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NORM-DECREASING ISOMORPHISMS OF THE 
TRACE-CLASS ALGEBRAS OF H* ALGEBRAS 

E. O. OSHOBI 

ABSTRACT. Let A\ and A2 be H* algebras and let T(Ai) , 
T ( A 2 ) be their trace classes. We show that an algebra iso­
morphism T of T(Ai) onto T(A2) preserves the trace if any of 
the following conditions is satisfied: 

(i) Ai = A2 = A, a simple H* algebra 
(ii) T is an isometry on the minimal idempotents of A^ 
(iii) T is norm-decreasing and Ai = A2 = A is the direct sum 

of a finite number of simple H* algebras. We also show that 
\ i f T does preserve the trace, and it is norm-decreasing; then, 

the induced isomorphism 1™ of the multiplier algebra 
( T (Ai))m onto ( T (A2))m is an isometry. 

1. Introduction. Wendel in [10] and [11], Rigelhof in [6] and 
Wood in [12] and [13] have all shown that norm-decreasing isomor­
phism of some group algebra onto another of the same kind implies an 
isometry. We shall attempt to show, in this paper, that a norm-
decreasing algebra isomorphism T of the trace-class algebra r ^ ) onto 
another r(A2) which preserves the trace, induces an isometric algebra 
isomorphism Tm of the multiplier algebra (riAJ)™ onto (r(A2))

w. 
The major contribution in this paper, is our investigation of when an 
algebra isomorphism T preserves the trace and lemma 3.1 is the basis 
of this investigation. The theory of the trace-class algebra itself was 
developed in [7] and [8]. [7] was a generalisation of Schattend 
work on the trace-class algebra of operators on a Hilbert space in [9]. 

This work forms a part of the author's Ph.D. thesis. I take this oppor­
tunity to express my gratitude to Dr. G. V. Wood of the University Col­
lege of Swansea, my research supervisor for interesting me in this 
work and for his help and general advice. 

2. Preliminaries. The trace-class for A, (denoted by T(A)) is defined 
to be the set {xy :x,y G A} (see [7] ). It is dense in A by lemma 2.7 
of [ 1]. A projection in A is a non-zero member e of A such that e2 

= e = e* je 0 (e is a non-zero self-adjoint idempotent). We refer 
to a mutually orthogonal maximal family (ea)aŒr as a projection base. 
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When each ea is irreducible (in the sense of 27B of [4] ) (ea) is called 
an irreducible projection base. 

Let (ea) be a projection base. The trace, tr, on T(A) is defined by 
M«) = X« (ae«> e«) VaGr(A). In fact, 

(1) tr(fl) = tv(xy) = (t/, **) = (x, t/*) = tr(yx) 

where a = xy x, y G A. 
In particular, t r ( ^ ) = ^ a ( e ^ , 0 = (^> ^ ) = | |^ | | '2 V j8 G T (see 

p. 97-98 of [7]). 
From 27E of [4], if (ea) is irreducible in a simple H* algebra A, 

there exists an orthogonal basis (eaß)^ßer satisfying the following 
properties: 

ß«a = e«; (eaß, eaß) = (ea9 ea)MaGr 

(eaß> Cks) = e (unless a= k,ß = s). 

Q p - fe«s when/3 = fc 
when ß j£ k 

and ea/8 = e^*. 

Also, every y E. A can be written as 

(2) y~ X Ctt,ea„. 

By the corollary to theorem 1 of [8], T(A) is a Banach* algebra with 
respect to a r( • ) norm. For each a G A, there exists a sequence (Xn) 
of positive numbers and (en) as above such that a*a = X Anen (see 
corollary 1 of [7] ). [a] is defined by 

[a] = X JM*n where /u,n = X n
1 / 2 èO. 

For each a G A, there exists a unique [a] in A such that [a]2 = 
a*a (see lemma 2 of [7] ). The r( • ) norm with respect to which 
T( A) is complete is defined by 

r(a) = tr[a] = 2 ([a]ea,ea). 
a 

It is easy to see that 

T(a*a) = tr(a*a) = ||a||2 Va G A and in particular 
( 3 )

 T ( 0 = t r ( 0 = Ile II* 



TRACE-CLASS ALGEBRAS OF H* ALGEBRAS 473 

Am is the Banach algebra of all multipliers of A and g is a left multi­
plier if it is a bounded linear operator of A such that 

g(*y)= (êx)î/> x, y G A 

(seep. 14of [3]). 

3. Preservation of the trace for a simple A. Throughout this section, 
A is a simple H* algebra. 

LEMMA 3.1. Every minimal idempotent in A has trace equal 
T(ek) = 11^*112/or any ^ €= r , where (ea)aGr is an irreducible projection 
base. 

PROOF. Let / b e a minimal idempotent in A. Then 2)«^ ( 2 ) p Cap 

Cpß)eaß = (2jatp Ccweccp) \Zjq,ß Cqßeqß)~ J = = J = Zu<x,ß C<xße<xß' 

Since eaß are mutually orthogonal, we have 

(4) 2 « V ^ = Ca„ V p , a , j 3 E r 
P 

Also, 

S (CarCrßKß = ( S C « Ä > ) err( S Cqßßqß) 
<x,ß a,p q,ß 

= f*rrf=kf 

== * 2 C<xßeaß>h a complex number. 

Hence CarCr« = X C a , V a, j3 G T. When £ = r, we have CarCrr = 
A C^. Therefore A = Cfr if C^ ^ 0. Hence C^C^ = CrrCaß, and when 

(5) CarCra = C„CW, 

(4) and (5) now give ^ C A = S C M = ( J C J 2 . Hence 

(6) S C „ - 1 . 

Therefore 

tr(/)= 2tfo>0 
a. 

= 2 ( [ 2 c„««l e«,««) 
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= r(ek)^Caa = T(ek)by(6) 

and the proof is complete. 

LEMMA 3.2. Let Abe a simple H* algebra and (fy)yGr> be a maximal 
family of mutually orthogonal minimal idempotents. Then the trace 
on r(A) is characterised as the unique linear functional L that satisfies 

(i) L(xy) = L(yx), x,y G A and 
(ii)L(fy) = r(ek), ( y E P ) . 

PROOF. Suppose L(x) = tr(x). Then L(x) satisfies (i) by the trace 
property and (ii) by lemma 3.1. We shall now show that L and tr take 
the same value at an arbitrary point x £: r(A) if L satisfies (i) and (ii). 
Afy is a minimal closed left ideal in A and, in fact, r(A)fy = Afy. 
x E r{A)fy implies x = xfy = xfyfy. Therefore, using (i) and (ii), L(x) 
= L(xfyfy) = L(fyxfy) = k L(fy) = kr(ek), and using lemma 3.1, tr(x) = 
tv(xfyfy) = tv(fyxfy) = X tr(/y) = A tr(efc). Since 2 r(A)/y = T(A), L 
and tr take the same value at an arbitrary point x G T(A) and the proof 
is complete. 

REMARK 3.3. 3.2 holds if (fy)y^r' is replaced by (ejaer a n d T(ek) by 
r(ea) (which is not a constant for all a). ea can however be expressed 
as a finite sum of elements of an irreducible projection base (ean ) and 
T ( 0 = T ( 0 + • • • + T(ean). 

THEOREM 3.4. Let A be a simple H* algebra. An algebra auto-
morphism T ofr(A) preserves the trace. 

PROOF. Since T is algebraic, it maps a minimal idempotent, f to a 
minimal one Tf Hence tr( /) = r(ek) = tr(Tf) by 3.1. Define L(x) = 
tr(Tx); then L(xy) = L(yx) and L(/) = tr(T/) = r(ek). Using 3.2, 
we have L(x) = tr(x) = tr(Tx)and the proof is complete. 

REMARK 3.5. An algebra isomorphism T of the group algebra L2(G) 
onto another L2(G

l) for compact groups G, G1 preserves the trace be­
cause the minimal two-sided ideals in L2(G) are finite dimensional 
simple H* algebras, T preserves dimension, and r(e) = n (the dimen­
sion of a minimal ideal). We shall now indicate that for arbitrary 
simple f/* algebras Ax and A2, an isomorphism T of r ^ ) onto 
T(A 2 ) does not preserve the trace. 

By redefining the inner product in a simple H* algebra, we shall 
indicate that the norm of a minimal idempotent can either be in­
creased from 1 to a c > 1 or decreased from c > 1 to 1. The only non-
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trivial part is to show that the norm defined by the new inner-product, 
in each case, satisfies the multiplicative property. 

Let Ai be a simple H* algebra and f, a minimal idempotent in 
Ai such that ||/|| = 1. We define a new inner product [,] in Aj by 

[x, y] = (1/a2 x, y), where e < a ^ 1. 

Let A2 be the algebra formed with this inner-product. Then ||/||2 > 1, 
t r ^ è t r ^ a n d 

||xy|[l ^ l /«2 Hxt/Hî^ 

= I-Ili «i/Ili-
Conversely, let AY and / be as above but such that \\f\\i = ß > 1. 
Suppose a new inner-product [,] is defined by [x, y] ="((l/ß2) x, y). 
Then ||/||2 = (1/0) U/111 = 1 and tr2(/) < tr2(/). To show that 
\\xy\\2 S ||x||2 ||t/||2> it suffices to prove that 

(?) M i s (W> Mi Mi 
For then, 

\\Mt = W2\\xy\\2T^W\\x\\iW2\\y\\l 

= Ml Mi-
Let x, y G Ax. Then 

HI? - || ( 2 **«*) ( 2 ^ ) |f 

= || 2 .*«* C « *<tf || 

= E | 2 KßcJ2\\eS 

- " Ì K F ^ S W M * ) (2MaMÎ) 

- iMîNf-
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(note: ||̂ fe||i = ß since ek irreducible implies ek minimal by lemmas 
27B and 27D of [4] ). (7) now follows. Therefore, given two simple 
H* algebras Ax and A2, an isomorphism T of r(A1) onto T(A2) does not 
in general preserve the trace. But the following result holds. 

THEOREM 3.7. Let AY (i = 1, 2) be a simple H* algebra. An algebra 
isomorphism T ofr(A{) onto T(A2) is such that tr(Tx) = k tr(x) Vx G 
T(AI) where kisa constant greater than zero. 

PROOF. Let / b e a minimal idempotent in T(AX) . Tf is also minimal 
in T(A 2 ) . Suppose tr(/) = dx and tr(Tf) = d2. Define L(x) = 
tr(Tx)lk where k = d2\dY. Then L(xy) = L(yx) and L(f) = tr((T/)/fc) 
= dl = tr(f). Using 3.2, we have L(x) = tr(x) = t((7Y)/fc) V x £ 
T(AI) , i.e., tr(7x) = ktr(x). 

REMARK 3.8. In 3.7, the trace is preserved if kx = 1; and this is the 
ease when T is a * isomorphism and ||T|| = 1: 

tr[Tx] 

xfe tr[x] 

= sup 
tr( Tx*Tx)"2 

; Z tr(x*x)W 

2^tr(Te„) 
= sup 

= T(Tefc) = tr(T/) = 

r(efc) t r( / ) 

It is clear from above that if T is just a * isomorphism, then r(Tx) = 
| |T | |T(x)andtr (Tx)= | | rp t r (x) . 

THEOREM 3.9. Let A* (i = 1, 2) foe a simple H* algebra. An iso­
metric algebra isomorphism T ofriA^ onto T(A2) preserves the trace. 

PROOF. Let ex be a minimal self adjoint idempotent in T(AI). Tex 

is minimal but not necessarily self adjoint and riTeJ = r ^ ) by 
hypothesis. If e2 is a minimal self adjoint idempotent in r(A2), then 
tr(Tex) = r(e2) by 3.1. Therefore 
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rfa) = tr(/) ^ r(f) (by corollary 2 of [7] ) 

= r(Tf) = r(e2) = tr(T^) 

= 7(7^) = rfo). 

Hence tr(Tf) = tr(e2) = r(e2) = r ^ ) = tr(/). Since the trace is 
preserved on minimal idempotents, we conclude the proof as in 3.4. 

4. Preservation of the trace for an arbitrary proper semi simple H* 
algebra A. We shall assume that A is proper in the sense of [1]. 

THEOREM 4.1. Let (ea)aEr be an irreducible projection base for A. 
Then the trace on T(A) is characterised as the unique linear functional 
L on T(A) that satisfies 

(i) L(xy) = L(yx), x,y G A and 
(ii) L ( 0 = T ( 0 , « e r . 

PROOF. AS in 3.2, we note however that in this case r(ea) is not a 
constant for all a. 

REMARK 4.2. 4.1 is also true if (ii) is replaced by (1) 

K f J = tr(/J a £ r 

or (2) 

Ufiò = T (0> where 

(OaEr *s j u s * a projection base. 

THEOREM 4.3. An algebra isomorphism T ofT(Ai) onto r(A2) pre-
serves the trace ifT is an isometry on minimal idempotents. 

PROOF. Since T is algebraic, it maps minimal ideals onto minimal 
ideals and so preserves the trace on minimal idempotents by 3.9. 
Using the proof of 4.1 instead of 3.2, the result follows. 

THEOREM 4.4. Let A be an arbitrary H* algebra which is the direct 
sum of a finite number of simple H* algebras A„. A norm-decreasing 
automorphism T ofT(A) preserves the trace. 

PROOF. In view of 4.3, it suffices to show that the trace is preserved 
on minimal idempotents. Since T is norm-decreasing and A is the 
direct sum of a finite number of simple / /* algebras An, then T either 
maps r(Ai) onto itself (f = 1, • • •, n) and so preserves the trace by 3.4 
or T maps each minimal idempotent to a minimal idempotent of equal 
norm (since there are only a finite number of possible values). The 
trace is also preserved by 3.9. 

We shall now indicate that, in general, if T is a norm-decreasing 
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isomorphism of r ^ ) onto r(A2), then there is a constant k such that 
tr( Tr) = ktr(x). 

THEOREM 4.5. If T is an algebra isomorphism ofr(Ai) onto r(A2), 
then for each minimal two-sided ideal N ofr(Al) there exists kN (0 < 
kN ^ || T||2) such that tr(Tr) = kN tr(x) V x É N . 

PROOF. Since T maps minimal ideals onto minimal ideals, the proof 
follows from 3.7 and 3.8. 

In fact, 4.7 is the best possible as the following example will show: 

EXAMPLE 4.6. Let A = • • • © Ç_» © Ç_(„_i) © • • • © Ç_i © Ç 0 © 
Ci © • • • © Çn © • • -, where each Ç n ( - oo ^ n ^ oo ) is a com­
plex number field. Let the norm of the idempotent en in each Cn 

(which is the unit element) be defined as follows: 

For n<o, r(en) = 3 + i 

For n = o r(e0) = 2 

For n> o, r{en) = 1 + — . 
n 

Let T be an algebraic shift automorphism on T(A) which is norm-
decreasing. Then we have Ten = en+l Vn(— a> ^ n ^ <»). Therefore, 
for n < e, 

t r ( T . ) = ( 3 + ( 1 / ( n ^ 1 ) U t r ( Q 
t r ( ^ n ) ( 3 + ( l / n ) ) 

For n > 0, 

= fcntr(en), 0 < f e n ^ l . 

tr(T, ) = a + m +m tr(e ) 
t r ( ^ n ) ( l+( l /n) ) ( n j 

= fcntr(cn), 0 < f c n ^ l 

and tr(T^x) = tr(e0) = tr(Te0) = trfo) = 2. Hence tr(Ten) = fcn 
tr(en) 0 < f c n ^ l , - o o ^ n ^ o o . 

REMARK 4.7. In 4.5, Cn could be replaced by any simple H* algebra 
An and (en) by an irreducible projection base (eaX If (f ) is a maximal 
family of mutually orthogonal minimal idempotents in A such that 
fan G An for each n, then TfUn = /«„-V Since ean G An for each n and 
trÖW = T ( 0 > we have tr(T/an) = tr(/an+1) = r(ean+1) and tr (TfJ = 
K tr(/an:) as above. 
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5. The main theorem. It is well known that if T is an algebra iso­
morphism of r^x) onto T(A2) , the induced algebra isomorphism 
Tm of (T(AX))W onto (r(A2))

m is given by T™ g = TgT~\ g G (T(Ai))m. 
We shall need the following lemma first. 

LEMMA 5.1. Aw = (T(A))m. 

PROOF. Am C (r(A))m. If g is a multiplier on A, the restriction to 
T(A) is a multiplier and maps T(A) into T(A) (since g(xy) = (gx)y). 
Since multipliers are continuous anyway, we have the above assertion. 
(T(A))m C Aw. Since the norm in A satisfies \\x\\ = sup^^iT^t/) 
(see corollary 4 of [7] ), we have that if g is a multiplier on T(A), it is 
continuous with respect to the A norm. For 

\\g(xy)\\ = sup r(g(xy)z) 
IWIs i 

= SUP r(g(xyz))) 
IWIsi 

= Hell SUP T(XVZ) 
IMI*i 

- »g« IMI-
Thus it will extend to a multiplier on A. 

THEOREM 5.2. A norm decreasing algebra isomorphism T ofT(Ax) 
onto r(A2) which preserves the trace, induces an algebra isomorphism 
Tm of ^(Ai))™ onto (T(A2))

m which is an isometry. 

PROOF. We only need to show that T norm-decreasing implies Tm 

is an isometry. 

\\(Tm)-lg\\ = lUrrig| | (by theorem 2 of [8] ) 

= sup | / r n - i (x)| (xGriAJ) 

(where f\Tm)~l
g denotes the linear functional identified with the 

multiplier {Tm)~lg G (T(Ai))m) 

= sup|tr((Tm)~1gjc)| (by definition) 

= sup |tr g(Tx)\ (since T preserves the trace) 
T(*)S1 

~ ||g|| sup r(Tx) (by corollary 2 and lemma 
*(*^1 5of ( [7] ) 

^ ||g|| (since T is norm-decreasing). 
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Since (T(A))m is a B* algebra (see cor. 3.3 of [2]) then by theorem 
2.1.1 of [5] , Tm is an isometry. The proof is complete. 

REMARK 5.3. It is not clear yet whether the assumption of trace 
preservation can be dropped in 5.2, and no counter example is known. 
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