \q\ < 1 is 
no longer necessary. For writing economy we shall write [a]n to mean 
(a; q)n. If the base is not q but, say, p then we shall mention it explicitly as 
("IPX-

The Heine or g-series 

r<f>i W+k-l 
ah a2, . . . , ar\ q, x 
Pi, b2, . . . , br_k+i j 

__ f. [ < f e ] y - - [ ^ U " l ) ^ ( 1 / 2 ) ^ ( ^ - 1 ) ^ 
h [<!ÌÀh]r--[br-k+ih 

The ^-difference operator (with base q) is Dqf{x) = (f(x) — f(qx)/x and 
its w-th iterate is then 

(1.7) D»qf(x) = x-n £ (lq-»]jl[qWf(xV) (" = 0, 1, 2, . . . ) . 
y=o 

Its fractional extension is then 
oo 

(1.8) Dçfix) = x-" S ( [ r « W ^ • 
y=o 

The ̂ -binomial theorem is [14] 
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(1.9) 

Gauss' theorem for the sum of 2<f>i series is given by [14] 

(1.10) 2̂ 11 
a, b; q, cjab 

c = [claUc/b]J[cUclab]„ 

and the ^-Vandermonde theorem is [14] 

(1.11) 201| 
~q-»9 b\q9 q 

c = ([clb]J[c]„)b». 

We shall find it useful to know the "moments" for the distribution (1.6). 
Using the ^-binomial theorem (1.9) we get 

(1.12) fij = ^xUQ(a, ß; x) = [aqUaßq^Jlaq^Uaßq2]^ . 

Jackson [8] gave the following ^-analog of Taylor's formula for poly­
nomials of degree g n. 

(1.13) f{x) = 2 xr([l/x]rl[q]r)[Dr
gf(x)]x=1 

r=0 

2. A Biorthogonal System of Polynomials. Let us define for n = 0, 1, 2, 

(2.1, /«(,; *) , t ^«SC" UX)" 
and 

(2.2) 
jrS*A>(*; k\q) = £ [^]„_ r (^ )V[?] f [^ ] B - r 

r=0 

We shall prove that {/£'#(*, % ) } and {jf <?'̂ (*> % ) } are biortho­
gonal to each other. More specifically we assert that 

(2.3) P / S * 0 ( x ; k\q)X-£Hx> k\q)dQ(a, ß; x) = hn(a, ß, k)önm 
j o 

where Q(a, ß; x) is the distribution function given in (1.6) and 

(2.4) hJia, ß, k) = (?*; î W W V i O - aßq*»+*+1) . 

Before proving (2.3) we remark that when & = 1 the polynomials 
/(n'ß) (xi 1 l<7) reduce to the little #-Jacobi polynomial (1.4). This is obvious. 
Less obvious is that j f jf»# (JC; 1|#) also reduces to a constant multiple of 
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the little <7-Jacobi polynomial. To see this we put k = 1 in (2.2) and 
evaluate the inside sum by Gauss' summation formula (1.10) to get 

X*»(x; l|g) -
 [af^lx]» ^ 

_ [<xqUßqx]„ 
[ßq]n 

l<f>2 292 

q-n,q~n/ß,0;q,q 

m> q~nlßx 
P~n,ßp~n;p,xlap1+n' 

Ip/a, ßxp~n 

where p = ì/q. Now the 2^2 in the second equality can be transformed 
using Heine's transformation [14] 

202| = ([y,p]J[y^ip]oo)2^ 
c/B,A;p,y 

c 
~A,B;p, yc/B-] 

_c, y A j 

to get, after changing the base back to q, 

(2.5) JT2*0(JC; 1 \q) = ([aq]J[ßq]n)P„(x; a, ß\q). 

Thus we see that when k = 1 the orthogonality relation (2.3) reduces to 
(1.5). 

Now to prove (2.3) it is sufficient to prove 

(2.6a) In,m = J V / $ * 0 ( x ; k\q)dQ(a, ß; x)|^ °Q
9 

and 

(2.6b) / ; m = ^m^,ß)(x; kiq)dû(a9 ß; x)^ °' 

0 ^ m < n 
m = n 

0 g m < n 
m = n 

Formula (2.6a) can be verified easily. Indeed substituting in (2.6a) for 
f(n'ß)(x; k\q) from (2.1) and using (1.12), we get, for m < n9 

1 
[<xßl2]»-i 

[D"qk{[aqx]m[aßq2+mx]„_m^}]x 

Since the w-th ^-derivative of a polynomial of degree k < n vanishes, it 
follows that Inm = 0 for m = 0, 1, 2, . . . , « — 1. In case m = n + s — 1 
(s ^ 1) we write 

(2.7) 

But 

(2.8) 

'"•"+s-1 [afr*U£> («*;?*), * [aft1****], 

5 - 1 

[x]n+s-il[ßxqn]s = ^ - i W +"2]i4r/l - ßxqn+r 

r=0 
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where Pn-i(x) is a polynomial of degree n — 1 and 

Ar = ( ( - i )"<r ( 1 / 2 ) * ( " + 1 ) -*7/3^^ 

Substituting from (2.8) in (2.7) and observing that 

/ = o v.«/ > </ Jy 

on interchanging the order of summation and then using (1.11) (with base 
qk), we get 

/„,B+s-i = (-«)"((?*; gk)J[aßg2)^ur(n+luz 

' h llUql-r-i ' (aßq1+'+»; q%+l ' 
In particular 

(2.10) I„,„ = (-a)»<r<»+i>'2(<7*; qWßUlaffln-iiaßq1*"; <7*)»+i • 

This completes the verification of (2.6a). 
Now we proceed to prove (2.6b). We first require the following formula 

which is a ^-analog of a result of Carlitz [5]. Let/? = q~\ then 

anqna+MfrU; qk)n = £ ((l/rìp1™; p)rl(p;p)r/a
r-

(2.11) r=0 

, -rtof« Z(ip^;p)jl(p;p)j)^^(!xq^; qk)n, 

which can be obtained from (1.13) and (1.7) (with base p = #-*) with 
f(x) = xw[a^/x; #*]„ evaluated at x = aq1+ki. 

Furthermore using the ^-binomial theorem (1.9), we can show that 

(2.12) j * x'[ßqx]mdQ(a, ß; x) = [aq]r[ßq]J[aßq^]m+r . 

Hence the left hand side of (2.6b) with the aid of (2.2) and (2.12) is 

„ laqikm fr [aql+k^r „, h l^U^1+Jl 4*1 «. /ij'(r-n) 
ln>m - [ccßq\+km h Mr q h Mi q 

which in view of (2.11), with/? replaced by 1/q, becomes 

(2.13) / ; m = q»<k"^a»([aq]J[aßq\m+n(q-k"; q% . 

Formula (2.13) is valid for all integers m and in particular for 0 ^ m < 
n, I'mn = 0. On the other hand if n = m9 we get 

(1.14) / ; „ « ( - l)ngV2knin-i)+n a»([aq]J[aßq2]kn+n)(qk; q% . 
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This completes the verification of (2.6b). Now to verify (2.4) we only 
need to multiply Vnm by the coefficient of xnk in (2.1). 

3. Some Properties. We shall obtain in this section some properties of 
our system of biorthogonal polynomials. All of these properties imply for 
k = 1 corresponding properties for the little #-Jacobi polynomials some 
of which, to our best knowledge, are new. 

(3.1) /?•*>(*; k\q) = S c(ii, m)f%>» (*; k\q) 
m=0 

where 

c(n, m) 

(-l)rnqV2km(m+i) n^n (g-»k;g*)m+j [aßqM]kM+kj[rq]km+kj ki 

(qkl qk)Aràql+m]km P> (qk\ qk)j [aq]km+kj[röq^2+km]kj 

For k = 1 (3.1) reduces to the connection coefficient formula for the 
little #-Jacobi polynomials due to Andrews and Askey [3]. 

In the following we take a = qa,b = qß and c = qr. One can then show 

(3.2) D»+ß[x«+ß+«(x><qk-k»; q%] = ([aq]J[abqi+»]œx«f%>»(x; k\q). 

If jS is a positive integer this reduces to a Rodrigues formula for 

Dï*îx*S<*>\x; k\q)] 
(3.3) __ xx+, n {q-nk; q^[q^+ß+n]kj[qi+x]k. 

" [ql+% h (qk'> qk)j[q1+aUq1+^hj w } ' 

which for X = a reduces to the following interesting formula 

(3.4) D;1x*SJ*>\x; k\q)} = (x^+^aq],)/^^ (x; k\q) 

whereas for ^ = ß — y, X = a + y + n, (3.3) reduces to 

Dr-ß[x«+r+"/^\x; k\q)] 
= x«+ß+»(labqi+»]J[acqi+»]„)fl?><\x; k\q). 

(3.4) and (3.5) for k = 1 reduce to ^-analog of formulas given by Askey 
and Fitch [4]. 

If«*" = 2 Î U D(n, m)f%<V(x; k\q), then 

H 6Ï D(n ml - ( - l)"-(g*; g^gg^gl^m^-l) 
K5A) VKn, m) - (qk; qkUqk; g>)n_m[aßg»,+l}ltm[ccßg2+m+*n]kn_km • 

If*" = £1=0 E(n,m)jr%V(x;k\q), then 
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E(n, m) = (-l)-(l - aßq^^f [ß^UJ ß]n-m-r 
r=0 Vl\r\fl\n-m-\ 

' 3 * ' ' ß-rg-l/2m(.m-l) 

(aßqi+r+m. qk)m+1 • 

Both formulas (3.6) and (3.7) reduce, for k = 1, to 

(3 8) xn = Ml t [q»] (-lV^np&°>tM 
VX) x min jL [q]j[q]n_. [aßq^UaßqV+\-j 
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