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LOCAL UNIFORM APPROXIMATION BY FUNCTIONS 
IN A UNIFORM ALGEBRA 

DAVID M. WELLS 

Throughout this paper X will denote a compact Hausdorff space and 
A will be a function algebra on X. A is local if A contains each function 
/ e C(X) for which there is a collection of closed subsets {Kh . . . , Kk) of 
X whose interiors cover X, with f\K. e A\K. for each i = 1, . . . , k. We 
will call A strongly local if the requirement f\Ki e A\K. in the above defini
tion can be weakened tof\K.e AKr If A is strongly local it has the following 
property, not shared by other local function algebras: uniform approxi-
mability of a function in C(X) by functions in any dense subalgebra of 
A is implied by local approximability. Our main result is Theorem 2, 
which implies that a function algebra with a certain separation property 
is necessarily strongly local. 

Strongly local function algebras are mentioned briefly in [2], where 
they are referred to as "approximately local". It is known that R(X)9 

the uniform closure in C(X) of the rational functions with no poles on 
X, is strongly local for any compact plane set X, It is easily shown that 
P(X), the uniform closure of the polynomials in C(X), is not strongly 
local for a plane set X which is not polynomially convex. In fact if x e X, 
X is in a bounded component of C\X and f(z) = l/(z — A), t h e n / £ P(X) 
b u t / l * e AK if K is the intersection of X with a sufficiently small closed 
disc centered at x. 

We will be concerned with algebras possessing separation properties. 
A is approximately normal if for any pair of disjoint closed subsets Ki 
and K2of Xand any e > 0, there is a function h E A for which || 1 — h || ^ 
< e and \\h\\K2 < e. It was shown in [5] that an approximately normal 
algebra defined on an interval must be local. Approximately normal 
function algebras in general need not be strongly local. For example, 
the disc algebra defined on the circle is well-known to be approximately 
normal, but as a consequence of the preceding paragraph, it is not strongly 
local. However, approximately normal function algebras on an inter
val can be shown to possess an intermediate property. We will call A 
boundedly strongly local if A contains each function fe C(X) for which 
there is a collection {Kl9 . . . , Kk} of closed subsets of X whose interiors 
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cover X, and for i = 1, .. .,k a bounded sequence {/)-,„} in A such that 
IIA» — f\ÌKi -* 0- It is clear that strongly local implies boundedly strongly 
local, which in turn implies local. 

THEOREM 1. If A is an approximately normal function algebra on a 
compact interval X, then A is boundedly strongly local. 

PROOF. Let fe C(X) and let {Kl9 . . . , Kk) be a collection of closed 
subsets of X whose interiors cover X9 such that for i = 1, . . . , k there 
is a bounded sequence of functions in A approaching/uniformly on K{. 
Let U{ denote the interior of K(. We may assume that each Kt is an 
interval [ai9 bj\ with at < ai+i < b{ < 6,-+1. Choose a sequence {hn} in 
A such that ||1 — hn\\KlW2 -• 0 and P J ; ^ -• 0. Choose sequences {fi,„} 
and {/2,J in A such that | | / i ,J ^ M and ||/2,J ^ M for each n and for 
some M > 0. We may also require \\fi>n — / | | ^ . < 2~wj|Aw|| for i = 1, 2, 
so that IIAJI \\fltH - / 2 J -> 0 on Kx {] K2. Now define g2,n = flfJin + 
/2>w(l - hn). Then clearly ||g2>M - / i , J * ^ -• 0 and \\g2tn -f2,n\\x\ui -+ 0. 
If we write g2,„ = f2ttt + hn(f1>n - f2>n\ then it is easily seen that 

lifo* - AJkfiJTa = P J k n ^ H A « -/2,Jljrinjr2 ~* °- T h u s fe,J is a se
quence of functions in A which remains bounded on all of X and ap
proaches / uniformly on Ki (j K2. Continuing in this way Stoe can obtain 
bounded sequences {gitn} in A converging uniformly to / on K\ U • • • 
U Kt. But then {gk,n} converges uniformly t o / o n all of X, sofeA. 

The conclusion of Theorem 1 also applies to any approximately normal 
function algebra defined on an arc. In fact if A is approximately normal 
on any space Zand K E Xh a closed arc, then AK is boundedly strongly 
local. With this observation we can prove the following result. 

COROLLARY 1. If A is approximately normal on X and every connected 
component of X is either a point or an arc, then A is boundedly strongly 
local. 

PROOF. L e t / e C(X). Suppose {Kl9 • • -, Kk} is a collection of closed 
subsets of X whose interiors cover X, and {/,-,„} is a bounded sequence 
in A with \\ft,n—f\\Ki -> 0 for i = 1, . . . ,& . Let C be a connected com
ponent of X. If C is an arc, then Ac is strongly local and ||/>-/Hcntf« ""* 0 
for each i", so f\ c e Ac. If C is a point then f\c e Ac trivially. Now let fx 
be an extreme point of the unit ball of AL. Then the closed support of fi 
is concentrated on some component C0 by the approximate normality of 
A. Choose a sequence {/„} in A for which \\fn —/||Co -+ 0- Then J / d[x 
= \cjdyi = jc0(/ ~ /»M" -+ 0« This is enough to guarantee that 

fsA. 

COROLLARY 2. If A is approximately normal on X and each maximal 

file:///cjdyi
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set of antisymmetry for X is either a point or an arc, then A is boundedly 
strongly local. 

PROOF. Wi th /as in Corollary 1, a similar argument establishes that 
f\K e AK for each maximal antisymmetric set K. But a theorem of Bishop 
(quoted in [2]) then guarantees that / e A. 

COROLLARY 3. If A is an approximately normal, non-antisymmetric 
function algebra on a simple closed curve, then A is boundedly strongly 
local. 

We will next describe conditions on A which will imply strong localness. 
We seek to avoid the requirement of boundedness in the sequences of 
approximating functions by imposing requirements of boundedness among 
the functions which separate the closed sets of A. We will show that 
the conditions imposed will imply strong localness for algebras defined 
on any compact Hausdorff space. 

It is known (see [3]) that if in the definition of approximate normality 
we require \\h\\ ^ M with M independent of Kx, K2 and e, then A = C(X), 
Bade and Curtis [1] proved the stronger result that A = C(X) if we 
require ||A|| g M with M depending on e, but independent of K\ and K2. 
We will impose bounds that depend on K\ and K2, but not on e. We 
will call A boundedly approximately normal if for any pair of disjoint 
closed sets Ki and K2 in X there is a sequence of functions {hn} in A and 
some AT > Ofor which ||AJ| ^ M for all w, ||1 - hn\\Kl -+ Oand \\hn\\Ki -> 
0. A boundedly approximately normal function algebra need not coincide 
with C(X). McKissick's algebra [4] is boundedly approximately normal, 
as is any normal function algebra. On the other hand, we will be able 
to demonstrate that bounded approximate normality is a strictly stronger 
property than approximate normality. 

For our purposes the essential property of boundedly approximately 
normal algebras is related to partitions of unity by functions in the 
algebra. If % = {UÌ9 . . . , Uk) is an open cover of X, then an approximate 
partition of unity subordinate to <ft is defined to be a sequence of k~ 
tuples of functions {(hln, . . . , hkn)} in C(X) such that ||A,J| -+ 0 outside 
Ui for i = 1, . . . , k and £*=i*i» = 1 uniformly on X. If there is a con
stant M such that \\hin\\ g M for all choices of i and n, we will say that 
{(hln, . . . , hkn)} is a bounded approximate partition of unity subordinate 
to <%. 

LEMMA. If A is boundedly approximately normal on any compact Haus
dorff space X, then A contains a bounded approximate partition of unity 
subordinate to any finite open cover of X. 
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PROOF. Let {UÌ9 • • -, Uk} be a finite open cover of X, and choose an 
open cover {Vi, • • -, Vk) with V{ E £/t for i = 1, • • -, k. For each i, 
choose a sequence of functions {gin} in 4̂ such that ||1 — gin\\v. -• 0, 
II& Jlxw, -» 0 and ||g,-J| ^ M, for all n. Let M = max {AfJ. Define 
hin = giwni=ì(l - gjn) for i = 1, •. -,fc. Then ||A,J|XW. -+ 0 since HgJIxw, 
-> 0 and ||1 - g y J ^ M + l for j * i. To show that ||1 - 2?=i A/JI 
-> 0, let x e X and choose a closed neighborhood K of x such that 
K s K, for some i. Then ||1 - 2}=1AyJ|jr = I I Ü M 1 - S / J I I * - 0 s i n c e 

P - ftjljr -> 0 and ||1 - gjn\\K ^ M + 1 for 7 * /. Since X can be 
covered by finitely many such sets K* the result follows. 

THEOREM 2. Le| A be a function algebra on X containing a bounded 
approximate partition of unity subordinate to each finite open cover of X. 
Then A is strongly local. 

PROOF. Suppose / e C(X) and {Ui9 • • -, Uk} is an open cover of X 
such that flij.eAû. for 1 = 1, •••, fc. Choose sequences {/,„} in y4 
such that || fin—flüi -* 0 for each 1. Choose an open cover {Fi, • • -, 
Vk} of JT with Vt <dxJi for 1 = 1, • • -, k, and let {(Alfl, - •. , hkn)} be an 
approximate partition of unity subordinate to {VÌ9 • • -, F j with ||/^w|| ^ 
M for all choices of / and n. Choosing subsequences of {hin}^if necessary, 
we may also assume that \\hinfin\\x\Vi -• 0 for / = 1, • • - , £ . Define fn = 
Tiki=ihinfin- Then/W

 G A for each «, and we will show that \fn — / | | -+ 0. 
Let x e X. Renumbering if necessary, suppose x e (Ui f| • • • fl ^y) 

and x $ (C//+1 U • • • U ^ ) - Choose a closed neighborhood AT of x such 
that * s (tfi fi • • • H Uj) and # Ç] (Vm U - U n ) = 0 . Then 

I I / . - / H J T £ Hhin{fin-f) 
i = i 

+ ||/(zx -1)| +1 è */*/•* 
K II V = i ll/r ll,=y+i 

^ «• è l k -/I + l/IIli**, -11 + s |U,B/,J| . 
»=ill \\K II llll,=i IIA: j=y+iH IIif 

But ||//w - f\\K -• 0 for Ï = 1, . . .,7 since X E l/f.. Furthermore 
l l S t i */. - 111* - 0 since K h (VJ+1 U - U ^ = 0 , and n A ^ J I * 
-> 0for 1 = 7 + 1, • • -, k for the same reason. This is enough to estab
lish that ||/w - f\\ -> 0 on all of X. 

COROLLARY. Every boundedly approximately normal function algebra 
is strongly local. 

The last corollary now permits a straightforward demonstration that 
bounded approximate normality is a strictly stronger condition that 
approximate normality. Let A be the disc algebra defined on the circle. 
As previously observed, A is approximately normal but not strongly 
local. By the corollary A is thus not boundedly approximately normal. 
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In connection with the corollary it would be interesting to know if there 
exist any boundedly approximately normal function algebras which are 
not normal. 
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