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ANALOGOUS FUNCTION THEORIES FOR THE HEAT,
WAVE, AND LAPLACE EQUATIONS

L.R. BRAGG AND J.W. DETTMAN

ABSTRACT. Transmutation operators are used to establish analog-
ous function theories for standard and radial versions of the heat,
wave, and Laplace equation. Under these transformations cor-
respondences are established relating fundamental solutions, poly-
nomial solutions, associated functions, generating functions,
Fourier transform criteria, and expansion theorems. In some cases,
the transmutation operators must be interpreted in the generalized
sense as acting on distributions.

1. Introduction. In 1966, D.V. Widder [11] pointed out numerous an-
alogies between classical function theory and representation theory for
solutions of the heat equation. He did this by comparing a table of prop-
erties for representations of analytic functions to a corresponding table
of properties for representations of heat functions. This work did not
directly connect the results in the two tables by means of constructive
isomorphisms. One of the purposes of this paper is to indicate how the
results in related partial differential equations can be used to accomplish
this.

In a series of papers, [4-9] the authors have shown how various elliptic,
parabolic, and hyperbolic partial differential equations can be related
through transmutation operators. In particular, [8] we have shown that
various polynomial solutions of elliptic and hyperbolic equations can be
obtained from the heat polynomials and radial heat polynomials, and
how these in turn can be used to represent solutions of problems involving
these equations. In many cases, the transmutation operators do not exist
in the classical sense and therefore must be interpreted in a generalized
sense as acting on distributions. Once this is done, it is possible to show
that classical analytic function theory can be obtained directly from the
representation theory for heat functions. In this case, representation of
heat functions in a strip in terms of heat polynomials [10] corresponds to
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representation of analytic functions inside a circle. Associated heat func-
tions (Appell transforms of heat polynomials) are transformed by the same
transmutations into reciprocal solutions of Laplace’s equation. In this
case, expansion of heat functions in a half-plane in terms of associated
heat functions corresponds to representation of analytic functions outside
a circle using reciprocal powers of a complex variable.

In the case of the wave equation, the heat polynomials transform into
basic polynomial solutions which can be used for expansions of solutions
of the wave equation, which converge inside squares bounded by char-
acteristic lines. The associated heat functions transform into distributions
which can be used to expand generalized solutions of the wave equation.

The analogies between these various function theories reveal many
other striking similarities. In fact, under the relevant transmutation opera-
tors, fundamental solutions (Green’s functions) correspond to fundament-
al solutions, generating functions correspond to generating functions,
and many basic properties of solutions also correspond. There is also a
similar Fourier transform criterion for expansion in terms of associated
functions in each case.

Clearly, these same ideas can be used to develop analogies between
solutions of other partial differential equations. The same transmutation
operators mentioned above carry solutions of the radial heat equation
into solutions of the radial Laplace equation and the radial wave equation.
In this case, one starts with the radial heat polynomials [2] and associated
functions and transforms them into corresponding solutions of the Laplace
and wave equations, for which corresponding expansion theorems are
developed. These results will be mentioned in this paper. It is well known
[12] that there are multinomial versions of the heat polynomials and as-
sociated heat functions. These can be used to develop analogous theories
for the higher dimensional Laplace and wave equations. Other transmuta-
tion operators are available to set the correspondences between the heat
equation and the equation of generalized axially symmetric potential
theory (GASPT) and the Euler-Poisson-Darboux equation (EPD), [4, 7].
These equations will be treated in a separate paper.

The plan of this paper is as follows: A summary of all the transforma-
tions needed will be given in section two. Section three will be devoted to
a review of all the relevant material for the standard heat equation.
Section four will give the analogous function theory for Laplace’s equa-
tion and related analytic functions. The function theory for the wave
equation will be given in section five, and the analogous results for the
radial versions of the wave and Laplace equations will be sketched in
section six.

2. Transformations. In this section, we summarize the properties of the
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basic transformations needed later. We begin with the Appell transform
[1]. If u(x, ¢) is a solution of the heat equation,

2.D u(x, t) =u,lx, t),

then the Appell transform of u(x, ¢), defined by

2.2 A{u(x, 1)} = k(x, Du(x/t, —1/t),
is also a solution of (2.1), where

2.3) k(x, t) = (4zt)~V2e—"/

is the fundamental solution of (2.1).
Similarly, if u(r, t) is a solution of the radial heat equation,

2.9 udr,t) = u, (r,t) + (u — Drlu(rt)
for r > 0, then the generalized Appell transform, defined by
2.5 Afu(r, 1)} = k(r, Ou(r/t, —1/t),

also satisfies (2.4), where

(2.6) k(r, t) = (4mt)—w/2e—r"4t

is the fundamental source solution of (2.4).
Let A(x, t) be a solution of (2.1) for —0 < x < o0, t > 0, with A(x, 0)
= ¢(x). Then under appropriate assumptions on ¢(x), according to [9],

) = [ e b ) ds
T LT, 1140}
=T 1h(x, t)

Q.7

is a solution of the Dirichlet problem:
(2.8) u,(x,y) + U(x,9) =0, —c0 < x < 0,y >0, u(x,0) = ¢(x).

In the definition of T, the notation %, {-- -}, refers to Laplace trans-
formation with respect to g, with the variable of the transform 2. If the
first integral does not exist, as for example, if A(x, ¢) has polynomial growth
in ¢, we shall take the transform in the generalized sense as defined
in Zemanian [13]. All of the functions we wish to transform in this paper
have Laplace transforms either in the conventional or generalized sense.
Similarly, if A(x, ) is defined as above,
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= L " 12 s
v(x, y) = — 7 Jo s e s h(x, s) ds

(2.9)

—714_; Ao-Y2h(x, 1/40)},0p
= Toh(x, t)
is a solution of the Neumann problem:
(2.10)  vy(x,¥) + v, (%, ) =0, =00 < x < 00,y > 0, v,(x, 0) = ¢(x).
Again referring to the same A(x, t) above, we have according to [5, 6],

h(x, t) = 717 j: e~ ty(x, 5) ds ,
where w(x, t) is a solution of the Cauchy problem:
@.11) Wi(x, 1) = w(x, 1), —0 < X <00, —0 < t <00,
) w(x, 0) = @(x), wix,0) = 0.

Inverting this transform, we have
w(x, t) = to/T {0712 h(x, 1/40)},-p
Tsh(x, t)
in which %;1{.-.},.. denotes the inverse Laplace transform with ¢2 the

variable of inversion.
Similarly, we have

2.12)

1 @ ms?dt
W, 1) = e _f s i, 5) ds
@.13) Wx, 1) = oA/ TLHo2 hx, 1/40)} g

= Tyh(x, t)
where W(x, ¢) is a solution of the Cauchy problem:

wtt(x’ t) = wxx(x9 t), —0<x< o0, — 00 <t <w,

2.19) . .
W(x, 0) = 0, Ww(x,0) = ¢(x) .

3. Heat equation. In this section, we shall recall some of the results of
Rosenbloom and Widder [10] pertaining to representation of solutions of
the heat question. A solution A(x, t) of (2.1) satisfying A(x, 0) = x», n
a nonnegative integer, is called a heat polynomial of degree n. We denote
these polynomials by A,(x, ¢), n =0, 1, 2, ... . The heat polynomials
can be defined in various ways:
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S B PN
he 1) =~ |7 ke — & ¢ de
3.1 = k(x, t)xx»

/2]
= n! )] x* % ti[(n — 2j)!j!,
=0

or by the generating function
3.2 2 h(x, t) an[n! = e®tet
n=0

We also note the recurrence relation
3.3) oh,/0x = nh,_; .
An associated heat function, H,(x, t), is a solution of (2.1) given by the
Appell transform of H,(x, ).
(3.4 H,(x, t) = A{h(x, 1)} = (—2)"0"k(x, t)[ox" .

H,(x, t) can also be defined by the generating function
3.5) 22 Hy(x, t)a*[n! = k(x — 2a,1).
n=0

There is also a bilateral generating function connecting the heat polyno-
mials and the associated functions

(.6) 3 h(x, )H(y, )2 = k(x — 3, t + 5), [t] <5.
n=0

DErINITION 3.1. An entire function ¢(x) = D52, a,x” is of growth
(p, 7), if and only if

3.7 lim sup(n/ep)la,lr’” < 7.

We denote this class of growth (p, 7) by %(p, z) and note that A(p’, 7) <
Ap, 7)if o’ < p.

We are now in a position to state some of the Rosenbloom-Widder
results which will be used later. (see also [12]).

THEOREM 3.1. Let h(x, t) be a solution of (2.1) corresponding to h(x, 0) =
¢(x) = 2324 ax" € U2, 7). If (3.7) holds with equality then the series

oo

(3.8) 2 ah,(x, t)

n=0

converges absolutely to h(x, t) in the time strip |t| < 1/4z, but does not
converge everywhere in any including strip. Conversely, if the series (3.8)
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converges for |t| < 1[4z, then the function h(x, t) defined by (3.8) satisfies
(2.1) and h(x, 0) is an entire function in A2, 7).

THEOREM 3.2. If lim sup,._... (2n/e)|b,|* = ¢, then the series
(3.9) 3 b,H,(x, 1)
n=0

converges absolutely for t > ¢ to a solution of (2.1), but does not converge
everywhere fort > g — ¢, & > 0.

THEOREM 3.3. The series (3.9) converges for t > ¢ = 0 if and only if
o — _1_ © ixs—ts?
(3.10) X b5, 1) = 5 j_we 62(s) ds

where ¢(x) € U2, o) and b, = ™ (0)/[n! (—2i)"].

Depending on the entireness properties of ¢(x), a solution of (2.1)
corresponding to A(x, 0) = ¢(x) may have representations in terms of only
one of the set {,(x, t)} and {H,(x, #)} or in terms of both sets. However,
both representations cannot exist in the same time strip. In order to obtain
some criterion for which representation holds, it is useful to obtain a
relationship between ¢(x) and the function ¢(x) in the integral representa-
tion (3.10). Using the Poisson integral representation along with (3.10).
it follows that ¢(x) and ¢)(x) define the same solution A(x, t) of (2.1) if

1
Vant

If we assume, for the moment, that ¢(x) € L(— o0, ), it is not difficult
to show that

(3.11)

5°—° e~ g(E)dE = 217’: 5:’? eixs—t g(s) ds .

(3.12) 9 = |7 gt

i.e., that ¢ is a Fourier transform of ¢@. (See [3] for analogous results for
the radial heat equation). Similarly,

(3.13) ¢(x) = 2% :oe_"”gb(—s) ds .

To the authors’ knowledge, the class of entire functions which have
Fourier transforms which are also entire has not been characterized. How-
ever, the following results provide information about certain subclasses
of entire functions.

THEOREM 3.4. Let ¢(x) = Y 2y a,x"€ Up, 0), p < 2, and let h(x, t)
be a solution of (2.1) corresponding to h(x, 0) = ¢(x). Then the series (3.8)
converges for 0 < t < co.
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ProoF. Since ¢(x) € A(p, o), it follows by Definition 3.1 that for every
¢ > 0, there is a positive N such that n > N implies |a,| < [(s + ¢)ep/n]™¢.
From Theorem 3.4 of [10], we have for —o0 < x < 0,0 = < o0,
0<d<oo,n=1,2,3,...,

[h(x, ) = (1 + t/0)?2n(t + 5)/e]n/2ex2/45 .

Using these estimates, we have

> v2gans s [ (0 + e)ep e [2n(t + 5) \»
”§N|anl 'hn(xa t)l =< (1 + t/a) Y ad n;}\,{[ . i‘ . } i

An application of the ratio test to the last series shows that the dominating
series converges for 0 < ¢ < 0.

COROLLARY 3.1. If ¢(x) € U(p, 0), p < 2, then the solution h(x, t) of
(2.1) corresponding to h(x, 0) = @(x) cannot be represented in terms of the
associated functions H ,(x, t).

If we consider the last result with Theorem 3.3, it follows that, if ¢(x) €
A(p, 0), p < 2, there cannot exist a function ¢(x) e A(p’, 7), p' £2, 7 >0,
corresponding to ¢(x). We need the following definition.

DEFINITION 3.2. An entire function ¢(x) is said to be of strict class (p, )
if ¢(x) € U(p, o) but @(x) ¢ A(p’, 0), o' < p. We denote this class by
A(p, 9).

If follows that ¢(x) can give rise to an entire function ¢(x) of appro-
priate class only if ¢(x) € (2, o) for some ¢ > 0. Similarly, ¢/(x) can give
rise to an appropriate ¢(x) only if ¢(x)eU(2, ¢)for some ¢ > 0. Of
course, the corresponding ¢(x), if it exists, must be in A%(2, 7) for some
z > 0, An example of a pair of such functions is ¢(x) = e~ a > 0,
¢(x) = +/mlae e, The first gives rise to an expansion (3.8) for [¢| <
1/4a, while the second an expansion (3.9) for ¢z > 1/4a.

4. Laplace’s equation. In developing the analogy between the Rosen-
bloom-Widder theory and analytic function theory, we first note that the
fundamental solutions for the Dirichlet and Neumann problems corres-
pond to k(x, t) under the transformations T; and T5:

“.1) K(x, y) = Tik(x, ) = (1/m)(¥/(2 + »9)
4.2 L(x,y) = Tok(x, 1) = (1/2z)log (x% + 7).

The first exists in the ordinary sense, while the second is the transform of
a distribution.

Taking transforms of the heat polynomials in the generalized sense, we
have
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un(x7 y) = Tlhn(x’ t)

[n/2] n—2k —1/2
=)o X g }
VE L v{” L= ZOTRT o) foog
[n/2] xn—zk
3) e e TR e B

_y ¥ a2 — k)
1/7r &b (n —2k)! 4k Y12k

ot S (— 1)k 2hy2a(n — 2K)1(2K)!
k=0
=Re(z"), n=0,1,2, ... .
v,,(x, y) = TZhn(xa t)

_ —n! W2l 2k o2
=Viz <L ”{,,zo = 20T (o) },,_,yz
44 - S Y e TCIEH

T Vaz ,,§, (n = 2k)T4rk! — y 12
[n/2]

=n! Y (= Dkxn—2ey2ktl)(n — 2k)1(2k + 1)!
k=0

= Im(z**))mn +1), n=0,1,2,....

The following recurrence relations follow immediately from the cor-
responding one for the heat polynomials

(45) aun(x’ y)/ax = nun—l(x’ y)’ avn(x, y)/ax = nvn—l(x’ J’) .
For the expansion theorems we shall need the obvious bounds
(4.6) 6, I M2l il ) S Mz (n + 1)

Next we show that the generating functions correspond under the trans-
formations T; and T. For the set {u,(x, )}, we have

@7 G(x, y, a) = Tye™t = i’/e Lo 12y ;.

Let a = § + iy, then

G(x, y, a) =

‘/_
which is analytic for Re(a?) < 0,i.e., &2 < p2 If welet& = 0

G(x, ¥, i?]) = );7%,7 30{0'—1/22_’72/4"},_,3,2

= ei*e—1Y = elxtiNiy
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By analytic continuation, we have G(x, y, a) = e**¥) ¢, Actually, what we
want is Re G(x, y, a) when a is real. Therefore, our generating function is
(4.8) (e(x+iy)a + e(x—iy)a)/2 = e%* Cos ay .

By a similar argument we can show that the generating function for the set
{vi(x, »)} is
4.9 21 va(x, y)ar/n! = (e** sin ay)/a .
7n=0
For the associated functions, we make use of the identity H,(x, t) =
(—2)"9"k(x, t)/ox». Hence,
Un(x’ y) = TlHn(x5 t)

= 2 @ o7V =2y0"k(x, 1/40)[0x"},.

&4
= (-2 2 240, 1/40)}-e
(4.10) — (7 o - _ (._2)71 o
=(-2) o K(x, y) S o Im(1/z)
= — 2':! Im(1/z#+1) = — 27n! Im(z7+1/|z|2n+2)

- 2'7':1! Im(zrtY|z|2742), n=0,1,2,....

For the other set of associated functions corresponding to the Neumann
problem, we first note from (4.2) that T,H, = (2z)~! log (x2 + y?). Since
we do not want this singular function to enter the expansion theorems,
we begin the transformation of the associated heat functions starting with
n= 1 Forn =z 1, H,(x, t) = (—2)* Yo7 1/ox*)g(x, t) where g(x, t) =
(x/t)k(x, t). Then

Vi(x, y) = T,H,(x,1)

= S e {4k, 1/do)}s

— ) n—1
= 7:') aaxn—1 x Lo{e},0p
@.11) _ (=2 ot ( x )
7 oxI\xZ + )2
—2)n gn-1 —2n
= ,,) L Retlfz) = =2 (n = 1)! Re(1/27)

= =2 = DI Re(@fleit), n=1,23, ...
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For the expansion theorems we will need the obvious bounds:
(4.12) Uy, )| £ @nl[m)|z|="*0, [V (x, p)| £ *n — DYz)lz|™.

For the generating functions, we make use of equation (3.5) and the
fact that the fundamental solutions correspond under the transformations
T and T,.

@.13) gmmmwummmuﬂmﬂﬁ

(4.14) Z}l Va(x, y)ar[n! = (1/2z)log[(x — 2a)% + y?)/(x* + y7)] .

These series converge for |2a| < |z|.
The result analogous to (3.6) is

(4.15) gmmwM@mmm
= (IDIKG — &9+ ) + K& — &7 — D),

which converges for |z| < |{|, { = & + iy. This is proved as follows

(o)

2 w6 UG, 7)/2m! = % 5;;0 (r/o)" cos nf sin(n + 1),

"

where z = r(cos 6 + isin 0), { = p(cos ¢ + isin ¢). The series converges
for r < p. Furthermore,

i u(x, UL, 77)/2”11!
n=0

=1 ;‘f} (r/p)" cos nf[sin ng cos ¢ + cos ng sin ¢]
OT #=0

= % Z_: cos @[(r/p)* sin n(@ + ¢) + (r/p)*sin n(¢ — 0)]

+ mnzz;osin @l(r/p)* cos n(0 — @) + (r/p)” cos n(¢ — 0)] .

The terms in brackets can be expressed as real or imaginary parts of power
series. After some elementary manipulations the result (4.15) follows.
Next we turn to some expansion theorems.

THEOREM 4.1. Let a, and ¢, be real,n = 0, 1,2, ..., and lim sup,_,.;|a,|/*
= lim sup,_,.|c,|V" = 1/g. Then the series

(4.16) u(x, y) = i:]oa,,u,,(x, y) = Re(éa,ﬂ)
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@.17) "5, ) = X eanlx, ) = Im(Zoc,,z"/(n + 1)

converge to solutions of Laplace’s equation for |z| < o, but do not converge
everywhere in any including disk. Furthermore, u(x, 0) = ¢(x) = X5y a,x"
and v(x, 0) = J(x) = X2 c,x* are analytic for |x| < o. Conversely, if
(4.16) and (4.17) converge for |z| < g, ¢(x) and J(x) are analytic for |x| < o
and lim sup,_,.|a,|V* < 1/, lim sup,_..|c,1” < 1/o.

This theorem is the counterpart of Theorem 3.1. The proof should be
obvious from analytic function theory. Function theory in the complex
plane can be obtained from these series. Let ¢, ; = na,,n=1,2,3, ...,
a, real. Then if f(z) = };2a,z% Ref(z) = Xioau,(x, y), and Im f(z) =
2 (em1/m)Im(z7) = X2 0c,v.(x, »), and f(z) is analytic for |z| < ¢. An
obvious modification will take care of the case where a, is complex.

THEOREM 4.2. If lim sup,_,., 2n|b,|Y%/e = ¢, then the series

(4'18) U(xs y) = Zoann(x, }’), V(ix,y) = Zlann(x’ J')

7= n=.
converge absolutely for |z| > ¢ to solutions of Laplace’s equation, but do
not converge everywhere for |z| > o0 — ¢, ¢ > 0.

Proor. Using Stirling’s formula for n!, it is easy to show that
lim sup,_,.(27n!|b,])}» = g. Then using the estimates (4.12) one can show
that the series (4.18) converge for [z| > ¢. The first series diverges for
x =0, |z| < o, while the second series diverges for y = 0, |z| < ¢.

Let b, be real and lim sup,,..2n|b,|1/?/e = ¢, then

V(x, ) = (1/2) X bV ia(x, 3) = —-L 3 2mm1b, Re(1/27+0)
n=0 n=0
Ulx, ) = X byUx, ») = = 3 2m1b,Tm(1/2+1)
n=0 n=0

f@) = V(x, y) + iU(x, y) = —% 25 2nlb,z= D
n=0

Obviously the radius of convergence is ¢ and the function f(z) is analytic
for |z| > o, so the stated convergence criteria for the series (4.18) cor-
responds to analyticity in the complex plane outside a disk of radius g.

There is also a theorem analogous to Theorem 3.3.

THEOREM 4.3. The series ) 5 4b,U(x, y) converges for y > g = 0, if
and only if
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oo 1 00 . s
4.19) ”gob,,U,,(x, y) = —27." ooe""e Islygy(s) ds ,

where (z) € A(1, o) and b, = ¢ (0)/[n!(—2i)"].
Proor. If the series converges, lim sup,_,..2n|b,|/#/e < g, which implies
that ¢(z) € A(1, ¢). Conversely, since

K(x,y) = 2%; S " emerlhds, y >0,

Un(x’ y) = (—2)”6”—12(;‘%2 = % jfw(_zl's)nes'xse—lsly ds .

Then

f: bﬂUn(xs y) = %ﬁ ® Z (—2is)nb”eixse-—lsly ds
n=0 —00 =0

1 0% ois
=5 _we*“e syg(s) ds

provided the term-by-term integration is valid. It will be if ¢(s) € %A(1, o)
and y > ¢.

Finally, we wish to investigate the question of when a series of heat
polynomials or associated heat functions can be transformed by T or
T, term-by-term to obtain corresponding solutions of Laplace’s equation.

THEOREM 4.4. Suppose the series (3.8) converges for |t| < 1/4z to a
solution of (2.1) corresponding to the initial data function ¢(x) = X 20a,x".
Then the series

(4.20) ux, y) = 3 a,Trh(x, t)
n=0

(4.21) v(x, ) = 3 a,Toh(x, t)
n=0

converge to solutions of Laplace’s equation for |z| < oo, with u(x, 0) =

é(x) and v,(x, 0) = ¢(x).

Proor. By Theorem 3.1, ¢(x) € A(2, 7) and (3.7) holds. Therefore, ¢(x)
is entire and (4.16) and (4.17) converge for |z| < oo to harmonic functions
satisfying the boundary conditions.

THEOREM 4.5. Suppose the series (3.9) converges for 0 < t < oo, where
b, corresponds to an entire function {(x)e %(l, g) as in Theorem 3.3.
Then the series (4.18) converge to solutions of Laplace’s equation for |z| > ¢.

Proor. By Definition 3.1, lim sup,_.n|a,|'?/e < g, where a, =
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(—2i)*b,. Then using Stirling’s formula, it is easy to show that
lim sup,_,..(la,/n")’» < ¢. The results follow from Theorem 4.2.

THEOREM 4.6. Suppose the series (3.9) converges for 0 < t < oo, where
b, corresponds to an entire function J(x) € A(p, 0), p < 1, as in Theorem
3.3. Then the series (4.18) converge to solutions of Laplace’s equation for
|z| > 0.

Proor. By Definition 3.1, lim sup,.. nla,|*’?/pe < o, where a, =
(—2i)b,. Given ¢ > 0, there is an N, such that for n = N, n2e|b,|*/#/pe <
o + ¢ or |b,| < 2"[pe(s + ¢)/n]*r. Therefore,

0

5 b, y)] 3 @Y z)ib, |zl o+

n=N

S o 5 loelo + nbomfel.

Applying the ratio test to this last series, we can show that
2w sb,Ul(x, y) converges for |z] > 0. A similar argument applies to
the other series in (4.18).

THEOREM 4.7. Suppose that the series (3.9) converges for 0 < t < o,
where b,, is real and corresponds to an entire function ¢(x) € A(p,0), p < 1,
as in Theorem 3.3. Then the function

00 oo
f@ = ezt = — L5 omip -0
n=0 n=0

= L X0V, 9) + 1 T b,U,(x, )
n=0 n=0

is an entire function of 1/z of growth (p/(1 — p), (1 — p) (gpr)/ 1—)

PROOF. As in Theorem 4.6, forn = N, |b,| = 27%[pe(s + ¢)/n]*r. Using
Stirling’s formula,

leal ~ &/2[m ntV2e~pe( + e)/n]e .
Now consider (n/ep)lc,|*/* with o' = p/(1 — p). Then
le e < (2fm)p2ine"+eltre¢ [pe(g + e)/n]F"e,

(n/ep')|c,,|pf/n < (2/7:),,,@,[ e?’/o— P—lpp’/Pnp’/Zn(a. + 6)"""}

0 'pe’lo—p—1

However, p'/p — p’ — 1 = 0. Hence,
(nfep)lee™ < Qlmy ™o one n(o + eyl

for n > N. Since ¢ is arbitrary,
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lim sup (n/ep’)lcnl""” = (gp)p’/p/pr =( - p)(o-pp)l/(l—p) .

Therefore, f(1/z) € A(p/(1 — p), (1 — p)(ope)V 1-0).

5. Wave equation. In this section, we develop the analogous results for
the one-dimensional wave equation

(5'1) WX, 1) = wo(x, t)

using the transmutation operators 7T'3(2.12) and T(2.13). When we apply
these operators to the heat polynomials, the transforms exist in the
conventional sense. However, when applied to the associated heat func-
tions, they must be considered in the generalized sense and the results
are distributions. We begin by noting that the fundamental solutions
correspond under the transformations T3 and Ty, i.e.,

D(x, t) = Tsk(x, t) = t T L7 V2k(x, 1/40)}yorp

(5.2) = 127 e} e = (1/D[0(x + 1) + 8(x — 1)],

where ¢ is the Dirac distribution. In the other case,

E(x, 1) = Tik(x, 1) = Y= £7{052 k(x, 1/40)}-a
(5.3)

= Lonfoiey, 0 = 120G + 1) = 06 - 1],
where @ is the Heaviside distribution.

When we apply the transformations T3 and Ty to the heat polynomials,
we have the following sets of polynomials: forn =0, 1, 2, ....

[n/21
wo(x, 1) = z¢fg;1{n! ST 24224 \(n — 2k)!ak+1/2}
k=0

(5.9 o o2
=n! Z xn2kt2k|(n — 2k)1(2k)! = ((x + )" + (x — )7)/2
=0
1 o [n/2]
Wu(x, 1) = 7«/ T F; 1{n! D0 xn—2k[22%k\(n — 2k) !a-k+3/2}
k=0 o2
(5.5

= n! E;V/‘_,jx"—z"tz"ﬂ/(n — 2k)!(2k + 1)!

=((x + )l — (x — )" )/2(n + 1).

The following recurrence relations follow directly from (3.3):
(5.6) ow,/0x = nw,_;, OW,[0x = nWw,_;.

For the associated functions, we have from (3.4)
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W, (x, 1) = ToH(x, t) = (—2)%3"/ax")D(x, 1)
= (=2@FP(x + 1) +6P(x — )2, n=0,1,2,....
W,(x, ) = TyH,(x, t) = (—2)3"/ax")E(x, {)
(5.8) = (=2 @F*DO(x + 1) — §*D(x — 1)), n=1,2,3, ...,
Wolx, t) = E(x, t) .

(5.7

The generating functions correspond under the transformations 7’3 and
T, as well. For the polynomials (5.4), we have

(o]
Z W,,(x, t)a"/n! = Taeax+a21
n=0

(5.9 =147 _?;'1{0'_1/28“’3“2/4”}0_,,2
= e®scosh at .

For the polynomials (5.5), we have

©0
Z wn(x, t)a"/n! = T4eﬂx+a2t
n=0

(5.10) - % VT L gV 2eare o},

= (e®*/qa) sinh at .

For the associated functions, we make use of the fact that the Dirac
distribution is a tempered distribution and therefore an ultradistribution
[13]. Hence, it has a Taylor series expansion, and

G11) 3 W, f)anjn! = Tek(x — 2a, 1) = D(x — 2a, 1)
n=0

(5.12) X W,(x, t)ar/n! = Tjk(x — 2a,t) = E(x — 2a, t).
=0
Corresponding to (3.6), we have the bilateral generating function

(5.13) i wi(x, YW, (y, 8)/2"n! = (1/2)[D(x — y, s + 1)
n=0

+D(x—y, s—1)].
Next we consider some expansion theorems.

THEOREM 5.1. Let lim sup,_..|a,|}'” = 1/o. Then the series
(5.14) w(x, t) = 3] aw,(x, t)
n=0

converges absolutely for |x| + |t| < o and does not converge everywhere
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for |x| + |t| < 6 + &, ¢ > 0. Furthermore, w(x, t) is a solution of (5.1)
with w(x, 0) = ¢(x) = X;2ea,x", analytic for |x| < o, wi(x, 0) = 0.
Conversely, if the series (5.14) converges for |x| + |t| < o, then the func-
tion w(x, t) satisfies (5.1) and w(x, 0) is analytic for |x| < o.

PROOF. A simple geometric argument shows that the region described
by |x| + |t| < o is the region bounded by the lines x + ¢ = g, x — t = 0,
t—x=g¢0, and —t — x = ¢, and in this region |[x + ¢{| < ¢ and
|x — t| < o. Since lim sup,_,.|a,|}? = 1/g, for every ¢ > 0 there is an
N such that n = N implies |a,|V < 1/g + e. Let |x +¢| < p < ¢ and
|x —t| £ p < o, then

oo

L lay(Cx + 0 + (= 0)2) £ 5 (1 + oe)(plo)”.
n= —
Since ¢ is arbitrary and p < ¢, the comparison series converges, showing
that the series (5.14) converges absolutely for |[x] + |¢| < ¢ and uniformly
in |x| + [t|] £ p < 0. A similar argument holds for the second partial
derivatives with respect to x and ¢. Therefore, the series (5.14) can be
differentiated twice with respect to x and ¢, showing that equation (5.1)
and the initial conditions are satisfied. At ¢z = 0, the series };32.a,x”
diverges if |x| > ¢. Conversely, if (5.14) converges for [x| + |f]| < o,
then Y2 qa,x" = w(x, 0) converges for |x| < ¢ where w(x, 0) is analytic.

THEOREM 5.2. Let lim sup,_,..|a,|’" = 1/o. Then the series
(5.15) w(x, t) = ) aw,(x,t)
n=0

converges absolutely for |x| + |t| < o and does not converge everywhere
for |x| + |t| < ¢ + &, ¢ > 0. Furthermore, w(x, t) is a solution of (5.1)
with w(x, 0) =0, W (x, 0) = ¢(x) = X2ea,x", analytic for |x| < g.
Conversely, if the series (5.14) converges for |x| + |t| < o, then W(x, t)
satisfies (5.1) and w/x, 0) is analytic for |x| < o.

Proor. The proof is very similar to the proof of Theorem 5.1.

THEOREM 5.3. Suppose the series (3.8) converges for |t| < 1/4z to a
solution of (2.1) corresponding to the initial data function ¢(x) =
2 oa,xn. Then the series

(5.16) W, 1) = 3 a,Tohyx, 1)
n=0

.17) Wx, 1) = 3 a,Tyh(x, 1)
n=0

converge to solutions of (5.1) for |x| + |t| < oo, with w(x, 0) = ¢(x),
wix, 0) = 0, w(x, 0) = 0, w,(x, 0) = &(x).
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Proor. By Theorem 3.1, ¢(x) € %(2, 7) and (3.7) holds. Therefore, ¢(x)
is entire and (5.14) and (5.15) converge for |x| + |¢| < oo to solutions
of the wave equation (5.1) satisfying the stated initial conditions.

THEOREM 5.4. If lim sup,_,..(r/ep)|b,|?’* < z, p > 0, then

(.18) ); b W(x, 1), z: bW (x, 1)

converge for all t, in the topology of ultradistributions [13], to generalized
solutions of (5.1).
Proor. We give the proof for the first series. The argument for the
second will be similar. For any fixed ¢,
(519) T bWyx, 10) = 5 X b= 213 (x + 1) + 59 (x — 1]
n=0 n=0

We shall show that this series converges in the space of ultradistributions
Z'. Let ¢(x) be any testing function in Z. Then ¢ € %(1, o) for some ¢ >
0, and for every ¢ > O there is an N such that n = N implies

g™ (£ t)/n!] S [e(o + e)/nl", |b,| < [pe(z + &)/n]e.
Letm > n = N, and {f(x), ¢(x)) denote the continuous linear functional

for fe Z'. Then
<‘%‘éﬂ bhwk(x’ tO), ¢(X)>

L B b(=2HoW(x + 1) + 3D (x — )], $x))
k=n

1
S

™)

! 2 bGP (—10) + P ()],
l m
TE

=< é 2kk[pe(z + e)[k)¥Ple(a + e)[k]* .

bi2Hg®(—10) + $®(20)]

A ratio test now shows that the last sum is a Cauchy sequence as n, m —
oo. Therefore, since Z’ is closed under convergence the series (5.19)
converges for each ¢,.

THEOREM 5.5. The series Y320 b, W, (x, t) converges in Z', if and only if
(5.20) Z b”W"(x’ t) = —lj‘oo ¢(s)[e—l'5(ﬁ+t) + e—l‘S(x—'f)] ds
n=0 4z —o0

where {(s) = X oo(2is)"b,, is a distribution in 9'.
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ProoF. Since D(x, t) = (1/2)[d(x + t) + d(x — t)] € Z’, itis a Fourier
transform, i.e.,

D(x, t)

(1/D3(¢x, + 1) + 8(x — )] = F{(1/2z)cos 15}
= _4_}7? Soj (eits + e—its)e—ixs ds

= __417; * [e—is(x+t) + e—is(x—t)] ds
—00

where the integral is taken in the generalized sense. Now
= (=) i = _I_Sw 15 )1[e—+s (x+1) —is (x—1)
W(x, t) = (—2) P D(x, t) = iz ) (2is)r[e + e lds
and

2 b Wilx, t) = 4_L ” >3 Qis)yrb Je—isxtD 4 e—iste—0] ds
n=0 T J—o n=0

= o |7 g + o) s

provided the term-by-term integration is justified. It is by the continuity
of the Fourier transform in Z'.

6. Radial equations. In this section, we shall sketch the analogous results
for the radial versions of the heat, Laplace, and wave equations. The
radial heat equation is equation (2.4). The radial heat polynomials are
given by

(6.1) RHr, t) = nl(4t)"L&(—r2/4t)

n=0,1,2...,a = py2— 1,and L® denotes the generalized Laguerre
polynomial of degree n and index a. R¥(r, t) satisfies (2.4) and R4(r, 0) =
r2», The associated radial heat functions are defined as generalized Appell
transforms of radial heat polynomials,

(6.2) Rar, 1) = A{RUr, 1)} = t=2k,(r, )Rr, —1)

t>0,n=0,1,2,.... They satisfy equation (2.4) for 0 < ¢ < co. There
are generating functions for the radial heat polynomials and associated
functions as follows:

63) 3 REr, t)arjn! = e /O~4a0)(1 — dar)w2, 1 — dat > 0
n=0

(6.4) ):}0 Rr, yarjnt = k(r, t + 4a), t + 4a £ 0.

From [2], we state the following expansion theorems for the radial
heat equation.
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,

THEOREM 6.1. Let lim sup,_,., 4n|a,|}?/e = 1/6 < oo. Then the series

(6.5 R(r,t) = ﬁ:ﬂ a,Rir, 1)

converges absolutely in the time strip |t| < o and not everywhere in any
including stip. Furthermore, R(r, t) is a solution of (2.4) with R(r, 0) =
2% arin. Conversely, if (6.5) converges for |t| < o, it satisfies (2.4) and
R(r, 0) = ¢(r¥) = Xoa,r? and ¢(z) € A(1, 1/40).

THEOREM 6.2. If lim sup, ... 4n|b,|V%/e = g < oo, then the series

(6.6) R(r, 1) = X bRir, 1)
”—_—0
converges absolutely to a solution of (2.4) for t > ¢ and not everywhere for
t>0—¢&¢>0.
The radial Laplace equation for u(r, y) is
(67) uyy + U,, + (ﬂ - 1)(1/")11, = 0,

r > 0, 4 > 1. We can obtain polynomial solutions of (6.7) by applying
the transformation T to the radial heat polynomials:

1
ul(r, y) = TiRr, t) = 52 £, {07 V2LE(— %)},

(68) vE
' _ (=1ymir(2) e[ = 1
_W(yz_,_ﬂ) P, (21 1/2)($2 - :2)’

where the transform is interpreted in the generalized sense. Here P,@# (z)
is the Jacobi polynomial of degree n. The polynomials (6.8) satisfy the
boundary conditions,

6.9) ui(r, 0) = r2», pui(r, 0)/ay = 0.

Another set of polynomial solutions of (6.7) can be obtained by trans-
forming with T5:

Vi ) = ToRi(r, 1) = — (Y /3m)L {0~ 2L~ r%0)}, 5

o (= 1ymiG/2) bt = 12

where the transform again is in the generalized sense. The polynomials
(6.10) satisfy the boundary conditions,

(6.11) vi(r, 0) = 0, (3v4/ay)(r, 0) = r*».

Associated functions can be obtained by transforming the associated
heat functions:
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Uir, y) = TuRr, 1)

—16)7n! _
6.12) = (—,,,uzza—/zy Lo{omtu Ve L@ (r2g)}, 0

_ (=16)"n! yl(n + p/2 +1/2) P21, 1/2)()’2 - "2>
V2 (p2 J p2yntulzE2 VE + r?
Vﬁ,‘(l‘, .V) TZth[(ra t)
_ —(—=16)n!
(6.13) R 7S Vo

—(=16)ym! I'(n + p/2 — 1/2)}’ (y/Z—l,—l/Z)(yz - ’2>
DgATEHTE (yT 4 pRyrialE1 V2 + 12

L, {0'”+/‘/ 2-3/2p—1% L’(’a) (rza)},_)yz

There are various generating functions for the Jacobi polynomials, but
the one which serves our purposes best is

2 (U +a + B+ ))PEPar
= (1 —a)y*F L@+ 8+ D2, (@ + 8+ 2)/2;
1+ a; 2(x — Da/(1 — a)?),
where (¢), is the factorial function
@Wp=clc+Dc+2):--(c+n—1)=TI(c + n)l(c)

and ,F; is a hypergeometric function. Using (6.14) it can easily be shown
that

(6.14)

- 1)/2
101D TG DA gy

1’(1/2)1’((;; = D/2) 2F((e = D/4, (p + D/4; )25 4ar?/R?)
F(p/Z) Ru/2—-1/2

where R = 1 + ay? + ar? Similarly,
o I'(n + 3/2) I((z + 1)/2 + n)

(6.15)

(6.16) Z nl T'(u2 +n) avi(r, y)
_ TGN+ DI2) sFiu+ D/, + 24 f2; 4ar?|RE)
I'(pf2) Re/ZF172

For the associated functions, we have the generating functions

3 & U, T2 + )

6.17) ™°
@17 = Qe+ D2 Fi(p + /4, (u + 2)/4; p)2; 64ar?/p?)
= Tz QHTEFITE
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where p = 16a + y2 + r2, and

> & Vi, DI + )

6.18) ™°
_ —I((e — 1)2) Fi((p — D/4, (u + 1)/4; p/2; 64ar?/p?)
20 (uf2)mn/2H1/2 pH/2172 .

Next we state, without proofs, some expansion theorems involving the
polynomials (6.8) and (6.10), and the associated functions (6.12) and (6.13).

THEOREM 6.3. Let lim sup,_,.|a,|V” = 1/o < o0. Then the series

(6.19) wm=gwmn

converges absolutely for r2 + y2 < ¢2 and diverges for r?2 + y2 > ¢2. Fur-
thermore, u(r, y) is a solution of (6.7) with u(r, 0) = X ;2 0a,r?”, u(r,0) = 0.
Conversely, if (6.19) converges for y% + r2 < ¢2, then lim sup,,_,..|a,|'/" <
1/o.

THEOREM 6.4. Let lim sup,_,..|a,|V'# = 1/6 < oo. Then the series

(6.20) Mﬁ=gwmw

converges absolutely for r2+ y? < g2 and diverges for r? + y% > ¢% when
y # 0. Furthermore, v(r, y) is a solution of (6.7) with v(r,0) = 0, v,(r,0) =
N sar. Conversely, if (6.20) converges for y?+ r?2< g2, then
lim sup,_,.|a,|'* < 1/0.

THEOREM 6.5. Let lim sup,,_,o, 4n|b,|/?nje = ¢ < oo. Then the series

(6.21) zmw=§mmMo

converges to a solution of (6.7) for y? + r2 > g2 and diverges for y> + r? <
o2 when y # 0.

THEOREM 6.6. Let lim sup,,_., 4n|b,|"2*/e = g < co. Then the series

(6.22) t@»=§mmmo

converges to a solution of (6.7) for y* + r2 > ¢2 and diverges for y? + r2 <
o2

The radial wave equation for w(r, t) is

(6.23) W=, + £ L,



212 L.R. BRAGG AND J.W. DETTMAN

r > 0, 4 > 1. We can obtain polynomial solutions of (6.23) by applying
the transforms T to the radial heat polynomials:

wi(r, t) = T3RKr, t)= nlt /T LY o120 (—r%0)}pup

(6-24) - n!['(l/2) (t2 rZ)nP(p/Z—l,—l/Z)(_t_-'-—rz)
I'(n+1/2) t2 — r2
These polynomials satsify the initial conditions
(6.25) wi(r, 0) = r2», ow¥(r, 0)/ot = 0.

Another set of polynomial solutions of (6.23) can be obtained by trans-
forming with T}:
Wi(r, 1) = TyRi(r, t) = n! I'3/2)L; {073 2LE(~12%0)} o

(6.26) _ G2 o2 avpunim( 12+
= Tt 3y 1= P ).

These polynomials satisfy the initial conditions
(6.27) Wwi(r,0) =0, ow,(r,0)/ot = r2».

Using the generating relation (6.14), we can obtain the generating func-
tions:

i I'(n+1/2) I'(n + (¢ — 1/2)
) =0 n! I'(n + p/2)
_ A2 (g = D[2) 2F1((e — 1)/4, (g + 1)/4; p/2; 4arz/RZ)
11(#/2) _Ry/Z—l/Z
where R = 1 — at? + ar?, and
i I'(n+3/2) I'(n + (¢ + 1)/2)
(6.29) =0 n! I'(n + p/2)

_ tI'GI2I((u + 1)/2 F1((p + 1)/4, (1 + 2)/4, p/2, 4ar2/R2)
w2 RuT2F172

arwi(r, t)

(6.28

arwi(r, t)

We have the following expansion theorems involving the polynomials
(6.24) and (6.26).

THEOREM 6.7. Let lim sup,_,..|a,|V” = 1/o < oo. Then the series
(6.30) w(r, t) = Y, a,wir, t)
n=0

converges absolutely for |r| + |t| < o and diverges for |r| + |t| > o. Further
more, w(r, t) is a solution of (6.23) with w(r, 0) = Y;32a,r?", w(r,0) = 0.
Conversely, if (6.30) converges for |r| + |t| < o, then lim sup,_.|a,|''» <
1/o.
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THEOREM 6.8. Let lim sup,_,..|a,|l'* = 1/¢ < 0. Then the series
(6.31) w(r, t) = ) a,wir, t)
n=0

converges absolutely for |r| + |t| < o and diverges for |r| + [t| > o
when t # 0. Furthermore, W(r, t) is a solution of (6.23) with w(r, 0) = 0,
Wwir, 0) = Y2, Conversely, if (6.31) converges for |r| + |t| < o
then lim sup,_,..|a,|'* < 1/o.

The associated functions are obtained by transforming the associated
radial heat functions with the transformations T3 and T;

Wir, ) = TsRir, 1)

_ tnl(=16)

= ez L oz 12e " LO(r2g)}, 0

(6.32)

P;p/2—1,1/2)< 12 + r2 )

m)(—16) 1 -

w2 (A2 = pf2 —n) (12 — rPptaziz

t > r, unot an odd integer. Here the transform is taken is the generalized
sense and the functions are treated as pseudo functions at ¢t = r.

Wir, 1) = TRYr, 1)

_ nl(=16)
= AT

g;l{ ontu/2—3/2g—1% L}f’)(rZO')},_.tz

pur-,—m( 12+ r?
n tz — r2

(6.33)

_ nli(—16) 1
T 2pe 2 TG — pf2—n) (1% — rBpTeEI

t > r, ynot an odd integer. The transform is again taken in the gener-
alized sense and the functions are treated as pseudo functions at ¢ = r.

In the case where y is an odd integer, the associated functions involve
delta functions and derivatives of delta functions. We present, as illustra-
tion, the case y = 3.

639 Wi = I hiprere0mGg)), .

If we use the fact that certain heat polynomials can be expressed in terms
of Laguerre polynomials as follows: Ay, 1(x, t) = n!(4t)"L32(— x2/4t),
and the result in equation (5.7), we obtain the transform
t .\/TE—_?;I{U“IleZ”+l(x’ 1/40)}0—*12
= (_. 1)»42n+1n! ix _Ya—l{a.n+1e—x2vL;IIZ)(x2o-)}a_"2

— (=2 o@D (x + 1) + D (x — )
> .
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Using this in (6.34), we have

s _(=2)emtl §enD(p 4 £) + 9@ HD(r — f)
(6.35) wir, t) = 4 > .

Similarly, we obtain

- (=20 (4 f) — O (r — 1)
(6.36) wir, t) = i > .

If 4 is an odd integer greater than three, the situation is much more com-
plicated. In this case, we can reduce it to consideration of ¢ = 3 using
the relation

LE(x) = 3 L) .
k=0
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