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INDUCED REPRESENTATIONS OF GROUPS
ON BANACH SPACES

R. A. FONTENOT* AND I. SCHOCHETMAN *

ABSTRACT. Let H be a closed subgroup of the locally com-
pact group G and L a representation of H on the Banach space
E. The notion of induced Banach representation is extended to
the case where there exists an “inducing pair” (p, q) for L up
to G. In particular, if L is bounded, then (p, p) is such a pair
for any p in [1, ©]. We construct an isometric representation
U (depending on L, p, q) of G and resolve certain questions
pertaining to this induction. We also consider some special
cases of particular interest. Finally, we extend the Theorem
on Induction-in-Stages and a version of the Frobenius Recip-
rocity Theorem to the context of inducing pairs.

Introduction. Let G be a locally compact group, H a closed sub-
group of G and L a unitary representation of H on the Hilbert space
E. In [13] G. W. Mackey constructed an induced unitary represen-
tation U(L) of (second countable) G on a certain Hilbert space of
functions. Later, R. J. Blattner [1] gave an equivalent construction
for arbitrary G. It is natural to try to extend this notion of induced
representation to the case where E is a Banach space or just a linear
(topological) space and the operators L(t), t € H, are continuous and
vary in a suitably smooth fashion. There are some good specific
reasons for trying to do this. (1) It is well-known that the process of
analytic continuation of Lie group representations forces one to
consider Banach space representations and even linear system repre-
sentations [8]. (2) It is also well-known that it is possible for an
“induced” representation to be unitary while the original one L is not.
Actually, what happens is that one constructs a bounded representa-
tion on a Hilbert space using an induction-like process and starting
with a certain (generally unbounded) representation. The Hilbert
space is then renormed to yield a unitary representation. This is how
one obtains the so-called “complementary series” representations of
semi-simple Lie groups (see [12]). Thus, the study of unitary repre-
sentations itself forces one to consider induction for representations
which need not be bounded. (3) In [15] C. C. Moore obtained a
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version of the Frobenius Reciprocity Theorem for isometric repre-
sentations which involves a non-unitary Banach space induction.
Hence, in view of these and other considerations, one is led to the ques-
tion of what kind of representation should we consider L to be and
how should we induce it up to G. In [7,8] J. M. G. Fell made an
extensive study of linear system representations, although he did not
consider the inducing problem. This was considered by F. Bruhat
[4], M. Rieffel [17], R. Rigelhoff [18] and briefly by Mackey [14].
Inducing in the Banach context was briefly considered by Bruhat in
[4]. He assumed L to be dominated by a certain (generally non-
constant) function and constructed a Banach representation of G
(see § 3). This appears to be the most general construction of its type.
In particular, all bounded and some unbounded representations are
so dominated. However, this development was not pursued further in
[4]. A less general but somewhat more comprehensive study of
induced Banach representations was done by H. Kraljevi¢ in [11].
He assumed L to be isometric and constructed a family of isometric
representations U”(L) of G(1 = p < = ). In this setting, he established
the Theorem on Inducing-in-Stages and described the “functions”
comprising the induced Banach space. Despite these developments,
we feel there is a need for considerable further progress in the theory
of induced Banach representations, particularly in the case of un-
bounded L. This is our primary objective here. Inspired by Bruhat,
we construct an isometric representation U,”(L) of G whenever there
exists an “inducing pair” (p, q) for L up to G (see 3.1). In particular,
if L is bounded, then (p, p) is an inducing pair for each p in [1, ®].

We then study its behavior in some important situations, amongst
them Frobenius Reciprocity and Induction-in-Stages.

The remaining sections of this paper are as follows. §§ 1 and 2 are
devoted to establishing the fundamental results and notions relating
to Banach representations and measures on homogeneous spaces
respectively which we shall require in what follows. The main section
is § 3. Here we define what it means for the Banach representation L
to be inducible up to G via an inducing pair (p, q) and we construct
the corresponding induced (isometric) representation U,”(L) of G
on a certain Banach space of functions. The rest of § 3 is devoted to
resolving (positively) certain technical questions concerning the be-
havior of U,”(L). In particular, we show that our notion of induced
Banach representation includes all others and preserves equivalence.
In § 4 we consider some special inductions. Specifically, we (a) note
a very useful consequence (4.1) of the trivial induction (i.e., H= G),
(b) show how to construct induced unitary representations from non-
unitary ones (4.3) and (c) extend a well-known result connecting in-
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ducing and regular representations to the “p-regular” case (4.5). §5
is devoted to giving a concrete description of the induced Banach
space. Any inducing process is expected to satisfy the well-known
Theorem on Induction-in-Stages. In § 6 we show this is not quite the
case in general; it is if L is bounded. For unbounded L, a certain modi-
fication is required. Finally, in § 7 we show that the above-mentioned
version of the Frobenius Reciprocity Theorem is also not quite valid in
general. If the representation being induced is bounded, then it is.
If not, then the same modification is necessary.

Throughout this paper, G will be a locally compact group and H
a closed subgroup of G with identity element denoted by e. All Haar
measures and coset spaces will be of the right parity. For convenience
we will let Q = G/H. The real numbers (resp. complex numbers)
will be denoted by R(resp. C). If f is a function defined on G, then
fx will denote the right translate of f by «x, ie., (fx) (y) = f(yx),
y € G. Similarly, xf will denote the left translate. If X is a locally
compact Hausdorff space and E a Banach space, then Cc(X, E) will
denote the space of continuous functions from X into E having com-
pact support. If f:X— E then |f|x will denote sup{|f(x)]:
x € X} and supp(f) the usual support of f. Finally, it will be
convenient to set Z denote a fixed compact symmetric neighborhood of
ein G.

1. Banach Space Representations. In this section we discuss the
preliminary ideas we require on the subject of Banach representations
and their equivalence.

1.1 DeriniTioN. A (Banach) representation L of G on the Banach
space E is a homomorphism of G into the bounded invertible operators
on E which is strongly continuous. If there exists b= 1 such that
|[L(x)| = b, x € G, then L is (uniformly) bounded. If each L(x),
x € G, is an isometry, then L is isometric; in particular, if E is also
a Hilbert space, then L is unitary.

RemMark. It is worth mentioning that strong continuity of L is
equivalent to weak continuity [16, p. 25], and if E is separable, these
are in turn equivalent to weak measurability [16, p. 39].

1.2 DerFiniTiON. Let L and M be representations of G on the spaces
E and F respectively. Then Homg(L, M) will denote the space of
bounded operators T : E — F which intertwine L and M, i.e., T satis-
fies M(x)T = TL(x), x € G. If there exists an invertible element in
Homg(L, M), then L and M will be said to be equivalent. In particu-
lar, if there exists an invertible isometry in Homg(L, M), then L and
M will be isometrically equivalent.
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1.3 Remarks. (1) We shall see that isometric equivalence is too
strong for our needs in general and that ordinary equivalence is the
most suitable choice. In fact, S. Gaal has pointed out to the authors
that in the category of Banach representations of G (with morphisms
given by Homg(L, M)), two representations are isomorphic precisely
if they are equivalent.

(2) There exist weaker notions of relatedness for representations,
namely Naimark-relatedness [8, § 6; 14, § 8] and “equal kernels”, i.e.,
ker(L) = ker(M). However, the former is known to be nontransitive
in general, even for isometric representations [8, p. 307] and the
latter is too weak to be generally useful. We will have more to say
about equivalence in § 3.

The following are easy to verify:

1.4. LemMma. If L and M are representations of G, then Homg(L, M)
is a Banach space relative to the operator norm.

1.5. Lemma. If L;, M; are representations of G and L; is equivalent
to M;, i =1, 2, then Hom¢(L,, L,) is homeomorphically isomorphic
to Homg(M,, M,).

Before proceeding, we give a few examples of (non-unitary) repre-
sentations.

1.6. ExampLE. Let E be an arbitrary Banach space and T a bounded
operator on E. Let L be defined by L(x) = T, x ER [14, §8]. -
Then L is a uniformly continuous representation of R on E which
is in general not bounded.

1.7. ExaMmPpLE. Supposey is a non-trivial continuous homomorphism
of G into the multiplicative group R* of positive reals. If ¢ ER
(g # 0), define L(x) = y(x)?, x € G. Then L is also uniformly con-
tinuous, but not bounded.

1.8. ExampLe. For each 1 = p = o, let E” denote the usual com-
pletion of Cc(G) relative to || ||,, and define L’ by Lr(x)f= fx,
fEEr, x €EG. Then LV is an isometric representation of G on Er.
We call L7 the (right) p-regular representation of G and denote it by
Rc” (see [14,§ 8] ).

2. Measures on Homogeneous Spaces. Throughout the rest of this
paper we will make extensive use of the measure theory associated
with the homogeneous space Q. This section is devoted to establish-

ing the facts we will require. General references for this material are
[3,9].
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Let dx (resp. dt) denote a (right) Haar measure for G (resp. H) and
Ag (resp. Ay) the corresponding modular function. Since these
quantities will in general be fixed, it will be convenient for us to denote
the quotient map Ay/(Ac| H) by 8. Note that § is a continuous
homomorphism of H into R*. It is well-known that there exists a
continuous mapping p : G— (0, ©) satisfying p(tx) = 8(t)p(x), t € H,
x € G, which may be chosen such that p(e) = 1, i.e., p| H= 8. Let
7 : G— Q be the canonical projection map. If C is a compact subset
of Q, then there exists a compact subset C' of G for which #(C') = C.

Now let ¢ be an arbitrary element of Cc(G) and define ¢H(x) =
Ju¢(tx) dt, x € G. Then ¢# is continuous on G, constant on right
H-cosets and has compact support modulo H (i.e., w(supp(¢t)) is
compact). Hence, ¢ defines an element of Cc(Q) and we have a
linear mapping ¢ — ¢* of Cc(G) onto Cc(Q). The function p enables
us to define a positive Radon measure dx (where = 7(x)) on Q
as follows:

[ ], smdaz= [ s dx ¢ € Cac)

This measure is unique up to null equivalence and quasi-invariant
with respect to the right action of G on Q. Specifically, we have:

2.1. LemMa. If x€ G, then d(Hx) = (p(yx)lp(y)) dy, y € G.
The previous double integral formula (*) can be extended as follows:

2.2. LemMA. Suppose f is a Haar integrable function on G into the
Banach space E. Then (%) is valid for f.

Now suppose p;,p, are two p-functions on G relative to H with
corresponding quasi-invariant measures d,X, d;X. Then these mea-
sures are null-equivalent; in fact, we have:

2.3. LemMa. The function p,lp, is constant on cosets and dX
= (p1(x)lpa(x)) do%, x € G.

Finally, although the next result has nothing to do with homo-
geneous spaces, we include it here because it will prove to be extreme-
ly useful in the next section.

2.4. ProposiTiOoN. Let C be a compact subset of G and suppose
f: G— E is continuous. For z € G and € > 0, there exists a neighbor-
hood V of e in G such that VC Z, and if x € zV, then| f(yx) —

flyr) < ey €C.

Proor. Let y be an element of C. Since f is continuous at yz,
there exists a neighborhood W, of yz in G such that ||f(r) — f(yz)|
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<e€l2, r& W, Because multiplication in G is continuous, there
exists an open neighborhood U, of yz (resp. V, of e) such that U,C W
(resp. V,C Z), and U,C U, V,C W,. The collection {U,:y € C}
is an open cover of the compact space Cz. Thus, there exist Y, Y
in C such that CzC ULI U, where U;=U,,, 1=i=n. Let W,
=W, and V;=V,, 1 =i=n, and define V= ()}, V.. Then V
is an open neighborhood of e in G which is contained in Z. Let
x€zV. Then z7'xEV oand 272 €V, 1=i=n If y €EC, then
yz € U;C W,, for some 1=j=n, so that yx = (yz) (z7'x) € U,V
C W, Hence, |f(yx) = flyz)| = fyx) = flya)l + | fly2) —
fyz)| <e.

3. Induced Banach Representations. Let L be a representation of
H on E. Observe that if 7 is any real number, then §L is also a repre-
sentation of H on E.

The most general setting for Banach induction seems to be that
considered by Bruhat [4, pp. 132-133]. Suppose there exists k in
[—1/2,1/2] and b =1 satisfying |L(t)|| = b&(¢)%, for all ¢t in H, i.e,
87%L is bounded. If we let p =2/(2k + 1), then 1=p= © and
k= 1/p — 1/2. Thus, equivalently, we are supposing there exists p
in [1,] for which />~ L is bounded. Given such L and p,
Bruhat constructed an isometric representation of G. However, in
order to do this when p = 2, it is necessary that L be bounded. In
view of some of our earlier comments (see Introduction) this is a short-
coming. Hence, we propose the following modification in Bruhat’s
approach. Suppose there exists g in (0, ®] and k in [—1/g, 1 — 1/q]
such that 87/9-1PL is bounded, where p = g/(gk + 1). Given such
L,p and g we will construct an isometric representation of G. Al-
though this is a slight generalization of Bruhat’s setting, it will have
some interesting consequences (see 3.5, 3.19, 4.4).

3.1. DeFiniTION. An inducing pair for L up to G is a pair (p, g) in
[1, %] X (0, ] having the property that §7~7L is bounded, i.e.,
there exists b = 1 such that

3(t)1a||L(t)| = ba(t)'r, t € H.

If such a pair exists, we say that L is (Banach) inducible up to G.

3.2. Remark. We shall see later (4.2) that for most purposes we may
assume 8(t)/9||L(t)|| = 8(t)', t € H.
The following are straightforward.

3.3. ProperTiES. (a) If L is inducible, then L is locally bounded, i.e.,
|L( - )| is bounded on compact sets.
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(b) If & is trivial, then L is inducible if and only if it is bounded.
(c) If (p, q) is an inducing pair for L, then

1/ba(t) " = ()" || L(D)||
= bb(t)'r,t € H.

(d) If L is bounded, then (p,p) is an inducing pair for each p in
(L]

(e) If (p, q) is an inducing pair for L, then p = q if and only if L is
bounded.

(f) The representation L is “Bruhat inducible” (as above) if and
only if there exists p in [1, ©] such that (p,2) is an inducing pair for
L in which case k = (2 — p)/2p.

34. ExampLe. If G=RX R, H= {0} X R, E=C and L is
defined by L(0,b)=eb, b €ER, then & is trivial and L is not
bounded. Hence, L is not inducible up to G.

3.5. ExampLE. On the other hand, suppose H and L are as in 3.4,
but G is the “ax + b” group, i.e., G= R X R with multiplication
given by (a,b)(c,d)= (a+ e’c,b+d), a,b,c,d in R. Then
Ac(a, b) = eb, 8(0, b) = e~b and (=, 1) is an inducing pair for L up to
G. Thus, L is inducible in our sense but it is not Bruhat-inducible.

RemMark. From these examples, it follows that:

(i) The overgroup G does affect the inducibility of L, particularly
if L is unbounded.

(ii) In general, p and g need not be equal.

Fix an inducing pair (p, q) for L up to G. Let b be as in 3.1. We
now construct an induced isometric representation of G corresponding
to (p, q). For convenience, denote 7L by L,,.

36. DerFiniTiON. A function f: G — E (L, g)-homogeneous (see
[11]) if f(tx) = L,(t)f(x), tE H, x &€ G. Let C,(G, L) denote
the linear space of all (L, g)-homogeneous functions on G which are
continuous and have compact support modulo H. Now for each f in
Cc(G, E) and x in G, note that the function t— L,(¢~!)f(tx) be-
longs to Cc(H, E). Hence, we may define a function f,’: G— E by

fH@) = | L ft) dex €C.

3.7. LemMa. The mapping f— f,* is a linear mapping of Cc(G, E)
onto C,(G, L).

Proor. The function f,L is easily seen to be (L, g)-homogeneous.
Fix x in G and € > 0. If y € xZ, then the support of (fy) | H is con-
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tained in the compact subset supp(f)Zx~"M H of H which we
denote by C. Let a= max{§(t-)/7:tEC} and c¢= [cdt.
Since f is uniformly continuous, there exists a neighborhood V of e in

G such that VCZ and |f(ty) — f(tx)| < elabc, whenever
x~ly € V. Therefore, ify € xV C xZ, then

i) = el = || [, Lot = ey ae ||
= [ ML) Iftey) ~ i) de

= €lac Jc slir(¢—1) dt
<€,

so that f,L is continuous. If x & H supp(f), then f(tx)=0,-
t € H. Thus, supp(f,©))C H supp(f), so that f,L € C,(G, L)

Since the mapping f— f,L is linear, it remains to show it is surjective.
However, this is done as on pp. 184-185 of [11].

Now let ¢ € Cc(G) and v € E and define (¢ ®@v)(x) = p(x)v, x € G.
Then (¢ ® v) € Cc(G, E) and we may form (¢®v),L. Let T,(G, L)
denote the subset of C,(G, L) consisting of such functions.

3.8. LEMMA. For each x in G, the subset {f(x):f € T,(G, L)} is
dense in E.

Proor. This is proved as in the case of Theorem 1(c) of [11].

Next we introduce a p-norm on C,(G, L). Let f be an element of
C,(G, L). For each x in G, the functlon

£ ple)~173(0) | (e
is bounded on H. Thus, as in [4] we define:
N,(f, x) = p(x)~Ursup {8(¢)~ || f(tx)|| : t EH}, x €E G.

3.9. LemMma. The function N,(f, ) is bounded, constant on
cosets, vanishes outside H supp(f) (i.e., has compact support
modulo H) and is lower semi-continuous.

Proor. Straightforward.

Consequently, for each fin C,(G, L) we may define:

<j N,( ”dx) ), I1=p< o,
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and
Nu(f) = sup{N.(f,x): x €EG}.
3.10. LemMa. N, isanorm on C,(G, L).

Proor. Straightforward.

3.11. Remark. Note that for p = ©, N, does not depend on the
choice of p. Also in this case, the representation L, is bounded. Thus,
for each f in C,(G, L), the function ||f( -)| is bounded; in fact,

Iflc = N=(f)

3.12. LEMMA. Suppose L is isometric, so that for each 1 =p < o,
(p, p) is an inducing pair for L up to G. Then for each fin C,(G, L),
we have:

M) = (] Iflw@ax )",

where Y is any non-negative element of Cc(G) satisfying yH(x) = 1,
x € supp(f) (see [6]).
Proor. In this case we have N,(f,x)= p(x)~""|f(x)|, so that

Nufr = [ o Ifwlr dx

JQ YH)|| f(x)|rp(x) " dx

JQ JH W (tx) | f(tx) |Pp(ta) ! dtdz

= [ v@lfwlr dx

by 2.2.
Let F,”(G, L) denote the completion of C,(G, L) with respect to the

norm N,. We will describe F,”(G, L) specifically in § 5. Observe that
. C4(G, L) is closed under right translation.

3.13. LemMa. For each x in G, the mapping f— fx is an onto
isometry of C,(G, L) relative to the norm N, and thus passes to an
onto isometry of F,”(G, L) which we denote by U,”(L)(x).

Proor. If p = o, then the proof is clear. Suppose p < ®. Then

Ny(fx, y) = (p(yx)lp(y)) ""Ny(f, yx)
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so that
N = [ No(fyxPplyloty) dy

= | o Nolf. g dg (see 2.1)
= N,(f), fE GG L)

3.14. TueorEM. If (p, q) is an inducing pair for L up to G, then
U’ (L) is an isometric representation of G on the Banach space
F, (G, L).

Proor. It is clear that U,”(L) is a group homomorphism. Thus, we
need only show it is strongly continuous. To do this, it suffices to
show that if f &€ C,(G, L), then N,(fx —f) >0 as x >e. Fix f
in Cy(G, L) and note that Hsupp(f)Z is a compact subset of G
modulo H. Let C be a compact subset of G such that H supp(f)Z
= HC. Since we may assume x € Z, we see that supp(fx — f) C HC.
Now let € > 0 and first assume p = , so that ||L,(t)| = b, ¢t € H, for
some b = 1. Then by 3.11

N.(fx — f) = sup{||f(tyx) — f(ty)|| : t € H,y € C}
= sup{||L,(®)| | flyx) — fly)|| : t € H,y € C}

= bsup{|f(yx) — fly)| : y € C}.

By 2.4, there exists a neighborhood V of e in G such that VC Z and
| f(yx) — f(y)|| < e/b, for all y in C, provided x € V. This com-
pletes the proof for the case p = .

Now assume p < . Then

No(fe=fr = [ N(fe—fyrdg

= fo p(y)~ L sup 8(t- V|| L(®)|F : t € H)
| fyx) = f)l dg

=ab [ fy) ~ Sl dy.

where a = min{p(y) : y € C}. Once again by 2.4, there exists a neigh-
borhood V of e in G such that VC Z and |flyx) — f(y)|| <
€/b(ac)'’r, where ¢ = [ c,dx, as long as x € V. In this event,
N,(fx — f) < €, and the proof is complete.



INDUCED BANACH REPRESENTATIONS 63

3.15. Notation. In § 6 we will have occasion to use the more infor-
mative notation U,”(L: H, G) in place of U,”(L). However, in the
opposite direction, if p = g, then we will write Ur(L) and Fr(G, L)
for U,P(L) and F,P(G, L) respectively.

We saw earlier (3.11) that the definition of U,”(L) depends on p
for p < © only. However, we shall now show that (up to isometric
equivalence), U,”(L) is independent of the choice of p. Let p;, p; be
two p-functions on G relative to H and (p, q) an inducing pair for L
up to G. We will use the subscript i = 1, 2 to designate the p-function
being used in what follows.

3.16. LEmMma. The representations U,"(L);, i = 1,2, are isometrically
equivalent.

Proor. The space C,(G, L) is dense in F,”(G L), i=1, 2. If
FE C,(G, L), then

N,(f, x); = pi(x)~ ' sup{8(¢t~ V)| f(tx)|? : t EH},x € G,
and by 2.3 we have:

N = | o SPBE AP+t € Hipi)~! dix

j o SPEE DA ¢ € Hipa(a) " do

= Nn(f)2n-

Therefore, the identity mapping on C,(G, L) is an isometry which inter-
twines the two representations.

Suppose now that L is an isometric representation of H on E. For
each 1 = p < =, Kraljevi¢ [11] constructed an induced (isometric)
representation V"(L) of G. We show that U?(L) and V*(L) are iso-
metrically equivalent. Kraljevi¢ considered the space C.(G, L) with
norm given by

71, = ([, Ifwiras)" recac

(Note that the function x — || f(x)|| is constant on cosets.) Let E"(G, L)
denote the Banach space completion of C.(G, L) relative to this norm.
Then V?(L) is given by VP(L)(x)f = (pxlp)'rfx, x € G, f € C(G, L).

(Note also that Kraljevi¢’s Haar measures are left invariant.)

3.17. LEmMa. For each 1 = p < «, V(L) is isometrically equiva-
lent to Ur(L).
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Proor. For each fin C.(G, L), define Tf = p'7f. Then T is a linear
mapping of C.(G, L) onto C,(G, L). Furthermore, ||f(tx)| = ||fx)],
so that

NIy = | o NoThxp dx
= JO sup{||f(tx)||> : t € H} dx

= [, If@lr ds

=[£Il
Thus, T is an isometry. Finally,

UM(L)x)Tf = (p'rfx

= p'""(pxlp)'rf

= TV/(L) (0f,.f € C.(G, L),
which completes the proof.

Suppose L is a unitary representation of H on the Hilbert space
E. Then (2, 2) is an inducing pair for L up to G and U?(L) is a unitary
representation of G on the Hilbert space F*(G, L) which is precisely
the same as that constructed by Blattner [1].

We saw in 3.3(f) that a representation L of H is Bruhat-inducible
if and only if there exists an inducing pair for L of the form (p, 2). We
have the following “converse”.

3.18. ProposiTiON. Suppose (p, q) is an inducing pair for L. Then
(p,2) is an inducing pair for the representation §"9~V2L of H and
Uyr(8la-12L) = an(L),

Proor. The first part is clear. The second part is also clear once
we observe that Cy(G, §9-12L) = C,(G, L).

3.19. Remark. It is important to note here that the representations
8Ya-12[, and L are quite different in general. In particular, they
need not even have equal kernels (e.g., let L = §12-14),

Now let us turn to the question of how equivalent representations
behave under our inducing process.

3.20. ProposiTioN. Let L and M be representations of H on the
Banach spaces E and F respectively. Suppose (p, q) is an inducing
pair for both L and M. up to G. If L is equivalent (resp. isometrically
equivalent) to M, then U,P(L) is equivalent (resp. isometrically equiva-
lent) to U,”(M).
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Proor. Let T : E— F be a bounded invertible operator which inter-
twines L and M. For each f in C,(G, L), define T,(f)=T- f
Then T, is a linear isomorphism of C,(G, L) onto C,(G, M) which
commutes with right translation on these spaces. Hence, we need only
see that T, is bounded. For each 1= p = », we have

No(To(f)) = | T|N,(f)

and
No(f) = |IT-YINSTo(f)) f € Co(G, L).

Therefore, | T,|| = ||T|, and T, is an isometry if T is.

4. Some Special Inductions. In this section we discuss three very
important kinds of induced Banach representation.

Suppose H = G. In order for a representation L of H to be in-
ducible “up to G,” it is necessary that I be uniformly bounded.
Assume this is the case, so that each (p, p) (1 = p = ®) is an inducing
pair for this trivial induction of L. Then C,(G, L) consists of functions
fo: G— E of the form f,(x) = L(x)v, x € G, v € E. Thus, C,(G, L)
is linearly isomorphic to E under the correspondence f, <> v and
is independent of p. Furthermore, N,(f,) = sup{||L(x)v|:x € G}
Z |lv||, so that C,(G, L) is complete relative to the norm N, (which is
also independent of p). Let E; denote the Banach space obtained by
giving E the norm || |, defined by [jv|. = sup{||L(x)v| : x € G}, so
that |jo|| = |lo|l. = |L| |lv|l, v € E. Denote the induced representa-
tion Ur(L) by L', and observe that L'(x)f, corresponds to L(x)v. We
have thus obtained the following well-known result (see [17, 3.1],
for example):

4.1. ProposrTioN. If L is a uniformly bounded representation of G
on E, then:
(i) There exists a larger norm || ||, on E which makes it a Banach
space E.
(ii) L becomes an isometric representation L' of G on E; which is
equivalent to L.

This result allows us to make a useful simplification in the definition
of inducing pair.

4.2. ProposrTiON. If (p, q) is an inducing pair for L up to G, then
there exists a representation L' of H such that:
(i) L' is eugivalent to L.
(if) 8(5)1|L"(1)]| = ()0t € H.
(iii) U,"(L") is equivalent (perhaps not isometrically) to U,"(L).
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Proor. By definition of inducing pair, the representation M =
81a=1r L is bounded. Thus, by 4.1, there exists an isometric represen-
tation M’ of H which is equivalent to M. Consequently, L' =
dlUr=laM’ is equivalent to L, where |L’(t)| = &(t)¥r-Va, tE H.
Now apply 3.20.

Next we consider the question of when U,9(L) is essentially unitary.

4.3. ProprosrTioN. If L is a representation of H and q in (0, ®] is
such that §'1-'2L is equivalent to a unitary representation of H,
then (2,q) is an inducing pair for L and U,*(L) is equivalent to a
unitary representation of G.

Proor. Let M be a unitary representation of H which is equivalent
to N= §Ys-12L. Then N is bounded, so that (2,q) is an inducing
pair for L. But (2.2) is an inducing pair for N and U*N) = U,%L)
(3.18). Furthermore, U%(M) is equivalent to U*N) (3.20), which com-
pletes the proof.

44. Remagks. (a) We shall see at another time that the situation
in 4.3 is essentially what it takes for U,”(L) to “be” unitary in general.
Thus, roughly speaking, whenever U,”(L) is unitary and L isn't,
there exists a unitary representation M of H for which U3*(M) is
equivalent to U,”(L). However, M can be very different from L.
(b) Although U,%(L) is essentially unitary, L need not even be
bounded (e.g., L = §Y2-19). This can’t happen in Bruhat’s setting.
(c) The connection between the above and the existence of “comple-
mentary series” representations (see [12] for example) is unclear at
this time.

Finally, suppose H is normal in G, so that § is trivial. For each p
in [1, ], C,(G, 1p) is precisely equal to {¢p°7:¢ € Cc(Q)}. Also,
for each 1=p= o, Ny(d°7)= ¢, ¢ E Cc(Q). Therefore, the
mapping ¢— ¢ o 7 passes to an isometry of L’(Q) onto F7(G, 1)
which intertwines Ro” ° m and Ur(1y),1 = p = . Consequently:

4.5. PropositioN. If H is normal in G, then for each 1=p = o,
Ur(ly) is isometrically equivalent to Ro”e°w. In particular, if
H = {e}, then Ur(1y) = R¢".

5. The Induced Banach Space. Let (p, q) be an inducing pair for
Lup to G. In § 3, we defined F,”(G, L) to be the abstract completion
of C,(G, L) relative to the norm N,. Our objective here is to give a
concrete realization of F,”(G, L) along traditional lines (as in [2]).
This was partially done in [11] for the isometric case. Consequent-
ly, we will leave most of the details for the interested reader to verify.
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Let £,(G, L) denote the linear space of all (L, g)-homogeneous func-
tion f: G— E. For each such f, define N,(f, - ) asin § 3.

5.1. LemMma. (i) The function N,(f, - ) is constant on cosets and
non-negative (possibly infinity-valued).

(ii) For each x in G, N)(f, x) = 0 if and only if f(tx) =0, all t in
H.

First consider the case where p = v. Let G, (G, L) denote the sub-
set of £,(G, L) consisting of continuous functions f which vanish at «
modulo H, i.e., given € > 0, there exists a compact subset C of G such
that || f(x)| < e, for x not in HC.

52. Lemma. (i) If f € 9,°(G, L), then f is bounded.
(il) If f€ £,(G, L), then f€ 3,7(G, L) if and only if N.(f, -)
vanishes at ® as a function of Q.

Proor. (i) follows from the fact that § /9L is bounded and (ii) from
3.11.

The space 9, “(G, L) is linear and can be normed equally by || ||c
(same as N.; see 3.11). Relative to || ||¢, the space F,%(G, L) can be
shown to be closed in the Banach space of continuous bounded func-
tions f: G— E. Consequently, (9,*(G, L), N.) is a Banach space
in which C,(G, L) is dense. Therefore:

5.3. ProposiTioN. The space F,>(G, L) is isometrically isomorphic
to (F,"(F, L), N.).

Now suppose 1 = p <  and for fin £,(G, L), define

Ny = ([ Nforas)”
Also, let
EP(G,L)= {f€ E,(G, L);N,(f) < >},
and
Ng"(G, L) = {f € £,(G, L): N,(f) = 0}.

5.4. LEmMa. (i) The function N, is a semi-norm on the linear space
£.(G, L).

(ii) The space £,7(G, L) is complete relative to N,

(iii) The space N,"(G, L) is the closure of {0} in £,7(G, L).

5.5. LEMMA. N "(G, L) is the linear subspace of £,(G, L) consisting
of functions f having the property that N,(f, - )= 0, almost every-
where on Q.
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5.6. LemMa. The space C,(G, L) is contained in £,(G, L), and
Cyo(G, L) N N (G, L) = {0}.

Proor. If f&€ C,(G, L) and N,(f) =0, then by 39 and 5.5 it
follows that N,(f, - ) must be identically 0. Now apply 5.1.

Next let 9,”(G, L) denote the closure of C,(G, L) in £,”(G, L) so
that N,"(G, L) C 9,7(G, L). As usual, define E,”(G, L) = £,”(G, L)/
N (G, L), which is then a Banach space with norm given by N,(f
+ N (G, L)) = N,(f). By 56, we see that F,”(G, L) is (isometri-
cally 1somorphlc to) (G, L)IN, (G, L). Therefore, we will be fin-
ished once we (i) obtain a more satisfactory description of the elements
of N,”(G, L) and (ii) determine the elements of £,”(G, L) which be-
long to 9 ,(G, L).

As a first response, we have the following:

5.7 LemMa. If f€ 9.7(G, L), then f is Haar-measurable (in the
sense of Bourbaki).

Proor. This is proved as in [11].

In order to settle (i) and (ii), we need the following. For con-
venience, let v denote the right Haar measure dx on G. Let 8 be a
Bruhat function for G and H [3, pp. 57-58]. Define a positive Radon
measure vy on G as follows:

j f(x) dva(x) j F@)p(x)B(x) du(x), f € Ce(G).
Of course, vy depends on the particular choice of p and 8.

5.8 DeFINITION. A function f: G— E is Haar-measurable modulo H
if given € > 0 and compact KC Q, there exists a compact subset K, of
K such that vy(r (K — K,)) < € and f|x~Y(K,) is continuous (com-
pare with [2, p. 169]. The function f is Haar-null modulo H if it is
vy-null. These definitions are justified by the fact that although
the conditions depend on H, they are independent of the particular
choice of p and B.

Since we have not had the opportunity here to develop the ma-
chinery necessary to prove the next theorem, we state it here without
proof and will return to it elsewhere.

5.9 TueoreM. The space 3,°(G, L) consists precisely of those Haar-
measurable functions f: G— E satisfying:
(i) fis Haar-measurable modulo H.
(ii) fis (L. q)-homogeneous.
(ii}) Ny(f) < .
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Moreover, N"(G, L) is the subspace of 3,”(G, L) consisting of those
f which are Haar-null modulo H.

There is a particular case which is worthy of note.

5.10 THEOREM. Suppose G is a second-countable. If L is an iso-
metric representation of H on the separable Banach space E, then for
each p in [1, ©), the space F,"(G, L) is isometrically isomorphic to

L7(Q, E).

Proor. This is proved in the more-or-less usual way, making use
of the existence of a Borel cross-section from Q into G.

Since we have not had the opportunity here to develop the machin-
ery necessary to prove the next theorem, we state it here without proof
and will return to it elsewhere.

5.9. THeoREM. The space 3,"(G, L) consists precisely of those Haar-
measurable functions f: G— E satisfying:
(i) fis Harr-measurable modulo H.
(ii) fis (L, q)-homogeneous.
(iii) N,(f) < .

There is a particular case which is worthy of note.

5.10. THeOREM. Suppose G is second-countable. If L is an isometric
representation of H on the separable Banach space E., then for each p
in [1, ), the space F,”(G, L) is isometrically isomorphic to L’(Q, E).

Proor. This is proved in the more-or-less usual way, making use of
the existence of a Borel cross-section from Q into G.

6. Induction in Stages. Suppose K is a closed subgroup of G con-
taining H. If L is a representation of H on E which is inducible up to
K, then the resulting (isometric) representation of K is certainly in-
ducible up to G. If, in addition, L is inducible directly up to G, then
it is natural to expect that the two induced representations of G are
equivalent. This is known to be the case for isometric representations
[11]; hence, it’s true for bounded representations as a consequence
of 3.20 and 4.1. However, in view of some of our comments and results,
it is desirable to have a result of this type for unbounded representa-
tions as well, i.e., for the case p 7‘ q. This is our purpose here. We
shall see that “induction-in-stages” holds in the setting of inducing
pairs if appropriately modified (6.3). First however, we require some
preliminary facts.
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Suppose that (p, q) is an inducing pair for L up to G with b as in
3.1. Let f be an element of Cc(G, E) and C a compact subset of G
containing supp(f). Let w (resp. v) denote the measure of CC~!
M H (resp.w(C)) in H (resp. Q). Define

a= pubsup{s(t-)r.t ECC-1N H}
and
B = virbsup{p(x)~':x € C}r.

6.1. Lemma. If p< ©, then N,(f,) = aB|fllc- If p= =, then
N.(fi") = ob|fllc.

Proor. We first show that || f,X|lc = o f|lc- Ifx € C, then

el = || [, Lo e

= | iy @ DI A dt

=b[ s fw)] di

= afflle

Suppose that p < «. Noting that supp(f,~) C HC we have:
Nt = [ o)~ sup(a() | ()| s ¢ € Hy d
= | el s e Lol ¢ € Byl de

= v el ds

= (B flle)” .
which completes the case p < . If p = o, then
No(fgh) = sup{||f-(tx)| : t € H,x € C}
= sup{| L] || fo-(x) : t € H,x € C}
=b|fs"llc
= ob|fle.

6.2. Proposition. If D is total in E, then {(¢ ® v,". ¢ € Cc(G),
v € D}is total in F,”(G, L).
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Proor. Since C,(G, L) is dense in F,”(G, L), it suffices to show the
given subset is total in C,(G, L). Let f&€ Cc(G, E) so that f, is a
typical element of C,(G, L) (see 3.7). Suppose € > 0 and let C be a
compact subset of G whose interior contains the support of f. It is
well-known that the span of Cc(G) ® E is sup-norm dense in Cc(G, E).
Consequently, there exists ¢;, * * *, ¢, in Cc(G) and vy, - - -, v, in E such
that [|[f — 27| ¢ ® v;]lc < €/208, with o, as in 6.1. Let w,, - - -, w,
in D be such that |v; — wi|| <elncaB, 1=i=n, where c=
max{||¢i|lc : 1 = i = n}. Then

=

flx) = 2 (¢ ® wy)(x

i=1

f(x) 21 di(x)v;
+ ” ig ¢i(x)(v; — wi) “

< €2aB + 2 |pi(x)| ”Ui — wi
i=1

< €2aB + ¢ i i — wil
i=1

< €laf,

so that |f— Yii; ¢ ® wilc <elaB. Now let ¢:G— [0,1] be
continuous such that the support of ¢ is contained in the interior of
C and ¢ =1 on supp(f). Define ¢; = Y¢;, so that ¢; € Cc(G),
supp(¥;) C C (i.e., supp(¥; ® w;)C C) and ¢;=¢; on supp(f),

1=i= n. Also,

P (x)f( i (x)i(x)w ” <ey(x)laB

i=1

ie.,
”wf— 3 wow “G< clap.
i=1

But clearly, yf=f, so that ||f— Y., ¢ ® wi|c < elaB. More-
over, letting g = f— Y1, ¥; ® w;, we see that g is an element of
Cc(G, E) with support contained in C. By 3.7 and 6.1 we see that for
p<®,
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Np (= % @it ) <a8 I~ 3 wow .

<€,

and forp = o,

N. (qu—g (#: ® w)b ) < ab ||f‘ E ‘”f®“"'”c

< eblB.
This completes the proof.

The following is our Theorem on Induction-in-Stages. For this pur-
pose, we will find it convenient to use the more informative notation
of 3.15.

6.3. THEOREM. Let K be a closed subgroup of G containing H. Sup-
pose L is a representation of H on E and (p, q) is an inducing pair for
L up to K. Then (p, q) is also an inducing pair for the representation
M= (Ayl/(Ax | H)) =Y of H up to G and US(M :H,G) is
isometrically isomorphic to U"(U,”(L : H, K) : K, G).

Proor. The first part is straightforward. For the second part, we
require some additional notation. Let pg(resp. py) denote a p-function
for G relative to K (resp. H) and let o be a p-function for K relative
to H. Furthermore, let 8¢ = px | K, 8y = py | H andy = o | H (recall
§ 2). For convenience, we also denote U,”(L : H, K) by V.

Now for each f in C,(G, M) and x in G, define Tf(x): K— E by
Tf(x) (s) = 8k(s)~Vrf(sx), s € K. Using the properties of 8¢ and
f, we may verify that Tf(x) is in C,(K, L). Hence, we have a mapping
Tf: G— Cy(K, L) which we show belongs to C,(G, V).

For k in K, we have

Tf(kx)(s) = k(s)~ """ f(skx)
= 8k(k)"rdg(sk)='I" f(skx)

= 5u(s) " Tf(x) (sk)
= 8x(k) "(V(K)Tf(x))(s), s € K

Thus, Tfis (V, p)-homogeneous. Next let x and y be in G with x fixed.
Since we will let y approach x, we may assume y is in xZ. Thus, if
supp(f) € HC, for C compact, then (for such y) we have
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supp(fy | K)C HB, where B= CZx~'() K is also compact. Suppose
p = . Then

No(Tf(x) = Tf(y) = bsup{| Tfx) (s) = Tf(y) (5)] : s € K}

= bsup{|fisx) — flsy)] : s € K}

= bsup{|f(tsx) — f(tsy)|| : t € H, s € B}

= b sup {8y(2) Y98 (t)~ "
- JIL(t) (f(sx) — f(sy))| : t € H, s € B}

= bsup{y(t)¥9||L(t)| : t € H}
- sup{||fsx) — flsy)| : s € B}

= bosup{|f(sx) — flsy)| : s € B,

The continuity of Tf then follows from 2.4. Now let p < . Then

N,(Tf(x) — Tf(y)) = fK/H N,(Tf(x) (s) — Tf(y) (s))" ds
= [ O sup )| TS 1)
— Tf(y) (ts)|| : t € Hy" ds
- J'K/H o(s)~" sup {y(t)~'x(ts) || f(tsx)
— fltsy)|r : t € H} ds

= f g 7 (8) 18k (8) ™ Isup £y (£) ~ 1ok (1)~ '8 ()"

SO L]t € Hy|f(sx) ~ floy) ds
[ 4 716)8x(8) sup (0 0= Lit) 37
Iftsx) = flsy)lP ds

=p [ o) o) Iflex) = flsy)l ds

It

= b [ Bw)s) I flsx) — flay)|F s,

where B is a Bruhat-function for K and H [3, pp. 57-58]. Recall that
supp(fy | K) C HB, so that A= supp(8) N HB is a compact subset
of K Let a = max{B(s):s € A}, and ¢ = max{dx(s~!):s € A}.
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Then
Ny(Tf(w) = Ty = abre [ |f(sx) = flsy)|" ds

and once again the continuity of Tf follows from 2.4. Finally, since
supp(Tf) C Ksupp(f) C KHC = KC, it follows that Tf
EC, GV

Therefore, we have a linear mapping T : C,(G, M)— C,(G, V)
which we now show is isometric. Forp = «, we have

No(Tf) = sup{N(Tf,x) : x € G}
= sup {sup{N(Tf(sx)): s € K} : x € G}
= sup{N(Tf(x)) : x € G}
= sup{sup{N«(Tf(x),s) : s EK}:x € G},
where
N.(Tfx),s) = sup{| T(x) (t5)] : ¢ € H}
= sup{||f(tsx)| : t € H}
= N.(f, sx).
Hence,
N.(Tf) = sup{sup{N.(f,sx):s € K}:x € G}
= sup{N.(f,x) :x € G}
= N.(f),

o that T'is isometric for p = @. Now suppose P.< . Then for fin
CQ(G) M), we havg
N(Tf)y = JG/K N(Tf, x) dx
- J GIK px(x)~'sup {8x(s)~YPN,(Tf(sx)) : s € K}" d
= J oK px (%)~ sup {8 (s) = 'N,,(8k(s) VP V(s)
“ Tf(x))" : s € K} dx
= J'C/K PK(X)‘lsup{N,,(V(S)Tf(x))n s E K} df

= JG,K p(x)~'Ny(Tf(x)) dx (V is isometric)
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N J’G/K fK/H )~la(s)~ lSup{‘y(t) Iip
|Tfx) (t5)] : ¢ € Hydsd
N «[c/x L(,H s)~ Isup {y(t)~!

- 8k(ts)~!|| f(tsx)||P : t € H} dsdx

= -1 1
J GIK J xn P a(s)~'8x(s ™)

* sup {y(t)Ya -1 | L(t)f(sx)| : t € H} dsdx.
On the other hand,

Ny = [, Ny da
= fc/ pu(x)=sup {8,:(8)- V|| f(tx)|| : t € H} d=
= J P )~ Isup { [ 8 (¢)/8k(t)] Ya—Vr
LOf)| : t € Hy dx
= fc B(x)sup {y(t) /- “””L(t )f(x) " t € Hy dx
(where this time B is a Bruhat function for G and H [3, pp. 57-58] )

= fG/K jx B(Sx)PK(Sx)"Sup{-y(t) l/q—Yp
L) f(sx)| - t € HYr dsdx

- L;,K f,(,,, f . Sap ()= || L) f(rsx)|| : t € H}
* B(rsx)pg(x)~! o(rs)~ " drdsdx

= | o [ o | . Sup{y(er) Vo= [ L(en)f(sx)]| : ¢ € Hy
- B(rsx)px(x)~'o(s)~ 18 (s)~ ! drdsdx

= [ ., swpbr@e L] ¢ € Hy

px(x)~lo(s) " '8k(s) ! L B(rsx) drdsdx

75
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= J'G/K JK/H SUP{'Y(t)“q_”"”L(t)f(sx)” ot e H}T’
- px(x) ~a(s) " 8k(s ") dsdx
= Ny(Tf).

Therefore, T is an isometry for p < © as well and thus passes to an
isometry of F,”(G, M) into F"(G, V). Next we show that the range
of T is dense in F?(G, V), i.e., T is onto.

Let ¢ € Cc(K), ¢ € Cc(G) and v € E. Then w =(y ® v),Lis an
element of C,(K,L)C F,”(K, L), and consequently (¢ ® w)," is an
element of C,,(G, V). Define 6 : G— Cby

0x) = [ 8x(s)" (s~ )b(sx) di
= [, (o) (s ex) ds, xEG,
where C = supp(y)~! is a compact subset of K. It follows from the
uniform continuity of ¢ that 6 is in Cc(G). Thus, (§ ® v),M is in
Co(G, M). In view of 6.2, in order to complete the proof that T is onto,
it suffices to show that T(6 ® v),™ = (¢ ® w),". We have:
(T(6 ® v)g™)(x)(s) = 8k(s)~""(6 @ v);M(sx)
= 8u(s) 0 [ sty 1apg(e=) e
H
- O(tsx)L(t~ o dt

S) 1/p J’ J aH llqskt 1)1/p l/q

S (k)= ¢ (k~")p(ktsx) L(¢~")v dkdt,

for x € G, s € K. On the other hand,
@@y @) = ([ sxk-)rVk-1)g ® w)iks) dk ) (s

= JK S (k=) "(V(k~=")((¢ ® w)(kx)))(s) dk

= | 8k ® w)(ke)(sk ) dk
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= [ ok rglke) [yt ousk)
- L(t~ Yo dtdk

= [ [ sx(kts)rgktssyy(e=) vy (k-1)
- L(t~Y)v dkdt

= bel) 0 [ [ sty
- 8u(t=1)Vay (k1) (ktsx) L(t~ Yo dkdt

= T(0 @ w),M(x)(s), x EG s EK.

Hence, F.,7(G, M) is isometrically isomorphic to F*(G, V), and it re-
mains only to show that T intertwines U,”(M : H, G) and Ur(V : K, G).
Since {Tf: f € C4(G, M)} is dense in F*(G, V), it suffices to check
this on the elements of C (G, M). We have:

(TU,(M : H, G)(x))(f) = T(fx),
where

(T(fe))(y)(s) = dk(s)~"f(syx), yE G sEK
On the other hand,
(U(V: K, G)x)T)(f) = (Tf)x,
where
(THx)y)(s) = (Tf)yx)(s)
= 8k(s)~f(syx), yEG,sEK,
which completes the proof.

As in the case of unitary inductions, we have the following well-
known consequence of induction-in-stages.

6.4. ProrosiTioN. If K is a closed subgroup of G and p is an arbi-
trary element of [1,®], then Rg" is isometrically equivalent to
UP(RgP).

Proor. Let H = {e} and L = 1. Then apply 4.4 and the previous
theorem.

7. Frobenius Reciprocity. In [15] Moore obtained a version of
the Frobenius Reciprocity Theorem for isometric and hence bounded
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representations (see 3.20 and 4.1). This result has since been general-
ized in different directions by different people [10, 17, 18]. In this
section we will give another generalization which is consistent with
our study of inducing pairs. The following is our Frobenius Reci-
procity Theorem. Once again, let the notation be as in § 2.

7.1. TueoreM. Let L be a representation of H on E and V a repre-
sentation of G on F. Suppose:
(i) Giso-compact.
(ii) F is the dual of a Banach space.
(iii) E and F are separable.
If (1, q) is an inducing pair for L up to G and V is bounded, then
Homy(L, 8'~"aV | H) is topologically isomorphic to Homg(U, (L), V).

Proor. Let b be as in 3.1 for L and let a be such that |V(x)|| = a,
x € G. For convenience, write M = §!-ay|H and U= U, (L).
Let B be an element of Homy(L, M), and for each f in C,(G, L),
define fz : E— F by

f(x) = p(x)~'V(x~1)Bf(x), x € G.
Then fp is constant on cosets and has compact support modulo H
since supp(fg) C supp(f). The function fg is also continuous as we

now verify.
Let x and y be in G with x fixed and y in xZ. Then

Ifs(x) = fa)| = |lp(x)~'V(x~")Bf(x) — p(x)~'V(y~ l)Bf )|l
+ |lp(x)~'V(y=")Bf(x) p(y“ y~H)Bf(y)|
= |[(V(x=!) — V(y="))Blp(x)~'f(x)) ||
+ | B IV(y=| lotx)~"f(x) — py)~'fy)|-

which implies the desired continuity since V is bounded and strongly
continuous. Hence, we may form ®(B)(f) = [ofs(x)dx, which
is an element of F. Therefore, we have a linear mapping ®(B):
C,(G, L)— F. Since ||fz(x)|| = a||B||N,(f, x), it follows that

o)Al = J  Ifsto)]
= a’"B"Nl(f)’fe Cq(G, L)’

ie., |®(B)| = a|B|. Thus, ®(B) extends to a bounded linear map of
F,Y(G, L) into F with the same norm. We may verify that ®(B) inter-
twines U and V. Consequently, ® is a linear map of Homgy(L, M)
into Homg(U, V) satisfying ||®(B)| = a||B||, B € Homy(L, M). Next
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we show that ® is surjective.

Let C be an element of Homg(U, V) and define D : Cc¢(G, E)—> F
by D(h) = C(h,L), h € Cc(G, E). Since we may verify that N,(h,t)
= b?|h|;, we have that |D(h)|| = b?|C|| ||h|;. Thus, D extends to a
bounded linear mapping of L!(G, E) into F with ||D|| = b?||C||. It fol-
lows from a result of N. Dinculeanu [5] that there eixsts a mapping
A of G into the bounded linear operators from E into F satisfying:

(i) Ais strongly measurable.

(ii) A is essentially bounded with ||A[|. = |D||.

(iii) D(h) = [g A(x)h(x)dx, h € L'(G, E).

(iv) Ais essentially unique.

Now let ¢t be in H and h in Cc(G, E). Then we can verify that

(th)g" = 8(£)" Ap(t~")(L(t)h)q"-

Hence,
D(th) = §(t)V9 Ay (t~")D(L(t)h).
But
D(th) = Ag(t-)) j . Alt="x)h(x) dx
and
D(L(Hh) = j . AWLO() ds,
so that

8(¢) j  Alt%)h() dx = (1)1 f ., AWL(AG) dx,

for t € H, h € Cc(G, E). The mapping h— L(t)h is a bijection of
Cc(G, E) with itself. Thus, for each t in H, we have:

D(h) = 8(t)!- Y j . ALt )fx) dx, h € Ce(G, E),

i.e., the mapping x— 8(t)'~Y9A(¢~x)L(¢~!) has the same properties
as A. Consequently, for each ¢ in H, §(t)!~/9A(tx) = A(x)L(¢), for
almost all x in G. An application of Fubini’s theorem yields: for almost
all x in G, 8(t)!~19A(¢-'x) = A(x)L(t), for almost all ¢ in H. Next we
show that the mapping x — V(x)A(x) is constant almost everywhere on
G.

For each y in G and h in Cc(G, E), we have (V(y)D)(h) = V(y)
(Clhg1)) = (CU(y))(het) = Cl(he1)y) = Clhy),- = D(hy). But

(V)D)(k) = V) [ Awh) dx,
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while
D(hy) = | Ay~ h(x) dx,
i.e., for each y in G, we see that

D(h) = V(y~Y) J . Alxy~Dh(x)dx, h € Cc(G, E)

As before, it must be that for each y in G, A(x) = V(y)A(xy), for almost
all x in G. By Fubini’s theorem, for almost all x in G, A(x) =
V(y)A(xy), for almost all y in G. Let xy be such an x, and define B =
V(x0)A(xo). Then B = V(x,)V(y)A(xoy) = V(xoy)A(xoy), for almost all y
in G. Since null sets are translation invariant, we may redefine A on
a null set (if necessary) so that B = V(y)A(y), for all y in G. Thus,
|B|| = a||A||=. In order to show that B is in Homy(L, M), fix t in H and
choose x in G such that:
(i) V(x)Ax) =

(il) V(t-x)A(t 'x) =

(iii) 8(¢)1-Y9A(t~x) = A(x)L(2).
This is possible since (for fixed ¢) the set of x for which (i), (ii) and (iii)
fail is a null set. For such x, we have: BL(t) = V(x)A(x)L(t) =
S VV(x)A(t~x) = &) V(E)V(E-x)A(t~x) = &)1V (t)B
= M(¢t)B, t € H. Thus, B € Homy(L, M). Next we verify that ®(B)
= C.

Let h be in Cc(G, E). Then

PB)h") = [ (' )ale)

= [ p@-1va B ([, 8-
L(t~h(tx) dt)dx
j f )-18()- Ve A(x)L(t- )
- h(tx) dedz

ol W CORCOR e
- L(t~1)h(tx) dtdx,

where the inner integral is constant on cosets. Let X denote the set of
¢ in Q such that for all x in 7~ !(§), the equation §(¢)!~ Y9 A(x)L(t~!) =
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A(tx) fails to hold for almost all ¢ in H. Since 7~!(X) is contained in a
null set and is a union of cosets, it follows from [3, p. 55] that X is a
null subset of Q. Hence, for almost all £ in Q, there exists x in 7~1(§)
such that §(¢)!- Y9 A(x)L(t~!) = A(tx), for almost all ¢t in H. Therefore,

B)(h L) = j f p(tx) - 1A(tx)h(tx) didz

= f . A@h(h) dx

= D(h)
= C(h,L), h € Cc(G, E).

In view of 8.2, it follows that ®(B) = C, i.e., ® is onto.
Finally, |[®(B)| = |C|| Z b~2||D|| = b~2||A||- = (ab?)~!||B]|, so that

(ab?)~!||B| = |@(B)|
= a !||B|, B € Homy(L, M).
Hence, @ is injective also, and the proof is complete.

7.2. CoroLLARY. If L is bounded, then Homy(L, V| H) is topologi-
cally isomorphic to Homg(U, (L), V). In particular, if L and V are iso-
metric, then the isomorphism is isometric.
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