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REGULARITY THEOREMS AND GERSGORIN THEOREMS
FOR MATRICES OVER RINGS WITH VALUATION

J. L. BRENNER

ABsTRACT. The collection of root-location theorems for matrices of
complex numbers is now quite extensive. Since their proofs involve
chiefly manipulation of absolute value inequalities, many of these
theorems can be extended to noncommutative domains, in particular to
quaternion matrices. Secondly, the ring of polynomials has a valuation
with properties that differ slightly from those of the ordinary absolute
value function. Using this valuation, a different type of regularity
theorem is obtainable. With a suitable definition of proper value of a
matrix of polynomials, these regularity theorems also lead to root-
location theorems. Finally, bounds for determinants can be obtained.
These bounds are given in terms of the valuation: for polynomials, they
are bounds on the degree.

1. Introduction. Let A= [a3]] be a matrix of complex numbers.
The curtate row and column-sums R;,, C;, are defined by

Ri,= 3 |agP, Ch= 2 lal
i®i j#i
Thus R; = R;, is the sum of the absolute values of the nondiagonal
elements of the ith row; C;= C;, is the sum of the absolute values of
the nondiagonal elements of the ith column. A is called regular if no
nonzero vector x exists such that Ax = 0. If A is regular, so is AT,
its transpose; and A is invertible. The constants used below are real
and subjectto 0= a, B,y =L 1=p,p".p";a+B+y=1;

pltgl=ptitgi=pi g =1
0= k,', z(k, + ].)_] =1

Ri,« = m; is the maximum of the absolute values of the nondiagonal
elements of the ith row of A; C; « = ¢;.

The following hypotheses are known to guarantee the nonsingularity
of A.

(L1) Vi{las| > Ri} [8].
(1.2) Vi{las| > C;}.
(13) V,-{la,-,-l > R,-“C,-“"} [15] .
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(1.4) Vi{las| > ki'9R;,,Cl 5 —ap} [16].

(1.5) Vi{lai| > kimee! =} [16].
Vi{laii| > ki''*R,»REs, RI 0}

O<e=pp'p"llpp'p" —pp" —pp" —p'p") [5].

There are corresponding theorems (see below) that relate to an
arbitrary partitioning of A. Let the indices {1, - - -, n} be partitioned
into mutually exclusive sets, and let I(i) denote the set to which the
index i belongs. (For a slight generalization involving overlapping
sets, see [4], [11].) Let

_ I(i)
b; = det A<I(i)\i,j>
denote the determinant of the matrix based on rows I(i), and columns
[1(i), but with the ith column replaced by the jth]. If B= [by]1,
satisfies hypotheses corresponding to (1.1)~(1.6), then both A and B are
nonsingular. This gives six more theorems, which we number (1.7)
~(1.12).

From each of the twelve nonsingularity theorems, and from any
other theorem of the same type, a root-location theorem is obtainable.
To see this, let A be a proper value (= root) of A, set C= A — Al
and note that C is singular. Thus corresponding to (1.3) for example,
the assertion

(1.15) 3{la; — \| = RIC/ ™}

(1.6)

is valid. Assertions (1.13)—(1.24) are explained similarly. Note that
(1.19)-(1.24) involve minors of the matrix C, not of the matrix A.

2. Generalization to other domains. The proofs of the above
theorems depend on standard inequalities (triangle, Holder) satisfied
by the absolute value function of a complex number. Such a function
exists: over quaternions. Moreover, determinant, proper value, and
regularity can all be defined for matrices of quaternions [2], [7].
(The vector x (x # 0) is a proper vector and A a proper value of A
if the relation Ax = x\ holds. IfA is a proper value, sois pAp~'.)

Thus assertions (1.1)-(1.24) hold for matrices of quaternions. We
number these assertions, applied to quaternions, (2.1)-(2.24). The
proofs remain the same: for expository purposes, the proof of (2.1) is
given.

(2.1) Let A= [ay] be a matrix of quaternions; define R, = Y .i|a;].
Then [ V;{|ai| > R;}] = Ais invertible.
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Proor. The hypothesis guarantees that a, 74 0. Quaternions form
a division ring. Thus a multiple of the first column can be subtracted
from each of the other columns to form a matrix B = [b;] with the
following property: by =0 if j> 1. The matrix transformation
A— B can be represented as a matrix equation

AE; - - ‘E, = B,

where E; are (elementary) invertible matrices. Since B has the form

2

* B, i

‘either A is invertible as claimed, or else B; is not invertible. But B,
has lower dimension than B; a simple induction shows that if B (and
hence B,;) is not invertible, there must exist a nonzero vector y (ob-
tained by appending an initial zero to the nonzero vector connected
with B,) such that By = 0. Setting E, - - - E,y = x, it follows that if
A is not invertible, a nonzero vector x exists such that Ax = 0. With
this established, the rest of the proof is standard:

Let x= (x), -, x,); define k so that V;{|xx] = |x;|}. Since
Ax = 0, the relation amxx = — X;#kax%; holds. Now divide by xx
(which cannot be 0), take absolute values of both sides, and apply the
triangle inequality to obtain the contradiction |ax| = Ry . ||

The root-location theorem 2.13 (corresponding to 1.13) states that
every proper value of A is in the union of n hyperspheres.

The above methods can be further generalized. In the first place,
any field or division ring that has a valuation can be substituted for
the quaternion ring. It should be noted that for noncommutative
division rings it is not necessary to distinguish between left- and right-
proper values [2].

In the second place, the results extend easily to certain commutative
rings with valuation: principal ideal rings (in particular euclidean
rings) and local rings. (Here, a local ring is defined as a ring with the
property that for every pair of elements, at least one is a divisor of
the other.) In all cases it is required in addition that the ring have a
valuation (so that the hypotheses (1.1) to (1.12) make sense.)

The key lemma is the following:

2.25. LEmMa. Let A be a matrix with elements from a principal
ideal ring. If A is not regular, there exists a nonzero vector x such
that Ax = 0, and conversely.

A regular matrix is one with determinant not a zero divisor. The
proof of Lemma 2.25 will be indicated in case the ring is euclidean.
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For a general principal ideal ring, the arguments are similar; see [10],
[19].
The following preliminary assertion is needed.
2.26. AsserTiON. Two invertible matrices N, M always exist so that
NAM has the form
(5 5]
0 B~

Proor. For example if the first two elements of the first row of A
are nonzero, the euclidean hypothesis shows that at least the absolute
value of the larger can be reduced, as suggested by the equation

a b x||0 1 b, a+bg =
* 1 q * | = *
*
or, if necessary, by the equation
1 q
ab [ ] = [a, b + aq].
[ab] 01 [ q]

This argument is the main step. In fact suppose no product AM of A
by an invertible matrix M could have fewer than k ( >1) nonzero
elements in the first row. By a permutation AMP, bring two nonzero
first row elements to the first two positions; apply the argument just
outlined.

If all the elements of the first row of A are 0, the above considera-
tions must be applied to PA, where P is some permutation matrix
(this interchanges rows).

Proor oF LEmMma 2.25. Let N M be invertible matrices such that
NAM has the form

(5 5]
0o BJ

If a is not regular, the assertion is clear. Note that det A = a det B, so
that either B is not regular, or else A is regular, or else a is not regular.

Since B has lower dimension than A, the lemma follows by an in-
ductive argument based on the dimension of the matrix A.

A similar device can be used to prove, for local rings, a lemma
similar to Lemma 2.25.

The implements are now at hand to extend theorems (2.1) to (2.12)
to principal ideal rings and local rings with valuation. The conclusion
of the theorems must be modified, however: invertibility does not
follow from the hypotheses, but only regularity. In the more general
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context, a matrix is called regular if its determinant is neither zero nor
a zero divisor,

To obtain root-location theorems for principal ideal and local rings,
the root concept must be defined.

2.27. DEeriniTION. Let A be a matrix over the ring R. A right-proper
value (root) of A is an element A of R such that, for some nonzero
vector x with elements in R, the relation Ax = x\ holds.

It is known that if R is a division ring, it is not necessary to distin-
guish between left- and right-proper values, [2].

Also every matrix over the quaternions does have a proper value.
Definition 2.27 does not however assure the existence of a proper value.

2.28. Tueorem. Let A be a matrix with elements from the com-
mutative ring R. If X is a proper value of A, then A — X is not regular.
If Riis a principal ideal ring or a local ring, the converse is valid.

Proor. The fact (Ax = x)) that A is a proper value can be written
in the form Ax = (AM)x. | Note that commutativity seems to be an
essential hypothesis.

The converse, in the cases mentioned, follows from Lemma 2.25.

3. Matrices of polynomials. Let R= F[x] be the ring of poly-
nomials in a single indeterminate over a field—or more generally over
any commutative principal ideal ring S without zero divisors. It is not
required that the ring S have a valuation. The ring R can be valued
in the following sense.

3.1. Derinirion. The value [f] of the polynomial flx) is 2des/. The
value of the zero polynomial is 0.

3.2. THEOREM. If f, g are two polynomials, then

(3.3) {fl = 0} = {f = 0},
(3.4) ifgl = 1A - lgl
(35) If + gl < max (Ifl. lg)).

Note that (3.3) and (3.4) mirror the corresponding property for
multiplication of complex numbers, but (3.5) does not.

Since R is itself a principal ideal ring [10], Lemma 225 is valid.
However the theorems of §1 are only valid if the row-sums R;, are
replaced by something else.

3.6. DerFiniTiON. For a matrix A= [a;] of polynomials over a
field (or commutative principal ideal domain), the generalized ith
row-sum is given by R; = max;»;{|a;|}, where the value |ay| is given by
Definition 3.1. Also, C; = max;.;{|a;|}.
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Let A = [a;]] be a matrix of polynomials. Any one of the following
hypotheses is sufficient to guarantee the regularity of A (0= a= 1).

(37) V,‘{'aﬁl > R,'},

(3.8) Vior{laii| - larc] > RiRx},
(39) Vi{laiil > ReCil },
(3.10) Vi>n{lai| - |ann| > Re#Rp*Cit~Cp! =}

Since the arguments differ somewhat from the proofs of the corres-
ponding theorems for complex numbers, some detail is given.

Proof that (3.7) = A is regular.

Assume A not regular, apply Lemma 2.25, and obtain Ax = 0, where

x =[x}, X9, ***, X,] is a nonzero (column-) vector of polynomials.
Choose k so that ¥;{|xx| = |xj|} (see 3.1). From Ax = 0, the relation
(311) QX = — 2 AgiX;

i*k

follows. The proof is finished by noting the consequent relations

(3.12)  |agkxx| = max |axxj| = max |akixc| = |xx| max|ax;] = |xx|Rs,
j j j
which contradict |axx| > Ry . ||
Proof that (3.8)=> A is regular. Similar to the preceding proof, with
Xk, X, chosen so that

(3.13) Visr{ | = e, [ = ]}

Note that x, 74 0, since otherwise x;, would be the only nonzero com-
ponent of x. This would force ai = 0 because Ax = 0. But if a
were 0, (3.8) could not hold.

The condition Ax = 0 does result in

(3.14) QX = — 2 QyX;,
i*k

(3.15) Ay Xy = = Y a3,
J*e

If (3.8) is now applied, along with the argument (3.12), the inter-
mediate results |axk| © |xk| = |xo| - Ro  |aw | x| = |xk| - Ry are
obtained. Since |xxx,|# 0, this shows (by multiplication and can-
cellation) that |aawn | = ReR,, which contradicts the hypothesis.
Thus A is regular. ||

Proof that (3.9)<= A is regular. If A is singular, a column-vector
[x1, - -, x,] of polynomials exists so that Ax = 0. Thus if k is chosen
so that Vi{|xx] = |x;]}, then it must be true that
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(3.16) aiixi] = max |ay| |5j] = Remax {lay|' x| }.
J j

Thus if the hypothesis is satisfied, and if |x;| # 0, then
(3.17) Ci' 7| < max {|ay|'~*|x;| }.
j

Applying max; to both sides of (3.17) gives the relation
(3.18)  max{Ci'~¢|x;|} < max max {|a;|'*|x;|} = max {C;!~|x;|}.
i j i j

The inequality sign can never degenerate to equality. This contra-
diction shows that A is regular. ||

Proof that (3.10)=> A is regular. This proof is similar to the pre-
ceding one. It is first necessary to remark that in this case, at least two
components xx, x5 of x are nonzero, since otherwise Ax = 0 implies
ag. = 0 for some k, contradicting (3.10). Finally Ax = 0 contradicts
(3.10) anyway; multiply two forms of (3.17) (with i replaced by s on
the one hand and by ¢ on the other hand), take max;, in this putative
product, and reverse the order of the max operations. ||

Remark. The assertion just proved includes the others as special
cases.

These four theorems seem to be the natural generalizations of
(1.1) to (1.6) to matrices of polynomials. There are also generalizations
of (1.7) to (1.12). In fact the quantities by of §1 still make sense (with
the same formal definition), and it is still the case that det B is equal
to det A multiplied by a polynomial function of the elements a;. The
details of this assertion, which is proved in [5], are:

3.19. Tueomrem. Let A = [ay]| be a matrix of indeterminates. Let

the indices 1, - - -, n be partitioned into disjoint sets S, S, * - *, S.
Let b;; be defined by
7= O s\

where S is the set to which the index i belongs, and S\i, j denotes the
column-set S, but with the ith column replaced by the jth column.
The determinant of B = [by) is equal to

(3.20) det B= detAle [deta (j ) ]1sa-,

u

where |S,| denotes the cardinality of S,

Since the postfactor in (3.20) is never 0 if no diagonal element of the
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matrix B is 0, the following four theorems are valid. They are com-
panions, applied to B, of theorems (3.7) to (3.10) applied to A.

3.21. Tueorem. Let A = [ay] be a matrix of polynomials. Define
by; as the determinant
o (10
1(i)\i, j

of an almost principal minor as explained in §1. Let Ry(B), Ci(B) be
defined by

(3.22) Ry(B) = max |by|,  Ci(B)= max |by],
i*i i*i

with |f] = 2de¢/, |0| = 0. Any one of the following conditions is suf-
ficient that A be regular [« fixed, 0 = a= 1]:

(3.23) Vi{|bi| > Ri(B)},

(3.24) Vi>j{|bub;| > RiB)R(B)},

(3.25) Vi{|bi| > Ri(B)*Ci(B)'~}, i
(3.26) Vi{|bib;| > Ri(B)*Ri(B)*Ci(B)! ~Cy(B)!~}.

4. Bounds for determinants. For a matrix of complex numbers that
satisfies one of the hypotheses (1.1) to (1.12), bounds can be given for
the (absolute value of) its determinant. See [1], [3], [18]. The
proofs of these results carry over to the case of quaternions: without
change for hypotheses (1.1) to (1.6); with some changes in the case of
(1.7) to (1.12). The definition of determinant of a matrix of quaternions
is nonstandard: see [2]. Although this question is not without interest,
it is not discussed further here.

For a matrix of polynomials satisfying (3.7) to (3.10) or (3.25) to
(3.28), a bound for the value of the determinant can also be given. It
is amusing that, in all cases, this bound is exact.

4.1. Tueorem. Let A= [a;] be a matrix of polynomials that satis-
fies the hypotheses of any one of the theorems (3.7), (3.10), (3.14),
(3.18). Then F = det Ais a polynomial, and the relation

(42 Fl = Tl
holds.

First Proor. Comparison of the principal term [ ai with the other
n! — 1 terms in the expansion of det A shows that the other terms all

have degree lower than the principal one. ||
For the hypothesis of (3.14), for example,
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la11a22a33] > |arzl*|asi|' =+ |as:1 [*lags|' " lags [*|are|' ==
= |a12a23a3;].
For the hypothesis of (3.18), write
lauazzaasl = |a; a9 |"? |022433|”2 ldssau [12. "

ReMark. The argument shows why a matrix satisfying the
hypotheses of (3.7) to (3.10) is said to have “dominant diagonal.” The
principal term in the expansion, the product of the diagonal elements,
“dominates” the other terms in the expansion, since (3.5) is operative.
Although the term “dominant diagonal” had been used for many years,
I could not accept this term until after I made this discovery [6].

Seconp Proor (valid for (3.7) and (3.8) only). This proof is based
on a polynomial identity expressing the determinant of a matrix in
terms of the determinant of a matrix, the elements of which are certain
2 X 2 minors of the original matrix. The following identity for the
3 X 3matrix A= [a;]} isan example:

12 12
detA( 12) , detA ( 13)

(4.3) ay; det A = det

wea(1). e (2)

(4.3) is a special case of the identity
(4.4) a'y? det A= det B,

where the (i, j) element b; of the n — 1 X n — 1 matrix B is given by
the formula

by=deta(] 1T 1).

1 j+1
Formula (4.4) appears in disguised form in several places; its proof is
not difficult. Form the product Adiag (1, a;;, a;; - - ay;); in this

product add —a; times the first column to the jth column, j = 2(1)n.
The resulting matrix has the form

ap, 0 .
[ 5]
its determinant is clearly a,, det B. From this fact, (4.4) follows.

The following lemma amounts to a statement that, if A has dominant
diagonal, then B has dominant diagonal.
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4.5. LemMa. Let A be a matrix of polynomials that satisfies the
hypotheses (3.7), (3.8). Then B = [b], with

o 1i+1 )
b detA(1 j+1/)
satisfies the corresponding hypothesis. (As noted below, the special
subscript 1 has at times to be replaced by another.)

Proor. Consider (3.7): Vi{|ai| > Ri}. It has to be proved that |b;|
> maxg|by| for i, j> 1. This amounts to deg(a;;a; — aya)
> deg (an1ax — ana;). ||

Consider (3.8). The hypothesis is Vis;{|aia;| > R:R;}. The con-
clusion of Lemma 4.5 is certainly valid if the stronger hypothesis
Vi{|ai| > Ri} is valid. Now this stronger hypothesis can fail for at
most one value of i. If the value of i for which failure occurs is i = 1,
the above proof goes through; the hypothesis |a;;a;] > |axa;| is
needed. (If failure occurs for some other value of i, the lemma is not
true, but we modify the lemma in such a case.)

The second proof of Theorem 4.1 is now easily completed by in-
duction. Exchange two indices of A if necessary so that Lemma 4.5
applies. The principal diagonal of B dominates. But B has lower
dimension than A. Thus, |det B|= []|bs|. But [|bi|= |a11a;|-
Relation (4.4) now completes the proof.

5. Complements to the above results.

(5.1) In §1, the matrix B is defined from A, after the indices
{1, - - -, n} have been partitioned into mutually exclusive sets. A slight
generalization is available; it is not required that the sets be mutually
exclusive, but only for each index i, there be a collection of indices
I() that contains i [4], [11].

(5.2) A generalization of (1.1) is known [9], [12]. The hypothesis is
altered by redefining R; as follows:

R = 3 layl,

i>1

Ri= Y |ai|'Rillag| + Y lagl, j=2(1)n.

j<i j>i

(5.3)

Since the hypothesis includes |az| > R; (j < i) the new hypothesis
(5.3) is weaker than (1.1). However, nothing like (1.3) to (1.6) can be
found.

But there is no analog for matrices of polynomials either. The
anajogous definitions for R; would be

(5.5) R, = max|ay;|,
i>1
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(5.6) R; = max {nt]fjx [atht/ |@ee n}fjx |ajq| ] } .

The matrix
[x2 x
x3 x2]

does satisfy the conditions |a;| > R; (2 > 1; 2 > 3/2), but is certainly
not regular.

This counterexample seems to be related to the nonexistence of
theorems (on matrices of complex numbers) of analogs to (1.3) to (1.6).

Conditions using (5.3) do guarantee regularity of a matrix of qua-
ternions. The proof can be patterned after the proofin [1].

(5.7) More general conditions sufficient for regularity of a matrix
can be obtained by using an idea attributed to Miiller [13], [17]. If
M is any (regular) matrix and AM is known to be regular, then A

must be regular also. As a first example, suppose M is a permutation
matrix.

58. Tueorem. Let A= [a;] be a matrix of polynomials. Let
i — ¢(i) be a permutation of the indices i = 1(1)n.

[ \f { aig] > jin%) |as] } ]=>(a) Ais regular;
(b) |det A] = [Tlaisl-

Next let D = diag (d,, dy, - * -, d,), be a regular diagonal matrix of
polynomials. If AD is regular, then A is regular.

5.9. THEOREM. Let A = [a;] be a matrix of polynomials. Suppose
n nonzero polynomials d,, - - +, d,, exist so that the conditions

laii] - |di] > max lagd;], i=1(1)n

hold. Then (a) A is regular, (b) [det A| = []|ax|-

If M is taken as a triangular matrix with units on the diagonal, the
following theorem is obtained.

5.10. TuEoREM. Let A = [ay] be a matrix of polynomials. Suppose
polynomials my; exist so that for i = 1(1)n the relations

(5.11) ]a,~,~| > max

j#i

> amg + ay ,

t<j
hold. Then (a) Aisregular, (b) |det A| = []|aul-

b If M is not required to have units on the diagonal, (5.11) is replaced
y
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(5.12) |ais| - fmii| > max > awmy l
Jj#i t<j
The conclusions remain the same.
The idea behind (5.11), (5.12) is that cancellation might occur

among the terms of highest degree in the summations.

6. Proper values of matrices of polynomials. For a matrix A = [ay]
the straightforward definition of proper vector and proper value is
the following.

6.1. DeFINITION. ‘A vector x of polynomials is a proper vector, and
the polynomial X is a corresponding proper value, of a matrix A = [ay]
of polynomials if the relation Ax = xA holds, (x # 0).

This definition indeed makes sense over any ring. If p is an in-
vertible element in the ring, and X is a proper value, then so is
P\~ Ay = y(pap~!) (if y = xp). It is not always the case that a
proper vector of length 1 exists; length may not even always be de-
fined. Lemma 2.25 states that over a principal ideal ring, a singular
matrix has at least one proper value, namely 0. A local ring has the
same property. However not every matrix need have a proper value;
it is well known that if a field is not algebraically closed, matrices
over that field exist with no proper values in the field. Even more,
a matrix of polynomials may have nonpolynomial proper values in
the domain’s algebraic closure. Nevertheless the following “root-
location theorems” may be of interest.

6.2. THeorEM. Let A= [ay] be a matrix of polynomials over a
commutative principal ideal ring. Every (polynomial) proper value
X of A satisfies each of the following conditions:

Hi{laii - AI = Ri},
3isi{lai — A|-lay — A = RiR;},

(6.3)
Vooza=1di{lai — A| = ReCil 2},
Vaoze=13isi{|ai — A|-|a; — A| = R#RpCit =G}
Here
[p| = 2d¢r, R; = max |a;|, C;= max l|a;l; [0] = 0.
j#i JjFi

The same theorem is valid over any ring (with a valuation that
satisfies (3.3), (3.4), (3.5)).

Note that (6.3), for example, really gives a useful search bound for
deg\. In fact, either the terms of highest degree in A coincide with
those of one of the a;;, or else |\| < R; for some i.
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