ROCKY MOUNTAIN
URNAL OF MATHEMATICS
olume 8, Number 4, Fall 1978

ENVELOPING W*-ALGEBRAS
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ABSTRACT. Starting witth a C (complex)-algebra R having d con-
jugate linear (idempotent) involution on R, and a set P of positive
C-linear functionals on R (with no topology on R), the C* and W*-
enveloping algebras of R are constructed. They are uniquely deter-
mined by universal mapping properties (Theorem 1IV).

Let S be an involutive semi-topological semigroup (not neces-
sarily locally compact), H any Hilbert space, and L(H) the W*-al-
gebra of all bounded operators in the ¢ (ultraweak) topology. As a
special case with R = CS the semigroup algebra, and with P arising
from a set of bounded continuous positive definite functions on S,
the C* and W*-enveloping algebras AS and WS of S are obtained.
There is a map S— S/Q, and S— S/Q C AS C WS, where S/Q is
the image of S in AS. Then WS is uniquely determined by the uni-
versal property that any o-continuous representation S— L(H) fac-
tors uniquely through a (o-continuous homomorphism
S— WS — L(H) of the W*-algebras WS and L(H).

0. Introduction. There is such a large number of duality theories for
various classes of semigroups and groups, some of them overlapping,
that old ones are as quickly forgotten as new ones are invented. Thus
any new development that would in some way tend to simplify, unify,
and generalize these would be welcome. A duality can perhaps be re-
garded as a functor from some category of semigroups to some well de-
fined category of C* or W*-algebras. For example, in [8] this functor is
an equivalence of categories.

Such a functor should preserve as much of the available structure on
the given category of semigroups or groups as possible. Although the
direct product of semigroups in itself is of minor interest, its impor-
tance lies in the fact that in subsequent generalizations of duality it
should single out the appropriate subcategory for the equivalence
among all the W*-algebras, namely those that carry an additional coal-
gebra structure. Thus the direct product of semigroups should map into
a tensor product of W*-algebras.

Frequently, duality theories ([6] and [9]) use C* and W*-tensor prod-
ucts that do not have the usual universal mapping property. Here we
will be forced to use the categorical W*-tensor product ([7]); others
simply would not work because they lack the above multiplicative
property. Also, here the W*-tensor product will have to be defined in
terms of a (tensor) product on the preduals of W*-algebras.
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The present paper is motivated by what seems presently an unattain-
able objective—to generalize [19] to some bigger class of not neces-
sarily locally compact groups by use of the more categorical concepts
and techniques of [8]. In [19] each locally compact group G is recov-
ered from its W*-enveloping algebra W*G) with the aid of the predual
of W¥G) by use of a long, technical and difficult argument using LY{(G)
and Haar measure. As the latter two are no longer available in the non-
locally compact case, also, all the proofs in [19] would fail.

In the locally compact case, the indispensable algebra W*G is the
von-Neumann or W*-enveloping algebra of C¥G), the C*-enveloping
algebra of G. The algebra C*G) is constructed from two ingredients:
an involutive complex algebra LY(G) and a set P(G) of positive function-
als on LYG), where P(G) are the continuous, positive definite functions
on the group G. The usual presently accepted and used C*-enveloping
algebra C*G) of G has three drawbacks limiting its usefulness. It does
not always contain G. Secondly, it contains an identity if and only if G
is discrete. Lastly, arbitrary continuous homomorphisms of groups G
— H, do not induce a map LYG)— LYH), and consequently there is
no map C*G)— C*H).

A general construction will be given that not only will include the
above usual C¥*G) as a special case, but also simultaneously will be
used to construct a new C*-enveloping algebra remedying all of the
above three defects. Moreover, the group G will be replaced by a not
necessarily locally compact involutive semigroup S, where, in addition,
multiplication on S need only be separately continuous. The semigroup
S may contain also a zero element.

However, the appropriate framework within which to develop the
subject is to begin with an involutive complex algebra R with no topo-
logy, some given set of positive linear functionals P on R, and then
manufacture a semi-norm on R. In the locally compact group case, take
R = LYG) and P = P(G). Having chosen P = P(G), the L-norm on
LYG) becomes superfluous for the purpose of constructing C*G).

For a semigroup S, to obtain the universal C* and W*-enveloping al-
gebras AS and WS, R is specialized to R = CS, the ordinary (alge-
braic) semigroup algebra. Both AS and WS are uniquely determined by
universal mapping properties. In the locally compact group case when
S = G, this process will produce the replacement AG of C*G). Since
W*(G) also has the universal property uniquely determining WG, it fol-
lows that W¥G) = WG. However, C¥G) = AG if and only if G is
discrete. If G is a locally compact nondiscrete topological group, let G4
be G with the discrete topology, and C*G,) the usual C*-enveloping
algebra of G, ([6; p. 188(1.18)]). Since C*G) does not contain an iden-
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tity while AG does, AG # C*G). Furthermore AG # C*G,) (see 7.7,
7.8). With this purpose in mind, one of the aims here is to establish the
existence on AS and WS all those objects, functions, involutions, and re-
lations that are available in the case of S = G, a locally compact group
as in [6]. However, also some new spaces and functions are defined and
investigated which also are bound to play a key role in subsequent later
developments. One such is the co-commutative coalgebra structure on
AS and WS,

In this connection it becomes necessary to extend homomorphisms
and even other simply linear maps from the subalgebra AS of WS to all
of WS. Although here so far this is easily done simply because WS is
the double dual WS = (AS)** it seemed advisable to devise a very
general method of extending certain linear maps from an ultraweakly
dense subalgebra to the whole W*-algebra, which is of independent in-
terest by itself. ‘

The reader is cautioned against confusing the symbol “A(G)” as used
in [6; p. 182, p. 209] with the totally different algebra “AGused here.

1. Properties of Arbitrary W*-algebras. This section is of indepen-
dent interest from a W*point of view. First, some facts are summa-
rized in a form and in notation in which they later will be used fre-
quently. For a W*algebra N and a subalgebra D C N, a generally
applicable method of extending a homomorphism defined at first only
on D, from D to all of N is given. In the usual ultraweak topology ¢ on
N, N is not complete as a topological space. Another topology .7 has to
be used in which N is complete. Since the extended map is to remain
also a ring homomorphism, continuity of multiplication in the four non-
norm topologies on N has to be considered.

1.1. If A is any Banach algebra with an involution and an approx-
imate bounded identity, then the norm dual A* is an A**bimodule,
where A** has the Arens multiplication. There is a natural embedding
n:A— A** The duality between any space A and any set such as A*
of linear functionals on A will be denoted by (, ) :A* X A — C. How-
ever, write [,]:A** X A*— C for emphasis in order to distinguish
this particular special case. Let a, b, x € A, f € A*, and F, G € A**
Thus [na, f] = {f, a). For any function f whatever on any multi-
plicative semigroup A, afb is defined as (afb, x) = (f, bxa), and sim-
ilarly for af, fb. Furthermore

Ff € A*: (Ff a) = [F, fa
fF € A*:  (fF, a) = [F, af]
FG € A*:  [FG, f] = [F, Gfl.
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Always A* will be endowed with the involution (f*, a) = (f, a*)~. If
in addition A is a C*-algebra, then [F* f] = [F, f*]- defines an in-
volution on A** and in this case FG is also the same as [FG, f] = [G,
fF]. Let E be the functor EA = A** For a C*algebra, A C EA is its
W#-enveloping algebra.

1.2. The smallest topology on any topological space A making any
set of complex-valued functions P on A continuous will be written as
o(A, P). If P is any subset of a vector space, (P) denotes all finite com-
plex linear combinations of elements of P. In this case o(A, P) = o(A,
B), where B = (P).

For A and A* as before in 1.1, let

A* = {f € A*|if 0 = a € A, then 0 = f(a)}

and suppose P C A** is any subset closed under multiplication by posi-
tive real scalars. The set of semi-norms obtained from

a— p(a*a), a € A,

with p € P ranging over any subset such as P induces a topology (A,
P) on A. Write (A, P) = (A, B). If in addition to p(a*a), also a —
plaa*) are used, we obtain.”"*A, P) = /%A, B) with (A, B) = /%A,
B). In case A does not vary, abbreviate all of the above as o(B), ./(B),
and ."¥B). Since A* C (EA)* replacement of A by EA gives extensions
of the previous topologies o(EA, B), /(EA, B), and #"*EA, B) to EA.

1.3. For any W*-algebra M with predual Mx, write . = (M, M%),
S* = XM, M%), 0 =o(M, Mx), andT = 7 (M, Mx) where the latter
is the Mackey topology on M of uniform convergence on absolutely
convex relatively o(M%, M)—compact subsets of M.

1.4. For a C*-algebra A, take M = EX = A** Then Mx = A* ./
=/(A** A%, and /* = /*A** A*). The completion of any topo-
logical vector space (A, .7") as a set is a topological vector space that
will be denoted by (A, .”)~ with a topology that will also be denoted
by.””. It is known that (A, /)~ = (A, /%)~ = A**

Some topological facts that are to be used later about the various
topologies on a W*-algebra are summarized below.

LemMa 1.5. Suppose M is any W*-algebra with predual Mx and the
topologies o, ., /% and 7 as in 1.3. If K C M is any norm bounded
set, then

o Cr*Cr

(ii) Involution is o, .7* and t-continuous, (but not in . in general).
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(iii) The hermitian (or self adjoint) elements of M as well as the posi-
tive cone M* is closed in any of 6 C.7 C./* C .

(iv) #* and T agree on K.

(v) If in addition M = A** for some C*-algebra as in 1.4 and
D C A is an involutive (not necessarily complete) norm dense sub-
algebra such that the set of norm continuous positive linear functionals
D** on D is precisely D** = A**, then D C A** is dense in any one

of e CS CAS*Cr

Proor. (i) That 0 C. C.7* C 7 follows from [13; p. 20, Theorem
1.8.9].

(ii) It is clear that involution is ¢ and.” *-continuous while 7-continu-
ity is shown in [13; p. 19, Proposition 1.8.5].

(iii) In any locally convex Hausdorff topological vector space, such as
M with the o-topology, the closure of any real convex set is the same
for any topology between ¢ C 7, because the dual of M, ¢ is Mx. Since
by [13; p. 14, Lemma 1.7.1], M* as well as the self adjoint elements of
M are o-closed, they are also closed in all of the above topologies.

(iv) Conclusion (iv) is given in [13; p. 21, Remark 1.8.9].

(v) Since (D, || )= = (A, || ||, we have (D, )~ = (A, /), while
(A,.”)~ = A** By (iii), D is dense in all of 6 C ¥ C /* C .

LemMma 1.6. With the same notation and hypotheses as in 1.5, multi-
plication has the following continuity properties:

(vi) Multiplication M X M — M is_separately continuous in all topo-
logies o X 6 >0,/ XS/ =S, * X A *>S*and 1 X 17— 1.

(vii) K X M — M is jointly continuous in .~ X ./ —.” but not M
X K— M).

(viii) K X K — K is jointly continuous in.” X .~ — /S, /% x /*
— A andt X 7 — 7 (but not 6 X 6 — o).

Proor. (vi) Conclusion (vi) follows:
for o : from [13 | p. 18, Theorem 1.7.8];
for .7 : from [13 | p. 21, Proposition 1.8.12];
for #* : —same proof as for.”” works; and
for 7 : from [13 | p. 19, Proposition 1.8.12].
(vii) This is shown in [13 | p. 21, Proposition 1.8.5].
(viii) Conclusion (vii) for . comes from (vii); while the right hand
analogue of (vi) establishes it for ."*. Finally for 7, it follows from 1.5

(iv).
Lemma 1.7. If U is the unitary group of a W*-algebra M, then
(i) all the topologies ¢ C . C./* C 7 agree on U;
(i) (U, o) is a topological group.
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Proor. (i) Fix FE U. If F, G € U, then (G* — F*(G — F) = —(G*
— F¥F — F¥G — F). Since multiplication by a fixed element such as
F or F* and involution are o-continuous (by 1.6 (vi) and 1.5 (ii)), the
map U—M, G— (G* — F*) (G — F) is o-continuous. Thus /*| U C
o | U, while always ¢ C.7*. Consequently o|U = ./*| U. By 1.5 (iv),
S*|U = 7*| U and therefore o, ./, /* and 7 all agree on U.

(ii) By (1.5) (ii), involution or inversion on U is continuous, while by
1.6 (viii) multiplication is jointly continuous on U. Hence U is a topolo-
gical group.

For involutive algebras D C M, D% is defined as the set of all finite
sums of d*d, d € D. Thus both containments {d*d|d € Dt}
C M* N D are in general proper.

LEmMMA 1.8, Suppose M is any W*-algebra and D C M a not neces-
sarily norm closed, self-adjoint and o(M, Mx)-dense subalgebra. If K is
the unit ball of M, then {d*d | d € D} N K C M* N K is dense in
any one of the topologies 6 C./° C./™* C 7, and in particular, so is D*
N K.

Proor. Let x = y*y, y € M* N K. Since D C M is o-dense, by
Kaplansky’s density theorem ([13; p. 22, Theorem 1.9.1]), D N K C M
N K is 7-dense. Thus there is a net {{(a)} C D N K with {a) — y in
7. Since involution and multiplication are 7-continuous on K,
t(a)*t(a) — x in 7. But since 0 C.// C./"* C 7, convergence in 7 implies
convergence in all of these topologies. Hence the closures of both of
the sets {d*d | d € D} C D* N K are equal to M+ N K in any one of
the topologies o,./, . /% and 7.

CoroLLARY 1.9. With D C M as in 1.7, if x € M* with |x| = 1,
then there exists a net {t(a)} C D with |t(a)] = 1 such that
t(a)*t(a) — x in any one of the topologies 0 C./” C./* C .

Lemma 1.10. A positive ./ -continuous real linear map T: M — N of
W*-algebras M and N is also o-continuous.

Proor. A linear map T: M — N is normal if (i) Tm = 0 if m = 0
and (ii) T preserves least upper bounds of uniformly order bounded di-
rected sets of self adjoint elements ([12; p. 1.52 Definition 10.2]) A nor-
mal linear map T: M — N is o-continuous by [12; p. 1.53, Proposition
10.3]. Alternatively the latter can also be proved directly by using [13;
p- 28, Theorem 1.13.2] to show that the adjoint T* of T satisfies
T*Nx C Mx Thus let . # C M be any upper directed net of self adjoint
elements (indexed by itself) bounded above by a self adjoint element. It
may be assumed without loss of generality that % is also bounded be-
low, that |m| = 1, and that —e =m = e for all m € % (see [16; p. 7,
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Lemma 1]). Any upper directed net .# of self adjoint elements which
are bounded above by a self adjoint element in a W*-algebra converges
in.” to x = Lub..# ([16; p. 7, Lemma 1]). Since T is positive, T(m*)
= (Tm)* = Tm if m = m* Thus {Tm|m €. ¥} >y = lub. (I¥) in
./ in N. Since T is.”-continuous, also Tm — Tx; so Tx = y. Thus T is
normal and hence o-continuous.

Remark 1.11. Any topology, such as g, .7, 7% or 7 induced by a set
of seminorms is obtained from a uniform structure. The ./ -uniform
structure is {{(x, Y) EM X M|p((x —y)*(x—y) < 1}
0 = p € M»+}.

Note that in the next theorem T(D N Mt) C N+ is a conclusion, not
a hypothesis.

THEOREM 1.12. Suppose that M, N are W*-algebras, D C M an in-
volution closed o-dense subalgebra (which is neither assumed norm
closed nor to contain the identity of M), and T: D — N an *-contin-
uous, positive (i.e., T(d*d) = 0 for all d € D), complex (real, or complex
conjugate) linear map. Then T extends to a complex (real, or complex
conjugate) linear

(i) unique positive map T:M — N (which is involution preserving if
T is) such that

(ii) T is continuous in both the o or./ topologies on M and N.

(iii) Furthermore, if T is an algebra homomorphism, then T is a homo-
morphism of W*-algebras.

Proor. (i) and (ii). Note that M is.”-complete and denote the.-clo-
sure or completion of any set such as D* = {2d*d |d € D} by cl(D).

Since a uniformly continuous map of uniform spaces extends to a uni-
formly continuous map of their completions, it follows that T extends
to a uniformly continuous T : (M,./") — (N, ./’). Then since T is./-con-
tinuous, T(cl(D*)) C cl T(D*). But T(D*) C N+, and N* C N is /-
closed ([13; p. 14, Lemma 1.7.1]). Thus cl T(D*) C N*. Since the clo-
sure of D in M in any topology between o and 7 is the same, D C M is
o-dense. Now by 1.8 or 1.9, cl(D+) = M+ Thus TM*) C N+, or T is a
positive ./"-continuous map. Hence by 1.10 T is also o-continuous. Since
D C M is dense, any two continuous extensions of T to M agree

(ii) Since ring multiplication is separately .»’-continuous, it follows
that T is a ring homomorphism.

2. Enveloping Algebras. Starting with an algebra R over the com-
plexes C with an involution, and a set P of positive functionals on R, a
semi-norm “|- - -||” is constructed on R. After forming D = R/I, where
I C R is the ideal of elements of zero norm, the completion of D yields
a C*-algebra A.
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2.1. Consider an algebra R over the complexes C with a conjugate
linear involution “*’. The positive cone R* of any algebra R will al-
ways be defined as the set of all sums of elements of the form d*d.
Suppose that {u(\)} is a net of self adjoint (u(A)* = u(A)) elements in-
dexed by some upper directed index set {A}. In case R has an identity
e, assume that e* = ¢ and that u(A) = e identically for all A.

2.2. A complex linear functional p on R is positive if for all d € R,
p(d*d) = 0. Denote this by 0 = p. Define ||p| by |jp]|| = limp(u)A) if
the limit exists. For p = 0 consider the following axioms or properties
which are to hold for all d E R:

(a1) p(u(h) — Il 0 = plu(X)) = ] for all X;

(a2) plu(N?) — pl;

(a3) p u&)d) p(d), p(du(A)) — p(d);

’-\/\/\/\

(a4) p(d*u(\)d) — p(d*d); 0 = p(d*u(N)d) = p(d*d) for all A;
(a5) p(d*u(AYd) — p(d*d);
(a6) p(b*u(\d*du(\)b) — p(b*d*db) for all b, d € R.

Note that (al)-(a6) are completely trivial if ¢ € R.

ReMARk 2.3. Let 0 = p satisfy (al)—(a5) and let a, b € R be arbi-
trary. Then p(b*a), p(b*u(\)a), and p(b*u(A)?a) are three sesqui-linear
positive forms. It follows from the polarization identity that p(au(A)b)
— p(ab) and p(au(N)?b) — p(ab) for all @, b € R.

2.4. Suppose that P is some given set of positive C-linear functionals
on R closed under multiplication by positive real scalars. From now on
it will always be assumed that in addition to (al)—(a5), P also satisfies

(A1) dpd* € P for any p € P, d € R.

Note that if (al)-(a4) and Al hold for P, then (a5) also holds. For
d € R define ||d|| only in case it is finite by

ld|* = sup{p(d*d) | p € P, |lp|| = 1}
Sometimes it will be necessary to assume also that

(A2) 3|d| for all d € R.

For P as above (satisfying (al}<(a5) and Al), define I asI = {d €ER |
4]l = 0}.

The proof of the next lemma can be considerably simplified ([5; p.
22, Proposition 2.1.5]) if R is a Banach algebra. Inequalities like 2.5
(vii) below will be assumed to hold in case |a|| is undefined, i.e., in-
finite.
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LemMa 2.5. If O = p satisfies (al)~(a5), then the following hold for
alla, b € R:
(i) pla®) = p(a);
(i) [p@)f® = |lp|l min[p(a*a), p(aa™));
(i) pll = 0 = p = 0;
(iv) [|bpb*| = p(b*b); p(b*b) = 0 <> p(b*Rb) = (0).
(v) Ip(b*ab)? = p(b*b)(bpb*)(a*a)
If ||- - -|| on R is defined by some P as in 2.4 with p € P, then:
(vi) [p(b*ab)l* = p(b*b)|al .
(vii) If {a(i)} C R with |a(i)] = 1 is a net such that |p(a(i))] —
lIpll. then also p(a(i)*a(i)) — |lp]

Proor. (i) Since p(b*a) = p(a*p) for all, a, b € R, (i) follows by (a3)

(i) and (iii) By the Cauchy-Schwartz inequality, |p(u(\)a)? =
pla*a)p(u(A)?). Taking limits on both sides, we get (ii) |p(a)? = p(a*a)
lp|l by (a2). Conclusion (iii) now follows from (ii).

(iv) By (al) and (a4), ||bpb*| = lim bpb*(u(A)) = p(b*b). Now by
(iii), p(b*b) = O implies that p(b*ab) = O, for all @ € R.

(v) If pb*b) = 0, (v) holds. So let p(b*»h) # 0 and set f =
bpb*/p(b*D). By (iv), ||fl = 1. Application of (ii) to f gives |fla)? =
(flfta*a), and hence (v)

[p(b*ab)? = p(b*b)p(b*a*ab).

(vi) Again, if p(b*b) = 0, then (vi) holds by (v). Let p(b*b) # 0. If
llal| is not finite, (v) holds. Since f = bpb*/p(b*b) € P and ||f] = 1, (vi)
now follows from (v).

(vii) If ||p|| = O, then p =0, and (vii) holds. Let |p| # 0. Then
p/|lp|l is of norm one, and

pla(i)*a@)) = |ipll la@I* = llpl

by the definition of “|la(i)|” in 2.4. By (ii) and by the last estimate,
IP@@)P = |pll plai)*a) = [jp|?. Dividing by [p| and taking limits,
we get
lIpll = lim inf p(a(i)*a(i))
= lim sup p(a(i)*a(i)) = |ip].

LemMA 2.6. With P satisfying (al)<(a5), for any p € P, define ||p||
by |Ipll = sup{p®)/|b| | b € R; 3|b|, i.e., is finite; ||b| # 0}. Then
for any p € P, ipll = |ip].
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Proor. If ||p|| = 0, then also p = 0, and |||p||| 0. So take |jp|| # 0.
Then by (al), u(A)] = L Thus |pu@)| = |lp|| lluM]| = [Ip]l. Again,
by (31)2||PH = ipll.

By 2.4, |p b*)| = |lp| ||b||?, while 2.5 (ii) shows that |p(b)? =

pb)|
Iplip(b*b) = |b|?|p|* for all b € R. Consequently, [lp]| = |p|. Hence
Pl = lipll or -1 = -~ -|I.

Proor 2.7. For a positive functional q on R satisfying (al)~(a5), let L
be the set of all positive real multiples of {bgb*|b € R}. Then L satis-
fies (al)~(a5) and Al.

Proor. (al): By (a4) for g we have 0 bgb*(u(\)) = q(b*p), and by
(a4) for g that q(b*b) = lim bgb*(u(\)) = ||bgb*||. The rest are obtained
as follows:

(a2): by (a5) for g;
(a3): by (a3) and 1.4;
(a4); (ab), and Al: from (a4), (a5), and Al.
ReMaRrk 2.8. With g and L as above in 2.5, A2 holds for L if and
only if for each d € R the following is finite:
|d> = sup{q(b*d*db)/q(b*b) |b € R,
q(b*b) # 0}.
From now on the notation “<3” will indicate ideals in a ring.

2.9. For q and L as in 2.7, in addition to (al)}~a5), Al assume also
that (a6) holds for q¢ and A2 for L. If N is the left ideal N =
{b € R|qb*) = 0} C R, then R/N is a pre-Hilbert space with in-
ner product (@ + N|b + N) = q(b*a), whose completion yields a Hil-
bert space. Each d € R gives a linear map wd: R/N — R/N by =d(a
+ N) = da + N, a € R. (So far A2 was not needed.) If ||d|| is as in 2.4
and |7d|| is the operator norm in the C*-algebra L(H) of all bounded
operators on H, then

|d|[> = sup{q(b*d*db)/q(b*D) | b € R/N}
= ||md]?.
By A2, both are finite and nd extends to 7d € L(H). Thus 7 : R — L(H)

is an involutive isometric ring homomorphism with kernel
I={d €R||d| =0} <R.

Note that also I={d€R|dRCN} and I = {d|q(b*d*db) =
0Vb € R}. Here for the first time (a6) is required to show that for any
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b € R, bu(\) + N—b + N in the Hilbert space norm in R/N. In par-
ticular, if d € 1, then N = du(\) + N — d + N, and hence d € N.
Thus I C N.

It follows from ||d| = |d|, from kernel # = I, and R/I = 7R C
L(H), that I* = I and that the seminorm on R induces a C*-algebra
norm on R/I by ||d + I| = |/d||, except that R/I need not be complete.
Since by 2.6 (ii) L vanishes on I, L can be viewed as functionals on
R/I 1t follows either from 2.6 or from 2.5 (vi) that the members of L
are continuous on R and R/I.

The previous considerations immediately generalize from one func-
tional q as above to a set P of any size.

THEOREM 2.10. Suppose P satisfies axioms (al)—(a6), Al, and A2 (2.2)
and that R, |- - | on R, and I are as previously (see 2.1, 2.4, 2.9). Then
R is an algebra with an algebra semi-norm, and in particular for a,
b € R the following hold

(@) llabl| = |al| [IbIl;
(i) la¥]| = Jall;
(iii) [la*a] = [a|?:
(iv) I<1R I ={a€R||a| =0);
v) I
(vi) The cornpletzon of R/I in the norm |la + I| = |a| is a C*al-
gebra.

(vii) The functionals of P vanish on I and hence induce functionals
on R/I; the members of P are continuous on R and R/L.

CoOROLLARY 2.11. Under the hypotheses of the previous theorem with
D = R/I, the following hold
(i) {u()} (or {u(\) + I}) is a bounded, self adjoint approximate iden-
tity for R (D).
(ii) D and P satisfy (al)~(a6) Al, and A2 (with respect to {u(A) +
I}).
})(iii) The set I defined for D (by 2.4) is zero.

Proor. Conclusions (ii) and (iii) are clear, while for (i) it suffices to
show that for d € R, both |u(A\)d — d|| — 0 and that |du(A) — d|| — 0
in R. The first follows from (a5), the second from (a6).

CoroLLARY 2.12. With the same notation and hypotheses as in the
previous theorem, if A is the C*-algebra obtained by completing R/I in
its norm (2.10 (vi)), then:

() 31 =e € A= {u(\) + I} C R/I C A is a Cauchy net.

{i)3l=e€A=|u) + I —¢| — 0.

REMARKs 2.13. 1. There does not seem to be a straightforward way of
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proving 2.10 (ii) and 2.10 (iii) directly without 2.9.

2. Alternatively, perhaps the condition 2.10(ii) could perhaps be
used to replace some of the axioms (al)—(a6), Al, and A2.

3. The second parts of axioms (al) and (a4) could be omitted at the
expense of having to abandon 2.6.

3. Functorial and Universal Properties of Enveloping Algebras. ~ The
completion A of the algebra R/I of the previous section is the C*-en-
veloping algebra of R, while A** is its W*-enveloping algebra. Both A
and A** are uniquely characterized by their universal mapping proper-
ties. Eight functors are associated with R. The notation of the previous
two sections is continued without further explanations.

3.1. Under the above hypotheses (al)—(a6), Al, and A2, define D =
R/I. The completion of D in its norm is a C*-algebra A. Set W = EA
= A** The linear functionals induced by P on D, A, as well as A**
will for all of these be denoted by P. All finite, complex linear com-
binations of any subset such as P of any vector space will be denoted
(P). For P as above define B = (P). Again, view B C A* so that
P C A** is in the positive cone of the norm dual of A. Let B be the
norm closure of B in A* Thus P C B C B C A* The algebras A and W

will be called the C* and W*-enveloping algebras of R.

3.2. Sometimes I; D, A, W; P, B, B, A* will be regarded as functors,
in which case an index R will be written after each of these, i.e.

IR; DR C AR C WR; PR C BR C BR C A*R.
Regarding PR as functionals on D, by 2.11 (ii) we have
I(DR) = 0; D(R/IR) = DR,

and hence the functors D, A, W; P, B, B, and A* agree on R and DR.
Consequently, DR = D(R/IR) and AR = ADR will sometimes be iden-
tified, and similarly for the other functors in place of A.

3.3. Consider an (i) involutive, normed, not necessarily complete al-
gebra D over C with norm |---| (jab| = |a| |b| and |a* = |a] for all q,
b € D). Assume that (ii) D has an approximate, bounded two sided
identity, and that the continuous positive linear functionals P = D** of
D separate the points of D. Then (al)~(a6), Al, and A2 hold, the ideal I
for D is zero and | || is a norm. If in addition, (iv) D is complete in ||,
then it is known that A** = P and B = B = A* If (iv) holds, then | |
= || and A is the C*-enveloping algebra of D. Since A = (D, | ||)-, it
follows from 1.4 that

(D, /)~ = (D, /*~ = A**
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3.4. Suppose R, Q are algebras as in 2.1; PR, PQ their associated
linear functionals; and {u(A)} C R, {w(y)} C Q the approximate identi-
ties satisfying (al)—(a6), Al, and A2. All such algebras and involution
preserving, norm continuous, algebra homomorphisms ¢: R — Q form
a category. Since IR = {d € R||d|| = 0}, ¢IR C IQ.

Lemma 3.5. For R, Q as above suppose ¢ : R — Q is merely an alge-
braic homomorphism such that ¢*PQ) = {q¢|q € PQ} C PR. Then ¢
will be norm decreasing provided any one of the conditions (i), or (ii)
holds:

(@) llgoll = llqll Vg € PO;

(ii) {p(A)} € {w)}-

Proor. (i) If d € R, q € PQ, then
lodl* = sup{q((¢d)*¢d))| llq]l = 1}.

But since q((¢d)*¢d) = q(é(d*d), and q¢| = [l = 1 and g¢ € PR, it
follows that ||¢d||? = ||d||% (ii) Condition (ii) guarantees (i).

THEOREM 3.6. Suppose R, Q are algebras with associated positive
functionals PR, PQ in the category in 3.4, and that ¢ : R — Q is an al-
gebra homomorphism as in 3.5 (i). Then the following hold:

() I, D, A, W; P, B, B and A* (see 3.2) are functors.

(ii) D¢, Ap, and Wo are ring homomorphisms in the above category
(see 3.4; all algebras DR, AR, WR have the same associated functionals
PR); A¢ is a C* and W a W*map.

(iiiy There is a commutative diagram where all the vertical maps ex-
cept R — DR and Q — DQ are natural inclusions, and all horizontal
maps are positive.

IR — IQ ro 22
b b e )
N
Aliﬁt Aé A*éi*i A’{R
W ]

Proor. (ii) Since ¢IR C IQ, the latter induces D¢, which in turn ex-
tends to a norm continuous C*homomorphism A¢. Define A*p to be
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the usual adjoint A*¢ = (A¢)* of A¢ and let By, B¢, and Po be its re-
strictions and corestrictions. Finally set W¢ = (A*p)*. The rest is clear.

CoroLLARY 3.7. In the above theorem, {u(\) + I} is a self adjoint,
bounded, approximate identity for DR, AR, and WR. (It converges in
norm to 1, in case 1 € DR, or 1 € AR; always 1 € WR.)

CoroLLARY 3.8. If in the previous theorem Q = DR and ¢: R — DR
is the natural projection, then all horizontal maps except ¢ in the dia-
gram (3.5 (iii)) are isomorphisms. (i.e., Do, Ap, Wo; Po, Bo, Bo, and
A*$).

From now on homomorphisms of algebras and semigroups will mean
involution preserving (unless stated otherwise). In the next theorem a
and B need not be identity preserving maps. In fact, the C*-algebra N
need not even contain an identity.

THEOREM 3.9. (Universal mapping property). Consider an involutive
algebra R over C as in 1.2 and P a set of functionals on R satisfying
(al)—(a6), Al, A2. For a C*algebra N, and a W*algebra M = Mx*
with the topology o = o(M, Mx) (see 1.3), where Mx is the predual of
M, if a: R — N and B: R — M are involutive algebra homomorphisms
and N* is the norm dual of N, then:

(i) Conditions (a) and (b) are equivalent, i.e., (a) < (b):

(a) a (or B) is norm continuous with the norm topology on N (or M);

(b) {qa|q € N*} C A*R (or {gB| q € M*} € A*R) respectively.

Now, in addition assume (i) (a) or (b) throughout. Then a and B ex-
tend to unique C* and W*-maps (i.e., Bis o-continuous):

(i) R AR (iii) R WR
t\ T A B
v v
N M

(iv) Both AR and WR are uniquely determined by (i) and (ii) up to
an automorphism leaving R/IR (see 3.2 and 2.4) in

R — R/IR C AR C WR

element-wise fixed.

Proor. (i) Clearly, (a) = (b); the converse (b) = (a) is a consequence
of yl* = sup(fiy*y)|0 = f € N*+ [f| = 1) for any y € N.

(ii) Since AR = (R, ||||)~, a extends.

(iii) By (i), B extends to a C*-map AR — M, (see [3; 3.2]) and by the
universal property of E, the latter lifts to a unique W*map B: E(AR)
— M.
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(iv) follows from (i) and (ii).

CoroLLARY 3.10. Suppose R is an involutive algebra over C with
{u(\)} C R as in 2.1 and P, L any two given sets of positive function-
als on R satisfying (al}~(a6), Al, A2. Let W(R, P) and W(R, L) be the
W*-enveloping algebras formed with respect to P and L. If L C P, then
there is a commutative diagram of continuous maps

R W(R, P)

W(R, L)

CoroLLARy 3.11. For R as in the last corollary and q: R — C a posi-
tive linear functional satisfying (al)~(a6), and 2.8:

(i) There exists a homomorphism ¢ :R —M = M** into a W*al-
gebra M.

(ii) Furthermore, q = f{ for some 0 = f € Mx+.

(ili) kernel ¢y = {b € R| q(d*b*bd) = 0 Vd € R}.

(iv) If q € P, then y is norm continuous.

(v) If g € P, then y factors through W(R, P) by a W*-map.

Proor. The set L = {dqd*|d € R} satisfies (al)—(a6), Al, and A2.
Set M = W(R, L) and let ¢ : R — M be the canonical map.

4. The Enveloping Algebras of Semigroups. Consider a semitopologi-
cal semigroup S where the multiplication need be only separately con-
tinuous, and with a given continuous involution “*’ on S with
(st)* = t*s*for s, t € S.

The general constructions should be at least sufficiently flexible to
handle as special cases, for example, multiplicative semigroups S of lin-
ear contraction operators on a Hilbert space. For these the possibility
must be allowed for that some, but not necessarily all, elements of S
may be multiplied by some complex or real scalars. In representing
such semigroups S, it may be possible to map S into a C*-algebra so
that the scalar multiplication in the C*-algebra does not agree with the
naturally given scalar multiplication in S, and so that the zero element
of S maps onto a non-zero element. The latter perhaps might be the
case for the special case when the algebra is the so-called universal en-
veloping algebra. However, the general construction is sufficiently flex-
ible so that the naturally given partial algebraic operations defined on
some subsets of S, or polynomial identities, could be preserved in the
representation of S in a C*-algebra. For example, the self-adjoint ele-
ments of S could be closed under real convex linear combinations.
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4.1. Since it is always possible to adjoin an identity element e to S
so that multiplication remains separately continuous, without loss of
generality assume from now on that e = e¢* = 1 € S. Provided it exists,
6 = 6* € S will denote the zero of S.

4.2. The elements of the ordinary semigroup algebra CS are finitely
nonzero valued functions @, 8:S — C with pointwise addition, scalar
multiplication, but the following product and involution, a*:

aBu) = Z{a(s)BE) | (s, ) €S X S, u = st}.
a¥(s) = a(s*)~ = a(s*),

where @ is the complex conjugate. Alternatively CS consists of all fi-
nite, formal, C-linear combinations & = Za(s)s out of S with a* =
Tas)s*. Identify S = {1s|s €S} C CS and thus e € S C CS becomes
the identity of CS. Even if there is a zero § € S, § = 18 # 0 € CS.
Note that a(s) € C while as € CS.

4.3. A complex valued function p on S is positive definite if its lin-
ear extension (i.e., p(a) = Za(s)p(s)) is a positive linear functional, i.e.,
if for all @ € CS,

pla*a) = S{@Ba(s)p(t*s)| (s, ) € S x S} = 0.

Sums, products, positive real multiples, and complex conjugates p of
positive definite functions are positive definite.

4.4. Set R = CS. Suppose that P = PR is some definite given set of
continuous positive definite functions p on S (or functionals on R) satis-
fying Al (of 2.4) and such that

(1) |p(s)| = p(e) for all s € S. Thus R = CS and P satisfy all the ax-
ioms (al)—(a6), Al, and A2 trivially.

4.5. Hence also 2.5 (iv) and (vi) apply, and they may be used to
show that the set

QS ={sHESXS|VpEP
plls — )*s — 1)) = 0}

is a semigroup congruence. When § is fixed, abbreviate & = QS and I
= IR. Define 7: S — S/Q, by ms = {t € S| (s, t) € @}, where S/Q has
the biggest topology making « continuous. Since (s, f) € @ if and only
if (s* t* € Q, also S/ has a continuous involution. There is a linear
extension 7 : CS — C(S/9) to the semigroup algebras.

46. In case S =G is a group, even for a non-continuous positive
definite function p, 4.4(1), i.e., |p(g)| = p(e) and p(g~!) = Wg) holds for
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all g € G. As wusual, define K <G as the normal subgroup
K = {st™1| (s, t) € Q}. Note that

K={ke€G|k e €}
={k€G|vpEP pk = ple)}
Hence K C G is closed.

4.7. Starting with an arbitrary semigroup S as in 4.1 and functionals
P as in 4.4, the machinery of the previous sections applied to R = CS
and P produces D = R/I CA C W and PC B C B C A* where the
index R in the functors has been, and will be, omitted. When S = G is
a group, also write K = KG <1G. Define IS by IS = IR = ](CS).
Thus when S = G, IG = I(CG).

Let s € SN IS and y € S be arbitrary. By 2.5(ii), p(s) = 0. Since
IS <CS (2.9), ys, sy € IS. (This can also be verified directly by 2.5(v)
and 2.4 Al). Thus p((s — y)*(s — y)) = p(y*y) because s*y, y*s, and
s*s € IS. Since for any s, t € S'N IS with (s, t) € Q, it follows that
SNIS C ms = ut are all in the same equivalence class modulo €.
Conversely, for any s €S N IS and any y € S, the above shows that
(s, yy €Q if and only if y€S N IS. Hence #s C S N IS. Thus
@s = SN IS € S/Q is a single element.

For any y € §, ys, sy € IS and wsmy = my ws = wys = ms. Thus if
SNIS# ® and s €ESNIS, then ms = SN IS ES/Q is a zero ele-
ment for the semigroup S/, even in case S does not have a zero.

However if S already has a zero element § € S, and under the addi-
tional assumption that p(d) = p(6*0) = O for any p € P, it follows that
0 cISand 70 = S N IS = § is the zero element of S/Q.

LEMMaA 4.8. For a semigroup S as before (4.4(1)), the following hold:

(@ QS={(s,t)eESXS|s—tEIS);

(i) S/QS — {s + IS|s € S}, ms — s + IS (where s € S) is an in-
volution preserving isomorphism of (multiplicative) semi-groups;

(iii) SN IS # ¢ =3 a zero in S/QS;

(iv) The kernel of the homomorphism  : C(S/QS)— CS/IS induced
by (ii) is 7IS.

(v) For S = G a group,

KG={ke G|k —e€IG)

={ke G| p€Ppk) = pk*) = ple)}
Hence G N IG = .

Proor. (i), (ii), and (iv), are clear; (iii) follows from 4.7.
() By 4.4, [p(k)| = ple), [p(k*)| = ple). For k — ¢ € IG, 2p(e) — p(K
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— p(k*) = 0, and p(k*) = p(k)~. Thus both p(k), p(k*) are real, é.nd (v)
follows.

4.9. For semigroups S, T as in 4.4 with associated functionals PR, PQ
where R = CS, Q = CT and an (involutive), continuous, (not neces-
sarily identity preserving) homomorphism ¢:S — T, assume that
{g¢| g € PQ} C PR. Hence also ¢ is o,.7”, and /" *-continuous. By 3.5,
not only ¢, but also its extension ¢ : R — Q is norm decreasing. Then
¢IR C IQ, and the induced homomorphism ¢ : DR — DQ is also norm
continuous:

4.10. Let Z be the original topology on S. Any topology # on S in
duces a quotient topology €7 on S/Q. Define S/I to be a multiplicative
subsemigroup S/I = {s + I|s € S} of D. By 4.7 (ii), identify S/Q =
S/I CW, where W = WCS. The smallest topology on S and S/
making S — S/@ — W continuous induces the norm, ¢, ./, #* and 7
topologies from W onto S/Q and S. Alternatively, S maps onto 7:S —
S/ CW and the open sets in S are simply defined to be inverse
images under 7 of the respective open sets in W. Since S maps into the
unit ball of W, 2.5 (iv) shows that ."* and 7 agree on S/Q. Then # and
@/ contain the induced o, .7, and ."*-topologies. Lastly, 0 C./° C./*
C 1 C 7 are all contained in the norm topology on S (and similarly for

W),

4.11. For S, R =CS, P = PR, and D = R/I as before, the elements
of P can also be viewed as positive linear functionals on D, and hence
also on S/Q C D. Set P(C(S/Q) = {pm|p € P} and identify
P(C(S/2)) = P.

Furthermore, since €/ is the smallest topology on S/Q making =
continuous, the elements of P(C(S/Q)) are continuous and satisfy 4.4 (1).
Since 7:S — S/Q is epic, its adjoint #*: P(C(S/Q)) — P, h — hx is
monic. Thus the above identification of P(C(S/Q)) with P is given more
precisely by the isomorphism #* as #*P(C(S/{2)) = P.

Although every result of the previous section now could be stated for
the special case of a semigroup algebra R = CS and further informa-
tion extracted from the additional semigroup as well as topological
structure, this will only be done for two theorems.

THEOREM 4.12. Consider a not necesssarily identity preserving morph-
ism ¢:S — T of involutive semi-topological semigroups S, T as in 4.1
and 4.2 (1); their semigroup rings R = CS, Q = CT; their functionals
PR, PQ; and the C* and W*-enveloping algebras AR, AQ, WR, WQ in
the norm and o-topologies. If {h¢ | h € PQ} C PR, then

(i) S — AR, S — WR are continuous,
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(i) there is a commutative diagram where all the horizontal maps are
continuous homomorphisms

¢

|

AR —— AQ

WR WO
Wo .

CoROLLARY 4.13. With the same hypotheses as in he last theorem, the
multiplication and involution on the image S/QS (see 4.5, 4.8 (ii)) of S
in S — S/QS C AR C WR has the following continuity properties:

(i) involution: norm, o, and /"*-continuous;
(ii) multiplication separately continuous: all topologies—norm, o, ./,
S*(/* and T agree on S/QS);
(in) maultiplication jointly continuous: norm, ./, /*

(v) The original topology of S (or S/QS) contains the induced o, 7,
and " *-topologies (see 4.10).

Below, the possibility that @ = QS is trivial and S = S/, while ICS
# 0 should not be ruled out.

CoroLLARY 4.14. With S, Q@ = QS, R = CS, and PR as in the pre-
vious theorem (i.e., satisfying 4.2 (1)); with S/IR, w:S — S/ (4.5), and
Y : C(S/Q) — R/IR (4.8 (ii), (iv)) as previously, define Q = C(S/Q), and
PQ = 7%PR) = PR (4.11). Then the following hold:

(i) #IR = IQ, =(IR N S) = (IQ) N (S/Q);

(ii) kernel ¢ = IQ;

(iii) S/IR, (S/RQ)/1Q, and (S/Q)/S/K) are all isomorphic;

(iv) There is a commutative diagram of continuous morphisms; every
horizontal map is onto; isomorphisms are indicated by double lines:

NS — QN >

| |
S s ym
R

I ° IQ

| |

DR DQ
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IR —— IQ

CR —— CQ 0)
\ [

DR ___ DQ ____ DR

WR ______ WQ ___ WR

DErIniTION 4.15. For any involutive, semitopological semigroup (with
1 = e € §), PS denotes the real cone of all continuous, positive definite
functions on § satisfying

Ip(s) = ple) foralls €S

(then all the other axioms al-a6, Al, A2 also hold.) Application of the
usual functors to CS gives

$/QS C DS = CS/IS C AS C WS;
PS C BS C BS C A*S,

where the index “CS” will be abbreviated to “S” only for the above
special PS. The algebras AS and WS are called the universal C* and
*-enveloping algebras of S.

The significance of the universal algebras is that in Theorem 4.12,
the additional hypothesis besides the standard axioms may be omitted.

THEOREM 4.16. With S as in 4.4 (1), let a:S— N and 8:S— M be
norm and o-continuous morphisms into a C* and W*-algebra N and M
(o and B are not assumed identity preserving). Then

(i) a and B extend to unique C* and W*-maps Aa and WP giving
commutative diagrams of continuous maps:

_

N
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(ii) The above universal property (i) determines AS and WS uniquely
up to automorphisms leaving the image S/QS of S elementwise fixed in
S— S/QS C AS C WS,

LeMMA 4.17. For a semigroup S, R = CS, and any P = PR whatever
satisfying property (i) of 4.4, consider the following point separation
properties (a) and (b) of P:

(@) Vn =0, 1,2, ---; Vy, x(1), ---, 2(n) €S; VA € C: [y # Ay*;
Vi, x(i) # y, y* or e] = [3p € P such that p(y) * Ap(y*); p(x(i)) = 0.]

(b) (1) P is closed under multiplication.

@ VyES=Ip€EPpy *0
B) vy, x ES;VAEC: [y * A\y* x # y, y*,
ore] = [Ip € P, ply) # Ap(y™), p(x) = Ol.
Then (i) (b) = (a);
(ii) (a) = IR = 0, Q is the diagonal, $ = §/Q, and DR = CR.

Proor. For n= 0, A = 0 we have (a) < (b) (2). Secondly, (b) (2) and
b)(B) <= (a)forn =0and n = 1.

(i) If n =2 in (b), take p in (b)(3) with p(y) # Ap(y)~ # O, and
p(x(1)) = 0. Then take q € P by (b)(3) with ¢(x(2)) = 0, and q(y) #
pq(y®) for p = Ap(y*)/p(y). Thus pq(y) # Apq(y*). The rest is clear.

4.18. Suppose that S, R = CS, PR and T, Q = CT, PQ are two semi-
groups, each one satisfying 4.4(1) and 4.17(a). Define RQ as RQ =
C(S x T) and define (PR)(PQ) to be

(PRYPQ) = {fg:Sx T —C|f € PR, g € PQ,
fals, t) = fis)gt) fors €8, t € T}.

Assume that P(RQ) is some given set of functionals such that 4.4(1)
holds for S X T and with (PR)(PQ) C P(RQ). Then

(i) P(RQ) satisfies 4.17(a) and S X T — W(RQ) is monic.

(ii) (PR)(PQ) satisfies 4.4(1), 4.17(a), and 4.17(b).

REMARK 4.19. Suppose that S is a semitopological semigroup with
some of the following possible additional structure.

(1) Complex multiplication: D = {A € C| |A| < 1}, there is a sepa-
rately continuous map D X S — S, (A, s) — As € S such that (Ac)s =
Acs), Ast) = (As)t = s(A?), As)* = As¥; A, c€C;s, t ES.

(2) Multiplication by (A E R| —1 = A = 1}.

(3) 36 €8

First, form R = CS, PS, AS, and WS as in 4.15. Let Q C PS be that
subset which preserves one or several of (1)—(3); e.g., p(As) = Ap(s) for
s €S, A € C and/or p(f) = 0. Assume that Q satisfies 4.4.
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Next apply the process of 2.10 and 3.2 to CS with Q (not P) to yield
its C*-enveloping algebra A(R, Q) and W*-enveloping algebra W(R, Q)
with respect to Q. It follows from 4.16 (see also 3.10) that there are
commutative diagrams of norm and o-continuous maps respectively.

N AS S

WS

A(R, Q) W(R, Q)

It is conjectured that an analogous result holds for semigroups S hav-
ing the following possible additional structure which would first have to
be rigorously defined:

(4) Closed under convex real linear combinations;

(5) Closed under a Jordan (xy + yx)/2, or a Lie product (xy — yx)/2
%y ES.

(6) Only the self adjoint elements are closed under (4), and/or (5).

5. Tensor Products and Multiplicative Categories. The results needed
about various tensor products are briefly summarized and four multi-
plicative categories are introduced.

5.1. If A and B are C*-algebras, their usual algebraic tensor product
is denoted by A O B and their categorical C*-tensor product by A O B,
where the latter is simply the closure of A O B with respect to a cer-
tain ([3; p. 440, 2.1]) C*-crossnorm p. If both A and B have identities,
then write A® B = A O Band A ® B = AO B, the distinction being
that for “—®—", A, B, C A ® B while the latter need not necessarily
hold for “—0—". Then A O B is uniquely determined by the universal
property that any C*maps a: A — D and 8: B — D with elementwise
commuting images in a C*algebra D extend to a unique C*map
¢:AD B —D such that (aa)(8b) = ¢(@a O b) for alla € A, b € B.

5.2. The norm p induces always a dual norm p* on A* O B* ([3;
2.3]); the p*-completion of the latter will be denoted by A* O B*. If
1 € A and also 1 € B, write A*® B* = A*O B*.

5.3. We give an alternative description of AO B. If y denotes the
greatest crossnorm ([8; p. 6]), then let AQ B denote the y-completion of
the algebraic tensor product of two Banach spaces A, B. Then it can be
shown directly that A O B has the universal property of A O B, and
thus AO B # A O B. The latter also follows from [8; p. 38].
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54. If in addition A and B are W*-algebras with preduals Ay, By
then AxA B« C (A ®By is defined as the set of all linear functionals
T € (A ® B)* such that T(— ® b) € A»- and . Tl@a ® —) € B, for all
a € A, ‘b € B. The annihilator (A* A Bs)L C (A ®B)**  of Ax A B
C. A ® B* is a direct summand and a non-Neumann shbalgebra of
(A ®B)** Then the W*tensor product of A and B is denoted by
A V B and is defined as

AV B = (A ® B)**/(AxAB#)*

Note that by its very definition, A V B = (A*ABx)* Again, A V B is
uniquely determined by the usual universal property for tensor prod-
ucts.

For any subspaces V C Ax, W C B+ (not assumed closed in p*),

VAW C A® B)*is defined the same way. Also, write A+ ® By =
A %O By for preduals A« and Bx.

5.5. The functor E is multiplicative or product preserving, i.e., for
C*-algebras A, B, we have E(A ® B) = EA V EB, or = (A ® B)** =~
(A* A B*)* Consequently, (A ® B)* = A*A B*.

The basic definitions and facts used about multiplicative categories
may be found in [8] and [14]. Four multiplicative categories will play a
useful role.

5.6. First is the category (Sgrps, X) of involutive semitopological
semigroups (satisfying an additional hypothesis 6.2) with identity, direct
product, and morphisms that need not preserve the identity.

Secondly, (C* ®) is the category of C*-algebras (i) with identity; (ii)
but with not necessarily identity preserving morphisms and the product
“®”. The map S — AS as in 4.15 gives a functor A : Sgps — C*.

The W*-algebras with normal (i.e., o-continuous), involutive, not nec-
essarily identity preserving homomorphisms form a multiplicative cate-
gory (W* V). The functor E:(C* ®) — (W* V) is multiplicative.
Set W = EA.

Lastly, the preduals M Nx of W*-algebras M = M**, N = Nx»* form
a multiplicative category (&, A) that is contravariantly isomorphic to
(W*, V).

Let F be the functor that assigns to spaces Mx, their duals FM* —=
Mx*. The morphisms of & are maps y : Nx— Mx such that their
adjoints Y*: M — N are W*maps, and Fy = ¢* Then F(M* A Nx) =
(FMx) ¥V (FN%), and F: (%, A) — (W* V) is a multiplicative, contra-
variant equivalence of categories. Furthermore, so is F~1:(W* V)
— (7, ), where F~i is the predual F~IM = Mx of M.

For a proof of 5.7, see [4; p. 469].
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5.7. For any algebras (with or without identities) over a field (of ar-
bitrary characteristic) and any ideals I <A, ] <B,

i) AOB/(IOB+AOQO])= A/I O B/J;

(ii) for C*-algebras A and B, (i) also holds for the C*-tensor product
“—O—"in place of “—O—".

5.8. In case A, B are any C*-algebras with or without identities, then
define A = A when 1 € A; otherwise when 1 € A, then A! = C X A
is the C*-algebra obtained by adjoining the identity (1, 0) to A and
A= {0} + A<A' as usual. If 1 €A, 1 = (1, 0) €EAY and A = (A,
0) € A! for A € C may be written without ambiguity. Now A ® B is
defined as A ® B = A' OB + A O B! (see [3; p. 449, 5.4]), while its
p-closure is A® B = A1OB + A O B! ([3: p. 450, 5.5]). There are
natural embeddings A, BCA®B as A=AO1CAG®B,
B=1®BCA®Band AOB<A ®B is a closed ideal. By [3; 5.7
Theorem 1I], E(A ® B) = EA V EB. Hence there are natural embed-
dings A CA® B C EA V EB, similarly for B, and A C EA C
EA V EB, where A ® B N EA = A,

LemMA 5.9. For any C*-algebras A, B, (with or without identities)
and any 0 = f € A*, 0 = g € B**, there exists a W*-algebra
M = M#+* and C*-homomorphisms ¢:A — M, ¢:B — M such that
there also exists a 0 = h € Mx with ||g|f = h¢ and |fllg = hy.

Proor. There is a C*map a: A — L(H) into the bounded operators
on a Hilbert space H such that for some x €H, fla) = (aax|x), |x|®> =
Ifll. and aAx C H is dense, a € A. There are similar objects 8: B —
L(K), y € K for B and g. Form the ordinary Hilbert space tensor prod-
uct H® K, set M = L(H ® K), and take { = x ® y €H ® K. Now de-
fine $:A — M by ¢a = aa®1€EM, and y:B — M by ¢b =
1 ® Bb. Then defined h as h(m) = (mé| &) for m € M. Thus

héa = (aax | x)(y | y) = fla)llgll
hyb = (x| x)(Bby | y) = |flgl) a €A, b € B.

ProrposiTioN 5.10. Consider C*-algebras A, B (with or without identi-
ties) and any 0 # f €EA*, 0 # g € B*, where as in 5.8 we have:

0 # f E(EA)* = A% 0 # g € (EB)» = B%;
A, BCA®BCEA Y EB; and
A C EA, B C EB.

Then there exist f® g €(A ® B)* and f A g € (EA V EB)x = A* A B*
such that their restrictions satisfy the following:
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) fO®glA=ff®g|B=¢g

(i) fAG|EA =f fAg|EB =g

(iii) fAg|A®B=fBg

(iv)If 1€ Aand 1 € B, then f ® g and f A g are unique.

Proor. Let ¢:A—M, y:B— M, and h: M — C be as previously in
5.9. By the universal property of E ([3; 3.2]), ¢ factors through EA by
Ep = ¢**: EA — M. Set ¢ = E¢. By the universal properties of —&®—
and —V— ([3; 5.5] and [3; 4.8 Theorem IJ), ¢ and y give unique maps
¢ ® ¢ and E¢p V Ey. Set E¢ V By = ¢ V . First assume that 0 <f,
and 0 < g. Thus except for f, g and h all maps are C* and W*-maps
respectively in the following commutative diagrams

A A®B
oDy
) Y

M
llgllf h IAlg

C
EA\EA | EB/EB
A r M ” B

lgllf h iAlg
C

Set = 1/(Ifll llg)- Thus f® g = phis @), f®g = whis B)
and fAg = ph(¢ V ¢). In general, f or g is a complex linear com-
bination of four positive linear functionals. Hence f® g, f® g, and
f A g in the general case will be a complex linear combination of six-
teen or less terms of the above kind with different p’s and h’s.
"Ifl€eAand 1B then AOB=A®BCA® B is norm dense,
and fO g has a unique extension f&® g Again, because A ® B C
EA V EB is o-dense ([3; p. 451, 5.8]), also f A g is unique.
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6. The Coalgebra of a Semigroup. Although CS is a so-called bial-
gebra with an anti-pode (see [8], [14]), it does not seem to be possible
to extend all of these operations to o-continuous maps on WS.

NortatioN 6.1. Throughout this section S and T will be involutive
semi-topological semigroups with an identity. Since only universal en-
veloping algebras will be considered, 4.4 (1) holds automatically as a
consequence of definition 4.15.

Define S O T as the multiplicative subsemigroup

SOT={sOt|s€S teT)CCSOCT.

Thus SX T=SOT, (s,t)— s Ot induces a ring isomorphism
C(S x T)=CS OCT.

It will be assumed throughout this section unless explicitly stated oth-
erwise that (in addition to property (1) of 4.4) the following holds:

2) IS=0,IT=0,and(SXx T)=0
It will be convenient to identify CS = DS and
CSxT)=CSOCT=D(S xT)

If S is fixed, the index S will be omitted in the following algebras
and spaces of functionals

D=DSCA=ASCW=WS;
P=PSCB=BSCB=EBS CA*=A*S,

The same objects for the semigroup S X S are denoted by D? C A? C
W2 and P2 C B2 C B2 C A™, likewise o> C.72 C./* C 12 will be
the topologies on W2,

6.2. If S, T; PS, PT satisfy 4.17 (a) or (b) then IS = 0, IT = 0, and
also I(S x T) = 0 by 4.18 (i). For a continuous map ¢:S— T,
¢*(PT) C PS. Thus the class of all such semigroups and maps form a
category closed under direct products satisfying our hypotheses 4.4 (1)
and 6.1 (2).

6.3. The complex numbers C with C*t = R+ satisfy DC =
AC = WC = C; since R* are exactly all the positive functionals on
the trivial one element semigroup {1}, also

D{1} = A{(1} = W{1} = C.

Lastly, 0, 7", 7" and 7 on C all are equal to the norm topology.
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6.4. There are three isometric involutions i, j, and ij: D — D; a — ia,
a — ja, and a — ija defined by

ia(s) = a(s*), ja(s) = &(s), ija
=fia=a* s€Sa€D

In particular, is = s* = ijs and thus ij is the main, natural involution to
be used throughout. Note that ia = ai is the composition of the two
functions i: D— D, a: D— C.

6.5. Since, first i,j are isometries; secondly, iD = jD = D; and
thirdly D C A is norm dense, it follows that there are isometric exten-
sions i,j: A — A with iA = jA = A.

Next, the adjoints i*: A* — A* j*: A* — A* define involutions on
A*; the double adjoints : ‘

P= %= i = (i)W W
on W = A**

For any isometric maps i,j: A —A of any Banach spaces A, i*, j* are
also isometric, provided that i and j are onto. Since # = f# =1, also
i*2 = 2 = 1 are idempotent, and hence i*A* = *A* = A*. Repeution
of this shows that i, j, and ij are isometric involutions of W with iW

6.6. To avoid confusion later, the above process can be summarized
for the standard involution ij or “*” as follows. The involutions on A
are given first, and the ones on A* and W will be always completely
determined from their restrictions to A by

% a) = fla®,
[F, fl=Ff*)acA fcAX FEW.

Note that the above imply that ||f*| = ||f] and ||[F*| = ||F|, provided
la¥| = |la|| or all a € A.

6.7. Suppose that y:S— S X T is any semigroup map such that
7y = 1 is the identity on S for the natural projection 7:S X T— S
onto the first factor. Since y is one to one and = onto, their adjoints
Y¥P(S X T) = {(hy|h €EP(S X T)} = PS and #*PS) C P(S x T) are
epic and monic. The latter implies by 3.5, that the linear extensions
y:DS—D(S X T) and 7:D(S X T)— DS are norm decreasing. Now
Theorem 3.6 applied to y and = yield the sequences of maps below,
which will be shown to be one to one on the left, non-exact in general
in the middle, and onto on the right:
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_— SXT —— §

DS ——— DSxT) ——— DS

AS AS X T) AS
WS W(S x T) WS
Wy ( War
* *
ps — T PSxT) —Y PS
BS —— BSXT) — — BS
BS BSx T BS
A*S A¥S x A*S
A*q ( 7 A*y

6.8. Since Dy, Dr are norm decreasing with DzDy = 1, so are also
Ay, A7 and A7Ay = 1. Thus Ay is an isometry as well as the restric-
tion of A7 to YAS. Note that

{st) = (s 1)EDS X T)|s€S, t €T} C kernel 7

will not be in the image of y if T has two or more elements. Since Ay
is one to one, the range of A*y is dense in the weak-A topology, and
Wy is again one to one. Again, Wrmy = 1 shows that Wy is an iso-
metry, while Wx is isometric on y(WS). Because Ay, A7 are norm

decreasing, A*r, A*y are norm increasing. Since yr = 1, A¥(ym)
= (A*Y)(A*m) = 1, A*r is an isometry, and so is A*y on the image
of A*s. -

6.9. For simplicity, abbreviate Wy =y, Ay = y, Dy = y, A*y = v*
etc. Because a double adjoint y** is always o-continuous,
WS = yWS C W(S X T) is a W*subalgebra, i.e., the restriction of the
o-topology of W(S X T) to WS = y(WS) is the natural o-topology of
WS For 1=(1L,1)€ SXT, #(1,1) = 1 €S implies that A*r pre-
serves functionals that are equal to one at the identity. The isometry =*
gives A*S = 7*AS C AXS X T).

6.10. The special case y:S— S X T, ys = (s, 1) gives natural em-
beddings S C DS C D(S x T) as well as WS C W(S x T) by the iden-
tification S = yS C C(S X {1}) CD(S X T) Similarly, T— S X T, t—
(1, 1), gives WT C W(S x T). Later, in this special case only, y will be
replaced by an inclusion as above.
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6.11. Set T =S and ys = (s, 5); for s €S define 8 and ¢ by § =,
es = 1. Theorem 3.6 gives isometric (on left)and epic (in the middle, on
the right) ring homomorphisms §= W8 = §** ¢ = We = **.

S 0 Sx S 7 S < {1}
D—— D? D C
A— A? A
We—— W w
) T €

Only on D, the restrictions § = 8|D, e= ¢|D satisfy

€ D—C,ea = 2 {as)|s €S)
8: D— D2, §afs, t) = 0 ift+#s
Sa(s, t) = a(s) ift=s aED;s tES;
€S) = {1}, e € PS C A*S
8|D is monic; 8D C D?
(i) 8= ¢

(ii) 8 preserves all three involutions:
8 = 28, 8 = 268, 8(ij) = (ij)?6;
(i) =& ¢ = e

6.12. Next, by 6.8, §: W— W2 is an isometry. Secondly, since
D C A, D% C A? are norm dense, also §A C A2. Thirdly, the density of
D C A, D? C A?, the continuity of ¢, € §, i, i%, j2 on A, AZ%; the (sepa-
rate) continuity of multiplication on A, A? imply that the equations
(i)—(iii) remain true on A also. Lastly, by the same method, steps (1), (2),
and (3) imply that (i)—(iii) remain valid on W:

(1) A C W, A2 C W2 are o, o%-dense.

(2) All the functions in (i)-(iii) are continuous on W, W2 (not merely
on A, A?).

(3) Algebraic operations involved in (i)—(iii) are separately o, o®-con-
tinuous.

REMARKS 6.13. 1. 0 €. C.* C 7 are given by uniform structures;
multiplication is separately continuous in all of them.
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2. In general, W is not o or 7-complete as a uniform topological
space.

3. Wis.” and .#"*-complete as a topological space.

4. W is the completion of the uniform topological space A in.# or
S*

5. Any uniformly continuous function of uniform spaces extends to a
uniformly continuous function on the completion of these uniform
spaces. : :

6. Now in 6.12, . or ./’* could be used in place of o, and 6.11 (2)
weakened to require uniform continuity only on A, A2,

7. All the functions in 6.12 (2) above (i.e., i, j, 8, and ¢) are easily
seen to be uniformly . (or.7*)-continuous on D.

8. Assume now that D C W is.”-dense. Then by Remark 2, all our
functions immediately extend to ./’-continuous functions on W. Theo-
rem 1.12 shows that they are all (ie., i, j, 8, €) also o-continuous. By
Remark 1, 6 and € remain ring homomorphisms on W.

9. The above, more general method of extending functions to all of
W, did not depend on the very specialized nature of W = A**

THEOREM 6.14. Consider involutive semitopological semigroups S, T as
in 6.1 (satisfying 4.4 (1), 6.1 (2)); the functors D, A, W, A* that assign
to S its semigroup, universal C* and S*-enveloping algebras, and
A*S = (AS)* the norm dual (4.15); and the (tensor) products —O —,
—-®—, =V —, —A— (5.1, 5.4). Under the following identification

SXT=SOT, (55t)=5s0t seS, teT:

of the two semigroups, there is an inclusion diagram.

SXT CDSXT)C ASXT) C WESxXT) =(A%S x T)*

|

SOT C DSOT) C AS® AT C WSV WT = (A*SAA*T)

()

A¥S X T)

A*SA A*T

If X, Y are semigroups exactly of the same kind as S, T above, and
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6:S— X ¢:T— Y any involutive semigroup homomorphisms (not as-
sumed to be identity preserving), then

(ii) 2! (unique) W*map Wo VWY = W(ex y): WSV WT —
WX v WY and a commutative diagram of algebra homomorphisms

SxT C DSODT CAS® ATC WSV WT

W(o X )
o XY = (A% X ¥)*

XxY CDXODY CAX®X® AY C WXV WY

A*S A A*T

AX X )
A*X AA*Y

Proor. (i) By 5.8, it suffices to prove that A(S X T) =AS® AT.
First proof. Since DS C A S is dense, it follows that D(S X T) =
DS O DT C AS O AT is dense. Second proof. Use of Theorem 4.16
easily shows that A(S X T) has the universal property determining the
C*-tensor product. '

(i) By 4.14, S X T satisfies 4.13(3). By 6.1(2), D(S x T) = C(S x T).
Now Theorem 4.12 gives a unique extension of ¢ X ¢:S X T —
X X Yto A(S X T) — A(X X Y). The rest follows from (i).

THEOREM 6.15. Consider a semigroup S satisfying 6.1 (2) with T = §,
its semigroup algebra D = CS, the two involutions i, j as well as the
customary standard involution ij:

ia =@ ja(s) = a(s*), a €D, s € S;
and the semigroup homomorphisms
§:S—8 xS €:S— {1}
S— (s )

Let A C W be the C* and W*-enveloping algebras of S and denote the
corresponding identical objects for S X S by squares

%, 2 8% € D? C A2 C W2

The categorical algebraic, C* and W*-tensor products are denoted by
—O—, —® —, and —V —. Then all of the above five functions ex-
tend to W (where they are denoted as before) such that

(i) i, 4, ij: W— W;8: W — W2 ¢: W — C are o-continuous.
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There is a commutative diagram below, where:

(i) i, j: W — W are isometric involutions of W onto itself;

(iif) 6: W— W2, ¢: W— C are (involutive) homomorphisms of W*-
algebras with 8§ an isometry;

(iv) algebraic equations satisfied on D remain valid on W; i.e., § pre-
serves all three involutions

0i = 25, 8j = 8, 8ij = #{8; and
€6 = €, q = €
€ = €26;

(v D2=DOD,A2=A® A, W2=WVW.
(vi)
S CDCACW

\8>ZC

SxXS C D? C A2 CW?

8

CoRroLLARY 6.16. With the notation and hypotheses of the previous
theorem, set W V W2 = W3 = W2 VY W, let 1086:DOD —
WV W2 be induced by 1 X 8 : SX S—SXSXS, and let 7: W2 —
W2 be the W*-map extending the transpose

T:SXS—S8XS, ra, b)= (b, a), a, b € S.
Then there are commutative diagrams of W*-maps

(i)
1Vé

w2 w3 wz—T w2z wz__T
5V 1 V1 1V6 \ /
W3 W

(ii) The diagrams in (i) hold for A, —® — and for D, —O— in
place of W, —V —.

(iii) Furthermore, the diagram for W* restricts to the one for C* and
the C*-diagram by restriction to the one for involutive rings.

Theorem 4.12 together with the last theorem give the next corollary.f

COROLLARY 6.17. Suppose both S and T are semigroups as in the pre-
vious theorem (i.e., with S, S and T, T satisfying 6.1 (2)) and ¢:S— T



ENVELOPING W*-ALGEBRAS 621

is a continuous involutive semigroup homomorphism. If k, 0 are the
maps for T corresponding to €, 8 (for S) then there is a diagram of W*-
maps

(i) where the rectangle is commutative.

(ii) Furthermore, if ¢e = 1€ T is the identity for T where e =1€ §,
then the whole diagram commutes.

(iii) Conclusions (i) and (ii) remain valid if first, W, —<7 — is re-
placed by A, —® — and second, by D, —O —.

WS —2 . WSV WS_

The next theorem emphasizes one important property of the functors
and tensor products.

THEOREM 6.18. Consider the multiplicative categories (sgrps, x), (C*
®), (W* V), and (&, A) of semigroups as in 6.2, C*-algebras, W*-al-
gebras, and their preduals (5.4) (all of these with not necessarily identity
preserving maps). Then there is a commutative diagram of functors A,
E, W, A* and F (4.15) of multiplicative categories (i.e., (tensor) products
in the domain category are mapped into products in the image category
of the same corresponding objects):

(Sgrll)s, x)
A A*
c* ®) W @, )
i
(W*, V)

The functor F-1, being contravariant, will turn coalgebras into al-
gebras. Finally all the separate parts have been constructed—i.e., 5.10,
6.15, (v), 6.15 (vi), and 6.17—so that they can be assembled together to
produce what long has been our objective—the next theorem.

THEOREM 6.19. With the notation of the last theorem (6.15 and 6.1)
and the same hypotheses as in the last theorem (6.15), for any f,
gEA* form fO g:D?*— C,whilef ®g € A?* and fAg € AA® =
A*2 = A* A A* have already been formed (5.10). There is a commutative
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diagram of also commutative normed algebras with an isometric in-
volution ((ij)*) and multiplication §% : A* X A* — A*

2 B 2
() B2 C B CA 2%

o* o* C

B C B C A* e*

(i) S C W = (A*S)* are multiplicative linear functionals on the Ba-
nach algebra A%, ie., (§%fAg)(s) = fis)g(s) for s € S.

(iii) The restriction of fAg to A2 is: fAg|A2 = f® ¢

(iv) . g€B=fAg|SXxS5=fOg

(v) When regarded as ¢ € P C B C A% ¢ is the identity element of
A* e, 8%eAf) = 8*fAe = f

Proor. Remarc: For B, a = Sa(s)s € D, fla) = Za(s)fls) although
f & B in general. Thus

(f v gla O B) = Z{a(s)f(s)B(t)g(®) | (s, 1) € S X S},

and again f V g ¢ B? in general.

Conclusions (i)<(iv) are clear. (v) For a € D, 8a = Za(s)s O s and
8eAfl@) = (cAfBa) = Sals)(€Afis Os) = Sals)e(s)fis) = fla)
Hence 6*eAf) = f.

REMARK 6.20. In view of 5.6, this whole section could be generalized
to the case where 6.1 (2) is replaced by the assumption that I(S X T) =
IS O CT + CS O IT. Since the functors D, A, W; P, B, B A* agree on
S and S/QS, it could be assumed without loss of generality that
S = S/QS; the more general case would then follow.

7. Locally Compact Group. The previous general construction is
now specialized for the case of a locally compact group.

7.1. Consider a locally compact topological group G with left in-
variant Haar measure and modular function A, ie., ( fltx)dt =
A(x)~t  f(t)dt for all x € G and f € L! = LYG). The set of all bound-
ed complex Borel measures on G will be denoted by M(G) with
LYG) C M(G). For p, v € M(G) and a measurable set E C G with char-
acteristic function k, define p *» and p* € M(G) by

(1) (u*v)E) = [ k(st) du(s) du(?),
(2) pXE) = WE™Y)~
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For a € G, @ € M(G) is defined by @(x) = 0 if x # a and @(x) = 1 if
x = a. The left and/or right translate of a function f € LY{G) by a,
b € G is denoted by afb, where (afb)(x) = f(bxa). Then formulas (1)
and (2) become

B)  @*»)E) = vaE) (v *D)E) = »(Eb7Y
a*f=fa! f*b = Ab)-b-Yf
a*b = (ab)~.

7.2. In the special case 3.3 of the general framework of 2.2, set
R = D = LYG), take P = P(G) as the continuous positive definite func-
tions on G, and |- | as the L-norm. By 3.3, AR is the ordinary C*-
enveloping algebra of G; AR will be denoted by C*G) = ALYG).
Hence WR is the ordinary W*-enveloping algebra of G, to be denoted
henceforth by W*G) = WR. The completion of LYG) = D in either
S or S *is

(D, )~ = (D, *~ = WXG).

Furthermore, (A*R)* = P, and (C*G)* = B(G) = (WXQ))4.

7.3. Any strongly (weakly or ultra-weakly) continuous representation
of G as unitary operators on a Hilbert space extends uniquely to LY(G)
and uniquely to one of C*G). Conversely, the unitary representations
of CXG) come from those of G. Thus subject to containing LY(G), the
latter universal property uniquely characterizes C¥G).

7.4. Embed G C M(G) by a—a; write a =a, and hence
CG C M(G). If the duality between M(G) in the total variation norm
and the bounded continuous functions on G is denoted by (,), then

w5 H =
W fy = § fist) duts) avio

Each a € G induces a Hilbert space isometry
LAG)— LAG), ¢ > T *¢ = ¢a™ .

Let V(G) denote the double commutant V(G) of these isometries; then
LYG) C M(G) C V(G) (see 7.1, (3)). Let 2#(G) C B(G) be the set of
those functions having compact support. The predual V(G)x of V(G)
can be identified in V(G)* C BG as the closure of 2#(G), as a subset
2 (G) C B(G), in the norm derived from B(G) = (W*G))*. Since V(G)*
is translation invariant, its annihilator (V(G)#)1 is both an ideal (V(G)%+
<1 WXG) as well as a W*subalgebra of WXG). Hence (V(G)*)* is a
direct summand of W¥G); its complementary summand is

WHG)/(V(G)#)* = (V(G)#)* = V(G).
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Consequently
VIG)* = B(G) = V(G)++ =0

< G is compact < V(G) = W*QG).

7.5. In the context of 6.1 and 6.2 with S = G and PS = P(G) as be-
fore, all the hypotheses hold (6.1 (2), 4.15, and 6.2). Since P(G) induces
the same norm on CG as that obtained as a subset CG C W*G), AG is
the norm closure of CG in W*G). Since CG C W*G) is o-dense,
W*G) = WCG = WG. The latter can be independently established by
observing that the universal property determining WCG is also satisfied
by WXG). Since (WG)x = A*G, it follows that A*G = BG = B(G).

7.6. Embed V(G)----» WG as the unique complement of (V(G))*L.
There is a diagram of natural inclusions that is a commutative diagram
provided the latter map (V(G) ----- WG is removed.

c / V(G) \ C*(G>
1 T 1
G M(G) LY(G)

7.7. For any topological group G with a locally compact topology
7, let G4 be G with the discrete topology, and set /{(G,) = LYG,). Its
usual C*-algebra C*G,) = A/(G,) is obtained by use of the set P(G,)
of all (also discontinuous) positive definite functions on G ([6; p. 188,
(1.18))).

Since CGy C /4Gy) is dense in the L! or /'-norm, which is smaller
than the C*norm 24, it follows that AG; = AG,; = AfY(g,), or
AG, = CXGy).

Let AG be as in 4.15. Since P(G,) D P(G), by 3.9(b) there is a C*-
map C*G,) — AG. By 7.5 the algebras given by 4.15 are equal to those
given by 7.2, ie., WG; = WXG,) and WG = W¥G). The o-topologies
induce on G C WG, the discrete and on G C WG the topology #.
Thus if #Z is nondiscrete, WG # WG,. But since WG = (AG)** and
WG, = C¥Gy™, it follows that also AG # CXG,).

Conclusion (iii) below follows from the fact that the identity
e € C¥G) if and only if G is discrete (see [1; p. 457, Corollary 1 to
Theorem 2]).

7.8. A locally compact group (G, #) and its discretization G, satisfy
the following:
() AG, = CY(Gy):
(i) AG = C¥Gy) < (G, 7) is discrete <= WG = WXGy);
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(iii) AG = CXG) < (G, ) = G, is discrete.

8. Locally Compact Abelian Group. These groups provide easy
examples of W*-algebras A, B with A+ ® B+ C AxA B+ properly.

Norarion 8.1. For a locally compact abelian group G, G denotes its
character group with (G) "= G. For fELYG)and p € M(G), as usual,
the Fourier transforms are functions f: G—»C and g: G— C. As be-
fore, the C*-norm from (WG)* = B(G) on B(G) is || ||. The greatest and
least crossnorms on the tensor product of two Banach spaces will be
denoted by “y” and “A” respectively.

Some facts to be used later are summarized below.

8.2. If X, Y are locally compact Hausdorff spaces and M(X), M(Y) the
bounded complex regular Borel measures with the total variation norm,
then the measures absolutely continuous with respect to some product
measure on X X Y can be identified as exactly as the y-closure

Y — el (M(X) O M(Y)) C M(X X Y)

(See [11; p. 370, Theorem 2.2]). If X and Y are non-discrete, then it
can be shown that the above inclusion is proper.

8.3. For f E L1 ) b E M( 3), and b € B(G), the following hold:
i S fle ff yAgEGyEG

(ii) The Fourler transform M(G)— M(G) is an isometry in the total
variation norm. R

(i) b = sup(Bly) |v € ). L

(iv) (M(G)) = B(G); furthermore M(G)— M(G) = B(G) is an iso-
metry for the total variation norm on M(G %) and the C*norm ||| on
B(G).

8.4. For locally compact abelian groups G, H also WG and WH are
abelian as well as AG and AH. But commutative C*-algebras carry only
one unique C*tensor product, and the unique C*-cross norm used to
form the categorical C*-tensor product is the least cross norm A. Then
WG+ ® WHx is the completion in the dual norm A* where

WG+ ® WHx C WG+ A WHx C (WG ® WH)*.

But A* equals vy, the greatest cross-norm.

CounterexaMpLE 8.5. For locally _compact abelian non-discrete
groups G and H, set X = G and Y = H. Then WGx = B(G) = M(G)
and similarly for H. Also

(W(G x H))* = B(G X H) = MG x H).

Since WG«A WHy = W(G X H)x, always we have a proper in-
clusion BG ® BH =y — cl (M(G) O M(H)) C M(G x H) = B(G x H),
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or WG.+® WH, C WG, A WH, properly.

8.6. For any W*-algebras M and N whatever, their non-categorical
spatial tensor product will be denoted by M [N. (See [13; p. 67,
1.22.10-1.22.11] and [12; p. 3.17, Definition 2.2 and Theorem 2.3]). If a
is the greatest C*-cross norm on N O N, and a* the induced dual norm
on M* O N* then the predual of M XN is

M XN = a* — cl(Mx O Nx).
For M and N commutative, there is a unique C*-cross norm a = A = p
and hence a* = p* = y([12; p. 62, 1.22.5]).

Now set M = WG, N = WH as in 8.5. Then (WGXKWH)«
= WGx® WHx by the above and (WGXWH)x#* WG+
A WH=x by 8.5. Thus WG X WH # WG VvV WH.
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