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QUASILINEAR EQUATIONS AND EQUATIONS WITH
LARGE NONLINEARITIES!

JANE CRONIN

1. Introduction. Two kinds of equations studied in nonlinear
functional analysis are: (i) quasilinear equations, i.e., equations which
differ from a linear equation by a small nonlinear term, usually a non-
linear expression multiplied by a parameter w which is restricted to
small values and (ii) nonlinear equations with well-behaved but “large”
nonlinearities. These two kinds of equations are usually treated by
different methods, and different kinds of results are obtained. (More
extensive and detailed results can be obtained for the quasilinear
equations.) Our purpose here is to study nonlinear equations with
large nonlinearities by regarding them as quasilinear equations in
which the parameter w is allowed to take “large” values, i.e., we let
w € [0,1]. We will study the equations with large nonlinearities by
obtaining results about the quasilinear systems which are valid if the
parameter p is allowed to take “large” values. We study an equation
in a linear space of the form

(E) L(x) + uT(x, u) = 0,

where L is linear and T is a compact transformation which satisfies
a uniform Lipschitz condition and a condition on the rate of growth
of | T(x, w)| as ||x|| increases. In this paper, we consider only the case
in which L has an inverse. (In a later paper, a different hypothesis
will be used). By using Brouwer degree or Leray-Schauder degree
theory, we obtain a theorem concerning solutions of equation (E).
This theorem is then applied to obtain results on the existence of
periodic solutions of ordinary differential equations, periodic solutions
of functional differential equations, solutions of the Dirichlet problem
for nonlinear elliptic equations and solutions of the Dirichlet problem
for nonlinear parabolic equations.

In Section 2, we obtain the abstract theorem. In Section 3, we
apply the theorem to obtain periodic solutions for nonlinear systems of
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ordinary differential equations. The systems studied are of the form
x" = A(t)x + uf(t,x, u) where w € [0,1] and where A and f are
periodic in ¢. The result obtained is related to work of Barbalat and
Halanay [3], Pliss [21], Reissig [22,23] and Gissefeldt [12],
(Giissefeldt’s result has also been obtained by Mawhin [18] by using
a different method), and is closest to that of Reissig and Giissefeldt.
The difference between our result and those of Reissig and Giissefeldt
is that we impose a hypothesis on the f which implies the existence
of an a priori bound on the periodic solutions whereas Reissig and
Giissefeldt assume the existence of an a priori bound on the periodic
solutions. Also we use finite-dimensional techniques whereas Reissig
and Giissefeldt use Leray-Schauder techniques.

In Section 4, the same abstract theorem is applied to obtain periodic
solutions of functional differential equations with large nonlinearities.
The essential difference between finding periodic solutions of ordi-
nary differential equations and periodic solutions of functional dif-
ferential equations is that in the case of ordinary differential equations
it is only necessary to study an equation in a finite-dimensional space,
i.e., Euclidean n-space, whereas in the case of functional differential
equations, it is necessary to study an equation in an infinite-
dimensional space, i.e., a space of continuous functions. Periodic
solutions of nonlinear functional differential equations have been
studied in recent years by a number of writers. Periodic solutions of
quasilinear equations have been studied by Halanay [13], Perell6
[20], and Aizengendler and Vainberg [1]. Periodic solutions of
nonlinear systems have been obtained by Jones [15] by using
fixed point theorems. Periodic and almost periodic solutions have been
studied by Hale [14], and Leray-Schauder degree has been used by
Mawhin [18]. (For further references on periodic solutions of
functional differential equations, see [19].) Only a result in [19]
is related to the result here. Mawhin obtains an extension to functional
differential equations of the result of Giissefeldt. He makes essentially
the assumption that the degree considered is actually defined whereas
we obtain an a priori estimate from the properties of the equation
studied.

In Section 5, the abstract theorem is applied to solve the Dirichlet
problem for a class of nonlinear elliptic equations. The result obtained
is an extension of a well-known result. (Courant and Hilbert [7, pp.
369-372] )

In Section 6, the Dirichlet problem for a class of nonlinear para-
bolic equations is studied.
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2. An Abstract Theorem. Let X be a normed linear space and con-
sider the equation in X:

2.1) L(x) + pT(x, ) = 0,
where u € [0, 1], x € X and

(i) L is a linear continuous map from X into X with a linear con-
tinuous inverse L~! from X into X;

(if) T is a continuous map from X X [0,1] into X such that
T(x, u) is continuous in w uniformly on bounded sets in X, ie.,
given € > 0 and M > 0 then there exists 8 > 0 such that if |u; — pof
< §and if [lx|| < M, then ||T(x, u)) — T(x, w)|| <e.

(iii) for each fixed p € [0,1], T( , ) is a compact map from X
into X (Conditions (ii) and (iii) imply that T takes bounded sets into
bounded sets, i.c., given M > 0 there exists M; > 0 such that if
[x]| < M, then for all uw € [0,1], ||T(x, p)|| < M,).

(iv) There exist positive constants R, A, B, C and € € (0, 1) such
that if ||x|| 2 R, then for all w € [0, 1]

[T(x, w)| < A(B + C|x]|)'

TueoreM 1. For each p € [0,1], equation (2.1) has a solution x.

Proor. Instead of (2.1), we solve the equivalent equation
(2.2) x + pwL='T(x, u) = 0.

Since for each w & [0,1], T(, ) is compact, the Leray-Schauder
degree of I+ wL~'T(, ) where I denotes the identity map,
can be investigated. (If X is finite-dimensional, then instead of
the Leray-Schauder degree, we consider the Brouwer degree.)

Now suppose x, # 0 is a solution of (2.2) for some w € [0, 1]
and suppose ||xo|| 2 R. Then

kol < w| LI AB + Cllxofl)!
or

”xO”l/(l-e)

< L~ 1 A l/(lfe).
Then either ||x,|| < Bor

Jrol 0 ol
L+ Cllall = B+ Clo]

< </"'”L_l” A)l/(l—e),
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or
”xone/(l—e) < (1 + C)([L”LflllA)l/(l~e)'

Thus, we can conclude that the solutions of (2.2) for u € [0,1]
satisfy an a priori estimate, i.e., there is a closed ball B, such that
all solutions of (2.2) for w € [0, 1] are in By. Thus

deg(I + pL='T( , w), By, 0),

where deg(f, S, p) denotes the degree (Brouwer or Leray-Schauder)
of the map f at the point p and relative to the set S, is defined and
has the same value for all uw € [0,1]. Since deg(I, By,0) = +1, we
have forall u € [0, 1]

deg(l + [.LLilT( B l‘l‘)’ BO> 0) = +1’

and by a basic property of degree theory, the conclusion of the theorem
follows.

3. Application to periodic solutions of ordinary differential equa-
tions. We study the n-dimensional system

(3.1) x' = A(t)x + uf(t,x, @)

in which the following hypotheses are satisfied:

(1) w € [0,1];

(2) the elements of matrix A(t) and the components of f are de-
fined for all real ¢, all x € R*and all w € [0, 1];

(3) the elements of A(t) and the components of f have continuous
first derivatives in t for all real ¢ and the components of f have
continuous first derivatives with respect to w € [0, 1] and continuous
first derivatives with respect to the components of x for all x € R

(4) matrix A(t) and function f(¢, x, u) have period T in t;

(5) the equation x" = A(t)x has no nontrivial solutions of period T;

(6) there exist positive constants R, N and € € (0, 1) such that if
[x|| Z R,, then for all w € [0,1] and all ¢t € [0, T], |f(t x, u)|
< N(||x[)'-< also the number N is chosen large enough so that
M < N(R))' ¢, where

M= max |ft.x, Wl
|lxll= Ry
O0sSt=T
O=p=1

(7) f satisfies a Lipschitz condition in x uniformly in ¢ and u,
ie., there is a positive constant L such that for all ¢t € [0, T], all
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wE[0,1] and all  x,x Ry [flt.x, p) — fltx, w| <
L|jx, — x5

LEmMma 1. There exists € >0 such that for t € (—e, T + €),
n € [0,1] and for given ty € (—€, T + €) and given x, € R" there
is a unique solution x(t, u, ty, xo) of (3.1) on the interval (—€, T + €)
and x(¢, p, by, Xy) is a continuous function of (t, u, ty, xo)-

(We are actually interested in the solution only on the interval
[0, T]. We consider intervals of the form (—e, T + €) in order to
avoid consideration of one-sided derivatives at t = O and t = T.) '

Proor. Most of this statement is contained in standard existence
theorems (see Coddington and Levinson [6, Chapter 1]). The only
exceptional part lies in the fact that we are considering a “large”
interval for the values u. However, because of the hypotheses on f,
it is easy to show that the sequence

xO(t> Lo, x())) Tt
x"+1(t, s t()? x()) = Xo + -rg, f[s7 xn<s> s t07 xO)’ :u‘] dS’

where x(t, to, x9) is the solution of x" = A(t)x which is equal to x
at t = t,, converges uniformly for t € [—¢, T + €] (where € is any
fixed positive number), u € [0,1], to, € [—€, T + €] and xy in a
bounded set in R" Hence the solution x(t, u, ty, x9) exists and has
the desired properties.

Now by using the variation of constants formula it follows that the
problem of finding periodic solutions of (3.1) becomes the problem of
solving the equation in Euclidean n-space

[F(T) — F(0)] xo
+ F(T) Jo [F(s)] ' {rf s, 2(s, . 0, x0), ] } ds = 0,

where F(t) is the fundamental matrix of x’ = A(t)x such that F(0) is
the identity matrix, for x, as a function of u. See [8, pp. 65-66].
In order to apply Theorem 1 to equation (3.2), we note first that since
x' = A(t)x has no nontrivial solutions of period T, the matrix F(T') —
F(0) is nonsingular (see [8, p. 66]). Next we want to obtain an
estimate on

(3.3) IE(T) Jo" [E(s)] ~{mf[s. x(s, m, 0, xo), ] } s,
in terms of ||x,|. First, let

B, = max ”F(t)“, B, = n<13<XT ”[F(t)] 71“'

O=st=T O=t=

(3.2)
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Then (3.3) is less than

(3.4) B\B>T max | f[s, x(s, . 0, x0), ] ||
0=s=T
O=su=1

Now either
max ||x(s, u, 0, x0)|| < Ry,
0=s=T
O=u=1

or

O0ss=T
Osus1 Osu=1

max  ||f[s, x(s, . 0, x0), p] || < N( OmaxT [lx(s, m, 0, x0])' <

If x; is such that

max ||x(s, w, 0, x0)|| = Ry,

0=s=T
O=u=1
then
(3.5) max || f[s, x(s, u, 0, x0), ] | < N( max ||x(s, ., 0, x0)||)"' =
0SZ1 omnzt
But
max  [[x(s, w, 0, x0)| = max |x(s, w, 0,0)]
0sSs=T 0=s=T
(3‘6) O=us=1 O=p=1
+ max |x(s, p, 0,x9) — x(s, w, 0,0)|.
e
Let
(3.7) B= max |x(s, u,0,0)]|.
0=s=T
O=u=1
Since
(3.8) max ||x(s, u, 0, x9) — x(s, p, 0, 0)|| = ||xo]|e ™™,
0=s=T
O=u=1

(See Halanay [13, p. 10]), combining (3.3), (3.4), (3.5), (3.6), (3.7),
and (3.8), we obtain: if x is such that

max ||x(s, u, 0, x0)|| = Ry,
0=ss=T
0=u=1
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(in particular, if |x,| = R,;) then
IF(T) Jo [F(s)] ~"{mf[s x(s, m, 0, %), u] } ds]|
= B,B,IN(B + |xo|le™™)!"

Thus, the hypotheses of Theorem 1 are satisfied by equation (3.2) and
applying Theorem 1, we obtain:

Tueorem 2. For each p € [0, 1], equation (3.1) has a solution of
period T.

The conclusion of Theorem 2 does not preclude the possibility that
the periodic solution obtained is the trivial one, i.e., the identically
zero solution.

Cororrary 2. If py € (0, 1] is such that
JTTF(s)] = (5,0, po) ds # 0,

then the periodic solution obtained in Theorem 2 for u = pq is non-
trivial.

Proor. If the condition in the corollary holds, then by the variation
of constants formula, x(¢, wy, 0, x9) cannot be identically zero.
Next we consider the autonomous equation

(3.9) x' = Ax+ pf(x, ),

and assume that the same hypotheses as for equation (3.1) are satis-
fied and that, in addition, A is a constant matrix and f is independent
of t. Let T > 0 be such that the equation x’ = Ax has no nontrivial
solutions of period T. We study the question of whether (3.9) has
solutions of period T for u € (0, 1].

Before proceeding to this study, we make one comment concerning
the status of the problem. In the study of quasilinear autonomous
equations, the classical approach is to assume that as w is varied, the
period of the sought after periodic solution also varies. That is, one
seeks a solution of period T(u) where T is a continuous function of
m. (See, for example, Coddington and Levinson [6, p. 352ff].)
This is intuitively reasonable because one would expect that if the
system described by the differential equation is changed, its “natural
frequency” will be changed. In the main, the mathematical considera-
tions agree with this because if one attempts to apply the classical
Poincaré small parameter method to the autonomous case and if the
problem is a nonresonance problem, then either no periodic solution
will exist or if a periodic solution exists, it will most frequently be
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identically zero. There are, however, exceptions to this. For example,

if
fle, p) = glx, w) + h(w),

where g(0, u) = 0 for all w and where h(u) is a continuous function
of w such that h(0) = 0 and, for |u| sufficiently small but nonzero,
h(w)# 0 and [f) [F(s)] “'ds is nonsingular, where F(s) is a
fundamental matrix of x’ = Ax such that F(0) is the identity matrix,
then there exists a nontrivial periodic solution for each sufficiently
small |u|. There will also be nontrivial periodic solutions in the
resonance case if a further condition on g (a nonzero condition so that
the topological degree of the appropriate mapping is defined and
nonzero) is satisfied. (Actually in the resonance case there is a much
larger class of equations for which there exist nontrivial solutions of
period T. This can be demonstrated for autonomous functional dif-
ferential equations as well as autonomous ordinary differential
equations by using the techniques of [9] and [10].)

We obtain similar results for equation (3.9) by using the same theory
that was applied to equation (3.1).

CoroLLary 2a. If x' = Ax has no nontrivial solutions of period T
and if py € (0, 1] is such that

Jo [E(s)] ~'f(0, po) ds # 0,

then the equation (3.9) with w= po has a nontrivial solution of
period T.

4. Application to periodic solutions of functional differential equa-
tions. We study the n-dimensional functional differential equation

(41) xl = L(t> xt) + I“Lf(t> Xt I“')’
where
(42> L(t’ xt) = -E) © xt(s) ds "l(t S)?

where x,(s) denotes the function x(t + s), where —o < s=0 and
n(t,s) is an n X n matrix with elements 7;;(t,s) such that for i,
j =1,-,n,

(1) mii(t, s), is defined for t=0, —o <s< o, and 7n;(t,s) =0,
ifs= 0.

(2) There exist positive valued functions 7;;(t), V;;(t), defined and
bounded for t = 0, such that for s = —7,4(t),

n;(t, s) = mij(t, —7i5(t)),
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and
V;_(if oMt §) = Vig(t),
where
Vs, o milt.s)

denotes the total variation from s= —7,(t) to s= 0 of 7t s)
regarded as a function of s. (For later use, set

T=  sup 7i(t).

Note that [, x,(s) dm(t,s) = [% x,(s) dm(t,s).) Also for each
fixed ¢, the function of bounded variation n;;(t, s) is the sum of a jump
function and an absolutely continuous function, i.e., m;;(t, s) has no
singular part. See Kolmogorov and Fomin [16, p. 363]. (We will
use results of Halanay [13, Chapter 4]. Halanay does not state this
last hypothesis. However, Banks [2] has pointed out that for
Halanay’s results to be valid, it is necessary to assume that (¢, s)
has no singular part. Actually, Banks has corrected Halanay’s work for
the case of m;;(t,s), an arbitrary function of bounded variation.
Since we want to use later results of Halanay, we restrict n;(t, s) as
described above. It should also be remarked that Halanay does not
give a satisfactory theory for the adjoint system (see Banks [2, p. 400] ).
But the representation obtained by Halanay [13, pp. 365-366,
formulas (23) and (23")] is correct, provided each m;;(t, s) has no
singular part, and this representation and later results based on it are
all we need.)

(3) mi;(t, s) is continuous in t uniformly with respect to s.

(4) For cach s,n(t, s) has period T in variable ¢ where T' > 1.

(5) The equation x" = L(t, x,) has no nontrivial solutions of period
T.

We assume further that f(t,x, ) is a continuous map from
IX C[—7,0] X [0,1], where [ is the real t-axis and C[—7, 0] is the
Banach space of real continuous n-vector functions on [—7,0] with
the usual sup norm into real Euclidean n-space and that f{(t,x,, u)
has period T in variable ¢, and that f(¢ x, u) has the following
additional properties:

) f takes sets of the form

JX € X [0,1],

where J is a subset of I and C, is a bounded subset of C[—7,0],
into bounded sets in R™.
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(7) There exists Ry >0 and N, >0 and € € (0,1) such that if
yEC[—1,0] and |y| = Ry, then for t € [0,T] and u € [0,1],
It y, Wl = N(Jy[)' < Also the number N, is chosen large
enough so that M < N,(R)' ¢, where

M= hub fity. .

welo,1]

(8) f satisfies a Lipschitz condition in y uniformly in ¢t and p,
i.e., there exists a positive constant L such that if ¢ € [0, T] and
w € [0,1] andify,, y, € C[—7,0], then

£t y1 ) = £ty | = Lllys = yal.

where ||y, — ys|| denotes the C[—7,0] norm of y, — y,. For later
computation we will take L > 1.

(9) f is continuous in w uniformly in ¢t and bounded sets in
C[—7.,0], i.e, given € > 0 and B a bounded set in C[—7,0], then
there exists § > 0 such that if |u, — py| < 8, and y € B, then for
allt € [0, T]

£ty m) = flt.y, ma)]| <e.

The first step in finding periodic solutions of (4.1) is to obtain an
analog of Lemma 1 in Section 3.

Lemma 2. For each ¢ € C[—7,0] and each p € [0,1], there
exists a function x(t, ¢, u) defined on [—7,T + €], where € is any
fixed positive number, such that x(t, ¢, u) is a solution of (4.1) for
0=t< T+ € and ¢ is the initial function for solution x(t, ¢, n) i.e.,
if t€ [—71,0], then x(t, ¢, u) = ¢(t). Also x(t,$, n) is a continuous
function from C[—7,0] X [0,1] into C[—7, T + €].

Proor. If ¢ is fixed, then there is a unique solution x(¢, ¢, u) of
(4.1) on [0, T + €] where € is an arbitrary fixed positive number for
each p € [0,1]. The function x(t,¢, u) is defined for t€E
[—7, T + €] and is the limit of the sequence xy(t,¢), x,.(t, D w),
where x4(t,¢) is the solution of x’' = L(t, x,) which has the initial
function ¢ and

Yair(t ¢, ) = $(0) + Jo{L(0, x,0(& ¢, 1)

+ f"f[o-7 xm<g’ ¢’ I"‘)’ I"'] } dﬂ',
for0=t=T + ¢,

= ¢(t), for —1=t =0,
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where x,,(§, ¢, u) denotes (x,),(€ ¢, u). Because of the hypotheses
imposed on L and f; it is not difficult to show, by using standard
arguments that for each n, x,(¢, ¢, w) is continuous in (¢, u) and the
sequence  {x,(t, ¢, w)} converges uniformly in (¢ u) for (¢, u) €
[0,T + €] X [0,1]. Hence, for fixed ¢, the solution x(¢, ¢, u) is
continuous in (¢, w).

Now suppose u is fixed. If ¢, ¢y € C[—7,0], then according to
the fundamental inequality for solutions of functional differential
equations (see Halanay [13, p. 338]) we have: for each u € [0,1],

max ,X(t, ¢17 “‘) - X(t, ¢2’ l")' g ”¢l - ¢2”6L(T+E)'

O0=t=T +e

Since

max  |x(t, ¢y, w) — x(t, o, w)| = maxo [b1(t) — da(t)]

—r=t=0 —T=t=

= l¢1 - ¢2”,

we can conclude that there exists a positive constant B such that for
all w € [0,1],

(43> max lx(t> ¢l> #’) - x(t: ¢2’ /“L)' < B3”¢l - ¢2”

—7=t=T+e

Now suppose ¢, ¢, € C[—7,0], u;, o € [0,1]. We will show that
x(t, ¢, w) is continuous at the point (¢, py):

max  [x(t, by, wy) — x(t, da, o)

—7=t=T+e
é max 'x<t> ¢l’ l"l) - x(t> ¢2, l‘l‘l)”
—7=t=T+e
(4.4) -
+ max |x(t, ¢, my) — x(t, b2, po)| = Bgllpy — o + €.
—rst=T+e

The first part of the inequality is from inequality (4.3). The second
part of the inequality comes from the fact that x(¢, ¢,, ) is continuous
in (¢, u) on the compact set [—7, T + €] X [0, 1]. This completes the
proof of Lemma 2.

Next we recast the problem of finding periodic solutions of (4.1) as
the problem of solving a functional equation that is the analog of
equation (3.2) in Section 3. This analog is the following functional
equation in C[—1, 0].

45)  ¢(s)==2AT+s,¢)+ [y "nfla (0, p), )] X(T + s, a) da,

where s € [—7, 0], z(, ¢) is the solution of x’ = L(¢, x,) which has the
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initial function ¢ and X(e, «) is the identity matrix and X(¢t, &) = 0 for
t < a. Equation (4.5) is derived by Halanay [13, pp. 411-412]. In
order to find a solution of period T of (4.1), it is sufficient to solve
(4.5) for ¢ as a function of w. The solution of (4.1) which has this ¢
as its initial function is a solution of (4.1) with period T.

LemMma 3. There exists a positive constant M,, such that for all
(t,a) E [0, T + €] X [0, T+ €], |X(t, a)|| < M,.

Proor. First X(t, a) = Y(a, t) where Y(a, t) is the matrix solution of
the system

A y(a) + [0, nac— B.R)ylec— B) dB] = 0,

such that Y(¢, t) is the identity matrix and Y(a, t) = 0 for a> t. See
Halanay [13, pp. 362-365]. But Y(a,t) can be obtained by using
successive approximations and the “step-by-step” method. See [13,
p- 363]. In the process of obtaining Y(e, t) in this way, it can be shown
that for each fixed ¢, Y(e, t) is of bounded variation on finite intervals
of the a-axis. Also Y(e, t) is continuous in ¢ uniformly on closed finite
intervals of the a-axis, which consist of points a such that a = t. (The
continuity in ¢ is one-sided on the right if & = t.) But from these facts
it follows that there exists M, >0 such that |Y(e, t)|| < M, for
(a,t) €E [0, T+ €] X [0, T+ €].

LemMma 4. Given € > 0 then there exists § > 0 such that if t,,
t € [0, T+ €] and |t — t;] <8 and if 0= a = min(t, t,) then
[ X(t, @) = X(ta, @)|| < e.

Proor. | X(t), a) — X(t, @)|| = || Y(e, t;) — Y(e, t5)||. Since Y(a, ¢) is
continuous in ¢ uniformly on closed finite intervals of the a-axis, there
exists 8§ > 0 such that if |t, — ;] < & then for all «a € [0, T + €],
[Y(e t)) = Y(e )| <e.

Since z(T + s, ¢) is uniquely determined by ¢, the operator

U:d(s) = z(T + s, 9),

is a well-defined map from C[—7,0] into C[—7,0] and we may
rewrite equation (4.5) as

468) (I—=Uxp— Jo “ufla 5.0, w), p] X(T + 5, ) da = 0.

LemMa 5. Operator U is a linear compact map from C[—7,0] into
C[—1,0].
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Proor. U is additive (i.e., U(ax + y) = aU(x) + U(y)) because
x' = L(t, x,) is a linear equation. U is bounded (and hence continuous)
by the fundamental inequality for solutions of functional differential
equations [13, p. 338] referred to earlier. (To show that the in-
equality holds for solutions of x” = L(t, x,), it is only necessary to show
that L(t, y) satisfies a Lipschitz condition in y which is uniform in ¢.
But this follows at once from condition (2) on the matrix n(t, s) which is
used to define L(t, y).)

The fact that U is a compact mapping is indicated by Halanay [13,
pp- 402-403]. The details of the proof can be filled in with the use of
Lemma 3.

LemMa 6. The map

D1 (p(s), w) = Jo' Cufle 2,0, b, p), ] X(T + 5, 0) da,

is a continuous map from C[—7,0] X [0,1] into C[—7,0] and is
continuous in u uniformly on bounded sets in C[—71,0]. Also for
each fixed p € [0,1], G is a compact map of C[—7,0] into C[—7,0].

Proor. To prove the first statement we will show that given
€ >0 and ¢, € C[—7,0], there exist § >0, § > 0 such that if
by — ¢ofl < 8 and [u; — ps| < 8y, then

ér[mx(””foﬂs {/J“lf[a’ (o, b, p), pm] — l»’«zf[a: % (0, ¢, M2), Mol }

X(T + s,a) do| <e.
First

”foTH{le[a, X0, b1y 1), ]

— paf [ x(0, o, o), po] JX(T + s, @) daf|
= 00 i f [ 2o, b, ), ]

- M?f[a: Xa(0, D1, 1), ] }X(T + 5,0 da||
T I {pof [a x40, by, r)s ]

— pof [0 x(0, @, pa), 1] }X(T + 5, @) daf|
+ [T {uof [, x,(0, o, o), 1]

— ofla x.(0, o, o), po] }X(T + s, @) del|.
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But

l f0T+S{I-‘~1f[aa X0, b1, p)s ]
(4.7) = pafle x(0, ¢1, ), 1] }X(T + 5, a) daf
= |~ pelMy fo If e xalo, 1, )y ] e
By the definition of x, and the fundamental inequality, we have
(EXCAEINT] = EXCR-INY
= |x(t, 1, 1) — x(t, o, )|
+ [|x(t, by 1) — x(t, d2, w2)||
+ [x(t, 2. o)
= By|¢1 — 2| + € + By,

where |x,(o, ¢, )| means the norm in C[—7,0] and |[x(t,$,, u,)|
means the norm in C[—7, T + €] and where B; is independent of
u, and By is independent of u, and where €, is independent of w, and
M, i.e., we only require that |u, — u,|be small enough.

Thus, if ¢, ranges over any bounded set in C[—7,0] and u, ranges
over any set in [0, 1] such that |u; — p,| is sufficiently small then the
set of numbers {||x,(o, ¢), u;)||} is bounded. Hence, by condition (6)
on f, the set of numbers {|f[a x,(0, ¢, p1), p]]|} is bounded.
Thus, from inequality (4.7), we obtain: if s € [ —7, 0]

|| f0T+S {#1f[a> X0, by, 1), pi]
- “2f[a> xa<ar d)l’ “1)7 I"Ll] }X<T + S, a) da“
= |py — m2lBs,

where Bs is a positive constant.
Next foralls € [—7,0]

” T+s

0 te{flexdo, é, p), il
— flo. %o, o, o), ] }X(T + s, @) da“
= [p2|M, f0T|f[a> X0, b1, 1), p]
= fles x(0, o, po)s p1] || dex

= |I~‘~2|MlTL max ”xa<a’¢l’ K1) — %, (0, ¢y, #2)”
0=a=sT

= |uel MITL”x(t: b1, 1) — x(t, o, po)||
< |;,L2|M1TL€,


http://M2.fl

QUASILINEAR EQUATIONS 35

by Lemma 2 if ||¢, — ¢ and |w; — p,| are sufficiently small. (Note
that while ¢, is fixed, neither u, nor u, need be fixed because, as
follows from the proof of Lemma 2, x(t, ¢, u) is uniformly continuous

in w.)
Finally for all s € [ —7, 0]

o™ {maf Lo %a(0, bo, ), 1]
- ,J’Zf[a> xa<07 ¢2a ,-“2)) I‘LZ] }X<T + S, a) da”
= ua M, S0 | f e xa(0, o, pa), ]
- f[% Xo(0, b, p2), Mo] ” da
< |u2|M, Te,
if [w; — po] is sufficiently small by property (9) of function f.
The proof that G is continuous in u uniformly on bounded sets in
C[—7,0] follows by the same steps as in the preceding argument

except that ¢, = ¢,.
The mapping 9 is the composition of the maps

Si(pp) oxtdop), (EE[-7.T+e€])
and
Gix(t,d ) = Jo " uflox (o, b, ), w] X(T + s, @) do

By Lemma 2, the map = is continuous and for fixed u, S takes bounded
sets in C[—7,0] into bounded sets in C[—7, T + €] by the funda-
mental inequality for solutions [13, p. 338]. Hence, to prove the
last statement of Lemma 6, it is sufficient to show that for fixed u,
the map &/ is a compact map from C[—7, T + €] into C[—7,0]. We
must show:

(i) & takes C[—7, T + €] into C[—7,0];
(ii) &/ is continuous;
(iii) &/ takes bounded sets into compact sets.

Proof of (i): Letx(t) € C[~7, T + €]. Then

©2)(s) = I uflas x0), pl X(T + 5, ) da

Assuming for definiteness, that s, < s,
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l©x)(s,) — ©x)(s5)]
= o " ufla x,(0), W] X(T + 51, @) dex
(4.8) — Jo " ufle 2,(0), w] X(T + 53, ) daf,
= ” foTH' {#f[a’ x,(0), ] } {X(T + sy, 01)} da"
+ |15 ufla x(o), plX(T + s5, @) de.

Since ||x,(0)|| = ||x(t)||, where the first norm is for C[—7,0] and the
second norm is for C[—7,T + €], then {x,(0)|0=a=T} is a
bounded set in C[—7,0] and thus by property (6) of f, there exists
a positive constant Bg such that

lub ||f[e x.(0), u] || < Bs.

0Za=T
Hence, (4.8) becomes, by applying Lemmas 3 and 4,
[©x)(s1) — €ix)(s:)| = TBee + BgM,|s; — s,
if [s) — 8] < 8.
Proof of (ii): Let x,(¢), x5(t) € C[—7, T + €]. Then
[ — Gl = max | J wiflaxiofo). ]

- f[a’ x2a<a)’ “’] }X(T + S, a) da”a
(where x (o) denotes (x,),(0)),

é TMl ()max’[ ”f[a) xla(0)7 I“‘]

- f[a7 x2a(0>7 /‘1’] “

=TM, L max |jx;, — %
O0sa=T

by property (8) of function f. But

max  ||x, = x5, [ = [x; — x|

O0=a=T

Proof of (iii): Let {x,(t)} be a bounded set in C[—7, T + €], say
with bound B;. We prove that {&x,} is a bounded equicontinuous set
in C[—7,0]. The compactness then follows by Ascoli’s Theorem.
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|%mmm=mnuﬁmﬂ%mm%MmT+&m@n

=EMT max |fla x.0),ul]
O0=as=T

Since

|x,.(0)| =

by property (6) of function f; it follows that {||</x,(s)|} is a bounded
set.

The proof of the equicontinuity follows from an examination of the
proof of (i).

This completes the proof of Lemma 6.

LemMma 7. There exist positive constants R;, A, B, C and € € (0,1)
such that if ||p|| = R, then forall p € [0, 1],

19(¢, w)ll < AB + Cll|))!-
Proor. Foralls € [—7,0] and all u € [0,1]

1o " mfla xlo, b, w), W] X(T + s, ) daf
=MT max | flex(0, ¢, ), ul.

O0=asT

(4.9)

Now if ||¢|| = R, (the number which occurs in the description of
property (7) of function f) and if |x,(o, ¢, p)|= R, for some
a € [0, T], then by property (7) of f

(410) max  |[[fle x(0, @, ), u] || = N( max ”x o, ¢, )
0=a=T 0=

But
k(o &, W = |lx(, &, |
= |[x(0, 0, p)|| + ||x(o, ¢, ) — x(a, 0, )|,

and ||x(o, 0, u)|| = By where By is a positive constant and p € [0, 1]
because x(o, 0, u) is continuous in (o, u). By the fundamental in-
equality for u € [0, 1]

(4.12) |x(o, ¢, ) — x(0, 0, w)|| = LeT+|b]-

Thus, (4.10), (4.11) and (4.12) yield: if ||¢p|| = R, and if ||x,(0, b, p)|| =
R, for some a € [0, T], then

(4.11)

(4.13) max |fle x(0, ¢, ), u] | = N(Bg + Le™<|])!~

O0=a=T
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and from (4.9) we have the desired result. Now suppose |¢|| = R,
and ||x,(o, ¢, u)|| < Ry foralla € [0, T]. Then

|fle xlo, ¢, ), wl | = M = N(R)' = Ny(||g|)!
< Ny(By + LeT|g|)!—

Thus, we have (4.13) and hence the desired result if ||¢|| = R,.
Thus, the hypotheses of Theorem 1 are satisfied by equation (4.6)
and applying Theorem 1, we obtain

Tueorem 3. For each p € [0, 1], equation (4.1) has a solution of
period T.

CoroLLARY 3. If for u = p, there exists s € [ —,0] such that
o fla, 0, mo] X(T + s, @) da # 0,
then the periodic solution obtained in Theorem 3 is nontrivial.

Proor. If the condition in the corollary holds, then by the variation
of constants formula (Halanay [13, p. 366, equation (23')]), the
solution x(t, ¢, uy) cannot be identically zero.

Remark. If in equation (4.1) it is assumed that L and f are
independent of ¢, then a result for (4.1) strictly analogous to Corollary
2a follows.

5. Application to the Dirichlet problem for nonlinear elliptic
equations. Let a be a fixed number such that « € (0, 1) and let D be
a bounded connected open set in the xy-plane and suppose that its
boundary »" is in C3,, (For definitions of this term and other terms
concerning Holder spaces which will be used subsequently in this
discussion, see [8, p. 157ff.].) We study the Dirichlet problem in
D for the nonlinear elliptic equation

a(x, Y)z. T b(x, y)z,, + c(x, y)z,, + d(x, y)z,

(5.1)
+ e(x, y)z, + f(x, y)z = G(z),

where:

() a,b,c, d, e, f, € Cy(D);
(ii) there is a positive constant m such that for all real &7 and all
(x,y) €D

ag® + béy + > Z m(& + 7?);
(iii) flx,y) = O forall (x, y) € D;

(iv) For z(x, y) € C,(D), the map


file:////xja

QUASILINEAR EQUATIONS 59

G:z > G(z)

is a continuous map of C,(‘D) into itself and there exist positive con-
stants Ry, Ny and € € (0, 1) such that if ||z|, = Rs, then

I1GGE. < N[l

Also G takes bounded sets in C,(D) into bounded sets in C,(D) and
N, is selected large enough so that M < N,R!'"¢ where M =
tubypy=r|GR)

Let {(x, y) € C,('D) and consider the equation

a(x, Y)zw T b(x, y)zy, + clx, y)z,, + d(x, y)z,

(5.2)
+ e(x, y)z, + f(x, y)z = L(x, y).

We apply the

Schauder Existence Theorem. Given ¢(s) € Cy, (D), then (5.2) has
a unique solution z = w({, ¢) where z € Cy, (D) and z/D' = ¢.
Also_there exists a positive number k which depends only on the

C(D) norms of a, b, ¢, d, e, f, the constant m, and D such that

(5.3) [w(Z, $)lzra = k{[dl2va + [|E]l}-

(For later computation, select k > 1.) For references to the proof of
the Schauder Existence Theorem, see [8, p. 162].

Now let ¢ € Cy. (D) be fixed. Using (5.2) and the Schauder
Existence Theorem, we may rewrite (5.1) as {= G[w({, ¢)]. In-
equality (5.3) shows that w({,¢) is a compact map of C (D) into
itself. Since G is a continuous map of C, (D) into itself, then
G[w(L, ¢)] is a compact map of C,(D) into C,(D). Also if [|{]. = Ry
and ||w(, ¢)[. = Rs, then

IGTw(&. )1 [l < Na([lw(Z, &))"
= Na[k(lbllz 10 + llEf1
= No(k[ll2 0 + K¢l <
If |w(g, é)|l. < Rs, then
IGTw@ ¢)] . = M < NoR'™ = Nlg]l! < Na(kflg]l.' ).
Thus, the hypotheses of Theorem 1 are satisfied for the functional

equation:

(5.4) {+ pGlw(E, ¢)] =0, pn€EI0,1].
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Applying Theorem 1, we may solve (5.4), and hence (5.1), and obtain:
TueoreM 4. If ¢ € Cy (D) is given, then for each u € [0,1],
the equation
a(x, )z, + b(x, y)z,, + c(x, y)z,,
+ d(x, y)z, + e(x, y)z, + f(x, y)z = pnG(z)
has at least one solution z € C,, (D) such that z/D' = ¢.

(Theorem 4 also holds for elliptic equations in n-space. The proof
goes through in exactly the same way except that it is necessary to
use a more general version of the Schauder Existence Theorem, i.e.,
the version for elliptic equations in n-space).

6. Application to the Dirichlet problem for nonlinear parabolic
equations. Let D be a bounded connected open set in the xy-plane
and let D= D X (0, T) where T is a positive constant. Let p =
(x1, Y1, t;) and g = (x3, ys, t,) be a pair of points in D and define

dlp.g) = (01 = 1)? + (y1 = y2)? + |ty — 1) "2
If real-valued function f has domain D and a € (0, 1), let

H(f)= Tlub [f(p) — flg)Id(p. q))

pyED
and let

Il =" lub 1f(p) + H(f)
Let
¢ = (Dx [0])U (D" X [0,T]),
where D’ is the point set boundary of D. By standard arguments, it
follows that if [f]z < o then f has a continuous extension on

D where D= DU, and if ||f[z< ©, we shall understand
£ to be this extension. If f has second derivatives, define

1A 20 = I+ DAL vz + 1Al e
A A fallz + N felle + (Al
Let ¢ be a real-valued function whose domain is the set ¢/ and define
[#]l5+. analogously.

We study the Dirichlet problem for the nonlinear parabolic equa-
tion:



QUASILINEAR EQUATIONS 61

(6 1) a“(x, y’ t)urx + alQ(x: y’ t)uxy + 022(x> y’ t)uyy - U + bl(x, y> t)ux
‘ + by(x, y, thu, + cu = G(u),

where there exist constants & and € such that 0 < a << a + € < 1 and
the set D is of class By, i.e., the set D is such that for each point
(x,y) € D’ there is a neighborhood =M1 of (x, y) and a neighborhood N
of the origin in another plane (whose points have coordinates sy, s)
and a 1-1 mapping from <V onto =M described by a pair of real-valued
functions x(s;, s3) and y(s;, s3) such that x(s, 83), y(s1, $2) € Ca (N N)
where C,,,(N) is the Banach space of real-valued functions with
a-Holder continuous second derivatives on N. It is also assumed that
there is positive number M such that the numbers ”a,»j”gJre (i,j=1,2),
Bz (i =1, 2) and |c||; are all less than M and that the matrix
(aij(x, y, t)), where ajp = ap; = %a,3 and a;; = ay), ags = ay,, is such
that its quadratic form is positive definite on © (which implies there
is a positive constant N such that det(a;;(x, y, ¢)) = N, for all (x,y, t) €
D).

Finally, we assume that G(u) satisfies the following conditions:

(1) If C,%(D) is the linear normed space of functions f(x, y, t) such
that ||f|lz< o and such that f(D' X [0])U (D’ X [T]) is
identically zero, then if z € C o (D D), the mapping G:z — G(z) is a
continuous mapping from C,(D) into C,%(D).

(2) There exist positive constants R4, N; and €, € (0, 1) such that if
FECHD) and it |flz= R, then [GlE< N(lfl) .
Also G takes bounded sets in C,°(D>) into bounded sets in Cuo( f/S)
and Nj is selected large enough so that M, < N3(R,)'™“ where
M, = lub||G(f)||z, where f € C(D) and | f||z = R,

Now let {(x,y,t) € C(2), the linear normed space of functions
flx, y, t) such that || f|l, < %, and consider the equation

(62) A Uyx + AUy, + 022uyy — U + blux + bguy + cu= g

We apply:

Barrar-Friedman Existence Theorem. Suppose the function ¢ with
domain ¢/ such that ||¢]|5,, < ® is given and suppose ¢ is com-
patible with (6.2), i.e., ¢ satisfies (6.2) on (D' X [0]) U (D' X [T]).
Then (6.2) has a unique solution w({, ¢) and

(6.3) (@, $)z o < CM, N, D) ([lg]| + [lb]]2 )

where C(M, N, D) is a positive constant which depends only on M, N,
and D. (For later computation, select C(M, N, D) > 1),
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For proof of the Barrar-Friedman Existence Theorem, see Barrar
[4, 5] and Friedman [11].

Let ¢ be identically zero and let { € C,%(>). Using (6.2) and the
Barrar-Friedman Existence Theorem, we may rewrite (6.1) as { =
G[w(¢, 0)]. From inequality (6.3), it follows by standard arguments
that w(L, ¢), where ¢ is fixed, is a compact map from C (D) into
C.(D>) and hence by condition (1) on G, it follows that G[w(¢, 0)] is a
compact mapping from C,°(D) into itself. Also if [|¢|?Z R, and
[w(g )2 = Ry, then

[GLw(Z, 0)] ||z < Na([Jw(g, 0)]|z)! =
= N3[C(M, N, D) Ve [fjgfla] e
If |w(g, )|z < Ry, then
IGLw(E $)] Iz = My < Ny(Ry)'= = Ny[lg]|z] '
< N;[C(M, N, D)] []jg]lz =

Thus, the hypotheses of Theorem 1 are satisfied for the functional
equation

¢+ pGlw(E,0)] =0,

and we obtain:

-

Tueorem 5. For each p € [0,1] the equation (6.1) with G(u) re-
placed by uG(n) has at least one solution u € Cy (D) such that
ul </ is identically zero.

Remarks. 1. Theorem 5 also holds in the n-dimensional case and
for more general regions because the Barrar-Friedman Theorem holds
in these more general cases.

2. Note that the arguments above cannot be employed if ¢ is not
identically zero because if ¢, not identically zero, is given, then the
set of functions ¢ such that ¢ is compatible with (6.2) will not in general
be a linear space and so the domain of w({, ¢) and G[w({, $)] is not
a linear space. So there is no possibility of applying Theorem 1.
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