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MODULAR TRANSFORMATIONS AND GENERALIZATIONS
OF SEVERAL FORMULAE OF RAMANUJAN

BRUCE C. BERNDT

1. In [7], the author presented a new method for deriving the
transformation formulae of a large class of functions that includes the
Dedekind eta-function n(z). Here, and in the sequel, a transformation
shall mean a modular transformation Vz = V(z) = (az + b)/(cz + d),
where a, b, ¢ and d are rational integers with ¢ > 0 and ad — bc = 1.
The general theorem [7, Theorem 2] was shown to contain as special
cases transformation formulae established by several other authors.
In [9], we generalized the results of [7]; furthermore, one should
consult [9] for a complete proof of the main theorems of [7] and [9].
Arising in the transformation formulae are various types of Dedekind
sums, all of which may be shown to satisfy reciprocity theorems by the
use of the transformation formulae.

In [8] and [11] we considered character analogues of the afore-
mentioned classes of functions. Thus, transformation formulae were
developed for a wide class of functions involving characters including
the natural character generalizations of logn(z). The transformation
formulae involve character generalizations of Dedekind sums which
can be shown to obey reciprocity theorems by the employment of the
transformation formulae. The results of these papers [8], [11] appear
to be new. However, there is some overlap with papers of Katayama
[31], [32].

We wish to show in this paper that the very general theorems of [7]
and [11] contain many other interesting results as special cases. These
results give the values of several interesting series and yield intriguing
relations between various series. It is shown that a large mass of such
results found in the literature can be deduced quite simply from a few
general theorems given below.

One of the most interesting corollaries of Theorem 2 of [7] is
Ramanujan’s formula for {(2n + 1), n=1, a very interesting and
striking formula found in his Notebooks [54] and proved by A. P.
Guinand [22], E. Grosswald [20], [21], and others. In fact, Euler’s
formula for {(2n), n = 1, and Ramanujan’s formula for {(2n + 1) are
both consequences of the same general theorem. Ramanujan’s formula
for {(2n + 1) contains a finite sum of products of 2 Bernoulli numbers.
Ramanujan [54] also discovered a similar type of relation involving a
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finite sum of products of 2 Euler numbers.
For o = Re(s) > 0, let

©

(1.1) 2 — 1)k + 1)~

L(s) is, in fact, an example of a Dirichlet L-function. Nothing arith-
metically is known about L(2n), n = 1, but Ramanujan’s Notebooks
contain an interesting formula for L(2n), similar to that for {(2n + 1).
We give a proof of this formula here, but, in fact, Katayama [30] and
the author [11] have proven “Ramanujan formulas” for arbitrary
Dirichlet L-functions.

From the principal theorems of [7] and [11], many other formulae
of Ramanujan shall be deduced. Almost all of these can be found in
his Notebooks, and some can be found in Ramanujan’s letters to G. H.
Hardy [53]. Many of these very peculiar formulae have been proved
by S. L. Malurkar [44], Nanjundiah [47], M. B. Rao and M. V. Aiyar
[55], S. Chowla [16], ]J. W. L. Glaisher [19], G. H. Hardy [24], G. N.
Watson [67], H. F. Sandham [59], Grosswald [21] and others. How-
ever, a number of them have never been heretofore proved in print.
Furthermore, many of Ramanujan’s formulas are generalized here. Let
us cite just 2 examples.

One of Ramanujan’s most beautiful theorems, which, in fact, pre-
dates Ramanujan, is the representation (Proposition 2.7 below),

(12) PP
1

where n > 1 is an odd, positive integer and B; denotes the j-th Ber-
noulli number. We shall show that if V is an elliptic transformation
with fixed pointX € J# = {z: Im(z) > 0}, then (Theorem 2.9 below)

i k2n-1 _ %
(1.3) k=21 =1 an”

provided that n > 1 and (cy + d)>* # 1. Since Vz= —1l/z has i as a
fixed point, (1.2) is a special case of (1.3).

Another curious result found in Ramanujan’s Notebooks is (Proposi-
tion 4.8 below):

= (= 1Kk + 1)

(14) cosh{(Zk + 1)7/2}

=0,

%
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where n is a positive integer. We shall show that if 0=r<1
(Proposition 4.20 below),

2” (= 1)k2k + 1)2M-lcos{(2k + L)r/2}
- cosh{(2k + L)7/2}
= (+1)*(2k + 1)™-lcosh{(2k + 1)rr/2}

DY ,zo cosh{(2k + 1)r/2}

=0,

where M is a positive integer. Thus, if r = 0 and M = 2n, the above
reduces to (1.4).

By no means, is the work which follows exhaustive. We have chosen
those examples which we think are the most interesting, the most
striking, and perhaps the most surprising. General results have been
stated in such a way that the interested reader may simply specify
certain transformations and/or parameters to produce further identities
with almost no further calculation or manipulation. For the most part,
our examples arise from the modular transformation Vz = —1/z. W
have also derived specific examples for the transformation Vz =
—(z + 1)/z. Additional formulae may be obtained by differentiation.
Except for a few instances, we have not emphasized this. Further-
more, we have not given any series relations arising from the more
general theorem in [9], other than those which can be derived from
[7]. Those examples arising from [9] appear to be not quite as in-
teresting or elegant as most of the others given here.

In comparing some of our results with the formulations given in
Ramanujan’s Notebooks, one should keep in mind that the conven-
tions used by Ramanujan for the Bernoulli and Euler numbers are not
those customarily used today. We employ the even suffix notations,
used in [1], for example. Furthermore, some of our formulations, like
that of Ramanujan’s formula for {(2n + 1), for example, are equivalent
to those found in the Notebooks after very elementary manipulation.
Lastly, as was customary in his time, Ramanujan used the notation S,
for {(n),n= 2.

In the following, we choose that branch of log z with —7 = arg z
<.

2. We shall first formulate Theorem 2 of [7] when s = —m, where
m is an integer. To do this, we must introduce some notation and
make a few definitions. If 2 € # and r, and r, are real, let [7, p. 496].

H(z, —m,r,15) = Az, —m, 1\, 13)

1)
+ (—l)mA(z’ —m, — Ty, —72>7
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where

(22) A(Z, —-m,r, 7'2) = 2 2 k—m—1g2nik (nz+rz+ry)

n>—r; k=1

Let a be real and let A\(a) denote the characteristic function of the in-
tegers. Define for areal and o > 1,

(2.3) Us,@) = X (n+ o)~ = {s {a} + Aa)),

where here, and in the sequel, we denote the fractional part of a by
{a}. Of course, {(s, {a} + A(a)) denotes the Hurwitz zeta-function
which has an analytic continuation to the full complex s-plane. Define
R, = ar, + cryand R, = br, + dr,. Let

g(z, —m r, rp)= lim {—\(r))e™(2mi)~5(cz + d)=*T(s)((s, 12)
(2.4) o
+ e™Y(s, —r2)) + A(Ry)(2mi)~T(s)({(s, — Rp) + e™{(s, Ry))}-
Furthermore, B,(x) denotes the n-th Bernoulli polynomial, B,(x)=

B,({x}), and B, = B,(0) denotes the n-th Bernoulli number, where
0 é n< o, pr = {RQ}C - {Rl}d, let

(2.5) h(z, —m, 1}, 13)

2 . ) _
_ % m, vl j— {Ri}\x jd+p (cz + d)y<—!
ng Eo( LV~1By ( c )B"”Z‘k ( c )k!(m +2=k)’

where if m + 2 < 0, we shall understand that h(z, —m, r|, r5) = 0.

THEOREM 2.1 [7, p. 498]. For z € # and an arbitrary integer m,
we have

(cz + dy"H(Vz, —m, r|, r3) = H(z, —m, R}, Ry)

(2.6)
+ g(z, =m,r,r5) + (2mi)™*'h(z, —m, 1\, 13).

We next specialize Theorem 2.1 by setting r, = r, = 0. To calcu-
late g(z, —m)= g(z, —m,0,0), we must separate the case m = 0.
From (2.3), {(s,0) = {(s), where {(s) designates the Riemann zeta-
function. From the functional equation of {(s) [68, p. 269],
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lim (1 + e™)[(s)f(s) = lim (2m)semsi2g(1 — s)

= (2m)~me ™% (1 + m),
provided that m % 0. Thus, from (2.4) for m # 0,
2.7 gz,—m)={1—(—cz—d"}¥(m+ 1).
Since I'(s) has a simple pole at s = 0 with residue 1, we find that
lim [(s)(1 — e™s(cz + d)~*) = log(cz + d) — mi.

$

Since ¢(0) = —1/2 [68, p. 268], we deduce from the above and (2.4)
that

(2.8) g(z,0) = i — log(cz + d).
Put H(z, —m) = H(z, —m,0,0). From (2.1) and (2.2), we see that

(2.9) Hz, —m)= (1 + (1) 3 —K

“omikz — 1"
ko e — 1

Furthermore, suppose that Vz = —1/z or V2 = —(z + 1)/z, so that in

either instance ¢ = 1 and d = 0. We then deduce from Theorem 2.1
the following result.

Tueorem 2.2. For z € 4, m integral, and Vz= —1/z or Vz =
—(z + 1)/z, we have

n 1y ket
zM(1+ (—1) )El o—2nkVz — |
fd k m—1
(2.10) = (1 +(-1)y") 2 otz — 1 + 8 —m)

k=1

. m+2 B (1) B o
m+1 k m+2-k R |
+ (2mi) ZO Ko mt+o—dr A

where g(z, —m) is given by (2.7) and (2.8).

Many consequences of Theorem 2.2 will now be deduced.

Tueorem 2.3 (Eurer’s FormuLa For {(2N)). Let N be a positive
integer. Then

(= 1NN
{@N)= — 2“(2' N)! oN-
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Proor. Let m = 2N — 1 in (2.10). Trivially, from (2.9), H(z, —2N
+ 1) = 0. Using (2.7), we see that (2.10) reduces to

2N( — +1
-+ vogen) = B 5B - B,

where we have used the fact that By, = 0, k= 1. Since B,(1) = 1/2
and B, = —1/2, Euler’s formula now follows.

Note that if we set r;, = r, = 0 and m = 2N — 1, N > 0, in (2.6), we
obtain an infinitude of formulas for (2N).

THEOREM 2.4 (RaMaNUjaNs ForMuULA FOR (2N + 1)). Let a and B
be positive numbers such that o8 = w2 Let N be a positive integer.
Then,

o {(eN + 1) + i L }

162‘3*—1

< k—2N-1

@) = o {UeeN+ )+ 3 S

N&l B; Bonio_:
__ 02N 1\ 2k 2N +2 -2k +1—-kpk
2 3 @GN+ 2 - o ® B

Proor. In (2.10), let m = 2N, where N is any integer except 0. Also,

let V2 = —1/z and z = in/a. Since 7%/a = B, we obtain upon the use of
2.7),
= k-2N-1

—1W 2N x -

2(—1)N(rla) k2=1 s
S k! N 2N
=2y T + {1 = (=1)N(mla)® (2N + 1)
(2.12) k=t
+ (27)N+I(—1)N+] NZH 1) By By ook (mlag) 1.

= (2k)! (2N + 2 — 2Kk)!

Multiplying both sides of (2.12) by (—8)~N/2, we arrive at (2.11).

Theorem 2.4 is quite remarkable. First, we see that this formula is
the natural complement of Euler’s formula for {(2N) in that both



MODULAR TRANSFORMATIONS 153

formulae are instances of the application of the transformation Vz =
—1/z to the function H(z, —m). Secondly, appearing in the summands
of the infinite series of (2.11) are generating functions for the Bernoulli
numbers:

(x| < 2m).

Thus, Ramanujan’s formula gives a formula for {(2N + 1) involving a
finite sum of Bernoulli numbers and two doubly infinite series involv-
ing Bernoulli numbers. If a is a rational multiple of 7, we see, es-
pecially from (2.12), that {(2N + 1) is a rational multiple of 72N +! plus
two very rapidly convergent series.

If N is even and a = B = =, equation (2.11) yields no information on
(2N + 1). If Nisodd and a = B8 = =, (2.11) or (2.12) reduces to

(2N + 1)

(2.13) o L 3n_1

= (277)21\]77 Nil (_1)k+l B2k BZN+2—2k E N
P k) @GN+ 2—2k) - & e -1

Formula (2.13) has an analogue for even N which can be gotten by
differentiating (2.10), as we shall see later.

Theorem 2.4 has an interesting history. Formula (2.11) is stated
twice by Ramanujan in his Notebooks [54, vol. I, p. 259, no. 15; vol.
IL, p. 177, no. 21]. However, the special case (2.13) appears to have
been first proven by Lerch [38]. The first published proof of Ramanu-
jan’s formula (2.11) appears to have been given by S. L. Malurkar [44] .
Grosswald has given a proof of (2.13) [20] and the more general for-
mula (2.11) [21]. These two papers [20], [21] of Grosswald brought
Ramanujan’s formula to light long after it had apparently been for-
gotten. Smart [65] has recently proved (2.13), and Katayama [29],
[32] and Riesel [57] have recently established (2.11).

Theorem 2.2 in the case Vz = —1/z and m = 2N with N > 0 was
first proven by Guinand [22] and the resulting formula for {(2N + 1)
is explicitly stated by him. In another paper [23], Guinand discusses
his results again and gives an equivalent formulation of (2.13). Chand-
rasekharan and Narasimhan [15, pp. 15-17] have also given a proof of
Guinand’s result. Theorem 2.1 in the case r; = r, = 0 and m = 2N >
0 was first proven by Apostol [3], but due to a miscalculation the term
involving {(2N + 1) was omitted, and hence a formula for (2N + 1)
was not ascertained. Many years later, Apostol [5] and the present
author independently realized that Ramanujan’s formula could be
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deduced from a corrected version of Apostol’s theorem [3] or from
the author’s result [7, equation (30)]. A corrected version of Apostol’s
result was first given by Mikolas [45] and shortly thereafter by Iseki
[28]. Bodendiek [12] and Bodendiek and Halbritter [13] have also
given proofs. Guinand’s result is a special case of more general results
of Mikolas [45] and Glaeske [17], [18]. Essentially then, several
proofs of Ramanujan’s formula have been given in the literature, al-
though at the time most of the authors did not realize that they were
giving proofs of Ramanjan’s formula.

In fact, Ramanujan’s formula for {(2N + 1) is but one of an infinite
class of such formulas, as we can see by setting r; = 7, = 0 and m =
2N in Theorem 2.1. The most elegant formulae arise by letting V be
an elliptic transformation and then letting z be a fixed point of V. We
give one additional example, which is indicated by Smart [65], to
illustrate this. Let p = (—1 + iV3)/2. We also use p in another sense
in this paper (See the sentence prior to Theorem 2.1.), but there
should not be any cause for confusion in the sequel.

PropositioN 2.5. If N is a positive integer, then

k—2N-1

(1 = p*M@2N + 1) = 2(*N — 1) i (C1fe™as 1

k=1

N+1 B- B o
— 1 2N +1; 2k 2N +2-2k 2k—1
DY@ X Gl en+2— 2P

Proor. In Theorem 2.2, let Vz = —(z + 1)/z and z = p which is a
fixed point of V. If m = 2N, where N is any integer except 0, we get
upon the use of (2.7),

* k-2N-1
2(pN — 1) 2

Cfe™=1 (I—p>N) (2N + 1)
k=1

(2.14)

+ (271.)2N+1(__1)N+1i Nil B2k 32N+2—2k 2%—1
& (k) @N +2— 2k

The proposition now follows.
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If we use the relation

(2.15) e—i_—l = (1/2) coth(x/2) — 1/2,

Ramanujan’s formula (2.11) may be transformed into

5 coth(ak) N - C
NZ k2N +1 =(=B)" 2 k2N +1

N+1 B B .
— 92N +1 —1) 2k 2N +2—2k + 1—kok
2 EO UV ok eN+2- o ® P

where af = 72 and N = 1. Proofs of the above have been given by
Nanjundiah [47] and Riesel [57]. In particular, if a =8 =7 and N
is odd, we get from the above, or alternatively, from (2.13),

o coth@mk) _ oon onir N ppker B Bon+2- 2
El e 20( V" et @v + 2 — 2k

The last result in the case n = 3 was communicated by Ramanujan in
the first of his now famous letters to Hardy [53, p. xxvi]. The cases
n=1 and n= 3 can also be found in Ramanujan’s Notebooks [54,
vol. II, p. 180, ex. i, ii]. However, in fact, the general result was
initially established by Lerch [38] in 1901. Sandham [58] proved the
case given in Ramanujan’s letter. Lerch’s result has also been proven
by Watson [67], Sandham [59], Smart [65], and Sayer [60].

If we use (2.15) in Proposition 2.5, we find that for N= 1 and N # 0
(mod 3)

i coth(rikp) _ (2m)>N+I(—1)Ni NXD By Bynia 2k pZ—1,
KN PN —1 & (2k) (N + 2 — 2K)!

In fact, let V be any elliptic transformation with fixed point y € .
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Then, unless (cy + d)>N = 1, Theorem 2.1, in the case r, = r, = 0,
enables us to find in closed form the value of

where N is a positive integer. In this connection, see also another
paper of Lerch [39].

By the use of (2.15), other results in the sequel may be transformed,
but we shall not specifically mention this.

As the proofs show, Theorem 2.4 and Proposition 2.5 are valid for
any non-zero integer N. We would like now, however, to examine the
results for N < 0 in more detail.

ProposiTION 2.6. Let a and B be positive numbers with o = 7% I
n > lis an integer, then

© k2n—1 hnd k2n—1
(2.16) k=1 €

Proor. In (2.12) let N = —n, where n > 1. The finite sum on the
right side of (2.12) is then empty. Multiply both sides of (2.12) by
(—B)*2 and use the fact that [68, p. 268]

(2.17) {1 —2n)= —B,,2n (n>0).
Proposition 2.6 then follows forthwith.
PropositioN 2.7. Forn > 1 and odd,

© k:)n 1 ;
21
Proor. Seta = 8 = 7 in (2.16).

The latter two results were also stated by Ramanujan in his Note-
books. Proposition 2.6 is found in [54, vol. I, p. 259, no. 14] and
Proposition 2.7 is found in [54, vol. I, p. 171, Cor. iv]. Proposition 2.6
is also found in [52, p. 269] or [53, p. 190], but no proof is indicated.
Proposition 2.7, however, was first established by Glaisher [19] in
1889. Proofs of the more general Proposition 2.6 have been given by
S. L. Malurkar [44], B. M. Rao and M. V. Aiyar [55], Hardy [24],
[25, pp. 537-539], Nanjundiah [47], Lagrange [36], and Grosswald



MODULAR TRANSFORMATIONS 157

[21]. The special case n = 7 of Proposition 2.7 was stated in a letter of
Ramanujan to Hardy, dated January 16, 1913 [53, p. xxvi]. A proof of
Proposition 2.7 has been given by Watson [67]. Sandham [58] proved
the special case communicated in the letter to Hardy and later [59]
proved the general result. Special cases of Proposition 2.6 were also
proved by Aiyar [2].

Propositions 2.6 and 2.7 arise also in the following way. As usual,
let 0,(n) = ¥4, d" Then, for y =0 and n > 1, we shall see shortly
that Proposition 2.6 is equivalent to

)
2 02n—l(k)e_2"ky
k=1

(2.18)
2 = 2 B‘n 2
=(=1)ry= 3 09, y(k)e=2H + 4_2{1 = (=1)ry=2}
For any v,
(k)e-2rkv = Swrdy =
219) ¥ o,k 2 3 deir dE] ol — 1"

If we use (2.19) in (2.18), let y = a/m, and suppose that o = w2 with
a, B > 0, we obtain Proposition 2.6 once more.

It is difficult to say who first proved (2.18). It, at least, predates
Hurwitz’s thesis [26] in 1881. Koshliakov [34] in 1928, the same year
as Hardy’s proof of Proposition 2.6 and Watson’s proof of Proposition
2.7, gives (2.18). There are also proofs of (2.18) by Guinand [22] and
Chandrasekharan and Narasimhan [15, pp. 15-17].

Proposition 2.8. Let n> 1 be an integer such that n % 0(mod 3).
Then

k2N-1 _ By,

,Z"l (—1ke™V3— 1~ dn’

Proor. In (2.14) let N = —n, where n > 1. Employing (2.17), we
are done,

Proposition 2.8 was first established by Rao and Aiyar [55], [56].
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In fact, Propositions 2.7 and 2.8 are special cases of a considerably
more general theorem.

TueEOREM 2.9. Let V be an elliptic transformation with fixed point
y € J, and let n > 1 be an integer. Then if (cy + d)>* # 1,

2'0 k2n—l _ h
e — 1 4n’
Proor. In Theorem 2.1 set r, = r, = 0 and m = —2n, where n > 1.

Then h(z, 2n,0,0) = 0 by (2.5). Using (2.7) we find that (2.6) becomes
(cz + d)=*H(Vz,2n) = H(z,2n) + {1 — (cz + d)~>"}{(1 — 2n).

Setting z = vy in the formula above and using (2.9) and (2.17), we de-
duce Theorem 2.9 at once.

CoroLLary 2.10. Let S denote the set of all the fixed points in H of
all the elliptic modular transformations. Then S does not have a limit
point in H.

Proor. Fix an integer n > 1 and consider

o .- -l BZn
El -1 4n’
Clearly, f(z) is analytic on J. By Theorem 2.9, f(z) has a zero at each
fixed point y € J4. Since the zeros of an analytic function are isolated,

Corollary 2.10 follows.

Corollary 2.10 is a well-known result and can be found in [64, p.
9].

The foregoing results required that n > 1. We next examine the
casen = 1.

ProposiTiON 2.11. Let o, B > 0 with o = w2 Then

2.20
@20) e El -1 24

S

20k

Proor. In (2.12), put N = —1. The result now follows upon the use
of (2.17) forn =
If we set a = B = 7 in (2.20), we deduce the following proposition.

ProposiTiON 2.12. We have
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vk _1_ 1
(2.21) k% por s Bl il

Formulas (2.20) and (2.21) also appear in Ramanujan’s Notebooks
[54, vol. I, p. 257, no. 9; vol. 11, p. 170, Cor. 1]. Proposition 2.12 is also
stated by Ramanujan as a problem in [50], [53, p. 326]. Ramanujan
gave a proof of (2.21) in [53, p. 34], [51, p. 361] that depends upon
formulae from the theory of elliptic functions. However, in fact, (2.20)
and (2.21) appear to have been first proved by O. Schlomilch [61],
[62, p. 157]. Proofs of (2.21) have also been given by Watson [67],
Sandham [58], Lewittes [40], [41l], and Grosswald [21]. Malurkar
[44], Rao and Aiyar [55], Lagrange [36], and Grosswald [21] have
also given proofs of the more general result (2.20). The general trans-
formation formulae for A(z, 2) were first proven by Hurwitz [26], [27],
and so the latter author had also essentially established the last two
propositions before Ramanujan. Another proof of the transformation
formula for A(z, 2) in the case Vz = —1/z has been given by Guinand
[22].

Proposrition 2.13. We have

1 1

= k
2. ——— = .
(2.22) ,Z:I (—1)kem®V3—1 24 47V3
Proor. Put N= —1 in (2.14), and (2.22) easily follows after an

elementary calculation.

Proposition 2.13 has also been proved by Rao and Aiyar [55] and
Lewittes [40].

Propositions 2.12 and 2.13 are, in fact, special cases of a much more
general theorem.

TueoremM 2.14. Let V be an elliptic transformation with fixed point
v € . Then

k c

3 -1
,(2::1 e-2miky — 1 24 + drif(cy + d) — (cy + d)~'}

Proor. In Theorem 2.1, set r; = r, = 0 and m = —2. From (2.5),

hz2,0,00= — 3 (cz+ d)-1 = —cl(cz + d).
i=1

Thus, with the aid of (2.7), (2.9), (2.17), and the above, we find that for
2=,
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© k * k

2 -2 —_— = —_—

(cy + d) k2=1 o-2mky — | 2 k2=1 e—2mky —
_{l=(y+tad?} ¢

12 2ri(cy + d)

The theorem now easily follows.

Next, we examine Theorem 2.2 in the case m = 0. This gives the
transformation formulae of logn(z) for the two transformations —1/z
and —(z + 1)/z.

ProrosiTioN 2.15. Let o, 8 > 0 with a8 = w2 Then
(2.23) DD — log at 2
) k(2 — 1) 12

k=1

S _1 B
gl 1)1 logB + 1o

Proor. Using (2.5), (2.8), and (2.9) in (2.6) with m = 0, we get

= 1 = 1
2.24 . = .
( ) kgl k(e—kaVz — 1) kgl k(e—'?mkz — 1)
1 mi mi
— —logz— = (z+ 1/z) + T
g logz— o (z + 1z) 4

Setting Vz = —1/z and z = 7wila in (2.24), we arrive at (2.23) after
simple manipulation.

The last result, of course, is just a consequence of the transformation
formulae of log n(z) [6, pp. 167-168], and so it is difficult to attach any
priority to it. Proposition 2.15 is found in Ramanujan’s Notebooks [54,
vol. I, p. 255, no. 8]. Nanjundiah [47] and Grosswald [21] have also
proven Proposition 2.15.

Many interesting results will now be obtained from the differentia-
tion of (2.6) and (2.10).

TueoreM 2.16. For z € 4, m integral, and V2= —1/z or Vz =
—(z + 1)/z,

« k—m-—1
mzn 1+ (=1 3 S
k=1 €
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2.98 1 T L
@)+l (-1M 3 s

= (27)2N+1 N}EI(_I)kH(zk - 1) Bsx Bon a9k
= (2k)! (2N + 2 — 2k)!’

Proposrtion 2.19. Let N # 0 be an integer. Then

k-2N-1

ANp2N-! { (12EeN+ 1)+ 3 (= 1Fem*vim 1
k=1

i k-2N
'2 ; — 2N-2 -
(2.29) + mi(l — p2N-2) 3 ko)

. . NGl B, Bonio—sk -
= 2N+1( _1\WN+1 — 2%k —2
SO ,EO @k =1 o) @GN+ 2 = 2P

Proor. In (2.25), let V2= —(z + 1)/z, and set z = p which is fixed
by V.

For N > 0, Proposition 2.17 is the analogue of Theorem 2.4, and
Proposition 2.18 is analogous to formula (2.13). Equation (2.28), in
fact, includes (2.13), for if we let N be an odd, positive integer in (2.28),
we get (2.13) after some manipulation. Proposition 2.19 is, of course,
analogous to Proposition 2.5 for N > 0 and is more general than the
latter proposition which is vacuous for N = 0(mod 3). The first proof
of (2.28) for N > 0 appears to be by Grosswald [20]. Further formulae
for {(2N + 1) may be achieved by further differentiations of (2.6) or
(2.10). The formulas for ¢(3) and {(5) that one gets after two differen-
tiations of (2.10) were discovered by A. Terras [66] in a completely
different way. A similar type of formula for {(3) was established by
Koshliakov [35].

We now examine in detail some interesting special cases of the
previous three results. First, we suppose that N = —n, where n > 1.

Proposition 2.20. For n > 0 and even,

© k:?.n—l _ l i k2n _ B2n
e —1 2n “~| sinh¥wk) 4n’

=1

k=1

Proor. In (2.28), set N= —n, where n > 0 is even, and then use
(2.17).
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ol k—me—'.a-risz

+ 2mizn2(1 + (=1)m) >

e~ 2mikVz 1)2

(2.25) k=t
= omi(l+ (=) S K L —m)
= (e—Qafikz — 1)2 4
| mt2 By(1) Bk
—_— s\m+1 — — \k=-2
(2mi) zo K (m+2— k) (k = 1)(—2)k2
where
, 1m+1 m—1 + 1 0
@) g'z-m= {" 1/2 ma" = (m :750

Proor. Differentiate (2.10) with respect to z. Note that for each V,
V'(z) = 1/z% Use (2.7) and (2.8) to determine g'(z, —m).

If m is odd, no new information is obtained from (2.25). Thus, we
shall assume that m is even and put m = 2N.

Tueorem 2.17. Let o8> 0 with af = 72 Le N be a non-zero
integer. Then

©

k-2N-1
4NN { (L2)Z@2N + 1) + k}‘:l ] }

: T T v PSR VAURE < B S
(2.27) + a~N+! zl sinh?(ak) (—B) kz sinh?(8k)

=1

Nat B Bon o
= 92N +1 —1)k+1 22k 2N +2 -2k 9k — 1)adv+1-kgk,
2 3 U o N+ 2 — 2k kT DR

Proor. Apply Theorem 2.16 with Vz = —1/z, and set z = wila.
The final form is gotten after multiplying both sides of the resulting
equation by (—1)Nig~128-N+1/2,

The next proposition is obtained by setting & = 8 = 7 in the pre-
vious theorem.

ProposiTioN 2.18. Let N # 0 be an integer. Then

k—2N-1

4N{(1/2)§2N+1) + 2} o
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Proposition 2.20 then is the natural complement of Proposition 2.7.
In fact, if we set N = —n, where n > 1 is odd, in (2.28), Proposition
2.7 is achieved again. Proposition 2.20 can be found in Ramanujan’s
Notebooks [54, vol. II, p. 269, no. 5] and is stated in a letter from
to be by Rao and Aiyar [55]. Other proofs have been given by Gross-
wald [21] and C. T. Preece [48].

ProposiTioN 2.21. Letn > 1 be integral. T hen

®© k n—1 7n B:Zn

2.30 ket m ey K BT

(2:30) ZI (—1)kerkVi— (p P ) kzl sin%(rkp) 4n
Proor. In (2.29),let N = —n,n > 1, and use (2.17).

CoroLLARY 2.22. Letn > 0 andn= 0 (mod 3). Then

e k2n--] ©
2 ( 1)ke1rk\/§_ 2

Thus, Corollary 2.22 is complementary to Proposition 2.8. If n=
1(mod 3), Proposition 2.21 reduces to Proposition 2.8. However, if
n = 2(mod 3), since sin®(rkp) is real, we deduce the following sur-
prising fact from (2.30).

CoroLLARY 2.23. Let n > 1 with n = 2(mod 3). Then

k2n an
sin*(rkp) 4n

had k2n
El sin(kp) 0
In analogy with Theorem 2.9, one could easily state a general propo-
sition that would include Propositions 2.20 and 2.21 as special cases.
Merely, set m = 2n,n > 1, in (2.6), differentiate both sides of (2.6)
with respect to z, and then let z = .
We consider now the case N= —1. Putting N= —1 in (2.28)
simply gives another verification of Proposition 2.12.

ProposiTiON 2.24. We have

0

(2.31) S k2sin(rkp) = 1/6m>

Proor. In Proposition 2.19 let N = —1. Employing (2.17), we find
that

Sk mo gy -t o
(2.32) 2 (= 1)kem*va— 1 +g =) gl 51n2(7rkp) 8mp*’
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If we equate imaginary parts in (2.32), we arrive at (2.31).

If we equate real parts in (2.32) and use (2.31), we deduce Proposi-
tion 2.13 again.

We return to Theorem 2.16 to discern some very striking results for
m = 0. Rewriting (2.25) for m = 0, we have, by the use of (2.26),

hd e—Zm’sz
k§=:l (e—Zm'sz — 1)2
(2.33)
P ¢~ 2mikz iz z2, 1
=2 Y T B_E, 2
z El (e-2kz — 12 47 24 24

ProposITION 2.25. Let o, 8 > 0 with of = 72 Then

(2.34) i eschi(ak) + B S csch2(Bk) = —1 + (a + B).
k=1 k=1

Proor. In (2.33) let V2= —1/z and then put z = 7i/a. Equation
(2.34) is then obtained very easily.

ProposiTiON 2.26. We have

2 esch?(rk) = 1/6 — 1/27.

ProoF. Seta = B = 7 in (2.34).
Proposition 2.27. We have

i 2wkp) = 1r V3 — 1/6.

Proor. In (2.33) let Vz = —(z + 1)/z, and then let z = p. Elemen-
tary manipulation then yields the desired result.

Equation (2.34) appears to have been first stated by Lagrange [36].
Proposition 2.26 was evidently first proved by Nanjundiah [47], how-
ever. It was later stated as a problem by Shafer [63]. Muckenhoupt
[46], Kiyek and Schmidt [33], and Ling [42] have also given proofs.
Kiyek and Schmidt [33] and Ling [42], [43] have further summed
higher powers of csch(rk).

It is clear that one could produce further identities and summations
of the types described above by successive differentiations of (2.6) and
(2.10), but we shall not pursue the matter further.
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3. In this section, several fascinating relations, some analogous and
some generalizing those in § 2, will be derived from Theorem 2.1 when
r, =0 and 0 < r, = r < 1. Define for k and m integral and w com-

plex,

(3.1) fk —m,w) = { 2sin@rkw), m odd,

2 cos(2rkw), m even.

Then from (2.1) and (2.2), we find that for z € 4,

o kmif(k, —m, 1)
(3.2) H(z, —m,0,r) = g e R
For Imw £ 0 ando > 1, define
(3.3) p(w,s) = Y e2rinwp=s,

If Im w > 0, then s may be an arbitrary complex number in the defini-
tion (3.3). Then, from (2.1), (2.2) and (3.3), for z € H,

H(z, —m,r,0)

k-m— IeZm'k(n—r)z

(3.4) = k—m-lg2mkn+r)z 4 (—1)m

1 n

M
Ms
M
M

0 1k

kol
[}

[

1

I

n

= k™ If( m, rz)
= 3 EELR I e m 1)
k=1

Leto < 0. Then by Hurwitz’s formula for {(s, ) [68, p. 269],
L(s){L(s, ) + e™L(s, —1)}
(277 { i n2anr + 7ws/2)

sin(mr nl-s

(3.5)

+ems Yy
n=1
(2miye(—r1,1 —s).
This provides the analytic continuation of ¢(w, s), when w is real, into
the whole complex s-plane. From (3.3) and (3.5), we deduce that

¢(w, s), for each w with Im w = 0, is an entire function of s.
If R, is not an integer, we find from (2.4) and (3.5) that

(3.6) g(z, =m,0,r) = (—1)"*Y(cz + d)"p(—r,m + 1).

S sin(—2anr + 7s/2) }

nl—s
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Suppose that Vz= —1/z or V2= —(z + 1)/z. In either case, R,
=1, Ry, = Oand p = 0. Thus, from (2.5) we find that

&2 Bl — 1) Brnia—x
3.7) h(z, — = k *
B7) ha=mOn= ¥ T 2R

(—z)k-1,
TueoreM 3.1. For z € J and an arbitr_ary integer m, we have

2“’ k=m=Yf(k, —m,r) _ = k= f(k, —m, rz)
&2 e—?nrisz -1

= e—?m'kz. -1
(3.8) + orz,m+ 1)+ (= 1)z (—r,m + 1)
&2 Bi(r) Bnisk 4,

— ;ym +1
(2mi) EO kKL m+2-k)! -
Proor. Use (3.2), (3.4), (3.6), and (3.7) in Theorem 2.2. Then em-

ploy the property [1, p. 804] By(1 — r) = (—1)kBy(r).

We give together the proofs of the next two theorems. Quite re-
markably, the first shows that the Fourier series of the Bernoulli poly-
nomials are easily deduced from Theorem 3.1.

TueOREM 3.2. Let N be an integer and let 0 < r < 1. Then, for
N=0,

22N + DI(—1N*! = sin(2rnr)
o Povea(n) = (2 )N +1 El nZNﬂ;rTr
forN=1,
(3.10) Bon(r) = 2NN (=1N*! & cos(2mnr)

n2N

(2m)2N

Tueorem 3.3. Let N be an integer, let 0 < r <1, and let a,8 > 0
with o = w2 Thenif N= 0,

n=1

B cos(2mkr) > k—2N-lcos(2rkr)
o { () P +k§ o1 )

2N =lcosh(2Bkr)

Y -2
2= g2k —

VAL By (1) Bon 122k ;
— 92N — 1)k 22k N +1-kgk.
22 U o eN+ 2 - 28) R
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fNZ1,

d (2mkr)
2

o-N+I2 { (1/2) 2 smk ) 4 k—2Nsinh(2rkr) }

ek — 1

T M

1

- e e & kZ*Nsinh(98kr)
(312) = (—LNg-N+U {(1/2)2 D T }

8 (CppBonlr) B
— 9aN- 2k +1 N —2k kak
2V Y U @ —ae @R

Proors. In Theorem 3.1 let Vz = —1/z and put z = wi/a. Then

o —-m-1 —_ © —-m-1 — g
(il 2 k eﬁk,_ 1m, r) s k 'f (k, —m, mirla)

k= k=1 ek —1
(3.13) + e(mirla,m + 1) + (= 1"+ (7ila)"p(—1r,m + 1)
mi2 Bk(r) Bm+2—-k (ﬂ'i/a)k—l

— @ ¥ T mt 2= R

First, suppose that m is even and put m = 2N. Using (3.1) and
multiplying both sides of (3.13) by (—B)~N, we get

= k—2N-lcos(2rkr > k=2N-lcosh(2B8kr
2a~N kz o _(1 ) = 2-B)N Y o28k — (123 )
-1

+ (=B)N T k-2N-lg=28kr — oNo(—r, 2N + 1)
k=1
(3.14)
Wiz By(r)  Byy.o-
02N+l 5 Dk ON +2—k
2 ,zo’ kI (2N +2— k)

aN + l—kIZBkIZ.

Let N = 0. Equating real parts in (3.14), we arrive at (3.11). Equating
imaginary parts in (3.14), we deduce (3.9).

Secondly, suppose that m is odd and put m = 2N — 1. Using (3.1)
and multiplying both sides of (3.13) by (—1)¥8~N+!2, we obtain

= k—2Nsin(2nkr)
~-N+1/2 _ 7
2a gl POTEE]

-] _2NQ
(3.15) = Q(—1)N+Ig-N+12 2%

k=1
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+ (_1)NB—N+112 2 k—2Ng—2Bkr ia—N+l/2‘P(_r, 2N)

k=1
2N+l By(r) B;

— 92N ik—1 2k 2N+1-k +1/2-k/2gk/2,
D T B L

If we equate real parts in (3.15), we get (3.12), and if we equate
imaginary parts in (3.15), we get (3.10).

Let us examine in detail (3.11) when N = 0. Putting N = 0in (3.11),
for a = 72 we arrive at

i cos(2mkr) —y i cosh(QBkr) 2:: ¢—2Bkr

iy k(e** —1) 7 2 k(e — 1)
> 2k
— 2 w — af6 + By(r)8.
k=1

Now

i e~ 2Bkr

% — log(1 — e~2f") = Br — log{2 sinh(Br)}
k=1

énd
% cos(2mkr)
E —_— =

k-1 k
Since also By(r) = r2 — r + 1/6, (3.16) becomes

— log {2 sin(wr)}.

9 z”: Cos 21rkr) _9 2“’ cosh(28kr)

217 k(e3> — 1) &) k(e*fx — 1)
3.17) sin(mrr)
= 18 — of6 + B/6 + log sinh(Br)

We will put (3.17) in a slightly different form. Replace a by o and
B by B2, and let r = n/B in the new notation for 8. We then obtain
the following version of (3.17) which evinces more symmetry.

ProrosiTioN 3.4. Let o, >0 with o = 7. Suppose that 0 <
an <w. Then

©

> cos(2ank) cosh(28nk)
sz 22k(e2/i k—1)
(3.18)
sin(am)

sinh(Bn)

— o2l6 + B26 + log
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Formula (3.18) is found in Ramanujan’s Notebooks [54, vol. I, p. 257,
no. 12; vol. II, p. 169, no. 8 (ii)]. A proof of (3.18) has been given by
Lagrange [36].

If we put @ = B = 7 and r = 1/2 in either (3.16) or (3.17), we get

— 1)k s CSCh(?Tk
23 e

+ log 2 — n/4.
k=1

Theorems 3.2 and 3.3 are generalizations of Theorems 2.3 and 2.4.
In fact, if we let r tend to 0 in (3.10) and (3.12), we obtain Euler’s
formula again in each case. Letting r tend to 0 in (3.11), we get
Ramanujan’s formula (2.11) once more. Formulas (3.11) and (3.12) are
natural generalizations of (2.11) and may be considered as “Ramanujan
formulas” for

d cos(2rrkr) Z sin(2mkr)
& kN & kN
respectively.

Putting r = 1/4 in (3.9), using the fact that [1, p. 806]
(3.19) B,(1/4)= —n4—"E,_, (n=1),
where E; is the j-th Euler number, and using (1.1), we have

(27T)2N+ l(_ ]_>N+l

L2N +1)= 9@N + 1)! Byn+1(1/4)
(m[2)>N 1 (—1)N
2(2N)! 2

which, of course, is well-known [1, p. 807].

ProrosiTiON 3.5. Let N = 1 be integral, and let o, B > 0 with off =
72 Then

a-N+U2 { (1/2)L(2N) + 2 - l)k(Zk + 1) ZN}

2a(2k +1) — 1

.

oy~ B g s

4 o k2N

-3 i (_l)k E2k B2N—2k aN‘k(B/S)k
R (2k)! (2N — 2K)! '
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Proor. Put r = 1/4 in (3.12) and use (1.1) and (3.19). After simplifi-
cation we get (3.20).

Equation (3.20) is also in Ramanujan’s Notebooks [54, vol. I, p. 274;
vol. 11, pp. 177-178, no. 21 (iii)] . The first proof of (3.20) was given by
Chowla [16].

ProposiTioN 3.6. Let N = 1 be integral, and let a, B > 0 with o =
w2 Then

ek — 1

o { (112)2 % — Lg@N + 1) + A b }
k=1

(B21) = R(-HNI N1

N+1 B B .y
— 92N —1)k(21-2k — 2k 2N +2-2k +1—kk
xS Daniante—am® #

Proor. Putr = 1/2in (3.11). Recall thatforo > 1

S (= 1k = (215 — 1)g(s)
k=1

and that [1, p. 805]
(3.22) By (1/2) = (21-2% — 1)By.
After some simplification, (3.21) is readily achieved.

By putting & = 8 = 7 in (3.14) and (3.15), we easily deduce the next
proposition.
ProposiTioN 3.7. Let N be any integer and let 0 < r < 1. Then
S k~®-lcos(2mkr) v = k~*~lcosh(2mkr)
22 ek — 1 =21 El ek — 1

k=1

(3.23) 4+ (=1 ﬁ k=2N-lg=2nkr — Re{p(—r, 2N + 1)}
k=1

N+1 By (r) Bon+2-2k
_ 2N +1 — 1)
(2mr)>N EO 1 "ok @N + 2 — 2k)!

and
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PE e TR E ey

(324) + (=1 3 k-Ne-24+ Imfp(—r,2N)}
k=1

N Byk+1(r) __ Bon-ak
= (@) ,20 (=1F (2k +l 1)! (2N — 2k)!

If N< 0, Re{p(—r,2N + 1)} may be replaced by ¢(—r,2N + 1) and
Im{p(—r,2N)} may be replaced by —ip(—r,2N) in the above
formulas.

Interesting consequences will now be deduced from the preceding
formulas when N = 0. Some facts about Eulerian numbers will be
needed. For A # 1, the Eulerian numbers H,[A],n= 0, may be
defined by

xn
n!’

(3.25)

1—2x -

=3 H,\
sy = 2 H
where |x| is sufficiently small. Apostol [4, p. 164] has calculated
¢(—r, —n), where n is a non-negative integer. Rewriting his findings
in terms of Eulerian numbers, we find that

_ (=1rHy[e=>]

eir — 1

(3.26) o(—r, —n)

ProposiTioN 3.8. Let 0 < r < 1 and let n be an integer. If n> 1,
then

= k>~ lcos(2mkr) = k22~lcosh(2rkr)
2y — 2T g S PR
(327) TR P
<.y A H,,_ [e 2]
— (—=1) n—1,—2nkr — —2n—1 ;
(—1) 1?—_:1 kn-lg o — 1
ifn= 1, then
= k2sin(2rk = k2nsinh(2rk
5> asin( wkr) Fo-1p 3 k -Svlk (2mkr)
(3.28) el i em—1
s ) H,,[e~2mr]
— (—=1)n 2n,—2rkr —= 2n
(=1 X ke prm——

k=1
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Proor. Put N= —n in (3.23) and (3.24) and use (3.26) to obtain
(3.27) and (3.28), respectively.

ProposiTion 3.9. If n > lisintegral, then

[ 1)kk2n 1 fd
21 e — (=1)n 2 ~lesch(wk)
_ (@ —1)B,,
on '

Proor. Put r=1/2 and N= —n in (3.27) and use the fact that
[14, p. 257]

H, [-1] =21 -2"B,/n (n=1).

An equivalent formulation of Proposition 3.9 has been given by
Glaisher [19].

ProposiTion 3.10. Let0 < r < 1 and o, 8 > 0 with a8 = 72 Then

=k cos(21rkr) >k cosh(2B8kr)
a g2k — 2 o2k — 1
k=1
(3.29)
= —1/4 + (1/8)(a csc?(wrr) — B csch?(Br)).
Proor. In (3.14) put N = —1. An elementary calculation shows that

©

E e—2Pfkr = (1/4) csch?(Br).

From (3.25), H,[A] = —1/(1 — A). Hence, from (3.26),

o(—r, —1) = —(1/4) csc3(nr).
With these calculations, (3.29) is now immediate.

Proposition 3.10 is due originally to Schlomilch [61], [62, p. 157].
The special case when a = B = 7 is given by Watson [67]. Formula
(3.29) may be written in a slightly more symmetric form by employmg
the device used to produce (3.18).

CoroLLARY 3.11. We have

k(— 1)k

ek — 1

>
k=1 =
Proor. Puta = B = 7 and r = 1/2in (3.29).

(112) i k esch(rk) = 1/8 — 1/dr.
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ProposITION 3.12. Let0 < r < 1 and o, B > O with a8 = 72 Then
>~ sin(2mkr) 5 = sinh(2Bkr)
all? 2 PO + g2 2 TS

(3.30) 7' k=1
= (1/4)(B"2 coth(Br) — a2 cot(xr)) — (1/2)m8"2.

Proor. Put N = 0in (3.15). From (3.26),

1
r—1

o(—r,0)= o = —(1/2)i cot(mr) — 1/2.

Of course,

L

T ek = 1
28r — 1

P e2fr — 1

Putting the above values in (3.15), we obtain (3.30) after a little sim-
plification.

The first proof of Proposition 3.12 is due to Schlomilch [61], [62, p.
156]. Another proof has been given by Lagrange [36] .

Formula (3.30) takes a somewhat more symmetric shape if we re-
place a by o2, B by B2, and let r = n/8. Then for o = 7 and 0 <
an <, (3.30) is transformed into

ai sin(2amk) +8 2‘” sinh(28nk)

e%’k— 1 e2f’k— 1

k=1 k=1

(3.31)

= (1/4)B coth(Bn) — (1/4)a cot(am) — (1/2Mm.
In the latter form, (3.31) is found in Ramanujan’s Notebooks [54, vol. I,
p. 257, 259, no. 13; vol. I, p. 169, no. 8(i)] .

We have only proven identities in this section in the case Vz =
—1/z. Theorem 3.1, of course, can be also used to generate identities
involving p. Further identities may be achieved by differentiating
(3.8). Lastly, we mention that beautiful identities may also be ob-
tained from Theorem 2.1 when 0 < r|, r, < 1.

4. In this section we derive many interesting series relations in-
volving characters. For one particular character, that character as-
sociated with L(s), the results are largely due to Ramanujan and can
be found in his Notebooks. We shall confine our results to the case
Vz = —1/z.

First, we introduce some definitions and notation in order to state a
result of [11] in the case V2 = —1/z. As before, let r, and r, be real.
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Let X, and X, be primitive characters, each of modulus k. Extend the
definition of X, to the set of all real numbers by defining X,(r) = 0 if r
is not an integer. For z € J4 and m integral, define

(41) H(z, =m; X, Xp; 11, ) = A(z, —m; X1, Xg; 71, 73)
+ Xo (= IXa(—1)(— 1) Az, —=m; Xy, Xg; — 11, —13),
where
Az, —m; X Xg; 11, T3)

4. d
(4.2) = 2 X ( 2 Xo(v)y—m- 1p 2miv {(u+7" )z +1% Yk

n>-r

Let G(z, X) denote the Gaussian sum,
k=1l )
G(z,X) =Y, X(j)2ri=k,

and put G(1,X) = G(X). For primitive characters, we have the funda-
mental result [6, p. 313]
(4.3) GX)GX) = X(—1)k.

The generalized Bernoulli polynomials B,(x,X), n= 0, are defined
by

+

(4.4) (xx—knlzx(; (2 ])

and the generalized Bernoulli numbers B,(X),n= 0, are defined by
B,(X) = B,(0,X). In the sequel, without explicitly saying so, we shall
repeatedly use the facts that for j = 0 [10],
szH(X) =0 (X even)
and
B,i(X) =0 (Xxodd).

TueoreM 4.1. Let z € Jf and let m be an integer. Suppose that

Xl(rl) = Xz(rz) = 0. Then

(— 2k[2mi)"G(Xo)H(— L/z, —m; Xy, Xa3 71, T2)

ws) = X, (= 1)(=k2aiy"G(X,)H(z, —m; X5 X5 12, — 1)
o w2 B(—ry,X) Bueaf—ruX),
B R A
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Proor. In Theorem 1(i) of [11], let s = —m and Vz = —1/z. Using
(44) in the calculation of f(z, —m; 1, 75;j, u, ¥) in (3.2) of [11], we
obtain (4.5).

ThEoREM 4.2. Let m be an integer and suppose that
Xi(—=I)Xo(—1)(—1)™ = 1. Then forz € H,

(— zkl2miy"G(Xs) i Xo ()~ 1G(— vz, X,)

v=] ]‘ - e‘?qril'/z
(4.6) = xl(_ 1)(“k/2m)"'G(xl) 2.0 xl(V)li_i—eSﬁ(:Z, Xz)
i B Bacs®)

2 m+2-))

Proor. In (4.5), let r, =1, = 0. Letting p=rk+2,0=r< =,
0=2 =k — 1, and using the hypothesis X;(—1)Xy(—1) (—=1)" =1,
we find from (4.1) and (4.2) that for z € ¥,

H(z, —m; X, Xs; 0,0) = 2A(z, —m; X1, Xy; 0, 0)

© k-1 ©
=9 2 X2(V)V_m“l Z Xl(l)e%l'“/k 2 e2nirz
= =1

r=0

- Xo (V)" 1G(vz, X))
2 2 1 — e2min '

Using the above calculation in (4.5), we conclude (4.6) upon the
realization from (4.4) that By(X) = 0.

Let us further specialize by setting X = X, = X,. Hence, m is now
even, and so we write m = 2N. Let z = wilke, where a > 0, and
determine B > 0 by the relation a8 = 7?k% Thus, we deduce the
following theorem.

TuEOREM 4.3. Let N be an integer. Let o, B > 0 satisfy the relation
off = w?lk% Then
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= X(v)v=2N-1G(iakvir, X
a~NG(X) §_) X) l_eik,” )

47  =Xx(—1)(—B) Nc(x)g”xv)v-;N_- eG_(;fﬁv/n,X)

A BiX)  Byyi2-i(X)
— 92N[k —iy J' i o +1-i12Gil2,
D A e T

Tueorem 4.4. Let N be an integer such that X(—1)(—1¥ = —1.
Then

ad )_((V)V‘2N‘1G(iv,x)
2 1—e-2m

v=]1

(4.8)
- _ Ve iy ey B Bonis j(X)
= —(14)@alk)N*X(—1)GR) >, (—i) o GNT

j=1

Proor. Let a = B = w/k in Theorem 4.3 and employ (4.3).

We now examine some examples of the above results for certain
characters. Throughout the remainder of the paper, X;, Xz, X3, and X,
shall denote the following primitive characters. First,

—1)n-1r2 n odd,
xam= {70

n even,
and

(= 1)»* =18 podd,
Xe(n) = { 0, n even.
Next, X3(n) = (3) and X,(n) = (), where (3) and (§) denote
Legendre symbols. X, and X3 are odd while X, and X, are even.
First, we discuss the implications of our results for X;. We have
G(ix,X,) = e~ 2ml4 — g=6m/4 = 9e—n%sinh(7x/2) and G(X,) = 2i. From
(4.4), for odd

(4.9) Bj(X,) = 4~ '{B,1/4) — B,3/4)} = —jE;_,/2,
where we have used (3.19) and the fact that B,(1/4) = — B;(3/4) [1, p.
806] .

ProposiTiON 4.5. Let o, > 0 with o = w%16. Then if N is any
integer,
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3 (=1
5 (2v + 1)2N+lcosh {2(2v + 1)a}

e (-1y
(4.10) + (—=B)N g 2 + 1) +lcosh{2(2v + 1)8}

E;
= 92N-2, - ___&_}ﬂiaw—j i
G a e
Proor. In (4.7), let X =X,. Use (4.9) and the calculations im-
mediately prior to (4.9).

Formula (4.10) is also found in Ramanujan’s Notebooks [54, vol. I,
p- 279; vol. II, p. 177, no. 21 (ii)] . The first published proof of (4.10) is
due to Malurkar [44]. Nanjundiah [47] has also proven (4.10). For-
mula (4.10) may be considered as an analogue of (2.11).

ProposiTioN 4.6. Let M be any integer. Then

(—1)sech{(2v + 1)r/2}
2 2V + )4M+l

(4.11)
_ 4M+1 E4M 2
= (1/4)(m/2)™M 2 (= )’f])ﬁ (74—1\7_2]])_

Proor. In (4.10), put N = 2M, where M is an integer, and set a =
B = w/4. Formula (4.11) follows forthwith.

For M > 0, Watson [67], Sandham [59], and Riesel [57] have also
given proofs of (4.11).

ProposiTiON 4.7. Let a, B > 0 with o = 7?/16. If n is any positive
integer, then

(—1)2v + 1)2n-1 2 (=12 + 1)1
2_:0 cosh{2(2v + l)a} ~o cosh{2(2v + 1)[3}

Proor. Let N = —n in (4.10).

This last result is stated explicitly in Ramanujan’s Notebooks [54,
vol. I, p. 276; vol. I1, p. 172, no. 14] .

ProrosITION 4.8. Let n be any positive integer. Then

(=1)2v + 1)#n-1
Zo cosh{(2v + 1)7/2}

Proor. Put M = —n in (4.11).

=0.
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Proposition 4.8 was stated as a problem by Ramanujan in [49]. It
is also stated in Ramanujan’s Notebooks [54, vol. II, p. 172, Cor. to no.
14]. Besides the proof of Malurkar [44], proofs have also been given
by Chowla [16], Nanjundiah [47], Sandham [59], and Riesel [57].

ProposiTion 4.9. Let o, 8 > 0 with o = 7%/16. Then

> (—1)sech{2(2v + 1)a}
EO v+ 1

—1)sech{2(2v + 1)8} _
v+ 1 ”

/4.

+ > (
v =0
Proor. Put N = 0in (4.10).

This last result is found in Ramanujan’s Notebooks [54, vol. I, p.
277].
Secondly, we examine examples involving X,.

ProrosiTioN 4.10. Let M be any integer. Then

> (= 1)ye+Ui2sinh {(2v + 1)r/4}
b (2v + 1)M+3cosh{(2v + 1)7/2}

v=0

(4.12) " B B "
= 9-12 AM +3 — 1)+l ZA\2 4M+4-2i\22
271 mh) Z U o aMt a- g

Proor. We have
Glix, Xy) = e™™4 — g=3milt — g=5mld 4 g=Tnxl4
= 2e " {cosh(3mx/4) — cosh(mx/4)},

and G(X,) = 2%%. Apply Theorem 4.4 and note that N must be odd.
Thus, set N = 2M + 1. Since

G(ix,X) _ sinh(wx/4)

1—e 2  cosh(mx/2)’

formula (4.12) follows.

An equivalent formulation of Proposition 4.10 is due to Chowla [16].

ProposiTiON 4.11. Let n be any positive integer. Then

i (= 1)+ D2(2p + 1)4=3sinh {(2v + 1)m/4} —0
for’ cosh{(2v + 1)r/2} '
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Proor. Put M = —n, wheren > 0, in (4.12).

PropositioN 4.12. We have

i l)u(: v+ 1)/251nh{(2v + 1)1T/4}

5o (2v + 1)3cosh{(2v + 1)m/2} 7364 V2.

Proor. From (4.4), By(Xy) = 2. Apply (4.12) with M = 0.
Thirdly, we apply our theorem to X;.

ProposiTion 4.13. Let o, > 0 with af = 7%/9. Then if N is any
integer,

o ___sinh(av) -
! 2 (3) V2N +Iginh (3ar) (Bav)

—g)-v 3 (¥) . Snh@r)
(4.13) + (=B)~N ”gl (3) v2N +15inh(38v)

Byi+1X3) B *';&f(x) —igi
= @) 3 (-1 SRt

Proor. Apply Theorem 4.3. Note that G(X;) = iV/3, and G(ix, X;) =
2e~sinh(zx/3). Formula (4.13) then readily follows.

ProposiTION 4.14. Let M be any integer. Then
2“‘: (g) sinh(wv/3)
, S \3/ piM*lsinh(mv)

_ V3(2n[3)M+1 2M (—1y By+1(X3) Bamry-3i(X3)
4 far 2+ 1)! (4M + 1 - 2))!°

Proor. Let N = 2M and a = 8 = #/3 in (4.13).

(4.14)

ProposiTiON 4.15. Let n be any positive integer. Then

2—» (3v + 1)*~Isinh {(3v + 1)x/3}
P sinh {(3v + 1)r}

_ . (3v+ 2)in—Isinh{(3v + 2)1r/3}
- g sinh {(3v + 2)r}

Proor. Let M = —n,n > 0, in (4.14).

v
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ProrosiTion 4.16. We have

> (v Sinh(mv/3)
5 (3) sty = V8

v=1
Proor. From (4.4), B,(X;) = —1/3. Now let M = 0 in (4.14).
Lastly, we consider identities for X,,.

ProposiTiON 4.17. Let M be any integer. Then

2‘ <Z) cosh(3mv/5) — cosh(wv/5)
S \S viM+3sinh(7v)
_ V5(2r[5)M+3 2M+1 (—1)+! Bgz'('xz;) B4M—2i+.4(x4) _
4 = 2 (4M — 2 + 4)!
Proor. Apply Theorem 4.4. Here G(X;) = V5 and G(ix,X,) =
2e~™ {cosh(37x/5) — cosh(wx/5)}. The result now follows easily.

In analogy with our work in §2, we can obtain further formulae
from differentiating (4.6) with respect to z. For example, one can ob-
tain a general formula for X(—1)(—1)¥ = =+ 1 that includes Theorem
44 whenX(—1)(—1)¥N = —1.

Next, series relations will be derived when r;,= 0and 0 < r, = r <
1 in Theorem 4.1. Using (4.1) and (4.2) and letting u = rk + 2, 0=
r< o, 0= =k — 1, we easily deduce that for z € &,

H(z, —m; X, X; 0,_ r)

(4.15) : |
% X(v)p=m-if (v, —m, 11k)G(vz, X)
2 1— e2rix
v=1
and
H(z, —m; X, X; r,0)
(4.16)

_ 2‘“ ("= (v, —m, rz/k)G(vz, X)
- v=1 1- eQﬂr’i‘z ’

where f(v, —m, w) is defined by (3.1).

TueoreM 4.18. Let m be any integer, o, > 0 with aff = n?k?,
and 0 < r < 1. Then
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oz XY (v, —m, rlk)G(iakvim, X)
a g 1 — eg2kv
X(wyw=m=1f(v, —m, rBilr)G(iBkvir, X
= X(—1)g-mmizg-m2 2 ( ft 1— effﬁkf) (iBkv1m, )

v=1

(4.17)
m+2 ; Bi(r,X) B,.»_iX)
— Oom+1 1 +2—j
2m G 2;;, i (m+ 2 —j!

am+2-I2giI2,

Proor. In Theorem 4.1, put X =X, =X,,7, =0, r,=1r, and z =
wilok. From [10],

B(—r,X) = X(~1)(— 1)B(r,X) (Z0).

Using the above, multiplying the equation resulting from (4.5) by
(—2a'?)™|G(X), and then using (4.3), we arrive at (4.17).

If we put @ = B = n/k in (4.17), we derive the following theorem.

TueoreM 4.19. Let m be any integer and suppose that 0 < r < 1.
Then

= Xy (v, —m, r/k)G(iv, X)
.Z: 1— g2
(4.18) = X(—1)e-mm2 2 X(v)v=™-f (v, —m, rilk)G(iv,X)

1— e 2

- el Q2 Bi(r,X) Bumis—iX)
Gy S, 11 HEEL Pt

j=0

If we let m be even and let r tend to 0 in (4.17) and (4.18), we obtain
(4.7) and (4.8), respectively.

We now consider a couple of examples to illustrate the two previous
theorems.

From (4.4),

(4.19) Bj(x,X;) = 4~ YBj((x + 1)/4) — By((x + 3)/4)},

Furthermore, if Ej(x), j= 0, denotes the j-th Euler polynomial, we
know that [1, p. 806]

(420)  E_(x) = {«x+ D2) - B(xl2)}  (GZ1).

From (4.19) and (4.20), we deduce that
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(4.21) Bx,X)) = —2-3E_\((x + 1)2) (j=1).

ProposiTion 4.20. Let N be an arbitrary integer and let o, > 0
with af = 7%/16. Then

2‘ —1)cos{(2v + 1)mr/2}
~o (v + 1)>N+1lcosh{2(2v + 1)a}

v

ad (—1)cosh{2(2v + 1)Br}

(422)  + A B o )W icoshp@ + 18]

-—

& BB Ewey
T2 UG e - g

and
_N+12 i (=1)sin{(2v + 1)rr/2}
/<, (v + 1)2Ncosh{2(2v + 1)a}
(4.23) — (—1)Ng-N+12 i (—1)sinh {2(2v + 1)Br}

(2v + 1)®cosh{2(2v + 1)8}

v =0

s oo By (rH 1R) Eavy o
N g( 1y22 5 = 1) (2N—2])‘QN 128,

Proor. In (4.17), let X = X,. Use the calculations prior to Proposi-
tion 4.5. Using also (4.9) and (4.21), we find that -

d (—1)f@2v + 1, —m, r/4)

—m/2
* .,g() (2V + 1)m+ICOSh{2(2V + l)a}

e & (=1 + 1, —m, Bilr)
(4.24) - e /-B /2 ugo (2V+ 1)m+lCOSh{2(2V+ I)B}

m1 E_(r+1)2) Epiiy N
- j+1gm+j —i=1 m+l-y (m +2—7)I2Gj/2,
]21' G=1)! (m+1—j" L

Consider first the case when m is even. Put m = 2N in (4.24), use (3.1),
and in the finite sum on the right side of (4.24) replace j by 2j + 1.
Formula (4.22) then follows forthwith. If m is odd, put m = 2N — 1
in (4.24), use (3.1), and in the finite sum on the right side of (4.24)
replace j by 2j. We then get (4.23).
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If we let r tend to 0 in (4.22), we obtain Proposition 4.5 again, since
[1,p.804]

(4.25) E, = 2E(1)2) (= 0).

The preceding formulas assume a somewhat more symmetric shape
if we change variables in a manner similar to what we have done
before. For example, let us examine (4.23). Replace a by a%4, B8 by
B%4, and, in the new notation, let r = 2a/r. Thus, for o8 = 7 and
a < 7/2, we now have

a2V 2 (=1)sin{(2v + 1)a}
(2v + 1)?Ncosh{(2v + Lo?/2}

v =

| v (—1)sinh {(2v + 1)8}
(4.261 — (—1)Ng-2N+! 2 (2v + 1)Xcosh{(2v + 1)B%2}

N oo o o Egi(ofm + 1/2)  Egn_s; . e
= —1)i+192j-2N-2 ~2-1 % 2N +1-2jR32
2= (=1)rias Q-1 (@N-2) “* B

If we let N = 0 in (4.26), we obtain

i (—1)sin{(2v + 1)a} -8 2 (—1)sinh{(2v + 1)B}
* & cosh{(2v+ 1)a?2) ~ cosh{(2v + 1)8%2} °

which may be found in Ramanujan’s Notebooks [54,
vol. I, p. 276; vol. I1, p. 171, no. 12] .

We shall not write out explicitly any more examples to illustrate
Proposition 4.20. However, the cases of (4.22) and (4.23) when N= 0
are especially striking. If we let « = 8 = /4 in (4.22), let r tend to 0,
and use (4.25), we obtain Proposition 4.6 if N is even.

ProposiTioN 4.21. Let N be any integer. Then

= (— 1)+ D2cos{(2v + L)rr/4}sinh{(2v + 1)7/4}
go (2v + 1)2N+lcosh{(2v + 1)m/2}

v

S (= 1)@+ 2cosh{(2v + 1)rr/4}sinh {(2v + 1)m/4}

@2 -(-DV 3 (2 + 1) *lcosh{(2v + L)m/2}

N . B; ~(1’, X: ) B +2—¢ (X2)
= 2N + + 2j 2 2N +2—2j
VB ()N 2 - @) (N + 2 — 2j)!

and
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= (—1)w+Di2sin{(2 + 1)rr/d}sinh{(2v + Lyr/4)
) (2v + 1)?Ncosh{(2v + 1)m/2}

2 (=1)¢*D2sinh {(2v + 1)7r/4}sinh {(2v + 1)7/4}
o (2v + 1)2Ncosh{(2v + 1)r/2}

_ o S ey Bairi(rXs) Ban—gi(Xs)
=Va@i 3 (-1 (zéjl+1)!2 (2N — 2j)! -

Proor. Apply Theorem 4.19 and use the calculations from the proof
of Proposition 4.10.

If we let N be odd and let r tend to 0 in (4.27), we get Proposition
4.10.

We shall conclude the paper with some examples of another class of
series identities involving primitive characters. As usual, let L(s, X)
denote the Dirichlet L-function associated with X. In [11, Theorem 4],
we proved the following theorem. Special cases were first proved by
Chowla [16]. See also the papers of Katayama [30], [31].

THEOREM 4.22. Let N be any integer. If X is even, then

LN + 1,X) = (2/k)(— VGX) fj —’-”—M

e-ﬂrl

(4.28) —g 3 XoPTTT

ifX is odd, then

L(2N = — + G v, —2N
( ,X) (2l/k)( )N l( ; x) z: _1’_X)”_l_
v=1 €
-9 §°°: M
(4.29) b 1

T+ S (TGN + 1 - 2,%).
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We shall work out a few beautiful examples that can be deduced
from this theorem when N = 0.

ProposiTioN 4.23. Let n be a positive integer. Then

(430) Ep=(-1p 3 —20 _ _4 3 CD@+ DT

/< cosh(7v/2) Sy e+ — ]

Proor. Apply (4.29) with X = X;, and let N = —n with n > 0. Use
the calculations prior to the proof of Proposition 4.5. If j is a positive
integer, then [10, § 4], [37]

(4.31) L1-j,X)= — B{X)lj,

and so by (4.31) and (4.9), L(—2n, X,) = Ey,/2. Formula (4.30) now
follows immediately.

An alternative proof of (4.30) may be obtained by putting a =8 =
7 and r=1/4 in (3.15) and observing that ¢(—1/4, —2n) =
—iL(—2n,X;). Formula (4.30) was first shown by Chowla [16].

ProposiTioN 4.24. If n is any positive integer, then

= (=122 4 1)2n-1
e2n(2+1) — 1

v =0

+( )n+l\/_ sinh(wV/4)V2"“1 _ an(XZ) )
cosh(rv/2) 4n

v=]
Proor. Apply (4.28) with X = X,, let N = —n with n > 0, use the
calculations from the proof of Proposition 4.10, and employ (4.31).

ProrosiTioN 4.25. If n is any positive integer, then

% (v p2n (=1t & sinh(@y3)p?  Byny(X3)
2G) a2 e

sinh(zv)

Proor. Apply (4.29) with X = X3, and use (4.31).
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In [11, Theorem 5] we also derived formulae for L(2N + 1,X),
where X is even, and L(2N,X), where X is odd, involving p =
(—1 4 iV3)/2. Formulae, analogous to those of the three preceding
propositions but involving p, may be easily deduced from this
theorem. Further formulae may be derived from Theorem 3 of [11].

This paper was prepared and written while the author held visiting
positions at the University of Oslo and at Tel-Aviv University. The
author thanks both universities for their hospitality and support.
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