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NUMERICAL APPROXIMATION FOR 2m TH ORDER
DIFFERENTIAL SYSTEMS VIA SPLINES

JOHN GREGORY AND FRANKLIN RICHARDS

1. Introduction. In [1] an approximation theory for elliptic forms
on Hilbert spaces was given. The principal results were concerned
with inequalities involving the signature s(o) and the nullity n(o)
of the form J(x; o) defined on A(o), where o is a member of the
metric space (3, p) and (o) denotes a closed subspace of a Hilbert
space A. These results were later applied to second order differential
systems ([2] ).

In this paper we consider elliptic forms whose associated Euler
equations are self adjoint, 2m th order ordinary differential equations
in p dependent variables. It is shown that the inequalities hold for
the approximation of arcs (whose component functions x,(t) satisfy
x, € Cm~1, x,m~1 is absolutely continuous, and x,™ &€ L2) by 2m th
order splines. Thus the approximation is by finite dimensional prob-
lems. The indices s(o) and n(o) are shown to be given by the num-
ber of negative and zeros eigenvalues of a symmetric matrix. A descrip-
tion is given for the application of these procedures to the numerical
approximation of eigenvalue problems in this setting.

Splines are used in this paper in two ways. On the abstract level,
their well known approximation properties simplify the “proofs”
needed to show that the approximating hypothesis of [1] is satisfied.
On the applied level it is shown that splines are the right approxi-
mating elements. It is interesting to observe that the “chain is com-
plete”, if we view splines as solutions to fixed end point problems in
the calculus of variations.

It is clear that ideas and results of this paper may be applied to a
wide variety of problems; for example to eigenvalue or focal point
problems associated with linear self adjoint systems of ordinary or
partial differential equations. In addition these results can be related
to problems in optimal control theory as well as the calculus of varia-
tions. In a later work the results of this paper will be applied to
numerical solution of oscillation points for 2m th order differential
systems.,

Section 2 contains the ideas from [1] which are needed in this
paper. In Section 3 we define the fundamental quadratic form and
Hilbert space, and the approximating forms and spaces. Section 4
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contains the necessary properties of splines, proofs that the approxi-
mating hypothesis hold, and finally the fundamental inequalities
(Theorems 12 and 13). Section 5 shows that the approximating indices
s(o) and n(o) may be obtained as the number of negative and
zero eigenvalues of a real, symmetric, sparse matrix. Finally Section 6
shows that general compact eigenvalue problem can be “solved” by
our approximation methods. Theorem 16 shows that the k th eigen-
value is a continuous function of the approximation parameter o.

2. Preliminaries. We now state the approximation hypothesis given
in [1]. These hypotheses are contained in conditions (1) and (2). In
this paper -4 will denote a Hilbert space with inner product (x, y)
and norm |x| = (x,x)Y2. Strong convergence will be denoted by
x, => xo and weak convergence by x,— x,. The bilinear forms Q(x, y)
in this paper are assumed to be bounded and symmetric. The asso-
ciated quadratic form is given by Q(x)= Q(x, x).

Let 3 be a metric space with metric p. A sequence {o,} in X con-
verges to o, in I, written o,— 0y, if lim,,.p(co,, 0o) = 0. For
eacho in ¥ let #(o) be a closed subspace of o4 such that

(la) ifo,— 09, x, in HA(0,), x,—= Y, then y, is in A(0ay);

(1b) if xy is in A(gy) and € > 0 there exists § > 0 such that

whenever p(o, 0¢) < § there exists x, in A(o) satisfying
llo = x|l <ee.

For each o in % let J(x; o) be a quadratic form defined on A(o)
with J(x,y; o) the associated bilinear form. For r=0,1,2, - - - let
x, be in HA(o,), y, in HA(o,) such that: if x,—>x, y, =y, and
o, — g, then

(23) 1imr—> uo](xr’ yr; 0',.) = ](xO’ Yos UO);

(2b) lim,., .inf J(x,; 0,) = J(xo; 0); and

(2c) lim,_, oJ(x,; 0,) = J(x9; 0¢) implies x, = x,.

The form J(x) is elliptic on A if conditions (2b) and (2c) hold with
J(x) replacing J(x; o) and A replacing A#(o). The signature (index)
of Q(x) on a subspace B of A4 is the dimension of a maximal, linear
subclass € of B such that x # 0 in € implies Q(x) < 0.

The nullity of Q(x) on B is the dimension of the space B, =
{xin B | Q(x,y) = 0 for all y in B}. In this paper we denote the index
and nullity of J(x;0) on A(o) by s(o) and n(o) respectively.
Let m(a) = s(a) + n(o).

Theorems 1 to 4 have been given in [1].

THEOREM 1. Assume conditions (la), (2b), and (2¢c) hold. Then for
any o in 3, there exists § > 0 such that p(o,, o) < & implies
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3) s(o) + n(a) = s(ay) + n(oy).

THeoREM 2. Assume conditions (1b) and (2a) hold. Then for any
0 in 3 there exists 8§ > 0 such that p(o,, o) < & implies

4) s(og) = s(o).
Combining Theorems 1 and 2 we obtain

THEOREM 3. Assume conditions (1) and (2) hold. Then for any o,
in 3 there exists § > 0 such that p(o,0,) < & implies

(5) s(og) = s(0) = s(o) + n(o) = s(oy) + n(oy).

CorOLLARY 4. Assume & > 0 has been chosen such that p(o,o0)
< & implies inequality (5) holds. Then if p(o,00) < & we have

(6a) n(a) = n(oy),
(6b) n(o) = n(o,) implies s(o) = s(oy) and m(o) = m(o,), and
(7) n(oy) = 0implies s(o) = s(op) and n(c) = 0.

3. The Forms J(x; o) and the Spaces 4(c). In this paper A will
denote the totality of arcs x in (¢, x, * - -, x,) space defined by a set of
p real valued functions x:x,(t), 0=t=1; a= 1, - - -, p) such that
x,(t) is of class Cm-1; x,m=1)(¢) is absolutely continuous; x,™)(t) is
square integrable. In the remainder of this section a denotes a param-
eter with values 1,2, - - -, p; q a parameter with values0, - - -,m — 1;
superscripts denote the order of differentiation; and repeated indices
are assume summed. The inner product is given by

(% 9) = %090 + [ (g, ™(e) s, (m ot summed)

with corresponding norm given by ||x|2 = (x, x).

Let 3 denote the set of real numbers o = 1/n (n =1,2,3, - - ) and
zero. The metric on 3, is the absolute value function. Let A4(0) = A.
To construct A(o) for o =1/n define the partition =(0o)
= {kIn|k=0, 1, - -, n}. The space A(o) is the space of spline
functions with knots at 7(co), which shall be described in Theorem
5. The space is a p(n + 1) dimensional space.

The fundamental (real) bilinear form is given by

(©) Jy) = Hey) + [ B0y, 900) de

where §
H(x,y) = Assx,R(0)ys*)(0) + Bys[x,%(0)y, (1)

+ %, %(L)ys (0)] +Cog x5 L)y, *X(1),
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A,f; = A:}E, C,f; = C,f,i‘ and By s are constant matrices; R (t) = R, (t)
are (for purposes of simplicity) continuous functions on 0 = ¢t =1,
and the inequality

(10) Rma7g<t)¢u¢ﬂ é h¢a¢ﬁ
holds almost everywhere on 0 = t = 1, for every ¢ = (¢, - * -, ¢,) in
Er, and some h > 0. In the above a,B=1, -+, p; k,2=0, -+ -,

m—1;i,j=0, -, m.
The fundamental quadratic form is

) Js0)=J6) = H@wx) + [ R0 0() dt

For 0 = 1/n(n=1,2,3, - - *) we now define the quadratic form
Jix;0) for x in A(o). Thus let Rl (t) = Ri(kin) if tE [kin,
(k + 1)/n) and R¥,(1) = Baﬂ((n = 1)n) for ,B=1,--,p; i,j=
0, - - -, m. Finally set

12 Jao)= Han + [ Ri(br(x,00) dt
where x = [x,(t), - * -, x,(t)}, x(t) € A(0).

4. Splines and Inequalities. In this section we show that conditions
(1) and (2) hold for the spaces A(o) and forms J(x;o) defined in
Section 3. We first state the necessary results from the theory of
Splines which we need.

By a spline function of degree 2m — 1 (or order 2m), having knots
at 7(1/n), we mean a function S(¢) in C?m~%(— o, ® ) with the property
S(t) € Py, (a polynomial of degree at most 2m — 1) in each of the
intervals (—«,0), (0,1/n), - -+, (n — 1)in,1), (1, @). Letm=n+1
and denote by 35,,(n), those spline functions of degree 2m — 1 which
reduce to an element of P,_, in each of the intervals (—,0) and
(1, ). The last condition implies $®)(0) = S®X(1) =0 for v =m

- +,2m — 2. Theorems 5 to 7 are given in [6].

TueEOREM 5. If yo, * * *, Yy, are real numbers there exists a unique
S(t) € Som(n) such that S(k/n) =y (k=0, -, n).

THEOREM 6. Let f(t) € A (with p = 1), and suppose S(t ) is the
unique element of Ezm(n) such that S(kin) = f(kin), (k= 10, - - -, n).

(a) If s(t) € Sap(n) then

[} 1sm) - emzdez [ (80 - fooe) e,
with equality if and only if s(t) — S(t) € P,,_,.
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(b) [ gmopaz [ smwra,

with equality if and only if f(t) = S(t) in [0, 1].

Tueorem 7. Let f(t) and S,(t) € 3y,,(n) satisfy (for each n such
that m = n + 1) the hypothesis in Theorem 6. Then

(a) lim | ; [S.m(t) — fom(e)] 2 de = 0,

(b) Foreachv=0,1, ---,m—1
lim S, ®)(t) = f®)t) uniformly on [0, 1], and

n—x

(©) lim [ (s.m@)zde= [ (foe)2de

n—®

The following result which characterizes weak and strong conver-
gence in A = A(0) is found in [5]. Leta=1, -, p; k=0, ---,
m — 1, then:

TueoreM 8. The relation x, = [x4,(t), X40(t), * * *, Xgp(t)] converges
strongly to xo = [x9,(t), Xoa(t), * * *, %op(t)] , denoted by x, =>x,, holds
if and only if, for each a and k, x%(0)— x§%(0) and x\w(t) — xgm(¢)
in the mean of order two. Similarly x, converges weakly to x,, denoted
by x,— xo, holds if and only if, for each a and k, x%)(0)— x55)(0)
and x{™(t)—> x§™(t) weakly in the class of Lebesgue summable
square functions. In either case for each a and k, x/%(t)— x4%)(t)
uniformlyon0 =t = 1.

We now show that conditions (1) and (2) hold in light of the
theorems on splines. Let x, in A4(0) = # be given. For o = 1/n;
n=123, - let x,(t) be the unique element of X,,(n) such that
%,;(t) = x¢4(t) for t Em(o) and j= 1, - - -, p, described in Theorem 6.
Let x,(t) = [%,1(¢), %,2(t), * * *, %,(¢)] . Condition (1b) now holds from
Theorem 8.

THEOREM 9. Assume for each o = 1ln (n=1,2,3, - - *) that x, is
the arc constructed above which agrees with the arc x, in A(0) =H
at the points w(o). Then x, = x,. Thus condition (1b) holds.

Since

% = 2ol = [%:2(0) — ¥5.0)] [%%(0) — 45, (0)] +

[V =il — ) o) () — #82e) de,

)
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(where a=1, -+, p; g=0, -+, m—1; a and g summed; m not
summed) the result follows from parts (a) and (b) of Theorem 7.

Tueorem 10. Condition (1a) holds.

Since (o) is a subspace of A = A(0) for each o = 1/n, the result
follows from the weak completeness of Hilbert spaces.

Tueorem 11. If we define J(x; 0) = J(x) then J(x; o) defined on HA(o)
and given by (12) satisfies condition (2).

For (2a) assume x,,y, in A(0,), x,— %9, Yo =>Yyo and o, = 1/r— 0.
Let J(x,y;o) be the bilinear form associated with J(x;0), then
I](xnyr;c’r) — J(xo, yO)l =|J(x,, Yrs a,) — J(x, yr)l + [ J(x,, yr) — J(xo, yO)I
The second difference becomes arbitrarily small as J(x, y) is an elliptic
form on 4. The first difference is bounded by

! ij ij i) @
_[0 [Ras(t) — BRope(1)] el ()Yop (8) dt = My (0)||x|| y:]| = Moy (o),

where ¢(o) = 2sup {|R¥%(t) — R%,(8)|}, and the supremum is taken
for t in [0,1]; i,j=0, -+, m; =1, -, p. Thus the first
difference tends to zero as ¢ — 0 by the continuity of R;;(¢) and the fact
that both weak and strong convergence imply boundedness.

For (2b) assume x, — x, and note that J(x,; o,) — J(xo) = J(x,; 0,) —
](xr) + ](xr) — J(xo). As above '](xr; o) — J(x,)| = M3l,ll(0’,) and can
be made arbitrarily small. The result now follows as J(x) is elliptic
and hence weakly lower semicontinuous.

For (2c) suppose x, > x and J(x,; o,) = J(xo). We note that

s o,) = Jxo) = | [J(xs0,) = Jx)| = J(xo) = J(x)] .

As above |](x,; 0,) — J(x,)]— 0 so that J(x, — J(xo). But J(x) is
elliptic so that x,= x,. This completes the proof.

TueoreM 12. Let J(x) be given by (11). Foro=1/n(n=1,2, - *)
let J(x; o) be defined on A(a) and given by (12). Let s(o) and n(o)
be the index and nullity of J(x; o) on A(o) and 5(0) and n(0) be the
index and nullity of J(x) on SA. Then there exists § > 0 such that when-
ever |o| < §

(13) 5(0) = s(o) = s(o) + n(o) = 5(0) + n(0).

This result follows by Theorems 3, 9, 10 and 11.

In many types of problems, such as eigenvalue problems, focal point
problems, or normal oscillation problems the nullity n(0) = 0 except
at a “finite number of points”. In this case we have
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CoroLLARry 13. Assume the hypothesis and notation of Theorem 12
and that n(0) = 0. Then there exists a 8 > 0 such that whenever
lo| < & we have

(14) s(e) = s(0) and n(o)=0.

5. The Finite Dimensional Problem. In this section we will show that
the indices s(o) and n(o) are the number of negative and zero
eigenvalues of a real symmetric matrix. In a later paper we will apply
the methods of this section to find oscillation points for 2mth order
differential equations.

Let a,p=1,,p;4,j=0,--,m—1,k2=0,---,n; and e =
(a=1n+1)+(k+1); n=(B—1)(n+1)+ @+ 1). Repeated
indices are summed unless otherwise indicated.

Letz = [z,(t), - - *, z,(t)] beafixed vector in 4. We now constructan
approximate vector x = [x,(t), - -, x,(t)] in (o). Assume as above
the ath component function x,(t) is given by &,y,(t) where y,(t) is a
basis element of the spline space 35,,(n) described in Theorem 5. We
note that x,9(0) = &4yx?(0)— z,90) and x,9(1) = &y (1) >
2, 9(1).

From (12) we have

J(x;0) = H(z) + [:) R, (£)x,0(t ), 9(8) dit
= ALEAGOO)E5.5, 9(0) + 2By Y0)Epay, (1)

+ CohEan M Wpnye 1) + [ Rk u(8)y, OX0) dt

=X ftzgakgﬂl s
where
Xf,p’? = AY%y90)y, V(0) + 2By, O(0)y, V(1)
+ Cab gy, 9(1)

1

+ [ R0y, (@) dt.
Ifwesetl, = &,,I', = £,,and d,, = Xkt we have
(15) J(x; 0) = d,, (o)L T, ,

fore,n =1, - - -, p(n + 1).
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We note that the matrix (d, (o)) is symmetric. Forp=1andm =1
we obtain a tridiagonal matrix for zero boundary data. For the general
problem with zero boundary data we note that a different class of
interpolating splines have support on at most 2m intervals. Hence our
matrix will appear in diagonal form, each diagonal of length at most
4m — 1, and “separated” from the next diagonal by length n. Thus the
matrix is sparse (a preponderance of zeros) and existing computor
techniques may be used to find the number of negative and zero eigen-
values of this real symmetric matrix.

THEOREM 14. The indices s(o) and n(a) are respectively the number
of negative and zero eigenvalues of the p(n + 1) X p(n + 1) matrix

(dew(@)).

6. The Associated Eigenvalue Problem. We will briefly indicate
how the above results may be applied to compact eigenvalue problems.
Let J(x) be given by (11). The most general compact form in our
setting is the form

(16) K(x) = Hx) + [ ; Rii(£)x0(6)x0)(£) dt
where
H(x) = A%, 0(0)y,M(0) + 2B, 0)x, 1(1) + Chlak(L)xg ().

The barred matrices described in (16) satisfy exactly the same condi-
tions as the unbarred matrices for J(x) in (9) and (11) except that in
equation (16), 0 =i + j < 2m. That is except for the x,™y,™ term,
J(x) given in (11) is a compact quadratic form. We also assume that
K(x) =0, x in A implies J(x) > 0. References [1] and [3] explain
in detail the relationship between our problem and the eigenvalue
problem for linear, compact, self-adjoint operators. o

Set RY,(t) = Ri(kin) if t is in [k/n, (k + 1)/n) and R5,(1)=

+5((n — 1)/n) where 0 = i + j < 2m. Then we may define

Kix;0) = H(x) + [ Bibo(r.0(0)5,90) dt
Let M = E!' X 3 be the metric space with metric d given by d(u,, po)

= |\ — A\;| + |03 — 0| where p; = (\;,0;) in M. Let K(x; 0) = K(x).
For each real A define

(17) L(x; p) = J(x; o) — AK(x; 0) ,
on the space A(u) = A(o) where p = (A, 0).
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We note that the results given above in the J, o notation hold in the
L, p notation (see Reference [1]). For example, if we define s(u)
= s(\, o) and n(u) = n(A, o) to be the index and nullity of L(x; u) on
A(u) = HA(o), then Theorem 12 becomes

THEOREM 15. Let Ay in E! be given. Let M = E' X 3, p= (A, 0) in
M, L(x; u) be defined on A(u) = A(o) and given by (17). Let po
= (A, 0) in M and (), n(n) be the index and nullity of L(x; u) on
A ) = A o). Then there exists a § > 0 such that whenever |o| < §

(18) s(ko) = s(m) = s(w) + n(w) = s(pmo) + nlpo).

The result follows by an extension of Theorem 3 (see Reference [1]).
Proceeding analogously to equation (15) we obtain

(19) L(x; u) = L(x; A, 0) = e.,(A, o)L’ T,

wheree,n =1, - -, p(n + 1).

We note that the matrix (e, (A, o)) is a linear function of A, and hence
is easily computed for each A and fixed o. It is also symmetric and
sometimes sparse and has the properties described for (d,,(o)).

The following definition gives the relationship between our indices
and the definition of eigenvalues. It is equivalent to the usual definition
for linear, compact, self adjoint operators on a Hilbert space.

Let o in 3 be given. A real number), is an eigenvalue (characteristic
value) of J(x; gy) relative to K(x; 0y) on A(ay) if n(Ag, op) # 0.
The number n(Ag, o) is its multiplicity. An eigenvalue Ay will be
counted the number of times equal to its multiplicity. If A, is an eigen-
value and xy # 0 in A(0y) such that J(xo,y; d9) = AoK(x0, y; 00)
for all y in A(0a,) then x, is an eigenvector corresponding to Ao.

Setting oy = 0, Theorem 15 relates the eigenvalues for the finite
dimension o-problem to the eigenvalue of J(x) relative to the com-
pact form K(x) on 4. Continuity of the nth eigenvalue follows by
Theorem 15 since n(A, 0) = 0 except at the eigenvalues of J(x) relative
to K(x). It is a well known result, that the set A = {A in E! [ n(), 0) # 0}
had no finite cluster point. Let A* be such that L(x; A*, 0) is positive
definite. Let \(o) (k=0,x1, =2, - -) denote the (k + 1) st eigen-
value greater than A* if k= 0 and the %th eigenvalue (@ = —k) less
than A*if k < 0. Then

‘CoroLLARY 16. Ifthe kth eigenvaluer (o) (k= 0, £1, £2, - - -) exists
for o = 0 it exists in a neighborhood of o = 0 and is a continuous
function of o.
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