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NORM-DECREASING ISOMORPHISMS OF THE
TRACE-CLASS ALGEBRAS OF H* ALGEBRAS

E. O. OSHOBI

Asstract. Let A; and Ap be H* algebras and let 7 (4)),
7(Az) be their trace classes. We show that an algebra iso-
morphism T of 7(A,;) onto 7 (A;) preserves the trace if any of
the following conditions is satisfied:

(i) Ay = Ap = A, asimple H* algebra

(ii) T is an isometry on the minimal idempotents of Ay

(iii) T is norm-decreasing and A; = A; = A is the direct sum
of a finite number of simple H* algebras. We also show that

“wif T does preserve the trace, and it is norm-decreasing; then,
the induced isomorphism T™ of the multiplier algebra
(7(A1))™ onto ( 7(Ag))™ is an isometry.

1. Introduction. Wendel in [10] and [11], Rigelhof in [6] and
Wood in [12] and [13] have all shown that norm-decreasing isomor-
phism of some group algebra onto another of the same kind implies an
isometry. We shall attempt to show, in this paper, that a norm-
decreasing algebra isomorphism T of the trace-class algebra 7(A,) onto
another 7(A,) which preserves the trace, induces an isometric algebra
isomorphism T™ of the multiplier algebra (v(A;))™ onto (7(A))™.
The major contribution in this paper, is our investigation of when an
algebra isomorphism T preserves the trace and lemma 3.1 is the basis
of this investigation. The theory of the trace-class algebra itself was
developed in [7] and [8]. [7] was a generalisation of Schatten’s
work on the trace-class algebra of operators on a Hilbert space in [9].

This work forms a part of the author’s Ph.D. thesis. I take this oppor-
tunity to express my gratitude to Dr. G. V. Wood of the University Col-
lege of Swansea, my research supervisor for interesting me in this
work and for his help and general advice.

2. Preliminaries. The trace-class for A, (denoted by 7(A)) is defined
to be the set {xy :x,y € A} (see [7]). It is dense in A by lemma 2.7
of [1]. A projection in A is a non-zero member e of A such that e2
=e=¢e*# 0 (e is a non-zero self-adjoint idempotent). We refer
to a mutually orthogonal maximal family (e,),er as a projection base.
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When each e, is irreducible (in the sense of 27B of [4]) (e,) is called
an irreducible projection base.
Let (e,) be a projection base. The trace, tr, on 7(A) is defined by

tr(a) = Y., (ae, €,) Yo, (A). In fact,
(1) tr(a) = tr(xy) = (y, x*) = (x, y*) = tr(yx)
wherea = xy x,y € A
In particular, tr(eg) = Y, (eg€,, €)= (€5, €5) = ||€s||2 VB ET (see
p-97-98 of [7]).
From 27E of [4], if (e,) is irreducible in a simple H* algebra A,

there exists an orthogonal basis (e,s).ser satisfying the following
properties:

€ = €4 (eaB, eaﬁ) = (e,, e,)Voer
(Cupser) = ¢ (unlessa=k,B = s).
e.en = JCs when B8 = k
ap ks 0 WhenB 7£ X

and e,z = eg.*.

Also, every y € A can be written as
(2) y -~ 2 Cuﬁ eaﬂ‘
a,B

By the corollary to theorem 1 of [8], 7(A) is a Banach* algebra with
respect to a 7( * ) norm. For each a € A, there exists a sequence (A,)
of positive numbers and (e,) as above such that a*a = Y e, (see
corollary 1 of [7]). [a] is defined by

[a] = mpoe,where p, = A\,12Z 0.

For each a € A, there exists a unique [@] in A such that [a]2=
a*a (see lemma 2 of [7]). The 7( -) norm with respect to which
7(A) is complete is defined by

7(a) = tr[a] = 2 (Ld]e.
It is easy to see that
7(a*a) = tr(a*a) = ||a||? Va € A and in particular

@)

7(e,) = tr(e,) = |le.]|? .
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Am™ is the Banach algebra of all multipliers of A and g is a left multi-
plier if it is a bounded linear operator of A such that

glay) = (gr)y, =xy€EA
(seep. 14 of [3]).

3. Preservation of the trace for a simple A. Throughout this section,
A is a simple H* algebra.

Lemma 3.1. Every minimal idempotent in A has trace equal
7(ex) = ||ex||® for any k E T, where (e,).er is an irreducible projection
base.

Proor. Let f be a minimal idempotent in A. Then Ea 5 (X5 Cup
Crp)eas = (X aw Carten) (X8 Casan) = 2 =f= Zap CapCap-

Since e,g are mutually orthogonal, we have

(4) z CapCpﬁ = Cag VP, Q,B er
P
Also,
2 (CurCrplens = ( 2 Cape> e,,( Z Cqﬂeqﬂ)
a,B q,8
- feuf =5
= A 2 C,5€.5, A a complex number.

Hence C,,C,g = A CaB V a B ET. When B8 =r, we have C,,C,, =

A C,,. Therefore A = C,, if C,, # 0. Hence C,C,; = C,,C,4, and when
a=f,
©) CarCra = CrCope

(4) and (5) now give »,,C,C,=2Y C,= (Y C,)2. Hence

(6) 2C

Therefore

tu(f)= 3 (fewed)

g ( [ C,,e,s] €y e,,)
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= Jlexl* Y Cua
= 7(ex) 2 Co = 7(€x) by (6)

and the proof is complete.

Lemma 3.2. Let A be a simple H* algebra and (f,),er- be a maximal
family of mutually orthogonal minimal idempotents. Then the trace
on 7(A) is characterised as the unique linear functional L that satisfies

(i) L(xy) = L(yx), x,y €A and

() L(f) = r(e). @y ETY.

Proor. Suppose L(x) = tr(x). Then L(x) satisfies (i) by the trace
property and (ii) by lemma 3.1. We shall now show that L and tr take
the same value at an arbitrary point x € 7(A) if L satisfies (i) and (ii).
Af, is a minimal closed left ideal in A and, in fact, 7(A)f, = Af,.
x € 7(A)f, implies x = xf, = xf,f,. Therefore, using (i) and (ii), L(x)
= L(xf,f,) = L(f,xf,) = A L(f,) = A7(ex), and using lemma 3.1, tr(x) =
tr(xf, f,) = tr(f, xf,) = X tr(f,) = X tr(ex). Since % 7(A)f, = 7(A), L
and tr take the same value at an arbitrary point x € 7(A) and the proof
is complete.

Remark 3.3. 3.2 holds if (f,),er- is replaced by (e,).er and 7(e;) by
7(e,) (Which is not a constant for all a). e, can however be expressed
as a finite sum of elements of an irreducible projection base (¢,,) and
1(e,) = 7(e,) + -+ + 7(ey,)

Tueorem 3.4. Let A be a simple H* algebra. An algebra auto-
morphism T of T(A) preserves the trace.

Proor. Since T is algebraic, it maps a minimal idempotent, f, to a
minimal one Tf. Hence tr(f) = 7(ex) = tr(Tf) by 3.1. Define L(x) =
tr(Tx); then L(xy)= L(yx) and L(f)= tr(Tf) = 7(ex). Using 3.2,
we have L(x) = tr(x) = tr(Tx)and the proof is complete.

REMARK 3.5. An algebra isomorphism T of the group algebra Ly(G)
onto another Ly(G!) for compact groups G, G! preserves the trace be-
cause the minimal two-sided ideals in Ly(G) are finite dimensional
simple H* algebras, T preserves dimension, and 7(e) = n (the dimen-
sion of a minimal ideal). We shall now indicate that for arbitrary
simple H* algebras A; and A,, an isomorphism T of 7(A;) onto
7(A;) does not preserve the trace.

By redefining the inner product in a simple H* algebra, we shall
indicate that the norm of a minimal idempotent can either be in-
creased from 1 to a ¢ > 1 or decreased from ¢ > 1 to 1. The only non-
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trivial part is to show that the norm defined by the new inner-product,
in each case, satisfies the multiplicative property.

Let A, be a simple H* algebra and f, a minimal idempotent in
A; such that ||f]| = 1. We define a new inner product [,] in A; by

[x,y] = (Va?x,y), wheree < a = 1.

Let A, be the algebra formed with this inner-product. Then ||f|l, > 1,
tro(f) = try(f) and

l<yllg = La |lxy || = Lia® |2]2 ly|I?
= (U [|x||3) (Le? [lyD)
= <13 llylI3-

Conversely, let A, and f be as above but such that |f[,=8>1.
Suppose a new inner-product [ ,] is defined by [x,y] = ((1/82) x, y).
Then |fl.= (UB) |fli =1 and try(f) < try(f). To show that
lxyllz = ||x|l2 lyll2- it suffices to prove that

(7) Ixyll. = (UB) |lx]|x Iyl
For then,

leyll2 = 1B|lxyl|? = LB2|lx|3LB2|y I3
= [|=lI2 llyl13-
Letx,y € A;. Then

lxyll? = ” ( g )tapeaa) ( g, Cisij ) ”?

2

I D Aap Cpj €aj

o, B,j

>

a.j

S i (S ol (S fenlet)

a,B

2
S Aw o] lleid?
B

= aslel Iyl
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(note: |lex||, = B since e, irreducible implies e, minimal by lemmas
27B and 27D of [4]). (7) now follows. Therefore, given two simple
H* algebras A, and A,, an isomorphism T of 7(A,) onto 7(A,) does not
in general preserve the trace. But the following result holds.

TueoreM 3.7. Let A, (i = 1, 2) be a simple H* algebra. An algebra
isomorphism T of 7(A,) onto 7(Ay) is such that tr(Tx) = k tr(x) Vx €
7(A,) where k is a constant greater than zero.

Proor. Let f be a minimal idempotent in 7(A,). Tf is also minimal
in 7(A;). Suppose tr(f)=d, and tr(Tf)=d,. Define L(x)=
tr(Tx)/k where k = d,/d,. Then L(xy) = L(yx) and L(f) = tr((Tf)lk)
=d, = tr(f). Using 32, we have L(x)= tr(x) = t{(Tr)k) Vx €
7(A)), ie., tr(Tx) = k tr(x).

ReMaRk 3.8. In 3.7, the trace is preserved if k; = 1; and this is the
ease when T is a * isomorphism and ||T|| = 1:

7(Tx)

P
_ tr[ Tx]

W2 ]

tr(Tx * Tx)V2
x#g tr(x * x) 1/2

S, w, tr(Te,)
sup-———
xe D, pn tr(e,)

7(Tex) _ te(Tf) _ X

Tlex)  te(f) v

It is clear from above that if T is just a * isomorphism, then 7(Tx) =
| T||7(x) and tr(Tx) = || T|| tr(x).

TueoreM 3.9. Let A; (i=1, 2) be a simple H* algebra. An iso-
metric algebra isomorphism T of 7(A,) onto 7(A,) preserves the trace.

Proor. Let e; be a minimal self adjoint idempotent in 7(A,). Te,
is minimal but not necessarily self adjoint and 7(Te,) = 7(e;) by
hypothesis. If e, is a minimal self adjoint idempotent in 7(A,), then
tr(Te,) = 7(ey) by 3.1. Therefore
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7(e;) = tr(f) = 7(f) (by corollary 2 of [7])
= 7(Tf) = 1(e) = tr(Te,)
= 7(Te,) = 7(ey).

Hence tr(Tf) = tr(ey) = 7(ep) = 7(e;) = tr(f). Since the trace is
preserved on minimal idempotents, we conclude the proof as in 3.4.

4. Preservation of the trace for an arbitrary proper semi simple H*
algebra A. We shall assume that A is proper in the sense of [1].

TueoREM 4.1. Let (e,).er be an irreducible projection base for A.
Then the trace on 7(A) is characterised as the unique linear functional
L on 7(A) that satisfies

(i) L(xy) = L(yx), xy €A and

(ii) L(e,) = 7(e,), a€T.

Proor. As in 3.2, we note however that in this case 7(e,) is not a
constant for all .

RemMark 4.2. 4.1 is also true if (ii) is replaced by (1)

L(f)=t(f) a€T
or (2)

L(e,) = 7(e,), wher_e
(€x)ucr 18 just a projection base.

THEOREM 4.3. An algebra isomorphism T of 7(A,;) onto 7(A,) pre-
serves the trace if T is an isometry on minimal idempotents.

Proor. Since T is algebraic, it maps minimal ideals onto minimal
ideals and so preserves the trace on minimal idempotents by 3.9.
Using the proof of 4.1 instead of 3.2, the result follows.

TuEOREM 4.4. Let A be an arbitrary H* algebra which is the direct
sum of a finite number of simple H* algebras A,. A norm-decreasing
automorphism T of (A) preserves the trace.

Proor. In view of 4.3, it suffices to show that the trace is preserved
on minimal idempotents. Since T is norm-decreasing and A is the
direct sum of a finite number of simple H* algebras A,, then T either
maps 7(A;) onto-itself (i = 1, - - -, n) and so preserves the trace by 3.4
or T maps each minimal idempotent to a minimal idempotent of equal
norm (since there are only a finite number of possible values). The
trace is also preserved by 3.9.

We shall now indicate that, in general, if T is a norm-decreasing
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isomorphism of 7(A,) onto 7(A), then there is a constant k such that
tr(Tr) = k tr(x).

TueOREM 4.5. If T is an algebra isomorphism of 7(A,) onto 7(A,),
then for each minimal two-sided ideal N of 7(A,) there exists ky (0 <
ky = || T||2) such that tr(Tr) = ky tr(x) ¥ x € N.

Proor. Since T maps minimal ideals onto minimal ideals, the proof '

follqws from 3.7 and 38.
In fact, 4.7 is the best possible as the following example will show:

ExampPLE46. Let A= - @ C_,®C_(n_)® - DC_,BC,®
Ci® - -®C,® -, where each C,(—® =n= o) is a com-
plex number field. Let the norm of the idempotent e, in each C,
(which is the unit element) be defined as follows:

Forn < o, T(e,) = 3 + —,11—
Forn=0 1(ey) =2
Forn > o, ‘r(e,,)=1+%.

Let T be an algebraic shift automorphism on 7(A) which is norm-
decreasing. Then we have Te, = e,,,; V,(—® = n= «). Therefore,
forn <e,

= B+ A+ 1) (en)

t(Ten) = =33 1))
—k tr(e,), O0<k =1
Forn > 0,
w(Tey = LH WD)

1+ (1n))
= kotr(e,), 0<k,=1

and tr(Te;) = tr(ey) = tr(Tey) = tr(e,) = 2.  Hence tr(Te,) = k,
tre,) 0<k,=1l,—-o0=n= .

Remark 4.7. In 4.5, C, could be replaced by any simple H* algebra
A, and (e,) by an irreducible projection base (e, ). If (f .) is a maximal
family of mutually orthogonal minimal idempotents in A such that
fa, € A, for each n, then Tf,, = fa,,. Since e,, € A, for each n and
tr(fan) = 7(s,), we have tr(Tf, ) = tr(f,,,,) = 7(€a,,,) and tr (Tf, ) =
k. tr(f,,) as above.
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5. The main theorem. It is well known that if T is an algebra iso-
morphism of 7(A;) onto 7(A;), the induced algebra isomorphism
T™ of (1(A,;))™ onto (7(Ag))™ is given by T™ g = TgT~1, g € (1(A,))™
We shall need the following lemma first.

LemMMA 5.1. A™ = (7(A))™

Proor. A™ C (1(A))™ If g is a multiplier on A, the restriction to
7(A) is a multiplier and maps 7(A) into 7(A) (since g(xy) = (gx)y).
Since multipliers are continuous anyway, we have the above assertion.
(r(A))" C A™. Since the norm in A satisfies |jx|| = sup,;=7(xy)
(see corollary 4 of [7]), we have that if g is a multiplier on 7(A), it is
continuous with respect to the A norm. For

gyl = Sup (g(xy)z)

= sup 7(g(xyz)))

lzli=1

= |lgll sup 7(xyz)

= llgll llxyll-
Thus it will extend to a multiplier on A.

THEOREM 5.2. A norm decreasing algebra isomorphism T of 7(A,)
onto 7(A,) which preserves the trace, induces an algebra isomorphism
T™ of (1(Ay))™ onto (1(A;))™ which is an isometry.

Proor. We only need to show that T norm-decreasing implies ™
is an isometry.

"(T"‘)‘lg" = "f(tr"‘)"lg" (by theorem 2 of [8])
sup Ifim-1, @] (x E7(A)

(where fir=)-1, denotes the linear functional identified with the
multiplier (T™)~1g € ((A,))™)

= sup |tr((T™)~'gx)|  (by definition)
= sup |tr(T-'gTx)]

7(1)=1 (since (Tm™)~'g = T-gT)
= sup |trg(Tx)| (since T preserves the trace)
T(x)=1

= sup 7(Tx) by corollary 2 and lemma
g p Y ry
w1 50f([7])

= el (since T is norm-decreasing).
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Since (7(A))™ is a B* algebra (see cor. 3.3 of [2]) then by theorem
2.1.1 of [5], T™ is an isometry. The proof is complete.

Remark 5.3. It is not clear yet whether the assumption of trace
preservation can be dropped in 5.2, and no counter example is known.
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