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STABILITY AND BIFURCATION IN FLUID DYNAMICS
KLAUS KIRCHGASSNER AND HANS JORG KIELHOFER

1. Introduction. During the last decade some of the instability
phenomena in fluid dynamics discovered in the famous early experi-
ments of Bénard [3] and Taylor [59] have found a mathematical
interpretation in the proof that the stationary Navier-Stokes boundary-
value problem is not in general uniquely solvable. Even for moderate
values of the underlying similarity parameter (Reynolds number,
Rayleigh number), infinitely many solutions exist which bifurcate from
some basic flow at definite values of this parameter. The mathematical
interest in this subject was stimulated by the paper of Velte [61], who
proved by topological arguments the existence of bifurcating solutions
for a certain convection problem. Later, Iudovich obtained the most
complete results yet known for the Bénard and the Taylor problem
([21]—[24]). Closely connected to bifurcation phenomena is the
question of which, among the many solutions, is the one actually ob-
served. This is generally believed to be a stability problem. The
fundamental result relating spectral properties of the Stokes equations
and the stability of solutions of the Navier-Stokes equations is due to
Prodi [45].

Simultaneous with the above-mentioned research, considerable
effort was spent on the development of analytical methods for the
study of those problems. Stuart proposed an amplitude expansion by
which many of the results known today were obtained before they
were rigorously proved [14]. Only recently has his method found
mathematical justification to some extent [19].

This survey covers exclusively the mathematical part of bifurcation
and stability in fluid dynamics, although other results are mentioned
for comparison and stimulation of research. Another branch is
excluded as well, time periodic motions of Tollmien-Schlichting type,
since no concrete models are known for the theoretical results pub-
lished recently.

The conception of this survey is to display the common functional
analytic structure of the Taylor and Bénard problem. Most of the
bifurcation models studied in fluid dynamics have the same structure.
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Proofs are omitted where we believe them to be easily accessible in
literature. Some new results on the class of possible solutions for the
Bénard problem (Lemma 2.1 and Corollary 2.2), and on stability and
instability (Theorem 5.5 and Corollary 5.4) are reported.

In §2 the explicit equations for the Taylor and the Bénard models
are given and, in the latter case, all possible solutions with cell
structure are classified. In §3 a joint formulation of the two problems
as an evolution equation is given (see (3.22)), and the properties of the
operators appearing in (3.22) are listed. §4 contains a discussion of the
stationary problem (Theorem 4.1), an extension to more general
nonlinearities (Theorem 4.2), and special applications to the Taylor
and Bénard models. In §5, stability and instability of a stationary
solution is connected to the spectrum of the Stokes problem (Theorem
5.5 and Corollary 5.4). Special applications follow. Finally we discuss
the selection of certain cell sizes by a stability argument (Theorem 5.8).

2. Two examples. In this section two examples are given which
exhibit features typifying the bifurcation and stability phenomena
encountered in fluid mechanics. These models are the “Taylor” and
the “Bénard” model. The latter will be studied within the degree of
accuracy ensured by the Boussinesq approximation. (For a mathe-
matical justification of this approximation, cf. Fife [15].) However,
the Hilbert space formulation of the next section includes other models
as well.

The Taylor model. Two coaxial circular cylinders of infinite length
with radii r;" and r," (r;" < ry") rotate with constant angular velocities
w, and wy. Due to the viscosity, an incompressible fluid rotates in the
gap between the cylinders. With the notations p and v for the mass
density and the kinematic viscosity, we introduce reference quantities,
namely

’ b < b
' =, e, (' =)y, prle?
for length, velocity, time and pressure. Let

@ = realiTnl) oty
v o' — 1
denote the dimensionless parameters; A is the Reynolds number.

The Navier-Stokes equations for incompressible flows (cf. [54])
govern the motion of the fluid. Introducing r, ¢, and z, the corre-
sponding velocity components for v = (v,, v, v;), and the scalar pres-
sure function p, one obtains a solution independent of A, called the
Couette flow:
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, 0(p)2
o0= (0, v,° 0), pOr) = j 'Mdp + const,
" p

1 (l)27'22 - wlrlz

(2.2) v, = ar+ bir, a=

>

r W rp? — 12

1 (0 — ay)rr?

b=

re ry2—r?2

For small positive A this solution is unique and asymptotically stable
in the large [53]. As shown by Synge in [58] the Couette flow is
locally stable if a= 0, v,°= 0 (cf. also [30]). If v,° changes sign,
the spectrum of the linearized part of the boundary-value problem
is as yet unknown. Thus, we restrict attention to the case a <0,
v, 2= 0.

As X grows, various types of fluid motions are observed, the simplest
of which is periodic in z and independent of ¢ (Taylor vortex flow).
Existence and quantitative behaviour of this flow can be derived by a
bifurcation argument. We restrict the considerations to ¢ independent,
z-periodic solutions of the Navier-Stokes equations (for more general
flows see [10]), and require that the solution v be invariant under
the group of translations T, generated by 2 — z + 2m/o, ¢ — ¢ + 2,
o > 0. For later use the initial-value problem is formulated for a
general “basic” flow V = (V,, V, V), P. Setting

v=V+u, p=P+gq,

d d d
D = b = <—_’0’_ >’
¢ Jat ar 0z
9 2
A= 4190 0%
ar? r or 0z2

Ay = (A= (1 = 8i3)/r)8y,
LY%(V) = =2V 8;\8alr + (V,8ox + V ,8,4)8:lr,
L(Viu=LViu+ (V-V)u+ (u-V)V,
Qu); = — u,%/r + uu,dylr,
N(u)= (u - V)u+ Qu), i,k=1,2,3,

(2.3)

where i=1,2,3 corresponds to r,¢,z, one obtains the following
initial-value problem (cf. [54] ):
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(a) Dwm— Bu+ AL(V)u + AV g = —AN(u),
24) b) V-u=0, wul_, =0 uTxt)=u(xt), TET,
(c) tli—o= u.
For V = v the linear differential operator L(V) is denoted by L.
L= L(v°%,

(2.5)
L = — 20,%8;8i/r + 248,58 1.

Ample experimental evidence shows that for Reynolds numbers A
greater than some A,, the Couette flow (2.2) becomes unstable, and a
new rotationally symmetric stationary flow is observed, which is
periodic in the axial direction with a well-defined period py = 2m/o.
The particle trajectories are on tori forming a system of closed vortices
(Taylor vortices). These vortices become again unstable for sufficient-
ly large X and a “wavy” vortex pattern appears, the wave number
depending on X. Further increase of A generates more and more com-
plex flow patterns and eventually turbulence (cf. [10], [8]).

Mathematically, only the simplest part of this phenomenon is
understood, namely the appearance of the vortex flow. The linearized
stationary problem (LSP), obtained from (2.4) by setting D, = 0,
V = 09 deleting (2.4)(c) and the right side of (2.4)(a), has, for almost
all ¢ > 0, countably many real values A; j = 1, £2, - - -, for which
0 is a simple eigenvalue of the LSP; furthermore, A_; = \;, \j1;| <
[\;|. Every (A;, 0) (0 denotes the zero element of the underlying func-
tion space) is a point of bifurcation for the stationary problem
(D, =0 in (2.4)). However, the only bifurcation point of physical
significance is (A}, 0). Two nontrivial solutions of the stationary prob-
lem emanate from this point. They are Taylor vortex flows differing
only by the orientation of the trajectories along the torus. Stability
and instability are determined by the geometric behaviour of the
branches. Branching to the right (left) implies stability (instability)
within the class of solutions of (2.4) for fixed o (§5).

The selection of a well-defined period p,, as observed in experi-
ments, depends on the shape of the curve A (o). If o is not a local
minimum of A;(o), the solution u can be embedded into a function
space where it is unstable (§5). Thus, if A;(o) is strictly convex, an
assumption strongly supported by numerical calculations, the local
minimum o gives the only stable mode of the secondary flow.

The Bénard model. The second problem to be studied in detail is
quite analogous to the Taylor model. However, the class of possible
flow patterns is richer and can be characterized algebraically (Lemma
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2.1). Furthermore some more information about the bifurcation be-
haviour can be obtained since the linearized stationary problem is
selfadjoint.

A viscous fluid in the strip between two horizontal planes moves
under the influence of the viscosity and the buoyancy force, where the
latter is caused by heating the lower plane. Denoting the constant
temperatures of the upper, resp. lower, plane by T, resp. Ty, To > T},
the gravity force generates a pressure distribution which, for small
values of T| — Ty, is balanced by the viscous stress, resulting in a
linear temperature distribution. If, however, T, — T, is above a
certain critical value a convection motion is observed.

The convection takes place in a regular pattern of closed cells
having the form of strips (rolls) or hexagons. The actual pattern ob-
served depends strongly on the physical conditions imposed, especially
on whether rigid or free boundaries are involved. For a good survey
of experimental, resp. analytical, results see [36], resp. [51]. The
shape of the cells is determined as the manifold where the normal
component of the motion vanishes.

In this survey the Bénard problem is treated by using the so-called
Boussinesq approximation whose essential feature is that variations
in density are neglected throughout the equations except in the
buoyant force term; furthermore all other physical quantities are con-
sidered to be independent of temperature. Perturbations of this
model for small temperature variations have been given in [4],
[37], [15], the lowest order approximation of which always
coincides with the Boussinesq approximation. Thus, the points of
bifurcation are unchanged; however, the qualitative behaviour of the
branches may be rather different (see §5). A strict justification of the
Boussinesq approximation for slow convection has been given in [15]
under rather weak assumptions.

Mathematically, the class of stationary solutions of the Bénard
problem contains all cell patterns which form a complete covering of
the plane: rolls, triangles, rectangles, and hexagons. That these are
the only doubly periodic solutions of cell structure is proven in Lemma
2.1. The preference for certain cell patterns cannot be explained
within the Boussinesq approximation. Far-reaching numerical results
obtained by power series expansions for models more physically
realistic have to be used (see [4], [37] and §5).

Let o, h, g, v, p, k be the coefficient of volume expansion, the thick-
ness of the layer, the gravity, the kinematic viscosity, the density and
the coeflicient of thermometric conductivity respectively and v/h, h,
pv¥h?, h¥v, T, — T, be the reference quantities for velocity, length,
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pressure, time and temperature. The space vector x = (xy, x,, x3) and
the velocity vector v = (v}, vy, v3) are given in Cartesian coordinates
where the xj-axis points opposite to the force of gravity, § denotes
the temperature and p the pressure. The basic stationary solution
0, 89, po has the form:

26) v0=0, pol) =~ Kl +alTy= T)). 6ol =~
As for the Taylor model the initial-value problem for the convection
flow is formulated for an arbitrary reference flow V, T, P. Setting

v=V+u p=P+gq, O6=T+0,

w = (u,0),

A = ag(Ty — T,)h3v?> (Grashoff number),

Pr = k/v (Prandtl number),

V = (8/9x,, 8/dx,, 8/0x4, 0),

Ay = ( 9 + 9 + 9 )( S + 1 B )
i dx;2  9x2  9xy2 i pr )

LBy = — 8isdks —

A S, k=14
LViw=L'w+ (V- -V)Yw+ (u-V)V,
Nw) = (u - V)w,
one obtains the following initial-value problem (cf. [54] ):
(a) Dw — Aw + AL(V)w + Vg = —N(w),
(2.8) b) V-w=0, wl,_o,=0,
() Wleo = w"

For v=1° P= po, T = 6y, the linear differential operator L(V) is
denoted by L and coincides with L°.

(2.9) L= L") = LY.

Problem (2.8) is not yet well posed; various invariance conditions have
to be imposed to yield a definite cell pattern. Firstly, w, g has to be
doubly periodic, i.e.,

w(Tx, t) = w(x, t),

(2.8d) ,
q(Tx, t) = q(x, t), TET,(xt) €R>X R,
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where T is the group generated by the translations
x; = x; + 2n/a, Xy —> Xy + 2m/B, o2+ B2#0.
Moreover, the cell pattern is determined by
w(Tx.t) = Tu(x, 0,  q(Tx.t) = q(x,0)
(2.8¢e)
0(Tx, t) = 6(x,t), TET, (x,t) € R® X R*,

where T, is the group of rotations generated by

cosw —sinw 0
T, = sinw  cosw O |, o € (0, 27).
0 0 1
In addition to the boundary conditions (2.8b), w is required to satisfy
(2.8d) and (2.8e).
It is easy to show that all differential operators in (2.8a) preserve

invariance under T, and T,. We indicate the proof for the non-
linearity and for T € T, using the summation convention:

[u(Tx, t) - Vu(Tx, t)]; = ug(Tx, thu; 1 (Tx, t)
= Ty x(x, ) Tk Trptin(, 1)
[T(u(x, t) - Vu(x, )]
u(Tx,t) -V (Tx, t) = up(Tx, t) 0 ((Tx,t)
= 0 (%, ) Top Tt (x, t) = u(x, t) * V 0(x, t).

The cases o = 2r/n, n = 2, 3, 4, 6, are of special interest. If n =2
and B8 = 0, u; and uy vanish for x, = nwle, n € Z, yielding solutions
of roll type; n= 2 and a,B # 0 implies that u, and uy vanish for
x; = nwla, x5 = mm|B, n, m € Z, which gives rectangular cells. For
n = 3, Corollary 2.2 yields that 8 = V3 and an easy geometric con-
sideration gives hexagonal cells; n = 4 implies a = 8 and the cell
pattern consists of squares; n =6 yields again 8 = aV3 and the
cells are triangles. It can be shown that all nontrivial stationary solu-
tions of (2.8) with cell structure are either rolls, hexagons, rectangles
or triangles.

LeEmMma 2.1. Necessary for the existence of nontrivial solutions of
(28)is w = 2m/n,n € Ey = {1,2,3,4,6}.

Proor. First it is shown that cos w has to be a rational number. Let
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W)= 3 wam(xs)eion o

nm=— o

be the Fourier expansion of w and

F o= (cosw —sin @ )
@ sin cosw /°

Ifw,, 74 0, then according to (2.8e) it follows, for all n € Z, that

Tw’"< g >= <:’:; > for some v, u, € Z,

w

(2.10)

an-‘-n= wll’

T,' being the transposed matrix of T,, which implies v,p, —
(ot pp)cosw+1=0, thus cosw€Q. If w,, #0, set
a' =na, B' = mB, n2+ m2# 0 and the same result follows. wy,
cannot be the only nonvanishing term since this would imply w = 0.

Next we show that w = 2x/n, n €EN. If w = 27r, r irrational,
T,'"(g) is dense on the circle with radius (a2 + B2)!/2, contradicting
(2.10) which can only be satisfied for finitely many (v,, u,). Let
o=2rr, r€Q, r=n/m. If np=m for some p € Z, then Ty,
is a generator of T,; otherwise Ty, generates T,. Thus, we can
restrict the considerations to w = 2r/n,n € Z.

a= cos (2n/n) € Q if and only if n € E;. (We owe this proof to
A. Grundmann.) e*2m" satisfies z2 — 20z + 1 = 0 which therefore
divides z" — 1. The quotient is a polynomial of order n — 2 with
integer coefficients. Thus 2a € N,, which implies cos (2r/n) = £1,
or x4 or0. QE.D.

In general, a, B and @ cannot be chosen independently. It is easy
to derive from (2.7) the relations given in the following corollary.
Evidently the role of & and 8 can be interchanged.

CoroLLARY 2.2. Let o = 2m/n, n =1, 2, 3, 4, 6, then the only pos-
sible combinations of n, a, B are

n=1, a=0, B=0, no cell structure;
a>0, B=0, rolls;

n=2, {
a>0, B>0, rectangles;

n =23, a=BIV3, B>0, hexagons;

n =4, a=p, B >0, squares;

n =6, a=p6/V3 B>0, triangles.
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For some A\, >0, A € [0,\], w =0 is the only solution of the
stationary problem (2.8), and is stable. X, depends on o = (a2 + B2)!/2
but not on . Moreover, there exist infinitely many A;o)> 0,
0 < Ay(0) < Ag(o) < - - -, such that 0 is a simple eigenvalue of the LSP
(§§4,5). Every (A;,0) is a point of bifurcation; however, only (A, 0)
is of physical interest. Two nontrivial solutions branch off to the right
of this point for every cell pattern possible. They gain stability from
the trivial solution within the class of solutions having the same in-
variance properties. The question of which cell pattern is preferred
by nature remains open in this approximation. Far-reaching physical
and analytical results are discussed in §§4, 5. As for the Taylor vortex
flow, it can be shown that the local minima o of A;(o) determine the
only stable cell size (§5).

3. A functional-analytic approach. The formal analogy between
(2.4) and (2.8) suggests an abstract formulation of the bifurcation and
stability problem. Therefore, we derive in this section an evolution
equation in a suitable Hilbert space which includes the models under
discussion and some other problems as well, studied in fluid dynamics.
The properties of the differential operators appearing in this evolution
equation are listed in Lemma 3, and are heavily used in §5, which
deals with stability and instability questions. The stationary problem
discussed in §4 allows some generalizations, especially as regards the
assumptions about the nonlinearity. The first part of this section is
strongly influenced by the paper of Iooss [19].

Let D C R? be open with boundary dD which is supposed to be
a two-dimensional C2-manifold. T, denotes a group of translations
and () its fundamental region of periodicity, which has to be bounded.
We assume

p=U 1

Tef,

If T,= {lgs}, D is bounded. For the Taylor problem we have
n=23, D= (r,ry) X [0,27) X R, Q= (r,,15) X [0,27) X [0, 2m/o),
while for the Bénard problem n=4, and D= R?>X (0,1), and
Q= [0, 27/a) X [0,27/8) X (0,1). We introduce the following
classes of functions for n € N (here cl(D) means the closure of D):

C**(D) = {w | w: cI(D) — R", infinitely often differentiable

in (D), w(Tx) = w(x), T € T, },
Co"*(D) = {w |w € C"*(D), supp w C D},
C('f;;f(D) ={w|w €€ Cy""*(D), V- u(x) = 0,w = (u,v),u € R3}.

(3.1)
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Defining the scalar product and norm

@wn= 3 3 [ DowDwwds

lyl=m i=1
|U Im = {(D’ U)m}llz,

where y is a multiindex of length 3, one obtains the following Hilbert
spaces:

(32)

L, =cl,Co™ (D), J'= cl, Co: (D),
Hi, = cly), Co,(D), Hn"=cl;|,CT (D),
£(H,,") = {L | Lis a bounded endomorphism on H,,7, | |,,}.

(3.3)

Occasionally the spaces L,({) and the Sobolev spaces W,[() or
products of them are used. As for (3.3) we do not distinguish in nota-
tion between spaces for different n. The norms for L,(£2) and W,/(Q)
are written as | * |1 (), | * |w, o resp. Ly consists of those equivalence
classes of functions whose restrictions wly, are in Ly(Q) and satisfy
w(x) = w(Tx) a.e. in D, for all T € T,. In view of the smoothness
of 3D, Poincaré’s inequality is valid [1, p. 73] :

(34) lwlo = v1|Vwlo

Lemma 3.1 (H. Wexe). Let G\7:= {Vq|q:D — R, ¢ € H{,.},
GoT:= {v|v:D - {0} C R* 3}, GI:= GT X GT, then LyT is
the direct sum of the orthogonal subspaces T and GT:

L,"=jT® GT.

Proor. Set w= (u,v) € L,", u € R? then ulp=u,+ Vg,
where u; € J(Q), g, € Hy,,(Q) and u,, Vg, orthogonal in Ly(Q) (cf.
[39, p. 22]). Define w(Tx) = (uy(x), v(x)), g(Tx) = qi(x), T E T,
then w, € J7, q € Hfo.. w, and Vg orthogonal in LT and
w=w; +(Vq,0),0E Gy

The decomposition of L, T defines an orthogonal projection

(3.5) P:L,T — JT.

CoroLLary 32. If D is a C™**-manifold, then P|,T € & (H,,"),
m € N, holds.

Proor. If 4D is a C™*2-manifold the boundary-value problem
Ap=V -f inD, fECmT(l_j),
dpldn = f, onaD, p(Tx) = p(x), TET,
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where n denotes the outer normal and f;, is the normal component of
f, possesses a solution p € CIL, (D). According to Agmon-Douglis-
Nirenberg [2, Theorem i4.1, p. 701], the estimate
Pl S et {1V flns+_ inf ol } = colfln
c€H, s elyp=1,
holds, and f € H,T implies p € HL,,. Setting g= f— Vp &€ H,T,
then V - g = 0 and

& V= [ V-(qgde= |

apNQ

q(f. — dpldn) ds = 0.

forall ¢ € H,". Therefore g € JTN H,,Tand

[Pflm = 1glm = cs{[flm + [VPln} = C4lflm
holds. Q.E.D. _

The operator —PA, where A is given by (2.3) or (2.7), is sym-
metric in J7 and positive definite. Moreover, by standard arguments
(cf. [39,p. 31])

—-PAw=f fE]T,

has a weak solution in I-?lTo, for which |w|, = c¢o[f]o holds.
Let Q', cl Q" C (); then the local estimates in [39, p. 33] guarantee
that

L, Awx)Pdx = ¢, Jﬂ |f(x)]? dx.

Using the estimate [39, p. 14], for w'= wly, f' = fl, one
obtains

'wllwzlm', = ol f iy
This estimate is equally valid for every T{), thus yielding for w, =
w|p, cl D' C D, cl D’ compact, fi = flp:

lwlluﬁn') = CS'fl'LQ(D')-

The above estimate can be guaranteed even for ' = Q if the boundary
of Q1 is a C2-manifold (see [39, p. 54]). Since only local estimates
are involved, the assumed smoothness of dD can be used for a direct
translation of those arguments to our case. But Q' = ) implies

Therefore, —PA is symmetric and surjective, hence selfadjoint. In
view of (3.6) and Rellich’s theorem, (—PA)~!is compact.
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Lemma 3.3. The operator A defined by A= —PA with the domain
of definition D(A) = H," N HY, is selfadjoint and positive definite
infT. A-1 € (1) is compact.

CoroLLARY 3.4. (i) D(AV2)= HT_;

1o
(ii) |AY2w]o, lw|,, |V w]|y are equivalent norms in H,.

Proor. Let w € D(A), then the form of A in (2.3) and (2.7) implies
alVwl = (Aw, w)y = |A2wly = cojwl?

Using (3.4) and the denseness of D(A) in HT, gives (ii) which again
proves (i).
We introduce the following notations

(v, w)) = (A2, Al2w),,
o]l = 1420},
and obtain, from (3.4) and Corollary 3.4,
(38) [l = yollw.

(3.7)

Occasionally we use a stronger regularity result for the Stokes equa-
tions due to Cattabriga [6], which we state in a form convenient for
the intended application.

LEmMMa 3.5 (CarraBrica). Let dD be a two-dimensional C*-
manifold, s= max (2,m —2), f€ H,TN T, then the solution of
Aw = f satisfies

[Wlm 2 = Vol flm, m € Nj.

LEMMA 3.6. Let L(V) be given by (2.3) or (2.7) and let V € H,T,
then M(V) := PL(V) satisfies

(3.9) IM(Vwly = ys5|A"2w),,  w € HT,.

Proor. If V€ H,T then Vjp € W,%(Q) and by Sobolev’s embed-
ding theorem V € C%Q). Let w= (u,0) ECJ:", ¢ € C%7, then
Corollary 3.4 and (2.3) and (2.7) yield

(L% + (V- V)w + (u - V)V, )|
= [(L%,)o+ (V * V)w,%)o — (1t - V)$,V)o|
= ¢ {(Jwlo + [AY2w]o)|plo + [wlo]A"2lo}

= ¢ APw]o|A V3|,
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which for ¢ = Lw implies (3.9) for w € CT;*. The closure of this
class in D(AV?) = H{U satisfies (3.9) as well, which proves the
assertion.

COROLLARY 3.7. Let V € CT-*(Q}) and w € H, . ,; then
M(V)wln = y4lwln+1s m € No.
Proor.
[P{L'w + (V- VIw + (u - V)V}|n = o) + [@0]nt1) = ¥al0lmr-

Lemma 3.8 (Kato-Fuyira [28, p. 258]). Let N(w) be given by
(2.3) or (2.7). Setting R(w) = PN(w) one obtains

|R(w,) — R(wz)lo

(3.10) = y5{|A%w, o |[A2(w, — wy)lo

+ A w, — wy)|o|APws o}, Wy, wy € D(AYY),

Proor. The proof uses properties of the trace spaces T(Lg({2), Lo(£2))
and T(D(A), D(A!2)). The arguments given by Kato-Fujita can be
applied literally in our case. In order to obtain (3.10) one takes
advantage of the following three inequalities:

lwlzAg @ = ¢ |[A"w),, [wly = ¢ Aw]o,

(3.11)

[R(w)|o = cslwr, )|V w|, @)

The first inequality is a consequence of Sobolev’s embedding theorem,
(3.4) and Corollary 3.4. The second inequality coincides with (3.6) for
f= Aw. The third inequality follows for (2.3) by applying Holder’s
inequality with exponents 3 and 3 to (w + V)w and Q(w):

w - V)l = clwl, o, [Vl .
QW) F = ¢ wl}, o = ¢ fwl2, [Vol?,.

The proof of (3.11) for (2.7) is analogous.

The second part of this section contains results for the linear part
of the equations (2.4) and (2.8) which will be used in the stability
analysis of §5. We introduce a new notation for A + AM(V), where
for convenience, the dependence on V is suppressed.

(3.12) AN V)= AN = A+ AM(V), AER

The following lemma is essentially due to Prodi [45].
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LEmma 3.9. Let V € D(A).
(i) A(\) with D(A(\)) = D(A) is a closed operator in JT.
(ii) For every p in the spectrum a(A(p)),

re = (im p)%4(\y3)* — (\y3)* =: F(A, p)

holds.
(ili) For u € C with —re uw + F(A, u) > 0, we have

AN = 11)~!lo = Ulkbys(—re p + F(, w)'"

(iv) For p&€C with G0\, w):= —re u+ 3(lhyo* — (\y3)?) >0,
w is in the resolvent set of A(\) and

I(AN) = p) "o = UGN, i)
holds.

Proor. Consider the equation
(3.13) Aw + A\ M(Viw — pw = g, w € D(A).
With the aid of (3.7), (3.8) and Lemma 3.6 one obtains

{ é(,),tz — (\ys)? )- ren}lwlﬁ

= Lw|2— {3 0va)2 + re p}wl2= Iglohwlo,

(3.14)

which implies (iv). Moreover, Lemma 3.6 yields

im plwlo = [glo + Nlys|lw||
(im p)2|wRAys)? = |gl320ys)? + 3f|w]>
On the other hand it follows from (3.14) that
3 w2 = re wlwld = (xys)2lwlg + Iglgi20vys)
Addition of the last two inequalities gives
(im )2 . 2 2 .
— 4+ " 2 = 2
(mrewt G = 002 ) lef = lghioys)

which proves (ii) and (iii). To prove (i), consider w, € D(A) with
w, > w, AMw,= v, - 0. Setting w=0 and g=v, (3.14)
implies the convergence of w, in H 1+ Thus, by Lemma 36:
AM(V)w, > u and by (3.12) one obtains Aw, — v — u. Since
Ais closed, w € D(A) and A0N)w = v. Q.E.D.
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ReMARk. Let 0 < a < 2yy2 If
= (Uys)(Lhyo® — 2a)'72
we have, for every u € o(A(\)), re u = a > 0.

Cororrary 3.10. (i) The spectrum of A(X) consists of eigenvalues of
finite multiplicities only with a single cluster point at infinity.

(ii) The operator — A(\) generates a strongly continuous semigroup
in JT.

Proor. Let p be in the resolvent set of A(\). Then, by (3.14) and
Corollary 3.4, the resolvent maps bounded sets in f T jnto bounded sets
in H T4 By Rellich’s theorem, the compactness follows in J T which
implies (i) (see [27, p. 185]).  (ii) follows from Lemma 3.9(iv) and
the Hille-Yosida theorem.

Lemma 3.11. Let V € D(A) and re u = a> 0 for all p Ea(A(N)).
Then — A(A) is the generator of a holomorphic semigroup exp (— A(\)t)
(see [27, p. 487] ), which satisfies the following estimates:

(i) lexp (= A0)ly = yola')e ', 1 2 0,

(ii) [AQA) exp (—AMN)D)|o = ys(a’)t e, t>0,0< a’ < a

Proor. It suffices to show the inequality

(315)  J(AQN) — pl) = —F forl—eSargu=irte

lu| + 1 2
for some positive constants ¢ and € (cf. [57, p. 10]). The proof of
(3.15) proceeds in 4 steps.

(1) Consider the set |u|= Cy, re u=0, [im p|= 2\|ly;|re ul
Choose C; = 2(1 + (Ay3)2)(1 + 4(\y3)?) 12, then

I ) RS O 1) el
19 B e N G0 )
holds, yielding, by Lemma 3.9(iii),
G17) (AN — 1)t s 2 EAMBE o

Mhys(lul + 1)  Jul+ 1

(2) Consider |u| = Cy, re w =0, |im u| = 2\ fy;|re u|, with C, =
1+ (A\y3)2(1 + 4(Ay3)2) V2, then
(Ays)? o 1+ [u

TIERT T TTE 90 F 4(ay,)?) 2

holds, and Lemma 3.9(iv) implies
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2(1 + 4\y3)H)'"? e
[w| + 1 e+ 17

I(AQX) — pb)~to =

(3) Consider |u|= C3, re w =0, |im w|= 2|Aly; re w and choose
C, = 18(\y;3)? + 3, then (3.16) holds, which yields (3.17).

(4) Define C = max(C,, Cy, C;), then the set S= {u|n €C,
|| = C, re p = af2} is compact in C and belongs to the resolvent set
of A(A). Since the resolvent is continuous in u, there is a constant ¢,
such that

AN = p1)~ o = cof(lul + 1),  nES.

Define € by sine = &/2C, 0<e <7/2, ¢ = max(c, cy,c3), then
(3.15) holds in the sector 7/2 — € = arg u = 37/2 + €. Q.E.D.

Under the conditions and the results of the preceding lemma,
fractional powers of A(A) can be defined [57].

(3.18) A(A)~# = exp (—AMDE-1dt, B> 0.

F(B) J
A(\)-# € & (J7) is invertible and thus we may set

ANF = (A0, DIAN) = RAN))
where R(A(A)~#) denotes the range of A(A)~#. According to [57],
the fractional powers of A(A) have the following properties:
(@) ANPAN)Pw = AM)*Pw,  w € D(AN)*4),
(b) JAN)? exp (= AN)D)|o = yala')t=Pe=",  £>0,
(c) AP exp (—AMtw = exp (—AN)EAN)Aw,

w € D(AM)#), t= 0,

(d) AN wlo = ys(@)wlo!#[AMw]8,
w EDAN)),0<B=1.

(3.19)

LEmMMa 3.12. Let VE D(A) and re u= a> 0 for u Ea(A()).
Then APAQN)* € @ (JT)if0=p<s<1,B=8= 1

Proor. (1) B=8=1. AA) = (1 + AM(V)A-HA. (—1) is in the
resolvent set of the compact operator AMA~1, sincev + AM(V)A~lv = 0
implies A()\)w =0 for w= A-lv, which, according to the assump-
tion on o(A(N)), ylelds w = 0 and thus v = 0. Therefore AA\)~! =
(1 + AM(V)A-1)~lis a bounded linear operator inJ7.

(2) 0 =B < 8 < 1. We observe that, in view of Lemma 3.11(ii),
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A exp (— AW Dwly = [AAN)~1AR) exp (= ANl
= ot e w), t>0,0<a' <a
holds. The interpolation inequality
AWy = cplwly?|Aw]§, w € D(A),
yields, together with Lemma 3.11(i),
|AB exp (—AN)E)|o = cge 't F, t>0.

Since A~! is compact, the spectrum of A consists of eigenvalues of
finite multiplicities. The spectral representation has the form Afw =
Ny wP(w, ¢.)op, where ¢, are the normalized eigenelements to
the positive eigenvalues p, of A. Thus, we obtain

|A? exp (— A\ Hw|¢ = i w28 (exp (— AN))w, )0
(3.20) !

<= 0326—2¢x'tt—2l3,wl?).

Further, we need the following estimate:

2
pm” (exp (— AN)thw, )t~ dt}
(3.21)
= J': w28 (exp (— A, p,)o%e2b120=0) dt J: e—2btg—2(1—c) ¢

with0 < b < a',c = {1 + (8 — B)}/2. Setting
C= fm e—2btg—201-0) gy
0

one can estimate A®A(\)~® by using (3.20) and (3.21) as follows:

APAQ) w0l = S w28 (AN) w,,)o?

v=1

o 2 { [ metenp (= A0, ot dr ¥

/\

(6)~ . 26(exp (— AM)t)wgp,)o 2620 £26-0) dt

e =20 =bto=F)~1 dt|up| = 042jw[§. Q.E.D.
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Finally, we are able to formulate (2.4) and (2.8) as an evolution equa-
tion in jT:

522 dwldt + AMw + h(A\)R(w) = 0,

w|l=0 = w0>

where h(A) = A for (2.4) and h(A) = 1 for (2.8). The operators A(A) and
R have the properties listed in Lemma 3.4 to Lemma 3.8. They
strongly depend on the special form of the original equations and will
be used in §5, where stability and instability results are given. For
the stationary problem, discussed in the next section, the assumptions
on R can be weakened considerably.

4. The stationary problem, bifurcation. In this section the sta-
tionary part of the equation (3.22) is discussed. It is easy to show the
existence of nontrivial solutions as branches emanating from points
of bifurcation (Theorem 4.1). The assumptions on R are weakened
thereafter in order to include more general equations which are
important in fluid dynamics (Theorem 4.2). Thus, concrete informa-
tion is obtained from the Taylor and the Bénard model on the bifurca-
tion picture (Theorems 4.3 and 4.6).

In the stationary equation of (3.22),

(4.1) Aw + A\M(V)w + h(\)R(w) = 0,

where V is any known stationary solution with V &€ D(A), which
may depend on A, we make the following substitution: A%%w = v
and obtain:

v+ AK(V) + h(\)T(0) =0, v EJT,

(4.2)
K(V) = A-14M(V)A-34, T(v) = A~V4R(A=3Mp).

Since A-1+ & @ ( ]°T), the following estimates can be derived from
Lemmas 3.6 and 3.8:

(4.3) IK(V)olo = yslolo, IT(0)]o = yolol3-

A~!and thus A~"* are compact, implying that K and T are completely
continuous. 1 + AK is the F-derivative of 1 + AK + h(A\)T at v = 0.
Now, well-known theorems on bifurcation can be applied.

Tueorem 4.1. Let be \; € R, \; # 0 and (—\;) ! be an eigenvalue
of K of odd multiplicity, then

(i) in every neighbourhood of (\;,0) in R X JT there exist (\, w),
0 # w € D(A), w solves (4.1);
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(ii) if (—A;)~" is a simple eigenvalue, then there exists a unique
curve (A(a) (a)) such that w(a) # 0 for a# 0, which solves
(4.1), moreover (A(0), w(0)) = (A;, 0).

The proof of (i) follows by using a theorem of Krasnoselskii [35,
p- 196] for equation (4.2) and v € D(A'*) which implies w € D(A).
(i) is a consequence of Remark 2.6 in [9].

In the following part of this section a generalization of Theorem 4.1
is indicated with the purpose of showing that strong regularity for the
branching solutions can be obtained and that the nonlinearity can be
an arbitrary polynomial operator including differentiation operators up
to the order 2. We assume for this part that V&€ C-*()) and dD
is a C *manifold which is satisfied for the Taylor and the Bénard
problem.

We remark that we&HI, ,N ﬁl ey m>3, implies by
Sobolev’s embedding theorem that w € C," N H{, and thus
w|op = 0. Consider Au= Pf, f€ H,", then, by “Lemma 3.5,
u€HL,, ND(A) = Hy ., N H{ _ and, by Corollary 3.2,

|U|m+2 Cllelm = CZ'flm

Settmg H,"=cl, PHm , let h, € PH,,T, h, > h in | |,. Then,

“h,=u, >u€HL , N HT,, where the convergence is in
[ lms+2 and Au = h. Since h € H,,T N JT it follows that H,,” C H,,” N
jrC PH,,", so PH,," is closed.

Let D(A,)= HY,, NH],C PH,T, A,w= Aw, w € D(A,),
then A,, is a surjective, compactly invertible operator in PH,,” and
|Ap "' W 1o = ¢3jw|, holds for w € PH,,T. In view of the assumed
regularity of V, Corollary 3.7 yields for M = PL(V) restricted to D(A,,):

(4.4) MWy = 4]0 o, w € D(A,),

L MA, T W = CylAm W o = 5|0, w € PH,,T.
Therefore, K,,, = MA,, " is a compact operator in PH,,T.

Now, we discuss the feasible structure of the nonlinearity R = PN.
Observe, that for m >3, H," is a Banach algebra, ie., jow|, =
C[0|m|w]n. Let the components of N(w) be of the following
polynomial type:

N(w)(x); = . z ‘ a; ..,~(x)DYj1 wjxlij’ o 'Dyj" w;"'%
(4.5) "
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Note that (2.3) and (2.7) are of this form. Now, m > 3 yields
IN@) = Nw)l = {3 N} = New)lx }
i=1

§ C7 'U - w|m+2g( Ivlm‘+27 ,w,m+2)7 for U, w E Hr£+2,

where g is continuous and g(0, 0) = 0. Thus, R(A,,”'w) = PN(A,,~'w)
is a locally Lipschitz continuous mapping in PH,,T.
Considering

(46) A,w+ AMw + h(A\)R(w) = 0, w € D(A,),\ €ER,

this equation is equivalent to
v + AK,,v0 + h(A\)R(A,,"'v) =0

by A,"'v = w. K, and R(A,,~'v) satisfy the assumption of Theorem
2.3 in [35, p. 205], and we obtain

TueoreMm 4.2. Let be V € CT-*(D), D be a C *-manifold; let M
satisfy (4.4) and N be of the form (4.5). Then for every eigenvalue
(—=N)) 7! of Ky, \j # 0, of odd multiplicity, (\;,0) is a bifurcation point
of (46). The solutions w are in CT-*(D) and fulfill the boundary
condition w| ;p = 0.

(4.6) includes equations for the generalized Boussinesq equation,
where the physical constants are allowed to depend on the tempera-
ture, and also the case of heat sources as discussed in [15],[16].

Having reduced the existence of nontrivial solutions of (4.1) to the
investigation of the spectrum of K, we now discuss this operator in
detail for the examples given in §2.

Taylor model. Consider K= A~"*M(v°)A=%% where 0v° is the
Couette flow defined in (2.2). Since 4D is a C “-manifold, every
eigenfunction ¢ belongs to CT-%(D) (Lemma 3.5) and satisfies (4.1)
with R = 0 and the boundary conditions ¢|,, = 0 pointwise.

(47) — B + AL +AVg=0, V =0, =0,

for some q € CT-%(D). ¢ and g are periodic with period 2a/o,
o > 0. In order to exclude a two-dimensional eigenspace, we require
the solutions of (4.7) to be “even”, i.e.,

CP(T, —Z> = <_‘Pl(r) Z), _¢2(r> Z), 903(7’ Z)),
q(r, —z) = —q(r, z).

It is easily seen that the differential operators in (2.4) preserve this
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invariance condition. Now, the eigenfunctions have the form
¢(r, z) = (u(r) sin koz, v(r) sin koz, w(r) cos koz),
q(r, z) = ¢(r) sin koz, kEN.

Elimination of w and ¢ in (4.7) yields (cf. [31])

(il ) = ot
(Hl )~ o

(4.8) .o
win) = (o) (“£+L Yui,

Ifa=0, v,°=0, (4.8) has no real eigenvalues [58]. If v,° changes
sign, nothing is known about the spectrum. Therefore, we restrict the
following considerations to the case a < 0, v ,%(r) = 0.

With the aid of the Green’s functions, G resp. H, of the fourth-,
resp. second-, order differential operator in (4.8), we transform (4.8)
into a system of integral equations

v (F)

(@)  u(r) = —2k%>\ j " H(r, 7 ko) = o(i) di,

49)  (b)  ofr) = —2a j * Glr, # koyu(F) d,

~

(¢) w(r) = —2kor J H(r, #; ko) Mu@) d,

with H(r, #; ko) = aH(r, #; ka)|dr + H(r, #; ko).
The adjoint problem has the following form:

(@) ()= —2a f G (r, 7 ko)i(?) di,

b)  8(r) = —2koA w {ro f H'(r, #; ko)a(?) di

(4.9)" + 7 A keam a
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where G', H', H' denote the transposed kernels. Obviously, u = A2
is the characteristic parameter. w is simple if and only if

@b = o | W) + o(Er) + w(r)d(r) dr # 0

holds. Thus, by @w(r) = 0, the simplicity of a characteristic value is
determined by the equations (4.9a) and (4.9b) only. Before the
number of characteristic values is counted, we mention that (4.9) gives
an explicit representation of the equations

o+ AT M) =0, ¢+ AM'(v)A-1¢ =0,
¢(r, z) = (u(r) sin koz, v(r) sin ko'z, w(r) cos kaz),
(7, z) = (ii(r) sin koz, &(r) sin koz, 0).

The solutions of ¢ + AK(v%)p = 0 and ¢+ AK'(v v%)¢ = 0 are con-
nected to ¢ and ¢ by ¢= A~ 3/4" ¢ = A¥Yy. Hence (p, )=

(¢, ¢)o and the simplicity of a characterlstlc value of K can be deter-
mined by considering (4.9a,b) only.

Iudovich [21] has shown —using the theory of oscillation kernels
in the sense of Krein [29] — that the spectrum of (4.9a,b) consists
of a sequence of simple positive characteristic eigenvalues u;(ko) =
N2(ka), 0 < py(ko) < pg(ko) < - - -. The corresponding functions u, v
have exactly i — 1 zeros in (ry, r,) which are simple. This property
is used for the case i = 1 in the next section. Hence, K has an infinite
sequence of simple characteristic values A(ko)= = (u;(ko))2
Regarding the analyticity of A; with respect to o > 0 Iudovich[21]
was able to prove that A(ko) # A(so) for i, k, r, s € N, not all equal,
and for all & > 0, except at most countably many. This property
implies the simplicity of the characteristic value A\; of K(v?) for
“almost all” o.

Tueorem 4.3. Let be a <0, v (1) > 0 for r € (r,ry)—a and v’
defined in (2.2). Then, for all ¢ > 0 — except at most a countable set
of positive numbers — there exist countably many real simple eigen-
values (—\;)~! of K. Every point (\;, 0) € R X D(A) is a bifurcation
point of (4.1) where exactly one nontrivial solution branch (A(a),
w(a)) emanates. These solutions are Taylor vortices.

Recent results of Rabinowitz [47] show that every nontrivial
solution branch is either connected to infinity or to another bifurca-
tion point. For A, the smallest characteristic value, Theorem 4.3 was
first proven by Velte [62]; its general form is due to Iudovich [21].
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In view of the definition of A in (2.1), the negative characteristic
values A; are of no physical significance. Moreover, strong experi-
mental evidence suggests that all solutions branching off (A;, 0), where
i 74 A, are unstable, however no proof is known.

The general form of the eigenfunction ¢ contains the parameter
ko. However, the solution branch corresponding to this eigenfunction
is periodic with period 2n/ko. Thus, no generality is lost if k is
assumed to be equal to 1.

CoroLLary 4.4. Let the assumptions of Theorem 4.3 be satisfied and
let 0 > 0 be such that \(o) > 0 is a simple characteristic value of
(4.8), resp. (4.7). Then the nontrivial solution branch with period
onlo

(i) either exists to the left, resp. right, of \x and permits the para-
metrization

Ma) = A, w(h) = = — A[VTF(A)

where r € N is even and F: R — D(A) is analytic in (\x — \)'V",
resp. (A — Ag) /7

(ii) or exists for all \ in a full neighbourhood of Ay and permits the
parametrization

AMa) = A, wA) = (A — A)V'F(N),
where r € N is odd, F as above.

Proor. Let Q denote the eigenprojection to A;. Setting Qv =
29, 2 €E R, v, = v — z¢p, @ denotes the normalized (in Ly,T) eigen-
function of K in (4.2), then, for sufficiently small |\ — Ay|, |z]| (cf.
(33]),

oo
v = z DAWZ“TU’ T=A— )\k:
2=
where the series converges in JT. The “bifurcation equation” for the

determination of z is obtained by applying Q to (4.2), yielding

A—A
=2 hag + ) T(g + o)

k
(4.10)

A— A
= { " —k+ 2 a,0% + 2 a,, 24N = Ag) }<p=0.
w=2;v=1

z = 0 corresponds to the trivial solution v = 0. It is well known that
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ago = 0 [33]. If all g0 = 0 then the nontrivial solutions of (4.10)
satisfy z(0) # 0. Since the corresponding v does not bifurcate from
the trivial solution, g, = 0 for all u, yielding a contradiction to
Theorems 4.1 or 4.3. Thus a,,,07# 0, ayo= *** = a,0 = 0, which
by Newton’s diagram (cf. [11]) implies that the real nontrivial solu-
tions of (4.10) are power series in (A — A7, resp. (A — A)UT
depending on the sign of a,,;o. By (4.2) and (4.3), the power series
for v converges in D(A'¥) and therefore, w = A~%4y possesses the
asserted representation.

Of special physical interest is the smallest positive characteristic
value A;(o) which determines the critical Reynolds number where
Taylor vortices are observed. Numerical calculations show that
azo < 0 for A = Ay(o) (cf. [33]). Thus, bifurcation is expected to
the right, and the branching solution behaves like % (A — A;)/2 near
A;; however no proof is known. The “upper” and “lower” part of the
branch, corresponding to the plus, resp. minus sign are Taylor vortices
differing only in the orientation of particle paths.

Secondary bifurcation of Taylor vortices in form of “wavy” vortices
[10], [38] has to be expected on experimental evidence [8], [13],
[56] and analytical calculations. However, due to the complexity
of the linear eigenvalue problems, no proofs are known.

Bénard model. The analysis of this case proceeds analogously to that
of the Taylor model. However, since two free parameters, a and g,
are involved, the set of solutions is richer. Moreover, quantitative
information about the bifurcation behaviour can be obtained.

Consider (3.22) with AA) = A+ AM(v°) = A + APL(v°), where
v’ and L are given by (2.6) and (2.7), h(A) = 1, w = (u, 6). Sup-
pose A >0 and replace u by uVA, then, by (2.7), one obtains the
explicit form of (3.22):

Du— Au— VAbe + Vqg= — VA(u - V)u,
(4.11) D,0 — Pr-1A0 —VAuy; = —VA(u - V)89,
V ru=0, w|;p = 0, Wlio = WO,
withe = (0,0,1). If
W € Lyioe([0, ©); D(A)),  dwldt € Ly 0e([0, ); J7),
u solves (4.11), scalar multiplication by (u, 6) yields (cf. (3.8))

(4.12) l2 j—t |2 + [[w]|2 — 2VA(us, 6)o = 0.

The functional in the variational problem
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sup  2(ug, )l ||w]|2 = 1/p, >0
w€E N Il .
is weakly upper semicontinuous. By the same arguments as used in
Lemma 3.3, its solution belongs to D(A). It satisfies the Euler-Lagrange
equations:

— Au— pube + Vg =0, — Pr-'A6— pu; =0,
(4.13) 9 °
ulsp = 0l5p =0

for w = p, which, for VA = p,, coincides with the linearized sta-
tionary problem corresponding to (4.11). Thus, u, is the smallest
positive characteristic value of (4.13). Moreover, for 0 =S \A <A, =
w2 one obtains, using (3.4), (4.12) and Corollary 3.4,

L4 o+ el (1- (%1)”2)

=5 gtk el (1-(3)")

which implies |w(t)] — 0 as t — . This is a well-known result by
Joseph [25]. We gave the proof, since it can be applied to the study
of the equation dw/dt+ AA\)w =0 as well From the Hille-
Yosida theorem it follows that the spectrum of AN), consisting of
eigenvalues only, lies in the positive complex half plane.

LEmMA 4.5. Let be AA\) = A + AM(v°), M = PL, where v° and L
are given by (2.6), resp. (2.7), and let \y = w,2, u, the smallest positive
characteristic value of (4.13). Then, for0 =\ <Ay,

(i) w = 0 is the unique stationary solution of (3.22), .

(ii) w =0 is asymptotically stable for w° €& JT, arbitrary,
W € Ly joc( [0, ©); D(A)), dwidt € Ly([0, »), J7),

(iii) there exists a positive constant & such that re u = § for every
w € a(AN)).

Through Theorem 4.1 the bifurcation picture is determined by the
spectrum of K= A-"M(v")A~%4 which consists of eigenvalues
only. Since (4.2) is equivalent to (4.1), the eigenvalue problem can be
derived by using the linear part of (4.1) which, after the substitution
u —>uVA, for A\>0, w= (4,8), p= VA, coincides with equation
(4.13).

In order to obtain simple eigenvalues we again have to introduce
“even” solutions [23], [61] by requiring

I\

0
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u(—x) = (—uy(x), —ua(x), us(x)),
0(—x) = 0(x), g(—x) = —qx).

It is easily verified that the differential operators in (2.8) preserve these
invariance conditions.

The function w € CT*(D) (Lemma 3.5) satisfies the boundary
condition pointwise. Elimination of ¢ transforms (4.13) into (cf. [7])

A2y = VA(326/0x,2 + 326/0x,2),
(4.14) A 0 = Prviau,
uslsp = 0|sp = 0.

Solutions of (4.14) are sought having the invariance properties (2.8d)
and (2.8e). By Lemma 2.1 and Corollary 2.2, only some exceptional
combinations of w = 2r/n, & and B are possible. We give the general
form of the eigenfunction u; for the case of even solutions; 6 has an
analogous representation whereas the forms of u; and u, are obtained
by replacing sin- by cos-terms.

n = 1 or 2: no cell structure, rolls (8 = 0), rectangles
us(x) = ug,(x3) cos (vax; + uBxy).
n=3o0r6, a=BV3: hexagons or triangles
us(x) = u,,#(xg)[cos{/i‘(v\/i_%xl + uxo)}

+ cos {B(—V_zﬂ\/ﬁxl— 31};#@)}

+ cos {B(—V-;“\/i_ixl+ SV;“x2>}].

n = 4, a = B: squares
ug(x) = w,,(x3) [cos {B(vx; + pxy)} + cos {B(ux; — vxy)}].
In either case (4.14) leads to
(d¥dxs? — a2)2u,, = 02V 6,
(4.15) (d¥dxg® — 02) 8,, = PrViAu,,

u,, (k) = % (k) = 6,(k)=0, k=01, 0% = v%?+ pig2
3

The analogy to (4.8) is obvious now. Iudovich [22] has shown that
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(4.15) is equivalent to an integral equation of the form (4.9) (A2 — A,
. =k — 1, k= 0,1) with an oscillation kernel C. Thus (4.15) has a
countable sequence of positive simple characteristic values 0 < \(0)
< Ag(o) < - - . To ensure that A(o) is a simple characteristic value
of (4.14) one has to verify M(Vr2a2 + u2B82) # A(VnZa2 + m282) for
all i, k, v, u, n, m € N, except for i = k, v=n, u = m. Using the
analyticity of Ay(o), Iudovich [22] proved this to be true for all
a, B except a set S whose intersection with every analytic curve in the
(a, B)-plane consists of at most countably many points (nomenclature:
approximately everywhere). ‘

The investigation of the quantitative behaviour in the neighbourhood
of a bifurcation point proceeds as in the proof of Corollary 4.4. In the
Bénard case however, one can show that for k=1, a3, <0 in
(4.10) [23].

The general form of the eigenfunctions contains cosine-terms with
the argument vax; + uBx,. However, the Fourier expansion of the
corresponding branching solution consists of terms with argument
nvoax; + muPBxy, n,m € Z, only. Thus, without loss of generality,
we may assume ¥ = p = l and 02 = o + B2

Tueorem 4.6 [23]. (i) The Bénard problem (2.8) possesses for
approximately all a and B countably many simple positive character-
istic values \;. Furthermore (\;,0) € R X D(A) is a bifurcation
point.

(ii) If n, a, B are chosen according to Corollary 2.2, the branches
emanating from (\;, 0) are doubly periodic, rolls, hexagons, rectangles
or triangles.

(iii) If Ay denotes the smallest characteristic value, then the non-
trivial solution branches to the right of A, and permits the parametri-
zation

wA) = £\ — A)PF(\)
where F : R — D(A) is holomorphic in (A — Xy)V2

The positive and negative signs in the above representation give
solutions differing in the flow direction at x; = x, = 0 (center of the
cell). Since the characteristic values A, are determined by o =
(v2a®> + u?B?)Y2 only, solutions of every possible cell structure
emanate from each bifurcation point (A4, 0), the structure depending
on the choice of a and B. Thus, the solution set of the stationary
problem (4.1) is so rich that stability properties must explain the selec-
tion of distinct cell patterns by nature.

Certain differences in the qualitative behaviour of the bifurcation
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solutions considered in Theorem 4.6 have been found in generalized
Bénard models for the convection flow in a heated fluid layer. We
conclude this section with a short survey of those results. Generalized
problems may be formed by allowing the material parameters, such
as viscosity, to depend on the temperature — the rate of variation is
measured by some small positive parameter y—([4], [41], [52],
[60] ), or by introducing a steady change of the mean temperature
at the rate y caused by a steadily increasing heat supply (free or poorly
conducting surfaces) ([36], [37], [16]). In all these cases solutions
have been constructed in the form of double power series in € and vy,
where € measures the amplitude, in a neighbourhood of the eigen-
value A;. The method has been justified in [46], [16] by a con-
vergence proof.

The results for y = 0 are in agreement with the assertions of
Theorem 4.6 [50]. For y # 0 however, there exist “subcritical”
solutions, i.e. solutions for A < A; with hexagonal structure, the direc-
tion of the flow in the cell-center being determined by the sign of
v; all other solutions bifurcate to the right of A;. The selection of
certain cell patterns is explained by considering the behaviour of the
spectrum of A(Aj; V(A)) near A, and by drawing conclusions about
the stability and instability. A critical survey of these arguments is
given at the end of §5.

5. Stability and bifurcation. In this section the relation between
bifurcation, stability and instability is studied. It is well known that
the basic solution loses stability for some A, € (0, A,], where A, was
defined in the preceding section as the smallest parameter with
0 €o(A()). If A, € (0,);) then two conjugate complex eigenvalues
of A(A.) lie on the imaginary axis. In this case time periodic solutions
of (3.22) may exist, as was proven by Joseph and Sattinger recently
[26]. The condition A, = A, is known as the “principle of exchange
of stabilities” (PES). The PES holds for the Bénard problem, yet its
validity for the Taylor model is an open problem. Under the assump-
tion that A\, = Ay, and A, simple, the nontrivial solution branch emanat-
ing from (A,,0) gains stability for A > A; and is unstable for A <A,
(Lemma 5.6). This result can be derived using Leray-Schauder degree
([24], [49]) or by analytic perturbation methods [32]. The
applications to the Bénard and Taylor problem are formulated in
Theorem 5.7. At the end of this section we give a proof that every
branch, corresponding to a value of o which is not a locus of a local
minimum of A,(¢), is unstable in a suitable function space [32].
This argument explains the selection of a preferred cell size in the
Bénard case (Theorem 5.8).
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For the intended applications we need a general result relating
properties of d(A(A)) to the stability or instability of the trivial solution
(corresponding to the stationary solution V). (Stability is understood
in the sense of Lyapunov.) The first result of this kind was given by
Prodi [45] who proved asymptotic stablhty in HY, if a(A(A)) lies
in a half plane re u = a> 0 (rea(A(\)) = a > 0). Later, Iudovich
announced theorems on stability and instability in [20]. Sattinger [48]
has shown that re o(A(A)) = 0 is necessary and re (A1) = a> 0
is sufficient for stability in f7, if the class of solutions considered con-
sists of weak solutions of Hopf type. (For necessity one needs a slightly
stronger condition on o(A(A)) (see Theorem 5.5).) Asymptotic stability
in D(A) — including pointwise stability — was proven by Iooss in [19].
Here we show the necessity and sufficiency of the spectral stability
conditions for strict solutions in the sense of Kato-Fujita [28] in Jr
or D(AF),2=B8< 1.

Following Kato-Fujita [28] we call w: [0,7] — JT a strict
solution of (3.22) if

(i) w(0) = w,,
(i) w € C([0, 7], J7),
(5.1) (i) w € CY(0, 7], J7),
(iv) w(t) € D(A) forall t € (0,7] and Aw € C((0,7],]7),
(v) wsolves (3.22) in (0, 7] .

LemMa 5.1. Let be BE [ 1), wy € D(AP). Then there exists
a 75 € (0, ] such that (3.22) possesses a unique strict solution w
in every interval [0, 7], 7 < 75, with the additional properties

(i) w(t) € D(AP) forall t € [0,7], and APw € C([0, 1], J7),

(i) lim [APw(T)|g = o, if Ty < .

‘r—bT

For the proof we refer to the appendix. The case A = 0 was con-
sidered in [28] under the weaker assumption w, € D(AY4). Our
proof guarantees the validity of the conditions (5.1) (iii) to (v) even in
the closed interval [0,7] under stronger assumptions on w, (e.g.,
APwy € D(A), Mw, € D(A?), R(w,) € D(AF)), Lemma 5.1 implies
moreover that an a priori bound for |Afw]|, yields the global existence
of a strict solution.

Lemma 52. Let rea(AN)=Za>0, BE (3, 1), wy € D(AN)A).
Then there exists a 75 € (0, ®] such that (3.22) possesses a unique
strict solution w in every interval [0,7], 7 < 7z with the additional
properties
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(i) w(t) € D(AM)?) forall t € [0, 7] and AN)Fw € C([0,7], |7),
(ii) lim, ]A(A)ﬁw(f)[o = o, iff, < .
If |A(\)Fw, |0 is sufficiently small, then 753 = .

The proof can be found in the appendix. The condition for the

spectrum is imposed to ensure the existence of fractional powers
of A(\).

TueorEM 5.3. Let reoc(AA)Z a>0, 0<b<a BE (1),
wo € D(AMN)P). To every positive € there exists a 8 > 0, & depending
on \ and B, such that |A(\)Pwq |y = & implies

(i) the existence of a strict solution w in [0, =),

(ii) JAN)Pw(t)|o = €e P fort € [0, ).

Proor. In view of property (i) in Lemma 5.2 we may set v(t) =

eP"AN)Pw(t), t € [0,75), 0 < b < a’ < @, and we obtain from (3.19)
and the integral representation of (3.22)

o(t) = e exp (—AN)t)AN)Pw,
— h() j ; MAN)? exp (— ANt — ))R(e-AN)~Po(s)) ds

Lemmas 3.12 and 3.8 yield the boundedness of the nonlinearity;
together with (3.19b) and Lemma 3.11 this implies the estimate

[o(t)]o = yee ' ~PH[AN)Pwolo

t 3
+ yqc; Jo e~ =b)t=s)(p — s)‘ﬁlv(s)lgds.

Set xy = |A(\)Pw, |0 There exists an €, >0 such that, for all
0<e€=¢€pandxy = §(€),

veXo + €2y7C, J e~ -Dbig—B ds < €
0

holds. The set J= {t |t &€ [0,75), |v(s)|o =€, s € [0,¢]} is closed
and open in [0, 7). Thus, by Lemma 5.2(ii), 75 = @, which yields the
assertion.

The trivial solution w = 0 of (4.1), and therefore (see (3.12)) the
stationary solution V, is asymptotically stable in D(A\)#) if
re 0(A(A)) = @> 0. An analogous result is valid in D(A#). We state
explicitly the notion of stability used in this context: w = 0 is called
stable in a Banach space (X, | ||) if, for every € > 0, there exists a
8(e) > 0 such that ||w(t)|| = € holds in [0, 7) for all strict solutions w
of (3.22) with |lwy| = 8(€), [0,7) denoting the maximal interval of
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existence. w = 0 is called asymptotically stable in X if it is stable
and lim, _, .|jw(t)|| = 0.

CoroLLarY 5.4. Let be red(AA)=Za>0. Then w=0 is
asymptotically stable in D(A®),B € [§,1).
Proor. The solution w solves the integral equations (see (3.12)):

(a) w(t) = exp (—AQ)thw,

+ [ exp (=AM = 9)(—hM)R(w(s)) ds,

(5.2)
(b) w(t) = exp (—At)w,

+ [ exp (= Al = 9)(=AMuwls) = BN R(w(s))) ds.

Setting v(t) = e”Afw(t), 0 < b < a’' < a, one obtains, from (3.20),
Lemmas 3.6 and 3.8 as in the proof of Theorem 5.3,
(a) [Jo(t)|o = cee = ~P"tPlwylo

+ ¢4 ﬁ) e~ =b)t=s)(t — §)=B|v(s)|3 ds,
(5.3)

(0) fo(B)ly = e~ -1| AP,

+ o5 [Lemwmima s o)l + 1AO)] [o(5)13) ds,

By (5.3b) there exist constants 79 € (0, 74), €9 > 0, such that, to every
€, 0<e=e¢, there is a § = 8(e) with |o()[o =€, t € [0,7], if
only |APwyly = 8. For t = 7, we get, from (5.3a),

t
[o()lo = colAPwoly + ¢, [ e ==t = 5)~*Jo(s)3 ds.

Choosee; > 0,8' = 8(e’) so that, if [APwy|y = 8/,

0
cglAPwqlo + ci€ /2J'0 e~ =big—B s < €’ 0<e'=e,

holds. Let be € = min (€, 8",€") then, |v(t)|o =€’ for all t € [0, 74)
and for all w, with |Afwylp =min(§,8’). Q.E.D. Moreover,
Lemma 5.1(ii) implies 7, = .

Except for a slightly different notion of strict solution, Prodi’s
result [45] is the case B = 3j. Sattinger [48] proved asymptotic
stability in JT for weak solutions in the sense of E. Hopf. Hence, the
stability estimate of Corollary 5.4 is stronger than those mentioned
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above; however, whether Sattinger’s class of solutions is larger than
the one considered here is still an open problem. Iooss” Corollary 1.1
in [19] is the limit case 8 = 1. A somewhat complementary version
of Corollary 5.4 is stated in the following theorem.

TueoreM 5.5. If w = 0 is stable in J and if A(\) has no eigen-
values with vanishing real part, then re a(A(\)) > 0.

Note. The condition that A(\) has no eigenvalue with vanishing
real part is obsolete, as was shown by the second author recently.

Proor. Assume that a(A(A)) has spectral points with negative real
part. In view of Lemma 3.9 and Corollary 3.10, there exist only finitely
many of those spectral points and they are eigenvalues with finite
multiplicities. Let P, resp. Q = 1 — P, denote the eigenprojections
corresponding to the negative, resp. positive, part of the spectrum.
Then, by Lemma 3.9, the restriction A(\), = A(\)[oj” satisties
rea(A()\)Z) a>0 for some a. A(A), is densely defined in Q]T
and generates a holomorphic semigroup with the properties stated in
Lemma 3.11. Thus, A(A),# can be defined as in (3.18) and the estimates
(3.19) and Lemma 3.12 hold.

Let w be a strict solution of (3.22) in [0, 7), where [0,7) is the
maximal interval of existence, with the initial condition w,, and
Qw, = 0. Since P projects fT into a subspace spanned by finitely
many generalized eigenfunctions, w, is arbitrarily smooth and, by
Lemma 5.1, w(t) € D(A%4) for all ¢t € [0, 7) and A¥4w € C([0, 7), f7T).
Therefore, Qw solves the integral equation

Ow(t) = —h(r) fo exp (— AN)alt — 5)QR(Pw(s) + Quw(s)

Set v = A(A),AQw for some B € (3, 1). Then v satisfies

o) = =h) [ AN)afexp (— A)s(t — $)QR(Pwls)+ AN, o(s)) ds
since A(N),# is closed and the followmg 1nequahty is valid. Observe

that in the finite-dimensional space Pf7, [A%w]|y = c¢,|wl|y holds. In
view of the Lemmas 3.8 and 3.12 and by (3.19b) we obtain

@ (O =fO+ ey [ et = 5)~0fo(s)3 ds,
(5.4) 0<a <a,

b) fy=c' [ et = 5)-|Pu(s) B ds

0
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The integral in (5.4a) exists since v = AQA),#Qw is bounded by
A\)yQw in [0,7), and this is bounded by AQw. The boundedness
of Aw follows from Lemma 6.1 in the appendix for smooth w,.

The assumed stability in j7 guarantees that [Pw(t)| =€, t € [0,7),
if only |wyly = 8(¢). In the course of the proof we shall dispose of e.
Now we assert

(5.5) o)l = 2f(1),  t € [0,7),

€2 < (4c;"coc3?) "), wherecy = fw e~'ss B ds.
0
Define 1= {t|t€ [0,7), |v(s)|o = 2f(t) for all s € [0,¢]}. Since

[o(t)]o is continuous, I is closed in [0,7). The openness of I follows
from (5.4a) by the inequality

[o(t)lo = f(£) + deacaf(£)> < 2f(), tE

by the choice of €, therefore I= [0,7). Hence, APQw = v is
bounded in [0,7). By Lemma 3.12, A%Qw and thus A%w is
bounded in [0, 7) as well. Lemma 5.1(ii) implies 7 = .

We set u = Pw and

AN, = AN)]p, red(A\);) = —q <0.
Choose a basis |, - * *,¢,, in PfT such that
(AN, u) = = qlul?

where the scalar product is defined by

(u',u?) = Z x;'x;2, w= ﬁ x/e, j=12
i=1 i=1
Applying P to (3.22) yields
(5.6) duldt + A(\),u + h(\)PR(u + A(\), Pv) = 0.

By the Lemmas 3.8 and 3.12 and the equivalence of thenorms | - |, | - |o
in PJ7 we obtain

[h(\PR(u + A(N),~#0)| = cq([ul? + [v]5).

Scalar multiplication of (5.6) by u implies (in view of (5.5)), for
€= (4eq)7 g,

d
5 O Z L) = 26,£(0ue)]
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For some n > 0, |u(t)] strictly increases for ¢ € [0,7], since f(0) = 0.
As long as |u(t)| is increasing, f(¢) = c, c3lu(t)|> holds by (5.4b).
Choose € <(4c, "%c3%c,)"'q, thenn = » and |u(t)| grows exponentially.
This contradicts the assumed stability.

Assume that o(A(A)) has an eigenvalue with negative real part and
no purely imaginary eigenvalue. Then, Theorem 5.5 states that in
every JT-neighbourhood of w = 0 there exists a w, and a strict
solution w(t, wy) of (3.22), with the maximal interval of existence
[0, 7), such that |w(t, wg)|o > €, for some ¢t € [0, 7) and some €4 > 0.
In this sense w = 0 is called unstable. Particularly, Theorem 5.5
implies the result of Sattinger [48] who proved instability in j7 for
weak solutions of Hopf-type.

V=1, + w*, where w* is a stationary solution of (4.1), is called
stable if, for AA) = A + AM(V), w =0 is stable with respect to
strict solutions in D(A#). V is called unstable, if it is not stable in jT.
Since we have to investigate stability and instability for different V,
we indicate the dependence of A(A) and K on V by the notation

(5.7) A\ V)= A+ AM(V), K(V) = A-U4M(V)A-34,

By Corollary 5.4 and Theorem~5.5, stability and instability of V are
essentially determined by @(A(A; V)). For small positive A there
exists a unique stationary solution vy which, by Lemma 3.6, Corollary
3.4 and (3.4), is stable since

(Aw, w)y + M M(vo)w,w)e = [AV2w[5 (1 — Myzy1”)

holds. Asymptotic stability can also be proved (see [53]).
Let us denote

(58) A, =sup {A [N >0, rea(A(p; vy)) > 0 forp € [0,A)}.

Since a(A(A; vy)) is closed, Lemma 3.9(ii) and Corollary 5.4 imply
that vy is stable for A <A, If A(A;vy) has spectral points with
negative real parts for A > A, and no eigenvalues with re A = 0, then
vy becomes unstable. We know that A, = A, where A, is the smallest
characteristic value of K(vy), since 0 € o(1 + A\ K(vy)) if and only
if0 € a(A(Ay; vo)).

For the case that A, equals A, and under some additional assump-
tions on the nature of the eigenspace, the stability behaviour of v,
and of the bifurcating solution V can be studied if it is possible to
parametrize V “piecewisely” in A, i.e. if the nontrivial solution branch
(\a), V(@) in RX JT, |a|=1, (A(0), V(0)) = (A, v0), can be
written
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ah) = c N — AU

(5.9)
V(A)= U()+ ,A—)\ll”rF()\), TEN,

where F:R — D(A) is analytic in (A\—A)Y" and F(\))# 0
(see Corollary 4.4 and Theorem 4.6). The following lemma explains
the stability behaviour for this case. R in (4.1) is a quadratic operator
and maps analytic functions w : C — D(A) into functions v: C— J7,
analytic near 0 as well. Lemma 3.8 implies that (5.9) and this analytic-
ity property hold for the two models under consideration.

LEMMA 56. Assume A\, = A\, and re p. = a > 0 for all nonvanishing
w in o(A(\; vy)). Let N, be a simple characteristic value of K(vy),
let 0 be a simple eigenvalue of A(Ay; vy), and let (5.9) be satisfied.
Then, if \ is restricted to a suitable neighbourhood of A,

(i) vy is stable for A < X, and unstable for A > x,,

(ii) V(A) is stable for A > X\, and unstable for A < \,.

Proor. Part (3) of the proof follows an argument given in [32].
(1) Letty > 0 be sufficiently small and choose

K:={z|2z€EC,0=rez=al2, [imz| =B, 2| = a4},
B =2\ + 7lys{al2 + (A, + 79)%y3}"3

then K is a compact subset of the resolvent set of A(A;;v,). By
Lemmas 3.6, 3.9, the family of operators (A(Aj; vo) — 1)~ 'M(vp) :
HT, - H{'ﬂ, is uniformly bounded for |\ —A|=7), pEK

Denote the bound by ¢,. Since V(A;) = v, and V(A) € D(A) is con-
tinuous in A, we can find a7, > 0, 7; = 7, such that

MI(A; v9) = pl) " {(M(V(A) — M(vo))|| + ]\ — Ayfe; <1
for \ — X\{| = 7,. By the identity

{A(A;; VO) — pl}!

= {1 + ((A\s5 v9) = p1) 7'M M(V(X)) — A M(vo))
+ (A = A)M(vo)) } !
' (A()H; vg) — 1),

it follows that K belongs to the resolvent set of A(\; V(\)) for
AN=A|=7. In view of Lemma 3.9(ii), all eigenvalues of
A(N; V(A)) belong either to the set [z| = a/4 or to the set re z = of2.

(2) For V(\) = v,, the above consideration yields that A(\; v,)

has a simple eigenvalue w;(\) near 0, and that all other eigenvalues
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are to the right of re u = /2. Observe, that A(A; vy) = A + AM(v,) :
D(A) - T depends analytically on A with D(A), independent of A,
as domain of definition. Thus, A(A; vy) is of type A (cf. [27, p. 375])
and , as well as the eigenprojection P(A) are analytic in A, p;(A;) = 0,
wiA) = i = Ap) + O((A — A))2). One obtains

K11 Pos do) = — (A2, AV24)o/N

where @, resp. ¢,, are the eigenvector of A + \;M(vy), resp. the
adjoint eigenvector, solving

Ao + MM’ (vo)do = 0.

The simplicity of w,(A) yields (g, ¥o) # 0. Setting f, = A%¥¢p,
and gy = A4, we get (1+ AK(vo))fo =0, (1+ A\K'(0p))go
= 0. Since A; is a simple characteristic value of K(vy): (fo, o) =
(A2, Al24,) # 0. p;(\) is positive for A <\, according to
A1 = A.. Hence, u;; < 0 and (i) is proved.

(3) By R(v,w) we denote a bilinear operator (not necessarily
symmetric) such that R(v,v) = R(v). Since V(A)= vy + w*(A)
we obtain

(5.10) M(V(\)) = M(v) + h(AM{R(w*(A), - ) + R( -, w*(\)}.

Consider the case A >\, and choose 7= (A — AV, wt(\) =
3.2, 7w, where the series converges for [r|=7,, 7, sufficiently
small, in D(A). w* is a solution of (4.1). Comparison of powers of
T,A = \; + 77yields

Ary; vo)w; = 0,
n—1
A(\y; vo)w, + h(X)) >, R(w,, w,_,) =0, 2=n=r,
(5.11) =

A()\l; UO)wH-l + M(UO)wl + h()‘l)cr = 0,

= 2 R(ww wr+1—l/)'

v=1

An argument analogous to the one used in part (2) of this proof
shows that the eigenvalue p,(7), ui(0) = 0, of A(A; V(X)) and the cor-
responding eigenprojection P(r) are analytic in 7. Choose ¢y = w;;
then by an elementary calculation, one obtains, for P(r)¢go =
.o %0 H1(T) = 3.1 prt from (5.10) and (5.11),
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A
A

(P,, = (V + ]-)wV+l, 0 v T,

lIA
lIA

(5.12) w =0, 1=v=r—1,

tosprit = Ap; Oo)epr i1 + M(bo)po + (r + 1A(A)G,.

Define ¢, as in (2). Scalar multiplication of the third equation of
(5.11) and (5.12) by ¥, yields

K 0> Wo)o = A(A2epg, AV24g)o.

According to (2), (po, o)o and (A'2¢y,Al24)y have the same sign.
Thus p, > 0 and u(r) > 0if7 > 0.

The proof for A <\, coincides with the above proof by setting
T=A; —A. Hence, we obtain u,(1)= A — X))+ o(A — Ay])
which proves the lemma.

In [49] Sattinger has given a proof of Lemma 5.6 for general
analytic nonlinearities R using the Leray-Schauder degree. He needs
the simplicity of the eigenvalue w = 0 of A(A;; vy), although this is
not mentioned explicitly. The above proof could be extended to this
general case as well by tedious calculations.

The assumptions of Lemma 5.6 are satisfied for fixed n,a,B (see
Corollary 2.2) in the Bénard case. The fact that A, = X, follows from
Lemma 4.5(iii). A; is a simple characteristic value of K(v,) by
Theorem 4.6. System (4.13) shows that A(A;; v) is selfadjoint. Thus,
in part (2) of the above proof we have o= ¢ which implies
(0> o) # 0 and hence the simplicity of w = 0 in g(A(A;; vy)). For
the Taylor problem only the simplicity of A, as a characteristic value
of K(vy) is known. Even if A\, = A, is assumed, it has not yet been
determined generally whether V(\) exists to the right or to the left
of \;. The simplicity of u = 0 in o(A(A;; vy)) is an open problem as
well.

TueoreM 5.7. (1) For the Bénard problem, every solution with a
given cell pattern (fixed n, a, B) exists in some right neighbourhood of
A and is asymptotically stable in D(AP), B € (3,1). The basic
solution v, is asymptotically stable for A < X\, and unstable for A > \,.

(2) For the Taylor problem, let the assumptions of Lemma 5.6 on
the spectrum of A(A; vy) be valid. Then, for every period (o fixed),
V(A) is asymptotically stable if it exists for X > A, and is unstable if
it exists for A < A,.

Some of the authors mentioned at the end of §4 have considered
the “stability” and “instability” of cellular solutions for generalized
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Bénard problems among the class of general doubly periodic solutions
of (3.22) ([4], [5], [36], [50]). Fory = 0 (notations from the end of
§4), rolls are the only stable cellular solutions. Fory # 0 the solution
with hexagonal structure bifurcates “subcritically”. The subcritical
branch increases in amplitude with decreasing A up to a certain
Aer < Ay, this part being unstable. At A, the solution turns into a
stable branch which exists for A > A,,. For some A, > A, the hexagonal
solution loses stability to the roll solution. Thus, at A, the basic solu-
tion is predicted to snap into a finite amplitude solution of hexagonal
structure.

In this context stability and instability were understood as properties
of the spectrum of A(\; V(A)). If all eigenvalues have positive real
parts V() is called stable, whereas if an eigenvalue with negative
real part exists, V(A) is called unstable. The sign of the real part is
determined by exploiting properties of a double power series in € and
v for the smallest eigenvalue u,(€, y), £;(0,0) = 0. But u, as a function
of € and y might have rather complicated singularities at € =y = 0
even for a linear problem [27, p. 117]. Since superpositions of
doubly periodic solutions of (3.22) are considered, u, has multiplicity
greater than one and the above remark applies as well. When in-
stability is shown, usually some eigenvalues with vanishing real parts
are present. No rigorous instability result is known for this case.

It can be proved, however, that all cellular solutions are unstable
for almost all values of o in a suitably chosen function space. The
distinguished values are the local minima of A;(o) and the excep-
tional set mentioned in the proof of Theorem 4.6. Geometrically the
following theorem excludes almost all ratios of wave numbers « and 8.

Tueorem 5.8 [32]. Let (ay,Bo) be not in the exceptional set men-
tioned in Theorem 4.6. Moreover, assume that \,(o) does not have
a local minimum at oy = (a® + Bo2)2 and let V(\;00) be a
bifurcation solution of the Bénard problem in X;. Then there exists
a space JT such that V(\;00) € JT and V(A;0,) is unstable for all
A near \(Gg), A # A (00).

Proor. Note that A (o) = c,02+ cyo~! [31] and that A(o)
is a real analytic function for ¢ > 0 [22]. Thus, A)(o) has finitely
many local minima. Assume A,(o) to be strictly increasing at oy.
Denote by ui(A; o) the eigenvalues of A(A; v,) for given o—they are
real—and let be u;(\;0) < w\;0), k= 2. Then u (A (0),0) =10
holds. By Lemma 56 we have p(Ai(0y),0)<0 for c €S —
(09 — 8,0¢), and suitable § > 0. If w(r\(00);0) =0, wy is simple
(Theorem 4.6(i)) and m(A;0)# 0 in some neighborhood of
M(@o), A # A(oy). (Proof (2) of Lemma 5.6.)
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Choose p >0 such that (n — 1)p €S,np =0y n EN. For at
most finitely many m,k €EN, 1=m=n, (A (09); mp/n)=0
holds. An dlbltl‘dl’y small variation of yxelds y,k( 1(00); mpln) # 0.
Set X # Ay(0y), then V(X;0¢) € J7, where JT consists of functions
periodic with period 2rnfag, resp. 2rnjB,, in the x;-, resp. x,-,direc-
tion, and there exists a negative eigenvalue u;(A;00/(n — 1)) of
A(\; vy). Hence, V(X;0,) is unstable for every X near A (gy), A #
Ai(og). If Aj(o) is strictly increasing in o, the proof proceeds
analogously (replacen — 1 by n + 1). Q.E.D.

For the Taylor case it is not known whether all y; are real. Thus,
the change of sign as A crosses Aj(gy) cannot be guaranteed. How-
ever, for values of o close to a local minimum the same argument
could be applied. For analytical, resp. experimental, results see [12],
[34], resp. [535].

Ample numerical evidence suggests that Aj(o) is a convex curve
with a unique minimum. The locus of this minimum would determine
the only possibly stable cell size of the convection flow.

6. Appendix.

(1) Proor or LEmMma 5.1. Consider the integral equation

6.1)  o(t) = exp (— At)vy + f’o APexp (— A(t — $))F (v(s)) ds
with
Vg = ABwO EjT,
F(v) = —AMA~#v — h(\)R(A—Pv).

(6.1) is solved locally by some v &€ C([0, 7], JT). The operator F
can be written as follows:

F(v) = Bv + G(v, v)

where, by Lemma 3.6 and Lemma 3.8, B € 2(]T) and G is a bounded
bilinear form on f7. Then, for fixed u € |7,

F(u,v) = Bv + G(u,v)
is bounded and linear in v. The estimate

(6.2) [F(u,0)lo = c,(1 + [AV2Pulg)|vfo
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yields that the mapping F ( -, v) is completely continuous in 7 for
fixed v € JT.

The local solution of (6.1) can be constructed iteratively. Let
X, = C([0, 7], JT) and u € X,; define

0(t) = exp (— At)v,,
on*(g) = f; Abexp (—Alt — s)F(u(s), o"(s)) ds, ¢ € [0,7].

Then, for all n € Ny, v® € X,. For sufficiently small 7 the series
N n—o v" converges normally in X,, i.e.,

M

lvn|X‘r < w: ,Unlx., = SUP lun(t) ,0'
0 [07]

Il

n

Setting v = ¥,,—o 0" € X,, v solves
(6.3) v(t) = exp (— Aty + j ; Afexp (— A(t — s))F (u(s), v(s)) ds.

Setting H(u) = v where v solves (6.3), H maps a closed ball with
center 0 in X, completely continuous into itself. Thus, H has a fixed
point which solves (6.1) on [0, 7].

By applying the above process to an interval [7,7,] with vy =
v(r), v can be continued to a continuous solution of (6.1) in a
maximal interval of existence [0, 7). Furthermore

lim Jo(t)|p =

T TB

holds if 7, < «. Hence w = A~fp solves the integral equation

w(t) = 'exp (— Atw,
(6.4) '
+ j | exp (= A(t = 5))(=AMuw(s) — h(\)R(w(s)) ds

in [0, 74) with the properties (i) and (ii) of Lemma 5.1. As was shown
in [17], w is the unique strict solution of (3.22) in every interval
[0,7] C [0, 7).

(2) Proor oF LEmMma 5.2. Since A(A) is the generator of a holo-
morphic semigroup (Lemma 3.11), fractional powers A(A)# with the
properties (3.19) can be defined. Setting A(\)fw = v, one obtains
the estimate by Lemma 3.8 and Lemma 3.12:

(6.5) [F(u, v)lo = c5(1 + |ATVHASHAQN) P )ulo) ol
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with F(v,v) = F(v) = —h(\)R(A(\)~#v). The proof proceeds as for
Lemma 5.1, since, by (6.5), F has the same properties as F.

LEmMa 6.1. Let wy € D(AF) be such that APwy, € D(A),
Mw, € D(A?), R(w,) € D(AF), B € [3,1). Then the unique strict
solution of (3.22) constructed in Lemma 5.1 satisfies (5.1)(iii) — (v) in
the closed interval [0,7], 7 < 7p.

Proor. We show (5.1)(iii) — (v) for ¢ = 0. With the same notations
as in the proof of Lemma 5.1, equation (6.1) is solved in X,!'=
CY([0,7],]7). Setting u(0) = vy, u € X, the functions v" belong
to X, 1. This is clear for

v(t) = exp (— At)v,.

For general n observe the identity obtained by twice using the sub-
stitutions — ¢t — s:

d
dt

o(t) = J:) AP exp (—A(t — s))

. {G (% u(s), v"“(s)>+ F <u(s), gs v"—l(s))} ds
+ 8, exp (— At)APF (vy)

where, for n =1, F(vy) € D(AP) is used. v" € X,! follows induc-
tively. For sufficiently small 7 the series v = Enwzo o™ converges
normally in X;!, and v € X;! solves (6.3). The mapping H, : X,! —
X,! maps u € X', u(0) = vy, into the constructed solution v of
(6.3). For the closed, bounded, convex set

K= {u € X;"|u0) = vy, lulx, = d, |duldt|x, = d '}

and appropriate positive numbers 7, d, d’, we have H (K) C K and H,
is completely continuous. The existing fixed point v of H, in K
solves (6.1) in [0,7] and w = A~Pv is a solution of (6.4). According
to [17], w is a strict solution of (3.22) in [0, 7], i.e.,

dw/dt + Aw + AMw + h(A\)R(w) =0 on (0,7].

Since w € C([0,7], D(A#)), dwldt € C([0,7], J7) it follows that
w € D(A) for t € [0,7] and Aw € C([0,7], fT). Thus, (3.22) is
satisfied on [0, 7]. Q.E.D.
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