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APPROXIMATION OF SOLUTIONS TO A DELAY
EQUATION WITH A RANDOM FORCING TERM AND
NON LOCAL CONDITIONS
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ABSTRACT. The existence and approximation of a solu-
tion to a delay equation with a random forcing term and non
local conditions is studied by using a stochastic version of
the well-known Banach fixed point theorem and semigroup
theory. Moreover, the convergence of Faedo-Galerkin approx-
imations of the solution is shown. An example is given which
illustrates the results.

1. Introduction. The differential equations that involve random-
ness in the mathematical description of a given phenomenon are known
as stochastic differential equations. Due to randomness, these differen-
tial equations can provide more accurate descriptions than the deter-
ministic differential equations. In recent years, stochastic differential
equations in both finite and infinite dimensions have attracted much
attention in many areas such as physics, population dynamics, electri-
cal engineering, ecology, medicine, biology and other areas of science
and engineering, because of their practical applications in these areas.
In fact, real phenomena in different fields of science and engineering,
and especially in finance, involving stochastic excitations of a Gaussian
white noise type have been extensively investigated, both theoretically
and experimentally, over a long period of time. Remember that Gauss-
ian white noise-mathematically described as the formal derivative of
a Brownian motion process—is a tolerable abstraction and is never a
completely faithful representation of a physical noise source.
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For various stochastic differential systems, qualitative properties,
such as existence, uniqueness, controllability and stability have been
studied by many researchers (see [6, 29, 30] and references therein).
Although theoretical procedures for determining the solution of a
stochastic integro-differential equation have been widely studied by
several authors, in most cases these equations are still not solvable in
closed form. Therefore, it is important to find approximate solutions
in an explicit form or in a form suitable for applications of numerical
methods. For more details on stochastic differential equations and
applications, we refer to [13, 15, 16, 23, 27].

Non local conditions for an unknown function are given by an expres-
sion involving the value(s) of this function at regular intervals rather
than continuously over the history period. The nonlocal Cauchy prob-
lem was first introduced by Byszewski [11]. He has done pioneering
work on nonlocal condition problems [8, 9, 10]. These types of condi-
tions are of great importance because they are usually more precise for
physical measurements than the classical ones. For instance, Deng [14]
showed that the diffusion of a small amount of gas in a transparent tube
can be described using the nonlocal conditions better than using local
conditions. Therefore, non local conditions are useful in the applied
sciences and engineering. For more details on non local conditions we
refer to [1, 2, 3] and the references therein.

The theory of the approximation of solutions to stochastic differen-
tial equations has been studied by many authors. Maruyama [24] intro-
duced the Cauchy-Maruyama approximation. Barbu [7] studied Picard
type methods to find an approximate solution of a stochastic semi-
linear equation in a Hilbert space. Balasubramaniam and Dauer [6]
gave a Caratheodory successive approximate solution to a semilinear
stochastic evolution equation with time delays in Hilbert space. The
Taylor series approximation has been studied by Jankovic and Ilic [18]
for obtaining an approximate solution of a stochastic differential equa-
tion. Kovdcs and Printems [19, 20] studied the weak and strong or-
der convergence of a fully discrete approximation of a linear stochastic
evolution equation. Balasubramaniam [5] studied the Faedo-Galerkin
approximate solution of a stochastic semilinear integrodifferential equa-
tion in Hilbert space.

Our main concern in this paper is to treat the Faedo-Galerkin
approximate solution to a delay equation with a random forcing term
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and non local conditions. Faedo-Galerkin approximate solutions for
deterministic differential equations have been studied by many authors
[4, 25, 26], but this approach is new to the literature on the study
of delay equations with a random forcing term. For recent work on
the Faedo-Galerkin approximations of solutions to different differential
equations see [12, 21, 22] and the references therein.

Let H and K be two separable Hilbert spaces, and let L(K, H) be
the space of bounded linear operators from K into H. For convenience,
we will use the same notation || - || to denote the norms in H, K and
L(K,H), and use (-,-) to denote inner products in H and K. To the
best of our knowledge, existence and approximation of solutions to
delay equations with a random forcing term and non local conditions
have not been considered in the literature. Motivated by the above
consideration, and based on the semigroup theory of operators and the
Banach fixed point theorem, in the present work we shall use Faedo-
Galerkin approximations to prove the existence of solutions to the
following delay equation with a random forcing term and non local
conditions:

du(t)
dt

(1.1) + Au(t) = f(t,u(t), w)

t
+ [ at = 9)g(suls)w) duts), te 0.7,
0
subject to the non local condition

(1.2) k(up) = ¢ on [—T1,0],

where u(-) is a random variable with values in a separable Hilbert
space H. The linear operator A : D(A) C H — H is closed,
densely defined, positive definite and self-adjoint, and is assumed to
have a pure point spectrum 0 < A\g < A; < --- and corresponding
complete orthonormal eigensystem {t;}, so that Ay; = M\; and
(i,j) = d;;, where ¢;; is the Kronecker delta function. These
assumptions on A guarantee that —A is the infinitesimal generator
of an analytic semigroup {e~*4 : ¢ > 0} in H. The history u; is defined
by
ut(0) =u(t+6) for 6 € [—7,0].

The functions f and ¢ depend on the history of u over the time
interval (¢t — 7,t) and are required to meet the hypotheses (H4) and
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(H5) in Section 2. The given K-valued Wiener process {w(t) : ¢ > 0}
is assumed to possess a finite trace, nuclear covariance operator @ > 0
defined on a complete probability space (2, p, {tte}1>0,P). In the
nonlocal condition, x is a map defined from Cjy into Cjy, where Cj
is the space of all continuous functions from [—7,0] into H endowed
with the supremum norm

lello = sup_fle@)]l

—TSVS

The rest of the paper is organized as follows. In Section 2, we provide
some necessary notation, spaces and preliminaries which will be used
throughout the paper, and reformulate (1.1) as a stochastic integral
equation. In Section 3, we use a sequence of projection operators to
define a corresponding sequence of approximate integral equations. The
existence and uniqueness of the solution to each approximate integral
equation is established. Then, the convergence of these solutions to the
desired solution of the original integral equation is shown. In Section 4,
we consider the Faedo-Galerkin approximate solution and prove the
main result concerning the convergence of such an approximation. In
Section 5, we give an example as an application of the proposed theory.

2. Preliminaries and assumptions. Let (€2, u, {1 }1>0,P) be a
filtered complete probability space satisfying the usual conditions (i.e.,
the filtration is a right-continuous increasing family and pg contains all
P-null sets) and {u¢}i>0 C p. A random variable u(t) is a p-measurable
function from €2 into H, and a collection of random variables

S = {u(t) Q) — H}tE[O,T]

is called a stochastic process. Let B,(t), n =1,2,3,..., be a sequence
of one-dimensional Brownian motions defined on the probability space,

and set -
w(t) = Z \/Xan(t)gn, t>0,
n=1

where /):n >0,n=1,2,..., are nonnegative real numbers and {g,} is a
complete orthonormal basis for K. Let Q € L(K, K) be the operator
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defined by Qs, = Xngn with finite trace
=52
n=1

Then, the above K-valued stochastic process w(t) is called a Q- Wiener
process. We assume that p; = o(w(s) : 0 < s < t) is the o-algebra
generated by w and that p; = p. Let ¢ € L(K, H), and define

1612 = Tr(6Qo") }]Wﬁh%u

If |¢llg < oo, then ¢ is called a @Q-Hilbert-Schmidt operator. Let
Lo (K, H) denote the space of all Q-Hilbert-Schmidt operators ¢ : K —
H. The completion Lg(K, H) of L(K, H) with respect to the topology
induced by the norm || - [|q, where ||¢||3, = (¢, ¢), is a Hilbert space
with the above norm topology. Let Lo(, u,P; H) = Lo(€); H) denote
the space of strongly-measurable, square integrable random variables
equipped with the norm

lall a0, = (Ellulz)'?,

where E is defined as integration with respect to the probability
measure P. We recall that, for a stochastic process {F(t) : Q —
Lo(K, H)},

t
EH/FS dw(s
0

2 t
S/EM@%@
0

SM@AEM®WM

see Da Prato and Zabczyk [13, Lemma 7.2].

A subspace of Ly(€2, H) is given by L3(Q, H) = {f € L2(Q, H) :
f is po-measurable}. Our assumptions on A imply that 0 € p(—A), the
resolvent set of —A. Then, for 0 < o < 1, it is possible to define the
fractional power A% as a closed linear operator on its domain D(A%),
being dense in H, and we denote the Banach space D(A%) by H,
endowed with the norm

lulla = [[A%ull, we D(A®),
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which is equivalent to the graph norm of A“. For more details on
fractional power operators, see Pazy [28, page 69]. For all ¢ € [—7,T],
define the Banach space C$ = C([—7,T],H,) endowed with the
supremum norm, as

lullr,a = sup [[A%u(?)]].
te[—7,T]

Recall that the time history w; is defined by u.(8) = u(t + ) for 6 €
[—7,0] and belongs to the phase space C§. The norm |u|o,q is given
by:

l[utllo,a = ,Sup [A%ue(O)]l,  ue € C.

6[7750]
To prove our main results, we assume the following hypotheses.

(H1) a € Lfgc((),oo) for some 1 < p < co.

(H2) There exists a function h € C% such that x(hg) = ¢ for all
t € [—,0].

(H3) The function h(t) € D(A®) for all t € [—7,0] and h is locally
Holder continuous on [—T,0].

(H4) The map f : [0,T] x D(A%) x C§ — H is continuous, and
there exists a non-decreasing function Ly : [0,00) — [0, 00),
dependent on R > 0, such that

1f(tu, )|l < Lyp(t)

and

1t ur,01) = f(tug,v2)|| < Lp(t) [lur — uzlla + llor — v2l0.a],

for all ¢ € [0,T], ui,uz € Br(D(A%),h(0)) and vi,vs €
Bgr(C§,h). Here,

Br(Z,20) ={2 € Z : ||z — 20llz < R}

for any Banach space (Z, || - ||z) and zg € Z.
(H5) The map g : [0,T] x D(A*) x C§ — Lq(K, H) is continuous,
and there exists a non-decreasing function L, € leoqc(07oo),

dependent on R > 0, where 1 < ¢ < oo and 1/p+ 1/q = 1,
such that

lg(t,u,v)llg < Ly(t)
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and

lg(t, ur,v1) = g(t,uz, v2)ll@ < Lg(t) [[lur — uzlla + [lvr = v2flo.a],

for all t € [0,T], ui,us € Br(D(A*),h(0)) and vi,ve €
BR(C(?ah)'

Definition 2.1. [5] A stochastic process {u(t)}—r 1), 0 < To < T, is
called a mild solution of (1.1)—(1.2) if

(i) u(t) is measurable and u;-adapted.
(ii) u(t) is continuous on [0, Tp] almost surely and satisfies the follow-
ing stochastic integral equation

(2.1)  u(t) = e h(0) —|—/0 e_(t_S)Af(&u(s)ms) ds

+ /Ot e—(t—s)A< Os a(s — 7)g (7, u(7), ur) dw(r)) ds,

for t € [0, Tp], with u(t) = h(t) for t € [—7,0].

The existence of solutions of (1.1) is associated with integral equa-
tion (2.1), see Da Prato [13, Theorem 5.4].

3. Existence of approximate solutions. In this section, we con-
sider approximate integral equations to equation (2.1) and establish
the existence and uniqueness of their solutions. A solution u of equa-
tion (2.1) on [—7,Tp] is a function u in the Banach space Co(Tp) =
C([—7,To], L2(Q2, D(A%))) of all continuous functions from [—7,Tp]
into L2(2, D(A%)) endowed with the supremum norm

lelleaery = s [[A%u(@)]

el—7,To

Lemma 3.1. Suppose 0 < a < 1, let —A be the infinitesimal generator
of an analytic semigroup {e7** .t > 0} such that ||e~*4| < C for
t >0, and assume 0 € p(—A). Then,

(i) D(A®) is a Hilbert space.

(ii) For every t > 0, the operator A%e~

[Ae ™ < Ct™' and ||A% M < Cut™™.

tA s bounded and satisfies
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Proof. See Pazy [28]. O

We define

= R(t), te[-T,0],
h(t){h(o), t € [0, Tp),

and let H, denote the finite-dimensional subspace of H spanned by
the first n» + 1 orthonormal eigenfunctions g, ¢1,...,%, of A. The
corresponding orthoprojector is denoted by by P" : H — H,, for n =
0,1,2,....

We choose Ty € (0,T] and R > 0 in such a way that
R
(3.1) sup E||A%(e~* — DA(0)]? < —.
0<t<To 6
Moreover, for 0 < a < 1/2,
R(1 - 2a)\ /172

3.2 T —_—
32 < (Gemer)
where
(3:3)  C(R) = (1+ R)(TLH(To) + Te(Q)]|a®(| zr (0,1) 1L | Laco,70) ) -

We define
fn:]0,T] x D(AY) x C§ — H

and
gn 1 [0,T] x D(A%) x C§ — Lg(K, H),

respectively, by

fu(t,u,v) = f(t, P"u, P™v)
and

gn(t,u,v) = g(t, P"u, P"v),

for all ¢t € [0,Tp], where (P"v)(s) = P"(v(s)) for all s € [—7,0]. Now,
define a map S,, on Br(Cy(Tp), k) by

(3.4)
(Spu)(t) = e~ h(0) + / e (t=9Af, (s,u(s),us) ds
0
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# [t ([ ats = mian(rutr). ) dot)) s

for t € [0, Tp], with (Spu)(t) = h(t) for t € [—,0].

Theorem 3.2. Let o € (0,1/2) and the hypotheses (H1)—(H5) hold. If
h(t) € LY(Q2, D(A®)) for allt € [—7,0], then there exists a unique u, €
Bpg such that Spu, = uy for allm=0,1,2,....

Proof. First, we show that S, : Br(Ca(T0),h) — Br(Ca(Tp),h).
For this, we need to show that the map t — (S,u)(¢) is continuous
from [—7,Tp)] into Lo (2, D(A®)) with respect to the || - ||-norm. Thus,

for any u € Br(Cy(Tp), h) and t1,te € [—7,0], we have
(3.5) (Spu)(te) — (Spu)(t1) = h(tz) — h(t1).

Since the function h satisfies hypothesis (H2), we get the required
result. Now, for t1,t2 € (0,Tp] with ¢ < to,

(Spu)(t2) — (Spu)(ty) =T+ II4+II+IV+V,
where the five terms on the right are

L= (e —e " )h(0),

12
I :/ ef(trs)Afn(s,u(s),us) ds,

t1

ty
III = / (ei(tzis)A — ei(tlis)A)fn (S, ’LL(S), us) ds
0
ty
v [t e
0
X / a(s — T)gn (7‘, u(7), uT) dw(T) ds,
0
and
to s
v — / o—(ta=s)A / a(s — 7)gn (7, u(r), ur) de(7) ds.
t1 0
Thus,

B||(Snu)(t2) — (Swu)(t1)ll2



490 R. CHAUDHARY AND D.N. PANDEY

<5(IILI2 + BI 2 + B UL + B V]2 + B|| V]2).

Now, Pazy [28, Theorem 6.13 (d)] states that, if 0 < f < 1 and
u € D(AP), then

(3.6) I(e™ = Dyul| < Cat?|| APull.

Thus, if § € (0,1) is such that 0 < a+ 8 < 1, then for s, € (0, Ty], we
have

(37) (e = DA% Au]| < Cat? A
< CpClaypt’s™ ) |ul],
o)
Tl = (I — e 274 A% 1 AR(0)|| < Calts — t1)*[[2(0)]a

and

to 2

E|II|2 < (/ IIA"‘e(tzS)AIIEan(SaU(S),Us)Hds)
ty

to
S (tg — tl) Cz(tg - S)_2aLf(8)2 ds
ty

(t2 _ tl)Z(l—a)

< C%L4(ty —t1)?
< CoLy(ta —t) 9%

Next, provided o + 8 < 1/2,

t1
EH 111 Hi < tl/ H([ _ e—(tz—tl)A)Aae—(h—s)AHZLf<s>2 ds
0

< G202, y(ts — )P Ly(t)? / " =9y
[1=2(a+h)

= CROL Ly () (02 = 1) g
with

t
B[V ]2 < / 1||A°“(e*(t2*S)A_ef(ltrs)A)H2
0

Tr(Q) /0S a(s — T)QEHgn (7', u(T), uT) H2 dr ds

< Te(Q)lla® | Lo 0,70) | L3l La0,70)
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/tlH(e(tQtl)A —I)Aaef(tlis)AHst
0
< Te( @)@l Lo o,10) 1 L2 | Lo (0,170
C3C2  5(ta — 1) h
and

to
BIVIE < [ ae-ta-opp

ty

Tr(Q) /OS a(s — 7)2E||gn (T, u(7), uT) ||2 dr ds

(tQ _ t1)172a

< (@)%, om0 | E2 1y 0.1 C2 2

The preceding estimates imply that
B[(Snu)(t2) — (Spu) ()5 = O((t2 — t1)")

for v = min(2«, 2(1—a), 28) > 0, so the map ¢ — (S, u)(t) is continuous
from [—7,Tp)] into La(Q2, D(A®)) with respect to the || - || norm.

Now, for ¢ € [—7,0], we have
E||(Spu)(t) = h(t)][5 =0,
and for ¢ € (0, Tp], we have
(3.8)  Ell(Sau)(t) = A1) < 3]l A%(e™™ = DA(0)?
+3/ |Aae_(t_S)AQ(TEan(s,u(s),us)H2
0
+ Tr(Q) /o la(s — 7)*E||gn (7, u(r), u-) ||? dT) ds.

Using Lemma 3.1 and equations (3.1)—(3.3), we get

1—2«
B0 - RO <3( + CRIC2 ) < R

showing that S, : Br(Cu(Tp),h) — Br(Ca(Tp), h).
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Let u,v € Br(Cy(Tp),h). If t € [—7,0], then
B||Spu(t) — Sav(t)|* =0,

whereas, if ¢ € (0, Tp], then

E[[(Snu)(t) = (Snv)(®)]2 < 2 / JA%em (=42

2

<E||fn (s7u(s)7us) — (S,U(s)ms) H

+TrQ) / als — 72 E|lgn (r,u(r),ur) = ga (7, (), )| dT) ds

< 2(TLH(To) + Tr(Q)lla®| e o,70) 1L2 ] Lao,70))

T1—20¢
(Bl — vl3 + Bllur —vrl3 )02 1
< 2 C(R)CE I (Bl — ol + Bl — vr[3,.)
R *T " 2q o o
< 3Bllu ol oy

Thus, taking the supremum over t € [—7, Tp], we get

1
[[Snu — Spoll2, 7y < g”u — ol (-

Hence, Sy, is a strict contraction on Br(Cy(Tp), h), and, by the Banach
fixed point theorem, there exists a unique u,, € Br(C4(Tp), h) such that
Spln, = u, or, in other words, u, satisfies the approximate integral
equation,
(3.9

h(t), te[—, 0];
u, () = e"““h(O)—i—fé5 e~ E=9Af (5, upn(s), (un)s) ds

[ e DA 2 (s 1) g (7, un (T), (un)r ) dw(T) ds, t€ [0, Ty).

This completes the proof. O

Lemma 3.3. Let h(t) € L2(2,D(A)) for all t € [—7,0]. Then
un(t) € La(Q, D(AP)) for allt € [—7,Tp] and 0 < B < 1/2.
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Proof. For t € [—7,0], it is obvious. Therefore, let ¢ € (0,T]. From
Theorem 3.2, we have the existence of a unique u,, € Br(Cu(Tp),h)
satisfying (3.9), and a result of Pazy [28, Theorem 2.6.13 (a)] implies
that et : H — Ly(Q, D(AP)) for t > 0 and 0 < 3 < 1/2, and that
D(AP) C D(A®) for 0 < a < 8 < 1. By another result of Pazy [28,
Theorem 1.2.4], we have e *4u € Lo (2, D(A)) if u € La(Q, D(A)). The
required result follows from these facts and the fact that Ly (92, D(A)) C
Ly(Q, D(AP)) for 0 < 3 < 1/2. O

Lemma 3.4. Let h(t) € LY(Q2, D(A®)) for all t € [-7,0]. Then, for
any t € [—7,Ty], there exists a constant Cy,, independent of n, such
that

1
Elun(®)|3 < Ct, for0<a<f < and0 <ty <Ty.

Proof. Applying AP to both sides of approximate integral equa-
tion (3.9), it follows [28, Theorem 6.13 (c)] that, for any t € [—7,0],

Ellun(®)lI3 < Ellh(®)[3 < [hllo,s,

and, again for ¢ € (0, Tp],

2

t
Ellun(t)]2 < 3@Aﬁemh<0>2 ‘B / A=A (5 u(s),u,) ds

)

t s
+E /A'Be*(t*S)A/a(s = 7)gn (T, u(7), ur) dw(T) ds
0 0

< 3] A7 h(0))?

t
+3T/ AP e DA RE|| £ (s, uls), us) || *ds
0
t
F3T(Q) [ A% A2
0
(/ a(s—T)2E||gn(7,u(7),u7)||2d7> ds
0

T1-28
< 3(CH P IO + CROR) 155 ) < G
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Theorem 3.5. If the hypotheses (H1)—(H5) hold, and if h(t) €
Ly(2,D(A)), then {un} C Co(To) is a Cauchy sequence and therefore
converges to a function u € Cy(Ty) satisfying equation (2.1).

Proof. We divide the proof into two steps.

Step 1. Let m,n,ng € N be such that n > m > ng and ng is sufficiently
large. For t € [—7,0], we have

Ellunt) — um(®)]% = Ellh() — h(2)|2 =0,
and, for t € (0, Tp],
Ellunt) — unm()]2 < 2EH A VAT REN TS

2

- fm (57 um<s>7 (Um>s)] ds

t s
/ A%e=(t=9)4 (/ a(s — )
0 0

[gn (T, Un (T), (un)T) —0m (7’7 U (T), (um)T)]dw(T» ds

+2E’

2

Q
Now, for 0 <t < ¢, we have

tg t
Bllun(®) = w12 <2( [+ [ Y4z o2
0

(3.10) (TEan (5, un(s), (u:)s) — Fin (8 wm(8), (um)s) ||
+THQ) /0 a(s — )

Blgn (7, tn (7). (4n)2) = g (. 4m (7). 11, ) || dT) ds.

The first integral of equation (3.10) is bounded by

/0 ”Aae(tS)A||2(TEan(5aun(5)7(un)s)
0
(52t (8), (tm)) |2+ THQ) / as — )
0



DELAY EQUATION APPROXIMATION OF SOLUTIONS 495

(3.11)
EHgn (T, un (1), (Un)7) = g (75 um (7), (um)7) H2d7') ds
< 2C(R)C2(tg — ty) 2y,
Now,
B o (s 10n(5): (n)) = i (5, (), (1)) |
< B fa(s,un(s), (un)s) = fu (s, um(s), (wm)s) 12

4 B 50, ()s) — F (5,10, ().
< 2L (To) (Ellun = 3.0+ BI(P" = P™yum 1)]13)

and, for 0 < a < § < 1/2, we have
B A%(P" — P™)up(1)|* < E| AP (P" — P™) AP up, (1)
< A2 B AP (1)1
Therefore,
B fa(s,un(s), (un)s) = fn (s, um(s), (wm)s)II?
< 2L3H(To) (Elun — uml|? 4 + Cio A2 ®=).
Similarly,
Ellgn(s,un(s), (un)s) = gm (s, tm(s), (wm)s)||?
< 2L2(To) (Elltn — tuml|2 o + Cio 220 7).
The second integral of (3.10) is bounded by
(3.12)

/tl |Aae(ts)A||2<TE||fn(s,un(s), (n)s) = fn (8, (5), (Um)s)Hz
+15Q) [ als=7)
EHgn (T, Un (T), (un)T) — m (’7’, U (T), (Um)r)||2 dT) ds

t
<2 [ (-5 (TL?-(T@EHun P

to
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+ L?(TO)C’tO)\,’f(ﬂ*‘l) + Tr(Q) / a(s —7)?
0

(L2(To) Elun — tm|? o + L2(T5)Ciy A28~ )) ds

<2C(R )02 Cry Tol_za Jr/t(t - 5)720‘E||un—um||2 ds).
- 22— (1=2a) Jy “

Using (3.11) and (3.12) in (3.10), we get

(3.13)  Bllun(t) — um(®)]2

t

< M1t0 + Mo, 2(8—c) + Ms/ (t - 5)72(1E”un - um”i ds,

’
tO

where
4C(R)C?
Ml = ( )/ 20;7
(to — tp)
Tl 2a
My = 4C(R)C2Cy, -2 T

Ms = 4C(R)C2.
Now replace t by ¢ + 6 in inequality (3.13), where 6 € [t} — ¢,0], to get

(3.14)  Ellun(t+0) —un(t+ 9)”3 < M1t6 + MQ)\%Z(’B_O[)

y /t+9 Ellun — umll2 o .
L
5], Thrg—spe

and then put s — 6 = v in (3.14) to obtain

Ellun(t +0) = um(t + 0)]I2

tE”un_um”y -
< Mt} + Mo\ 28~ >+M3/ g,
t) (t—v)

Since

sup  Ellun(t+6) — un(t+ 9)”3
t—t<0<0

Fllu, —u
SM1t6+M2/\ a)+M / ” n m” dS,
t—uza
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we have
sup  Ellun(t +0) — um(t +0)]12
—7—t<6<0

< sup  Bllua(t+0) —um(t +0)Il2
0<6+t<t)

+  sup  Elfun(t+60) —um(t +0)|2.
t—t<0<0

Using the inequalities above, it follows that

sup  Bllun(t+0) — un(t+0)]2
—r<t30<t

< (My + M)ty + (My + M5))\;n2(’87a)
K Ellun, — um||12/a
+ M3/ 2 7 Umllva o

T

where M, and Mj are some constants. Now, applying a generalized
Gronwall inequality [17] to the above inequality, and as t{, is arbitrarily
small, we conclude that wu,, is a Cauchy sequence.

Step 2. The sequence u,, converges to u in Cy(Tp).

We have h(t) € D(A) for all t € [—7,0]. Using Step 1,

lim  sup Eljun(t) — un(t)|2 =0,
m—00 p>m
0<t<Ty

i.e., there exists u € C,(Tp) such that w, converges to u in the mean

square sense. For u, € Br(Cy(T),h),
Bllua () ~ (@ <2 [ ace =947
(TEan (5,un(s), (un)s) — f(s,u(s), us) ||2
+T(Q) [ lats—7)
EHgn ('r, Un (1), (un)T) — g(T, u(7), uT) ||2 d7'> ds

<oc? (TEH F (6 PP (8), P™(un)e) — (b ult),wr)]?
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+TH(Q) / alt - 7)[?

EHg(T7 P"uy (1), P"(un)T) - g(T, u(T), ur)||? dT)

202112
ST (TEHf(t, Py (£), P™(un)e) = (8, P u(t), P"u) |

+ TEHf(t, P"u(t), P"ut) — f(t, u(t), ut) 12
+TQ) [ falt =)
[EHg(T, P"u,, (1), P"(un)T) - g(T, P"u(T), P"uT) 12

+ EHg(T, P"u(r), P”uT) - g(T,U(T),UT) ||i] dT)

202T, > .
< 2R (Bluntt) — wll + EYP" = Dult)13)-

T01—2a
1—2a

Taking the supremum over ¢ € [0, Tp], we get
lim sup El\un( ) —u(t)]z =0

n—0 0<t<

in the mean square sense. Let h(t) € Lo(2, D(A%)) for t € [—7,0].
Since, for 0 < t < Tp, the sequence A%u,(t) converges to A%u(t)
as n — 00, and since uy(t) = u(t) = h(t) for all n when t € [—7,0],
if -7 =t = T, then A%, (t) converges to A%u(t) in the mean
square sense in Lo (€, H). Since u, € BR(CQ(TO),E>, it follows that
u € Br(Co(Ty), ¢) and, for any 0 < ty < T,

lim sup FEllun(t) — (t)||¢2x =0
n—00 ¢ <t<T,

in the mean square sense. Also, we have

sup || f (£ () (1), (wa)e) = f (8, u(t),ue) ||

to<t<To
< L3(T) (Bllun = ullf, o + EI(P" = Dl o) — 0,

as n — 00, and

502 [lgn (8 (an) 0 (un)e) = g (8 u(t), wo) ||
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< L2(To) (Ellun = ullf, o + BI(P" = Dull}, o) — 0.

Now we will show that u satisfies the integral equation (2.1). For 0
<tg <t, (3.9) can be written as

Un(t) = e~ 410 (/t /t> ~(t=s)4 (fn(s Un(8), (tn)s)

[ ats = i (o (1) ) ) ) s

0

Un(t) o eftAh(O) _ /t e*(tfs)A (fn (S, un(S), (un)s)

2

+ [ als = D) 1)) et ) ds
- EH /Oto e~ (t=9)A (fn (s, un(s), (un)s)

+ [ als = D) 1)) et ) ds
< [Tty (T 510, ) )

+10(@) [ lats = DBl (10 (7). () )| ) s
< C?C(R)ty.

2

Sending n — oo in this estimate, we get

Eu(t) - e *h(0) - / Lot (f(s,u<s>,us>

to

2

+ /05 a(s —7)g (7 u(r),ur) dw(r)) ds|| < C?*C(R)t,

Since ty is arbitrary, it follows that w satisfies the integral equa-
tion (2.1).

Now we will show the uniqueness of u. Let u; and us be two functions
satisfying (2.1), and put v = u; — ug. Then u = 0 on [—7,0], and,
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for ¢ € [0, to], we have

t
Blu(t)|2 <20(R)C2 [ (t=5)™ sup Eluls+0)|2 s
0 —7<0<0
where R := max{F|juy *E||2CQ(T)’ E||lug *EHQCQ(T)}' Let 6 € [—t, 0l and
t € 10, 1o], and assume that ¢y < 7; hence, 0 < ¢ < 7. Fort < —0, we
have u(t + 6) = 0, and, for ¢ > —60, we have

t+0
E|lu(t+0)|2 < 2O(R)C§/ (t+6—s5)"2
0

sup  Ellu(s +0)|2 ds.
—7<6<0
We put # — s = —v in the above inequality to obtain
t

Ellu(t +9)| < 20(R)C? / (t )2

sup  Ellu(y + 0+ 0)||2 dv,
—7<6<0
and then @ = 7 —  to obtain
t

Blu(t+ )% < 20(R)CE [ (t=)
-9
sup  Elu(y + )2 dy.
—T+0<n<0
Since u(y+n) = 0 on [-7 + 6, —7], the above inequality can be written

as
t

Blu@IE < 20(RCE [ (=97 sup Bl (n)|2dy

t
< 20(R)C? / =) sup Bl ()] b

—7<n<
Taking the supremum over 6 € [—7,0], we get
t
Bludlf o <20(R)C2 [ (¢ =2) " Elus 0.
0

and the required result follows by applying the generalized Gronwall’s
inequality [17]. O



DELAY EQUATION APPROXIMATION OF SOLUTIONS 501

4. Faedo-Galerkin approximations. From the previous sections
we know that, for any 0 < Ty < T, we have a unique u € Cy(Tp)
satisfying the integral equation

u(t) = e *h(0) +/0 ef(tfs)Af(s, u(s), us) ds

+ /Ot e (t=9)4 ( /s a(s — 7)g(r,u(r),ur) dw(T)) ds,

0

(4.1)

for t € [0,Tp], with u(t) = h(t) for t € [—7,0]. Also, there is a unique
solution u,, € Cy(Tp) of the approximate integral equation

(4.2)  un(t) = e *h(0) + /O e A f (s, P uy(s), P (uy)s) ds

0

t s
+/ e_(t_S)A</ a(s — T)g(T, Pluy, (1), P”(un)T) dw(T)) ds
0
for t € [0,Tp], with u,(t) = h(t) for t € [-7,0]. Now, if we project

(4.2) onto H,,, we get the Faedo-Galerkin approximations u,, = P"u,,
satisfying

(4.3) Tn(t) :etAP”h(O)—&—/t e~ DAL (s, Py, (s), P™ (1)) ds
0

n /Ot e—(t—s)A(/Os a(s — 7)g (7, P"tin (1),
P (@n)7) dw(T)) ds

for t € [0,Tp], with @, (t) = P™h(t) for t € [—7,0]. The solutions wu(t)
to (4.1) and u,(t) to (4.3) have the representations

u(t) =3 (s, au(t) = (u(t), u),
(4.4) =0

Un(t) =Y o (ui, af(t) = (Un(t), u:).
i=0
As a consequence of Theorems 3.2 and 3.5, we have the following result.

Theorem 4.1. Let the hypotheses (H1)-(H5) hold and assume that
h(t) € La(Q, D(A)) for allt € [—7,0]. Then there exists a unique func-
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tion U, € C([—7,To); Hy) and a unique u € C([—7,Tp); H) satisfying
(4.3) and (4.1), respectively, such that G, — u as n — oo.

Theorem 4.2. Let the hypotheses (H1)—(H5) hold. Then we have the
following:

(i) If h(t) € LY (2, D(A®)), then, for any 0 <ty < Ty,
lim su MNE|ai(t) — o (t)||> = 0.
fim s S Ao ol (0]

(i) If h(t) € LY(Q, D(A)), then

lim sup Z)\?QEH%@) —ap(t)* =o0.

n—oo 0<t<T, P
Proof. Since

B[ A% (u(t) = @n(8))* = ) EI A (ilt) — o' (8) yuil
=0

= AE|(n(t) — o ()us])?,
i=0
it follows that

E|| A% (u(t) = @)IF = Y- N Ell(ait) — af (0)us .

=0

Hence, as a consequence of Theorem 4.1, we get the required result. O

5. Anexample. Let H = L?(0,1),0 < T < coand 7 > 0. Consider
the partial differential equation

ou 02
a(x’t) = @u(t,m) +F(tvx’u)
(5.1) + /0 a(t — s)G(s, z,u) dw(s),

0
/ r(—0)hs (u(6, 2), yu(0, 2)) 6 = b(x),

—T
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u(t,0) = u(t,1) =0, where 0 < x < 1 and 0 < ¢t < T, with
1
Fit..u) = fitia) + [ (ult, ), 0,ult, ) dy
0

/O r1(=0)he (u(t +0,2), Opu(t + 6, x)) db,

-7

and

1
Gt z,u) = folt,z) + / ha(u(t,y), yu(t,y)) dy

/O ro(—0)ha(u(t + 6, 2),0pu(t + 0,2)) db.

Here, hy, ho, h3, hy, hs, fi and fo are smooth, real-valued functions.
Furthermore, rq, ro, 73 € L?(0,1), a € LIQSC(O, 00), and w is a standard
L?(0, 1)-valued Wiener process.

We define the operator A as

0%u

with domain D(A) = H?(0,1) N H}(0,1). Clearly, A is self-adjoint
with compact resolvent and is the infinitesimal generator of an ana-
lytic semigroup e~ 4. Moreover, A has a discrete spectrum with the
eigenvalues k?7? for k € N, whose corresponding (normalized) eigen-
functions are ey, (z) = v/2sin krx. Therefore, for u € D(A),

u(z) = Z(u, er)ex(x).
kEN

Now, for a = 1/4, D(A'*) (denoted by Hy,4) is a Banach space
endowed with the norm

lull1/a = |AY 40| for u € D(AYY).
Also, we define the space
/'t = C(|=rt), DY), teo.1]

endowed with the supremum norm

1/4
leleia= s lle@)ar @€
<v<t

—TSVS
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then,

AV () =Y (K2 (@), en(@))ex ()

keN
with u € D(AY4). Differential equation (5.1) can be reformulated as

du(t)
dt

+ Au(t) = F(t,u(t), u)

+ /0 a(t — s)G(s,u(s),us) dw(s),
K(Uo) =¢ on [_Ta 0]7

where u(t)(z) = wu(t,z) and u(0)(z) = wu(t + 0,2) for t € [0,T],
0 € [-7,0] and = € (0,1), and where the operator A is defined as in
equation (5.2). The functions F' and G are defined on [0, 7] x D(A%) x

Cy? by
F(t,0,6)() = fi(t,2) + / hn (0(2), @' (2)) de

0
x / r1(=0)hs (£(0) (), D:£(6) (x)) dO

—T

and
G(t,0,&)(x) = falt,x) —l—/o hs(p(z), ¢’ () dx

0
/ ra(—0)ha (£(0) (), B.£(6) () do),

—T

where hy, ho, hs and hy are non-decreasing, Lipschitz continuous
functions such that

Nhi(@i, yi) = hi(@ir1, yir)|| < Li (| — will + llwivr — yiga ll)
for i =1,3, and
th(ffmyz) - hi($i+17yi+1)H < L'L(”xz - yi”[o,a] + ||33i+1 - yz’+1H[o,a])
for i = 2,4. The mapping « : Cy — Cj is defined by

0
() () = / ra(=0)hs (9(60, 7), Dpip(0, 7)) do),

—T
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where the functions fi, fa : [0, 7] x (0,1) — R satisfy f1(0,-), f2(0,) €
L?(0,1), and there exists ¢; € L?(0,1) such that

Iit,2) = fi(s,2)|| < li@) |t = s]|° fori=1,2.
Therefore, the functions F' and G satisfy
I (¢, ur,v1) = Ftuz, v2)l| < Ly (ur — uzlla + [lor = v2/l0,0),
IG(t w1, v1) = G(t uz, v2) || < Ly (lur — uzlla + [l — v2ll0.)-

Thus assumptions (H1)—(H5) are satisfied and therefore, by the results
established in the earlier sections, one can obtain approximate solutions
and their convergence.
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