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A PAIR OF BIORTHOGONAL SETS OF POLYNOMIALS
W.A. AL-SALAM AND A. VERMA

ABSTRACT. The two sets of polynomials {J&#(x)} and {K&F(x))
where J&P(x) is of degree n in x* and K{P(x) is of degree n in x
(n=0,1,2,...)are constructed so that they are biorthogonal on
(0, 1) with respect to discrete distribution df(«, 8; x) which has
jumps [aq].[8q]{aq)/[xBq*l.lq); at x = q'. When k =1 these
reduce to the little g-Jacobi polynomials. Various other properties
are also given.

1. Introduction. Let a(x) be a “distribution” on [a, b] (finite or infinite),
that is, a(x) is bounded, incrasing on (a, b), with infinitely many points of
increase, and such that % x» da(x) < oo foralln = 0.

The set of polynomials {P,(x)}, and the set of polynomials {Q,(x)},
deg Q,(x) =nforn=0,1, 2, ... are said to be biorthogonal on (a, b)
with respect to da(x) if

a.n [ P90u0Ma) = .

with 4, # 0 and g, the familiar Kronecker delta. In this paper we shall
take P,(x) to be of degree n in x* where k is fixed.

Didon [7] and Deruyts [6] considered this concept in some detail. For
example, given the set {P,(x)} the set {Q,(x)} is uniquely determined and
conversely.

This concept has been reconsidered in [11], [12]. It is shown that (1.1)
is equivalent to (1.2) and (1.3),

(1.2) j” xiP,(x)dalx) {: g ?f; ="
and
(1.3) j: x*Q,(x)da(x) {: g :) f ’; .< n,

Thus if &k = 1, {P,(x)} and {Q,(x)} collapse to the set of orthogonal
polynomials associated with a(x) on (a, b). Both Didon and Deruyts
gave as an example the case da(x) = x2(1 — x)8-1 dx on (0, 1). More
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recently Chai [13] suggested a polynomial of degree n in x* which is or-
thogonal to xi(i =0, 1, ..., n — 1) on (0, 1) with respect to da(x) =
x*~1(1 — x)#1dx. This case was considered earlier in [6] and [7].

Lately considerable interest has been shown in the little g-Jacobi poly-
nomials P,(x; «, 8lq) [1, 2, 3, 10, 15] defined by

—n’ a n+1; s x
(1.4) Px; a, flg) = 2¢1[" ﬁjq d "}

whose orthogonality relation is then

1
M9 [ Px; a Bla)PuCx;  Bla) 4, B3 %) = hud
where Q(a, §; x) is a step function with jumps, at x = ¢°,

dAe, B;x) = %(aq)ﬂ i=012 ...,
_ [BqllqlleBqlz, "
" Taqllepqllepqz, (ag)".

In this paper we shall employ the following notation: For |g| < 1 we put
@; 9)o = T2 (1 — ag’) and for arbitrary complex number 7, (a; q), =
(a; 9)s/(aq™; q), sO that in particular if nis a non-negative integer (a; q),
= — a)(1—aq)---(1—g* 1) in which case the restriction |g] < 1 is
no longer necessary. For writing economy we shall write [a], to mean
(a; q),. If the base is not g but, say, p then we shall mention it explicitly as
@; Py

The Heine or g-series

p [al, a, ..., a,;q, x:]
rPr+i—1
bl, b2a R br—H—l

_ 3 ladjag);- - [a ] (—1DrigA/D ki G xi
- =0 lqlilba); - - - [Br—pral;

The g-difference operator (with base g) is D, f(x) = (f(x) — f(gx)/x and
its n-th iterate is then

(1.6)

(17 Dif(x) = x §, (g lg)aif(xg)  (m=10,1,2,...).

Its fractional extension is then

(1.8) DEf(x) = x~ io (g~41,/l91)q fxgi) .

The g-binomial theorem is [14]
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1.9 ;‘0 (la);/lg)))z7 = laz]/[z]. -
]_
Gauss’ theorem for the sum of ,¢, series is given by [14]

110 o P& D] = (efafefpllellelabl.

and the g-Vandermonde theorem is [14]

(L11) ] T 0D ] = (elplliel b

We shall find it useful to know the “moments” for the distribution (1.6).
Using the ¢g-binomial theorem (1.9) we get

(112) g = | %7 0@, B3 %) = [aq)lag® Lu/lag  1.ape...

Jackson [8] gave the following g-analog of Taylor’s formula for poly-
nomials of degree < n.
(1.13) fx) = Z=IO x7([1/x],/1q1 D} f ()] = -

2. A Biorthogonal System of Polynomials. Let us define for n = 0, 1, 2,

.« ey

—; q*) laBq ],

) - _w (g ;
(21) jﬁl ﬂ)(x5 qu) - ;0 (q”; qk)j[aq]kj (qx)k
and
H@O(x; klg) = 3 (894, (¢ /lq),(8a),.,
(2.2) =

i} g1 {aq""7; 4%),q7 " [lq]; -
=0

We shall prove that { #&8(x, klg)} and {#"®@P(x, k|q)} are biortho-
gonal to each other. More specifically we assert that

@Y | £en0; Karie (s ka0, B; %) = hia, B D

where X(«, 8; x) is the distribution function given in (1.6) and

@9 hfa B0 = (@ 4900 /leBa 1l — apgit) .

Before proving (2.3) we remark that when k = 1 the polynomials
FuB) (x; 1|g) reduce to the little g-Jacobi polynomial (1.4). This is obvious.
Less obvious is that ;@8 (x; 1|q) also reduces to a constant multiple of
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the little g-Jacobi polynomial. To see this we put k¥ = 1 in (2.2) and
evaluate the inside sum by Gauss’ summation formula (1.10) to get

—n q—/B, 0; 8
0 11g) = 1T g, [ q‘{,,/ﬁi *]

_ [oghibe, [P‘”, o p, x/ap“"]
Bal, | pla, pxp—™ ’

where p = 1/q. Now the »¢, in the second equality can be transformed
using Heine’s transformation [14]

A, 7 B’ A; )
z¢2[c, yi Py c/B} = ([¥; Ploo/[¥4; Ploo): ¢1[C/ 7 p y:,

to get, after changing the base back to g,

2.5) A 2P(x; 1lq) = (aql,/[Bg])PAx; o, Blg) -

Thus we see that when k = 1 the orthogonality relation (2.3) reduces to
(1.5).

Now to prove (2.3) it is sufficient to prove

1 =0 0<m<n
= | xm g@B(x: ; ’ -
Q6a) I, jox @B (x; klq)dNe, B; x){¢ 0. m=n ,
and
1 =0 0m<n
AT o T ; ’ - .
(2.6b) I”,m IOX A (xa qu)dg(a’ ﬁ’ x){¢ 0, m=n

Formula (2.6a) can be verified easily. Indeed substituting in (2.6a) for
F@B(x; k|g) from (2.1) and using (1.12), we get, for m < n,

n

J A S S C e TRy Mty o Yerety N
' [aBq?l,—1 = (g*; 9%);

= s Pl L

Since the n-th g-derivative of a polynomial of degree k < n vanishes, it
follows that I, ,, = Oform =0,1,2, ...,n— 1. Incasem =n + 5 — 1
(s = 1) we write

1 2 (g5 q%; L lagti]
2.7 I 4= ] kj nts—1
( ) n, nts—1 [a'BqZ]n—l = (qk; qk)j q [aﬁql+n+k;]s

But

238) [¥lyet/[B3G7], = Pa() +-Z:A,/1 — Brgrr
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where P,_;(x) is a polynomial of degree n — 1 and

4, = (= g~ VDnintD=nr|gntr)([8q],4 [1/B)s—r-1/lq]1q)——0) -
Substituting from (2.8) in (2.7) and observing that
” (q—nk; qk)} ki .
22 gkiP, (aqitt)) = [DHP, =1=0,
jz--JO (qk; qk)j qiry, l(aq ) [ q* 1(X0£¢I)] 1
on interchanging the order of summation and then using (1.11) (with base

q*), we get

In, nts—1 = (— (Z)”((qk; q")”/[a‘BqZ]n_l)qn(n+l) /2

(2'9) . E [ﬁq]n+r[1/ ﬁ]s—r—l . ﬁ_'
r=0 [q]r[q]s—r—l (aﬁq1+r+n; qk)n+1 )

In particular

210) 1, , = (—a)g" "t /%gk; g¥),[B],/[eBg?ls—1( B "5 §F)ptr -

This completes the verification of (2.6a).
Now we proceed to prove (2.6b). We first require the following formula
which is a g-analog of a result of Carlitz [5]. Let p = ¢~1, then

argn k) (g=ki; gk) = i: ((1/e)p™**; p)/(p; P)/lor
(2.11) =

PR X (275 p)illp; P)PI (agt; %),
J=
which can be obtained from (1.13) and (1.7) (with base p = g~1) with

f(x) = x"[aq/x; q*], evaluated at x = aglt*.
Furthermore using the g-binomial theorem (1.9), we can show that

@12) | v1exlad0a 6; %) = lagl 8alnllabams,

Hence the left hand side of (2.6b) with the aid of (2.2) and (2.12) is

, 7 1+km r [ —r] .(arq1+j ; qk) .
I” - = [aqhm [aq ]r r q J n ailr—n)
Sl 77 v M 7 P M v

which in view of (2.11), with p replaced by 1/g, becomes
(2.13) L m = q"* D a((0q)em/ [0 m+n(q ™5 4*)s -

Formula (2.13) is valid for all integers m and in particular for 0 < m <
n, I, = 0. On the other hand if n = m, we get

(1149 1, = (=1)rqi2 D4 on((0q), [ Baimt w) (G5 49 -
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This completes the verification of (2.6b). Now to verify (2.4) we only
need to multiply 7,,, by the coefficient of x”* in (2.1).

3. Some Properties. We shall obtain in this section some properties of
our system of biorthogonal polynomials. All of these properties imply for
k = 1 corresponding properties for the little g-Jacobi polynomials some
of which, to our best knowledge, are new.

k

3.1 wB(x; klg) = 2 c(n, m) #3? (x; kig)
m=0

where

c(n, m)

_ (=DymglimtmiD  nm (q77*; qR) iy | [aBg" NimtadrqLimsni
(9%; g)nlroq™™m = (% 49); [aqlemsrilyogmteten],;

q*

For k = 1 (3.1) reduces to the connection coefficient formula for the
little g-Jacobi polynomials due to Andrews and Askey [3].
In the following we take a = ¢, b = gf and ¢ = g7. One can then show

(32)  Ditf[xetbin(xhqiin; gb) ] = ([aq]./labg "] x* £ P(x; kiq) .

If B is a positive integer this reduces to a Rodrigues formula for
Fi0(x; klq)

D Hx* #{#9(x; klq)]
(3.3) xhe &y (gk; qb)lqttetttl [qi A,

= X)kI
(77, = (g% a®)lq el gty (gx)

which for A = o reduces to the following interesting formula

(34 D Hx= 509 (x; klg)] = (x**#/lag],) gi+P7 (x; klq)

whereas for y = 8 — 7, A = a + 7 + n,(3.3) reduces to

Dy Fxatrtn glob(x; kiq)]

= xatPtn([abg't7), /lacqt]..) #17 (x; klg) -

(3.4) and (3.5) for k = 1 reduce to g-analog of formulas given by Askey
and Fitch [4]).
If xt» = 337 D(n, m) #%8(x; kig), then

3.5

_ l)m(q"; q;,) [aq] ql/ka(m—D
3.6)  D(n, m) = ( BqHh '
S (O CLEY L .7 7 Y e

If x# = 33— E(n, m)ot"S® (x; klq), then
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B, m) = (= 1)1 — apghimian) 33 (Al Bl

‘B—rq—l/ 2m (m—1)

(@Bg @)1

Both formulas (3.6) and (3.7) reduce, for k = 1, to

(3.7)

e gl (=1YgibePx: a, Blg)
G8 =l L B e,
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