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INDEPENDENT CLASSES OF SEMIPRIMAL ALGEBRAS
D. JAMES SAMUELSON

1. Introduction. Recent investigations in the area of universal
algebra have focused attention on the conditions under which an
algebra subdirectly decomposes within a given class of algebras. See,
for example, Astromoff [1], Foster and Pixley [2], [3], [5], Gould and
Gritzer [6], Hu [8], and J6nsson [9]. In particular, it has been shown
that each cluster K of primal or, more generally, semiprimal algebras
determines a certain unique subdirect factorization for each algebra
which satisfies the identities common to some finite subset of K. Primal
clusters (see [3], [10]-[12], [14], and [15]) are known to exist in
great profusion.

In this paper we show the existence of clusters of semiprimal
algebras of rather diverse nature, thereby enhancing the scope of
applicability of the more general semiprimal theory. Our main result
is

TueoreMm 1. A family K of semiprimal algebras is a cluster if (a)
each member of K is strongly surjective, (b) the members of K have
pairwise nonisomorphic structures, and (c) for each A € K, the inter-
section of all subalgebras of A is nonempty.

We prove this result with an eye on the techniques of O’Keefe [10] -
[12]. It is shown in §3 that K is a cluster if its members are pairwise
independent. This pairwise independence for members of K is then
established in {4.

2. Basic definitions. Let S be a fixed finitary species (or type) of
universal algebra. All algebras to be considered are assumed to be
of species S.

(1°) A term (or expression) is any indeterminate symbol x, y, x,,
Yy, - or any finite composition of indeterminate symbols via the
primitive operations of S. All terms are written as italic caps, F, G, H,
etc. We write F = G(A) when two terms F and G agree as functions.
within an algebra A.

(2°) Any finitary mapping f: A" — A for arbitrary n is called an
A-function. Such a function is said to be conservative if for each sub-
algebra A’ of A, f(a,, ** ,a,) € A’ whenever q), - *,a, EA’. An
algebra A is primal (respectively, semiprimal) if it is finite, contains
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at least two elements, and each A-function (respectively, each conserva-
tive A-function) is equal, within A, to some term.

(3°) In an algebra A, [a] will denote the subalgebra of A generated
by a € A. Let f(x;, - - -, x,) be a conservative A-function; f is said
to be surjective if for each a € A there correspond a,, * -+, a, € [d]
for which f(a,, * -, a,) = a; f is strongly surjective if it is surjective
and if for each a € A not contained in a minimal subalgebra of A the
corresponding a,, - * -, a, above can further be chosen to satisfy the
“normalized” conditions [q;] = [a] for at most one i=1, - n.
Subalgebras of A are minimal or maximal if they are minimal or
maximal with respect to inclusion. An algebra A is said to be sur-
jective (respectively, strongly surjective) if each primitive operation
of A is surjective (respectively, strongly surjective).

(4°) Two algebras A and B have nonisomorphic structures if A’
and B’ are nonisomorphic whenever A’ and B’ are non-one-element
subalgebras of A and B, respectively.

(5°) A finite set of algebras A,, - - -, A, is independent if there
exists a single term F(x,, -, x,) satisfying F(x), -, x,) =
x(A;), i=1, *+-,n. A cluster is any family of algebras, each finite
subset of which is independent.

3. The factorization property. An algebra A is said to satisfy the
factorization property if

(*) for each primitive operation f(x;, * - -, x,) of A and each term
F(x) there exist terms F(x), - - +, F,(x) such that

f(Fr(x), « - -, F,(x)) = F(x)(A).
It was shown in [10] that property ( *) is equivalent to
(* *) for each term G(x, - * -, x,) in which no indeterminate
occurs twice and each term F(x}, - -, x,) there exist terms
Fix,, -+, x,),i= 1, * * *, m, such that

G(Fl(xlf ' ':xn)’ B Fm(xb o '>xn)) = F(xh T xn)(A)

LemMma 1. The factorization property holds in any surjective semi-
primal algebra.

Proor. Let A= {a;, ", a,} be a semiprimal algebra, F(x) an
arbitrary term, and f(x,, - - -,x,) a primitive operation of A. If A is
surjective, then, for each i =1, - - -, n, there exist elements a;,, * - -,

a, € [F(a;)] satisfying f(a;;, ' * -, a;,;) = F(a;). Since, additionally,
a; € [a], the functions f;:A — A,j =1, - - -, r, defined by f(a;) = a;,
are conservative. Being so, there correspond terms Fj(x) for which
Fj(x) = f{(x)(A). An element by element verification then establishes
that f(F\(x), - - -, F,(x)) = F(x)(A).

The factorization property is extremely useful in clarifying the
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relationship between pairwise and general independence.

Lemma 2 (OKeere [10]). Suppose that K= {-- -, A, -} is a
set of pairwise independent algebras. If the factorization property
holds in each A;, then K is a cluster.

4. Pairwise independence. With an eye on the preceding lemma,
we now turn our attention completely to the case of pairwise inde-
pendence, the chief result being Theorem 2 below. We establish
Theorem 2 via a sequence of several lemmata, the first two being of a
rather general nature.

LemmMa 3. Let A and B be semiprimal algebras with nonisomorphic

structures. Then, for each sequence F\(x), - - -, F,(x) of terms, there
exists a corresponding sequence of terms G,(x), - * *, G,(x) such that
Gl(x) == Gn(x)(B))

G;(x) = F,(x)(A), i= 1, ctt,n.

Proor. This lemma was established in [10] for the special case in
which both A and B are primal. The same proof presented there
readily adapts to the more general situation in which A is primal and
B is an arbitrary semiprimal. Of course, the lemma is trivially true if
A contains but one element. Consequently, we can and do assume the
lemma to be true for B and any minimal subalgebra of A. This repre-
sents the first step of a proof by induction. Assume, then, that the
lemma is true for each maximal subalgebra of A. We now show that
the lemma is true for A also. To this end, let A, - - -, A,, denote the
distinct maximal subalgebras of A and assume the existence of terms
Gi(x),j=1, ", m,i=1, -, n, satisfying

Gi(x) = Fi(x)(4),

1)

Gi(x) = * + + = Gy(x)(B).
If A'=def= A U --UA, is equal to A, we select any term
T(x,x), * * *, %) of m + 1 arguments which satisfies for each a € A

the following noncontradictory conservative conditions:
T(a, Giia), * - *, Gmi(a)) = Fya), i=1 " n

To see this, suppose that Fi(a) # Fy(a) for some pair i # k. But
then, since a € 4; for some j, it follows from (1) that Gj(a) # Gi(a).
Letting

Gz(x) = T(x’ Gli(x)’ Y Gmi(x))
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and applying the conditions of (1) we observe that
Gi(x) = Fi(x)(A),
Gi(x) = - - - = Gu(x)(B).

Next assume that A — A’ is nonempty. Since A and B have non-
isomorphic structures and as semiprimal algebras are simple, it follows
from the subdirect factorization theorems of [5] that they do not
satisfy the same identities. Hence, there exist terms Hi(x), - * *, ),

k=1, 2, such that H; = Hy(B) and H, # Hy(A). Let ay, ‘-, a,
be elements of A for which

c; = def = Hy(a,, - * -, a,) 74 Hy(ay, * -+, a;) = def = c,.

Choose terms K;(x), * - -, K\(x) which satisfy in A the property Ky(x) =
a(A— A’),t=1, s Letting

Hi (x) = Hi(Ky(x), - -+, Ky(x))

we see that H{(x) = Hy(x)(B) and Hi(x) = ci(A— A’). Now
choose any term Q(xj, - * *, x,+,) which satisfies, for i=1, - - -, n,
the conservative conditions

Q(x, C,, " "% Cp Cgy " ° '>02) = F,(X)(A)

i terms
Defining
Ki(x) = Q(x, H{(x), - - -, H{(x), Hz(x), - - -, Hy(x))
i terms
we see that
@ Ki(x) = Fi(x)(A — A’),
Ki(x) = - -+ = Ky(x)(B).
Finally, select any term T(x, x,, - * *, X, y) of m + 2 arguments satisfy-
ing for each a € A and each i = 1, - - -, n, the noncontradictory con-

servative conditions

T(Cl, Gli(a)’ T Gmi(a)’ Kt(a)) = Fi(a)'
Letting

Gi(x) = T(x, Gy(x), * * *, Gui(x), Ki(x))
and applying conditions (1) and (2) we have that
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Gi(x) = Fi(x)(A),
Gix) = - - = Gy(x)(B).
This completes the induction step and with it the lemma.

LemMa 4. If an algebra A is strongly surjective and K is any term
in which no indeterminate occurs twice, then K is itself a strongly
surjective A-function.

If K is an indeterminate symbol, then trivially it is strongly surjective
in A. The proof of Lemma 4 then follows in a straightforward manner
by induction on the number of primitive operation symbols of which
K is composed. We leave the details to the reader.

We now establish the following notation in an algebra A:

(3) Ay =\ (A’: A’ isasubalgebra of A).

In an algebra A satisfying condition (c) of Theorem 1, A, will always be
nonempty.

The characterization theorems of [4] provide large classes of strong-
ly surjective semiprimal algebras of the type under consideration here.
Other examples can be found in [13].

Lemma 5. Let K= {A, B} be a two-element class of semiprimal
algebras satisfying (a)-(c) of Theorem 1. Then, for each m € A, (see
(3)) and term F(x), we can find a term H(x) for which

H(x) = m(A),
= F(x)(B).
Proor. Since A is semiprimal, there exists a unary term G for which
G(x) = m(A). Following O'Keefe [10], we denote by G'(x,, - * -, x,,)
the term derived from G by distinguishing each occurrence of x, i.e.

G'(x, -+ -,x) = G(x). Since the factorization property holds in B
(Lemma 1), there exist terms Gy(x), i = 1, - - -, n, such that

G'(Gi(x), * -+, Gu(x)) = F(x)(B).

But by Lemma 3 we can find terms Fy(x),i = 1, - - -, n, satisfying
Fi(x) = Gi(x)(B),
Fi(x) = - - = Fy(x)(A).

The term

H(x) = G,(Fl(x)> Y Fn(x))
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then suffices for the lemma since it certainly reduces to F(x) in B and
in A,

G'(Fy(x), -+, Fa(x)) = G'(F\(x), * -+, Fi(x)) = G(F\(x)) = m.

We now obtain terms which partially reflect the criteria of inde-
pendence.

LemMA 6. Let A and B be as in Lemma 5 and assume that each
maximal subalgebra of A is pairwise independent with B. Then, there
exists an element ¢ € Ay, and corresponding to each a € A a binary
term F,(x, y) satisfying

F,(x,y) = y(B),
(4) Fia,y)=a, yEA,
F(v,y)=c, xyEAx#a

Proor. Associated with each of the distinct maximal subalgebras
Ay, -+, A, of Ais a binary term T;, i = 1, - - -, n, satisfying the inde-
pendence criteria

Ti(x, y)= x(A),
y(B).

We construct F,(x, y) according as a € A does or does not belong to
A'=def= A U - ---UA,.

First, we consider the case in which a € A — A’, provided this set
is nonempty. Let d € By be fixed and G be a binary term which
satisfies in B the symmetric identities

Gdy) =y,
(5)
G(x, d) = x.
Denote by G'(xy, * - *, %, 41, * * -, ys) the term derived from G(x, y) by
distinguishing each occurrence of x as x;, * - *,x, and y as y;, * * -, y,.
Since A is strongly surjective, there exist elements a;, * - *, a,, by, * * -,

b, € [a] = Asuchthat G'(ay, * - ', a,, by, * - *, by) = a. Moreover, this
choice can be made to satisfy the following “normalized” conditions:
either [q] # [a], all j=1, -, r, or [b] # [a], all k=1, - s
Assume, without loss of generality, the former alternative. If the latter
holds, we proceed similarly to the remarks below taking into account
the symmetry of (5). Then, each g; belongs to a maximal subalgebra
Ay of A. Pick terms Fj(x), j=1, - -+, r,and Gy(x), k=1, - - -, 5, s0
that the conservative conditions
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E,(a) = aj, an Gk(a) = bk,

Fi(x) = m, x # a, Gi(x) = m, x# a,

hold in A, where m is a fixed element of Ay. Applying Lemma 5, we
can obtain terms H;(y) and Gy '(x) for which

Hj(y) = m(A), nd Gi'(x) = Gi(x)(A),
= y(B), = d(B).
Letting Ki(x,y) = T;;(Fi(x), H{y)) for j=1, -, r we verify that
Fu(t,y) = def = G'(Ky(x,y), - K(x,9), Gy '(x), -+, Gy "(x))

is a term associated with ¢ € A which satisfies (4), since

Fa(a’ y) = G,(ab tt s a bl’ te ':bs) =a, Y €A,
) Fy(x,y) = G'(m, - - -,m,m, - - -,m) = def = ¢ € A,,
x,yEA,x%a,

Fox,y) =G'(y, - - .y, d, - -,d) = Gy, d) = y(B).

Finally, suppose a € A; for some i =1, - - -, n, and let H(x) be a
term so that the properties H(a) = a and H(x) = ¢, x # a, hold in
A where ¢ € Ay is as in (6). Again, invoking Lemma 5 we select a
term G(y) for which G(y) = y(B) and G(y) = c¢(A). Then,

Fa(x7 y) = def = Ti(H(x)’ G(y))
possesses the desired properties of (4). This concludes the proof.

We are now in a position to prove our final lemma.

LemMma 7. Let K= {A, B} be a pair of semiprimal algebras satisfy-
ing the hypotheses of Theorem 1. If each maximal subalgebra of A
is pairwise independent with B, then A and B are independent.

Proor. Let a,, * - -, a, be an enumeration of the elements of A and
cE€ Ay be as in (4). Since A is semiprimal there exists a term
K(x,, * * *, x,) which satisfies in A the conditions

K, -, ca,c, " ,¢c)=4a, j=1,-""n

Jj — 1factors
Denote by K'(x;y, X12, * * *, %j1, Xja, * * *» Xn1> Xng, * * ) the term obtained
from K by distinguishing each occurrence of x; as x;;, %0, * - - forj =1,

-+, n. Applying Lemma 1 to B, we get unary terms G = Gy(y) such
that
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KI(GII) Gl27 Y Gjb G]’Z’ T Gnl, Gn2) te ') = y(B)'

For each q; € A, let F, (x,y) be a term satisfying the conditions (4)
of Lemma 6 and set

Fjp = Fy(x, y) = Fll,j(x’ Gie(y))-

Then, letting F(x,y) = K'(Fyy, Fia,  * *, Fay, Fag, =+ *, Fup, Fug, * + *) we
verify that in A,

F(al y) = K,(C,C, te .’aj7a'j> te .76’0) t ')
= K(C, . ',C,aj,c, "',C)=aj,

for j=1, - -+, n, and consequently that F(x,y) = x(A). It is readily
checked that F(x,y) = y(B), thus establishing the independence of
Aand B.

Tueorem 2. Let K = {A, B} be a pair of semiprimal algebras satisfy-
ing the conditions of Theorem 1. Then A and B are independent.

Proor. This result was established in [10] for the case of A and B
both primal. We conclude, therefore, that A, and B, (see (3)) are
independent. Holding A, fixed, a many-fold application of Lemma 7
up through the lattice of subalgebras of B leads to the independence of
Ao and B. Now fixing B and again applying Lemma 7 within the sub-
algebra structure of A, we finally obtain the independence of A and
B themselves.

Upon applying Theorem 2, and Lemma 2 of §3, we obtain the prin-
cipal Theorem 1 of this paper.

REFERENCES

1. A. Astromoff, Some structure theorems for primal and categorical algebras,
Math. Z. 87 (1965), 365-377. MR 32 #2355.

2. A. L. Foster, The identities of —and unique subdirect factorization
within — classes of universal algebras, Math. Z. 62 (1955), 171-188. MR 17, 452.

3. , The generalized Chinese remainder theorem for universal algebras:
Subdirect factorization, Math. Z. 66 (1956), 452-469. MR 18, 788.

4. , Semi-primal algebras: Characterization and normal-decomposition,
Math. Z. 99 (1967), 105-116. MR 35 #6605.

5. A. L. Foster and A. Pixley, Semi-categorical algebras. 1. Semi-primal
algebras, Math. Z. 83 (1964), 147-169. MR 29 #1165.

6. M. 1. Gould and G. Gratzer, Boolean extensions and normal subdirect
powers of finite universal algebras, Math. Z. 99 (1967), 16-25. MR 35 #6604.

7. G. Gritzer, Universal algebra, Van Nostrand, Princeton, N. J., 1968.
MR 40 #1320.

8. T. K. Hu, On the fundamental subdirect factorization theorems of primal
algebra theory, Math. Z. 112 (1969), 154-162. MR 40 #1321.




INDEPENDENT CLASSES OF SEMIPRIMAL ALGEBRAS 639

9. B. Jonsson, Algebras whose congruence lattices are distributive, Math.
Scand. 21 (1967), 110-121. MR 38 #5689.

10. E. S. OKeefe, On the independence of primal algebras, Math. Z. 73 (1960),
79-94. MR 22 #12064.

11. ——, Primal clusters of two-element algebras, Pacific J. Math. 11 (1961),
1505-1510. MR 25 #3881.
12. , Independence in the small among universal algebras, Math. Ann.

154 (1964), 273-284. MR 29 #486.

13. D. J. Samuelson, On the conversion of binary algebras into semiprimal
algebras, Ann. Scuola Norm. Sup. Pisa 25 (1971), 249-267.

14. F. M. Sioson, Some primal clusters, Math. Z. 75 (1960), 201-210. MR
25 #2018.

15. A. Yaqub, Primal clusters, Pacific J. Math. 16 (1966), 379-388. MR 32
#5568.

PENNSYLVANIA STATE UNivERsiTY, MCKEESPORT, PENNSYLVANIA 15132






