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THE CLASS NUMBER OF QW-2p) MODULO 8, 
FOR p = 5 (MOD 8) A PRIME 

KENNETH S. WILLIAMS* 

ABSTRACT. Let/? = 5 (mod 8) be a prime. Let h(± 2p) denote^the 
class number of the quadratic field Q(V±2p). Let T + U V2p be 
the fundamental unit of Q(*/2p). It is shown that h{ — 2p) = 
h{2p) + 2T +2 (mod 8). 

If p is a prime congruent to 5 modulo 8, it is well known that the class 
number h{ — 2p) of the imaginary quadratic field Q{\/ — 2p) is congruent 
to 2 modulo 4 (see for example [2: p. 413]). In this paper, we determine 
h{ — 2p) modulo 8. This is a problem of D.H. Lehmer [6: p. 10]. (The 
corresponding problem for h(—p), p = 3 (mod 4), has been solved by 
the author in [9].) 

We let e2p = T 4- U^2p be the fundamental unit of the real quadratic 
field Q(\/2p), so that r a n d £/are positive integers. It is a classical theorem 
of Dirichlet [5: p. 226] that e2p has norm - 1 , that is, 

N(e2p) = T*-2pU2= - 1 , 

from which it follows that T and U are both odd. The class number 
h{2p) of Q(^/2p) is also congruent to 2 modulo 4 (see for example [3: 
p. 101]). With this notation we prove the following theorem. 

THEOREM. h{-2p) = h(2p) + 2T + 2 (mod 8). 

PROOF. It is assumed throughout that p is a prime congruent to 5 
modulo 8. We set p = exp(27r///?). For z a complex variable, we let 

(1) F+(z) = fl (z - pO, F_(z) = A (z - pf)9 
y=i y=i 

V/p)=+i U/p)=-i 

so that 

(2) F+(z)F_(z) = F(z), 

where F(z) is the cyclotomic polynomial of index /?, 
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that is, 

(3) F(z) = PÜ(z - pi) = 4 ^ - f = ^_1 + zP~2 + - + * + ! . 

F + and F_ are each polynomials in z of degree (p — l)/2 with coefficients 
in the ring of integers of Q{^J~p) (see for example [7: p. 215]). Hence 
we can write 

(4) F+{z) = (Y(z) - Z(z)VÄ/2, F_(z) = (Y(z) + Z(z)yW/2, 

where Y and Z are polynomials with rational integral coefficients. From 
(2) and (4) we have 

(5) y(z)2 - pZ(z)2 = 4F(z). 

It is also known [7: p. 216] that Fand Z have the forms 

(/>-5)/4 

(6) y (z )= S fln(zH/H + z« ) + fl z(H)/4 
»=0 

(/>-5)/4 

(7) Z(z)= 2 *»(*(^1)*-» + z»)+Vi>/4*(^1)/4> 

where the an and Z>w are integers with a0 = 2, ax = 1, A2 = (/? + 3)/4, . . . 
and ò0 = 0, bx — 1, ò2 = 0, . . . . For further values of an and bn see, 
for example, [7: pp. 217-218] or [8: pp. 210-217]. 

Taking z = co = exp(2?r//8) =(1 +/ ) /v /T (note co2 = i, co* = - 1, 
a)6 = — /, a;8 = +1) in (3), (6) and (7) we obtain 

(8) F(Û)) = co 4- ÛJ2 4- co3, 

M5 + £5co + v45o)2, if/7 = 5 (mod 16), 
(9) Y(co) ^ _ A^2 + fi^ i f ^ ^ 13 ( m o d 16)^ 

( m ( . = |C 5 + />5Û) + C5eo2, if/7 = 5 (mod 16), 
1 ) {C0) j c 1 3 - Cuco2 + Dnto\ if p = 13 (mod 16), 

where A& £5, C5, Z>5, A1Z, B13, C13, Z>13 are rational integers depending 
upon the an and bn. Substituting (8), (9) and (10) into (5) with z = co, 
we obtain 

(11) j2Al + Bl-2PCl-PDl = 4, i f / , s 5 ( m o d l 6 ) , 

and 

(12) \2Alì + Bh-2pCh-PDìz=-4, i f /> s , 3 ( m o d 16). 
Ui3^i3 - />Ci3D13 = 2, 
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Now, from Dirichlet's class number formula (see for example [1: p. 
343] or [4: p. 171], we have 

M2p) = &L v(^-V-

tr ^-4\ n In 

and 

% j ^ v n Jn 

As 

f U ± 8 / A l =y,(±2p\ 1_ = ^ / ± 2 V 2 J I + 1 \ 1 
ki\ n )n ^0\2n+\J2n+\ ^0\2n+\)\ p J2n+\ 

and 

/ 2 \ f ( - l ) w / 2 , if n even, / — 2 \ _ J(— 0" /2, if «even, 
\2n+\) " {(_ i)(«+D/25 if w odd \2#Mn"/ ~ { ( - l)(*-D/25 if /70dd 

we obtain 

os, « * w + ^ . yjg j ^ i ) ^ . ( ^ . ^ 
and 

n 4 v 7fA(-2p)_ v > v f /4 / i+ l \ ( - l )» , /4«_+3\(-J)_« 
v ; "4— '" " VT éà IV p 74^ + 1 V 7 74/7+3 
Thus, from (13) and (14), we obtain (recalling that h(2p) = h(-2p) = 2 
(mod 4)) 

/ ( _ l)(/*(-2/»-2)/4 (7^ + U^/2p)h^ /2 

= exp{/?(^> log (7 + tV2/>) + ^ ~ M 

- e x n K ^ V //'4« + « W T O + / ) ( - D" _ /4#! + 3 W T O - 0( - 1 )» 

that is, 

(15) /(_l)(*(-2i»)-2)/4(7'+ U^/YpY^'2 

-*»wm>-<-'<. 
Using the familiar Gauss sum (recall p = 5 (mod 8)) 

2 C//P)P»> = © ^ 



22 K. S, WILLIAMS 

in (15), and after interchanging the order of the resulting summations, 
we obtain 

i( - 1)ih (-2*> -2) / 4 ( r + U V2p)h (2^ /2 

° 6 ) = e x p j i g 07/7)(log (1 + copO - log (1 - cop*))} , 

where (here and throughout) log denotes the principal branch of the 
logarithm. Now 

*EU/p)(\oë(l + copO - log(l - û>pO) 

= f- S + S I (log 0 + V ) - loê 0 - *>p0) 
I y=i y=i J 

U/p)=-i v/p)=+i 

= (-2 S + SI 0°g (! + V) - log (1 - V)), 
(///>) = - i 

so (16) becomes 

/ ( - l ) ( Ä ( - 2 ^ ) - 2 ) / 4 ( 7 + U^/2p)hUP)/2 

O7) = fi r ^ j ' «pfiSflogO + *V> - lo«0 - V)) 
y=l A + (OpJ K j=i 

07/)) =-1 
Taking z = ±o)3in (1) we obtain (after a little manipulation) as p = 5 
(mod 8) 

(18) n r + ^ = F^3r-
(y//>)=-i 

Next, using (4), (9) (10) with z = + co3, and making use of (11) and (12), 
we find, after some manipulation, 

(19) ^-(-o>3) 

p i - PCl - X ^ p A ^ J ^ b i m , if p . 5 (mod 16), 
1 — v 2 

Q423 - />Cf3 + 1) + (*i3Ci3j- A13D13) V2f/2^ i f ^ ^ 1 3 ( m o d 1 6)5 

— 1 + \/ 2 

From (11) and (12), we see that L and M, defined by 

\A\ - pC\ - 1, if/? = 5 (mod 16), 
( 2 0 ) L \A\2 - pC2

13 + 1, if p = 13 (mod 16), 

and 
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2 n UA5D5 - B5C5)/2, if p = 5 (mod 16), 

l(Äi3C13 - ^i3Öi3)/2, if P = 13 (mod 16), 

are odd integers. Moreover we have 

(22) L = (-l)(/>+3)/8 ( m o d 4). 

Putting (17), (18), (19), (20) and (21) together, we obtain 

i(l - v / T)(- l ) ( ^- 5 ) / 8 + ( Ä ( - 2 ^ ) - 2 ) / 4 ( r4- U<S~2p)hW/2(L + M*/2pyl 

( 2 3 ) = exp { ± 2 (log (1 + œPJ) - l o g ( 1 - œPJ)) 

Next we consider 

2 log (l - ipf) = "giogo - ^V)-

Asy runs through 1,2, . . . , /? — 1 so does 2/ (mod/?), so we have 

^ log(l - i y ) 
y=i 

- ^ l o g O ~^Vy) 
y=i 

= 2 log{( l + û>pO(l - ^ } 
y=i 

= ^ {log (1 4- cop*) + log (1 - û)pO 
y=i 

+ /(arg((l + <op>)(\ - û)p>)) - arg(l + a>p>) - arg (1 - œp>))}, 

where arg(z) denotes the principal value of the argument of z, that is, 
arg(z) is restricted to satisfy —% < arg(z) ^ %. Hence we have 

§ ( l o g ( l + œpO - log(l - <op0) 
y=i 

= -2§log(l - * y ) 
y=i 

+ 2 log(l - *y) + /(arg(l + wpj) + arg(l - cop*) - arg(l - ip20)} 
y=i 

= - 2 5Jlog(l - û>pO 
y=i 

+ 2 {log(l - iy) + i(arg(l + û>pO 4- arg(l - œpj) - arg(l - ipf))} 
y=i 

= -2§iog(i - v ) + iogïî(i - «y) 
y=i y=i 

-iarg( n o - *y) + i2 (argo + *y) + ar«o - «vo), 
v=i 7 y=i 
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that is 

^]( log( l + api) - log(l - œpO) 

(24) p-i p^i 
= -2 £ l o g ( l - copO + / 2](arg(l 4- eopf) + arg(l - ^ ) ) , 

y=i y=i 

where we have again used the fact that as y runs through 1, 2, . . . , /?— 1 
so does 2/(mod/?), and the result 

prin - A l ~ ' * 1 - ' , 

S ( 1 " V ) s M S M a L 

Putting (23) and (24) together, we obtain 

i(l - v / T)(- l ) ( ^- 5 ) / 8 + ( Â ( - 2 ^ ) - 2 ) / 4 ( r4- U^Tp)hW^L + M,/Tp)-^ 
(25) tì r / t ì . 

FIO - (op*)'1 ' e x p ^ 2 ( a r g ( l + o>p0 + arg(l - û>pO) 
y=i I z y=i 

As 

^fr / i A-1 1 — <W 1 — 0) —I 

n (i - ^ = r - _ j = - ^ = r T - 7 T , 
(25) becomes 

(_l)(^-5)/8+(Ä(-2^)-2)/4(3T+ U^/2p)h^/2{L + My/2p)~l 

(26) r i tì 
= exp|-i-2](arg(l + ^PO + a r ß 0 ~ ^i°y)) 

Now, for y = 1, 2, ...,/> - 1, we have 

1 + copJ = 2 cos (Try//? + ar/8) e^'P**™*' 

and 

Since 

1 _ ^ y = 2 sin Or///? 4- TC/S) eWP-***K 

cos(xj/p + ff/8) > 0, for l g y < 3/?/8, 

cosOry*//? + */8) < 0, for 3p/S < j £ p - 1, 
sin(^y//? 4- ff/8) > 0, for 1 g y < 7/?/8, 

sin(7cj/p + 7T/8) < 0, for 7/?/8 < j ^ p - 1, 

we have 

arg(l + a*/) = ^jlp _ ^ f o r 3 W 8 K j ^ p - U 

and 



arg(l - copi) = ( 
t 
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Tüj/p - 3TT/8, for \ Sj < 7/7/8, 
%j\p - 1 l*/8, for 7/7/8 < j g p - I, 

so 

arg(l + œpi) + arg(l - œpJ) 

(2%}\p-%\^ for i g y < 3/7/8, 
= 2^///7 - 5^/4, for 3/7/8 < y < 7/7/8, 

UTV/P - 9ff/4, for 7/7/8 < 7 g /7 - 1, 

giving 

2 (arg(l -f o>p0 4- arg(l - û>pO) 

2^ tì . _ 5 3/> j -_7 _ 5^ />_-M _ 9% p - 5 
p ß{J 4 ' 8 4 * 2 4 ' 8 

= 7c(p - 1) - TT(/7 - 1) 

= 0. 

Using this, (26) gives the important result connecting h( — 2p) and h(2p), 
namely, 

(27) (T + U^/Jp)h^P)/2 = (-l)(/»-5)/8+(Ä(-2i»-2)/4(L + MjTp). 

Expanding the left hand side of (27) by the binomial theorem, and equating 
rational parts, we obtain 

M2p)l2\T 

(28) + (h(2p)l2\T 
(h (2p) -8) /2 f/4(2/?)2 

-f . . . = ( — 1) ( /» -5) /8+(Â(-2 /»-2) /4 J L < 

Reducing (28) modulo 4, we obtain (using (22) and recalling that h{2p) 
= 2 (mod 4 ) J = l / = l (mod 2), /7 = 5 (mod 8)) 

T + ^ ^ - 1 = ( - l)(Ä(-2/»+2)/4 ( m o d 4) 

or 

A(-2/>) s A(2/>) + 2T + 2 (mod 8). 

This completes the proof of the theorem. 

We remark that our proof is purely analytic in nature and that it would 
be interesting to give an algebraic one. We also note that for those primes 
p for which h(2p) = 2 (a common occurrence) our theorem takes the 
simple form 
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h(-2p) = 2T+4 (mod 8), 

or 

\h(-2p)/2)J ( l) 

Finally, I would like to thank Mr. Lee-Jeff Bell for computing for me 
the polynomials Y(z) and Z(z), together with the corresponding values of 
A5, . . . , Z>13, for all primes p = 5 (mod 8) with p < 317. These values 
were indispensable in formulating the correct sign in the relation (Y + U 
</2p)h(2P)/2 = ± (L + M</2p) (see (27)). 
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