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ABSTRACT. In this article, by a concept of Stepanov
type p-pseudo almost automorphic functions developed re-
cently, we investigate some new existence results on bounded
solutions to a semilinear integro-differential equation in Ba-
nach spaces. We first establish a new composition theorem
of such functions, and then we prove the main results via
ergodicity and composition theorems of Stepanov type p-
pseudo almost automorphic functions combined with the-
ories of uniformly exponentially stable and strongly con-
tinuous family of operators. These bounded solutions can
cover (weighted) pseudo almost automorphic solutions with a
Stepanov type forcing term as special cases.

1. Introduction. The concept of almost automorphy was first in-
troduced in the literature in relation to some aspects of differential
geometry by Bochner in the 1960’s [4], which is a natural general-
ization of almost periodicity; for more details on this topic, we refer
to [11, 25, 26]. Since then, this concept has undergone several in-
teresting, natural and powerful generalizations. For example, Liang,
Xiao and Zhang in [21, 31] presented the concept of pseudo almost
automorphy. In [27], N’Guérékata and Pankov introduced the concept
of Stepanov-like almost automorphy and applied this concept to study
the existence and uniqueness of almost automorphic solutions to the au-
tonomous semilinear equation. Abbas et al. [2] introduced the notation
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of Stepanov type weighted pseudo almost automorphic sequence and
investigated the existence and uniqueness of Stepanov type weighted
pseudo almost automorphic sequence solutions to a difference equa-
tion. Particularly, Blot, Cieutat and Ezzinbi in [3] applied the measure
theory to define a new ergodic function, and they presented the con-
cept of p-pseudo almost automorphic functions. Chang, N’Guérékata
and Zhang presented the notation of Stepanov type p-pseudo almost
automorphic functions and investigated some ergodic properties and
composition theorems of Stepanov type u-pseudo almost automorphic
functions in [7].

The above-mentioned concepts have been applied to various differ-
ential and integro-differential equations by many scholars; see, for in-
stance, [6, 8, 9, 10, 11, 14, 15, 17, 18, 20, 22, 24, 32, 33, 34] and
the references therein. In particular, Lizama and Ponce [22] systemat-
ically studied the existence and uniqueness of bounded solutions, such
as almost periodic (automorphic), pseudo-almost periodic (automor-
phic), asymptotically almost periodic (automorphic), to the following
semilinear integro-differential equation:

t

(1.1)  u'(t) :Au(t)+a/ e P9 Au(s)ds + f(t,u(t)), teR,
wherea, § € Rwitha >0, a #0anda+8>0,4A: D(A) CX - Xis
the generator of an immediately norm continuous Cy-semigroup defined
on the Banach space X, and f : R x X — X belongs to a closed
subspace of the space of continuous and bounded functions satisfying
some Lipschitz type conditions.

Since the concept of Stepanov type p-pseudo almost automorphic
functions has richer information than those of Stepanov type (weighted)
pseudo almost automorphic functions, a natural question becomes:
what is it about the problem (1.1) when the nonlinear term f is
Stepanov type p-pseudo almost automorphic? To close this gap,
the purpose of this article is to deal with the existence of p-pseudo
almost automorphic solutions to problem (1.1) when the forcing term
f: Rx X — X is a Stepanov type p-pseudo almost automorphic
function presented in [7]. We first give a new composition theorem of
such functions (see Theorem 2.28), and then we prove the main results
via ergodicity and composition theorems of Stepanov type p-pseudo
almost automorphic functions combined with theories of uniformly
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exponentially stable and strongly continuous family of operators. These
bounded solutions can cover (weighted) pseudo almost automorphic
solutions with a Stepanov type forcing term as special cases. For
more results on different integro-differential equations, please refer to
[1, 5, 19, 23, 28, 29, 30] and the references cited therein.

The rest of this paper is organized as follows. In Section 2, we
recall some basic definitions, lemmas, and preliminary results which
will be used throughout this paper, and a new composition theorem is
also proved. In Section 3, we prove the existence of p-pseudo almost
automorphic mild solutions to the equation (1.1).

2. Preliminaries. In this section, we introduce some basic defini-
tions, notation and lemmas which will be used in what follows. In
particular, a new composition theorem is established.

Let (X, ||-|) and (Y, || - ||yv) be two Banach spaces, and let BC(R, X)
denote the Banach space of bounded continuous functions from R to
X, equipped with the supremum norm | f|lcc = sup.cg ||f(t)|. The
notation B(X,Y) stands for the space of bounded linear operators from
X into Y endowed uniform operator topology, and we abbreviate to
B(X), whenever X = Y. Throughout this work, we denote by B the
Lebesgue o-field of R and by M the set of all positive measures p on
B satisfying u(R) = +o0 and p([a,b]) < +oo, for all a, b € R(a < b).

Definition 2.1. [26]. A continuous function f : R — X is said to
be almost automorphic if for every sequence of real numbers {S;L}neN
there exists a subsequence {s, }nen such that

g(t) == nh_}n;C ft+ sn)
is well defined for each t € R, and

lim g(t —s,) = f(t)

n—oo

for each t € R. The collection of all such functions will be denoted by
AAR, X).

Definition 2.2. [20, 26]. A continuous function f : R x X — X is
said to be almost automorphic if f(¢,x) is almost automorphic for each
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t € R uniformly for all z € B, where B is any bounded subset of X.
The collection of all such functions will be denoted by AA(R x X, X).

Definition 2.3. [24]. A bounded continuous function with vanishing
mean value can be defined as

1 T
Ao, = {o € Bo® ) i g [ Jo(o)ldr =o}.

Similarly, we define by AAg(R x Y x Y,X) the set of all continuous
functions f: R x Y x Y — X which belong to BC(R x Y x Y, X) and
satisfy

1 T
Jin 5z [ o(a)ldr =0,

uniformly for (x,y) in any bounded subset of Y x Y.

Definition 2.4. [3]. Let 4 € M. A bounded continuous function
f: R — X is said to be u-ergodic if

. 1

lim ‘[ NCIETORY

()
We denote the space of all such functions by €(R, X, ) (or e(X, ) for

abbreviation).

Definition 2.5. [3]. Let p € M. A continuous function f : RxY — X
is said to be p-ergodic if f(-,y) is bounded for each y € Y and

1
lim ——— F(t,y) |l du(t) =0,
IR0

r=too p([=r, 7))

uniformly in y € Y. We denote the set of all such functions by
e(R x Y, X, u) (or e(Y,X, u) for abbreviation).

Definition 2.6. [3]. Let 1 € M. A continuous function f: R — X is
said to be p-pseudo almost automorphic if f is written in the form:

f=9+9¢,

where g € AA(R,X) and ¢ € ¢(R, X, u). Let PAA(R,X, i) denote the
space of all such functions.
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Definition 2.7. [3]. Let 4 € M. A continuous function f : RxY — X
is said to be p-pseudo almost automorphic if f is written in the form:
f=9+0,

where g € AAR x Y, X) and ¢ € e(R x Y, X, p).

Lemma 2.8. [3, Proposition 2.13]. Let p € M. Then e(R, X, u), |||l o)
is a Banach space.

For 4 € M and 7 € R, we denote p, the positive measure on (R, BB)
defined by
ur(A)=pla+7:a€ A) for A€ B.

From p € M, we state the following hypothesis ([3]).

(HO) For all 7 € R, there exist v > 0 and a bounded interval I such
that

pr (A) < yu(A),
when A € B satisfies A = @.

Lemma 2.9. [3]. Let p € M satisfy (HO). Then e(R,X, p) is transla-
tion invariant; therefore , PAA(R, X, ) is also translation invariant.

Lemma 2.10. [3]. Let p € M. Assume that PAAR,X,u) is
translation invariant. Then the decomposition of a p-pseudo almost
automorphic function in the form f = g+ ¢ where g € AA(R,X) and
¢ € e(R,X, p) is unique.

Lemma 2.11. [3]. Let p € M. Assume that PAAR,X, p) is
translation invariant. Then PAA(R, X, i, || - ||oc) % @ Banach space.

Definition 2.12. [12, 27]. The Bochner transform f°(t,s), t € R,
s €[0,1], of a function f:R — X is defined by

folt,s) = f(t+s).

Definition 2.13. [12, 27]. Let p € [1,00). The space BSP(X) of
all Stepanov bounded functions, with the exponent p, consists of all
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measurable functions f : R — X such that f* € L>®(R, LP(0,1;X)).
This is a Banach space with the norm

t+1 1/p
150 = 1@ ny =sup ([ IsolPar)
teR t

Definition 2.14. [27]. The space ASP(X) of Stepanov type almost
automorphic (or SP-almost automorphic) functions consists of all f €
BSP(X) such that f* € AA(LP(0,1;X)). In other words, a function
f e L7 (R,X) is said to be SP-almost automorphic if its Bochner
transform f° : R — LP(0, 1;X) is almost automorphic in the sense that,
for every sequence of real numbers {s] },cn, there exist a subsequence

{8n}nen and a function g € L (R,X) such that

loc

t+1 1/p
lim (/ If(s+ sn)— g(s)||Pds> =0
n— o0 t

and

t+1 1/p
i ([ lats =) = s@)Pas) =0
n— 00 t

pointwise on R.

Definition 2.15. [27]. A function f: RxY — X, (¢,u) — f(¢,u) with
f(u) € L (R,X) for each u € Y, is said to be SP-almost automorphic
in t € R uniformly in w € Y if t — f(¢,u) is SP-almost automorphic for

each u € Y. That means, for every sequence of real numbers {s/ },en,

there exist a subsequence {s, }nen and a function g(-,u) € L, (R, X)
such that
t+1 1/p
lim (/ IIf(s+ sp,u) — g(s7u)||1)ds) =0,
n— oo t
and

t+1 1/p
lim ( [t = om0 - f<s,u>||Pds) o,
t

n—r oo

pointwise on R and for each v € Y. We denote by ASP(R x Y, X) the
set of all such functions.
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Definition 2.16. [10]. A function f € BSP(X) is said to be Stepanov
type pseudo almost automorphic if it can be decomposed as f = g+ ¢
where g € ASP(X) and ¢” € AAy(R, LP(0,1;X)). Denote by PAAP(X)
the set of all functions.

Definition 2.17. [7]. Let p € M. A function f € BS?(X) is said to be
Stepanov type p-pseudo almost automorphic (or SP-p-pseudo almost
automorphic) if it can be expressed as f = g + ¢, where g € ASP(X)
and ¢* € €(LP(0,1;X),p). In other words, a function f € L (R,X)
is said to be Stepanov type p-pseudo almost automorphic relatively
to the measure y, if its Bochner transform f* : R — L?(0,1;X)
is p-pseudo almost automorphic in the sense that there exist two
functions g,¢ : R — X such that f = g + ¢, where ¢ € ASP(X)
and ¢ € €(LP(0,1;X), i), that is, ¢* € BO(L?(0,1;X)) and

s (7 o) ) =0

The set of all such functions will be denoted by PAAP(R, X, p).

Definition 2.18. [7]. Let 4 € M. A function f : RxY — X,
(t,u) = f(t,u) with f(-,u) € L{ (R,X) for each u € Y, is said
to be Stepanov type p-pseudo almost automorphic (or SP-u-pseudo
almost automorphic) if it can be expressed as f = g + ¢, where
g € ASP(R x Y,X) and ¢ € ¢(Y,LP(0,1;X),u). We denote by
PAAP(R x Y, X, ) the set of all such functions.

Lemma 2.19. [7]. Let € M and I be a bounded interval (eventually
I =0). Assume that f(-) € BSP(R,X). Then the following assertions
are equivalent:

(i) fo(-) € e(LP(0, 11; X), 1)
oD Jierena U 1 @lPds) ! 7di(®) = 0.

(iii) For any e >0,

o ({retrmvr: (1 ireneas) ™ > <)

r—+oo pll=r,r\ I

(ii) limy_ 4o

=0.
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Lemma 2.20. [7]. Let u € M satisfy (HO). Then e¢(LP(0,1;X), u)
is translation invariant; therefore, PAAP(R, X, 1) is also translation
mvariant.

Lemma 2.21. [7]. Let p € M satisfy (HO). If f € PAAR,X, u),
then f € PAAP(R,X,u) for each 1 < p < oo. In other words,
PAA(R,X, p1) C PAAP(R, X, p).

Thus, we have

AA(R,X) C PAA(R,X, 1) C PAAP(R, X, ).

Lemma 2.22. [7]. Let p € M and f € PAAP(R,X,pu) be such
that f = g + x, where g € ASP(X) and x* € (LP(0,1;X), ). If
PAAP(R, X, ) is translation invariant, then

{g(t) :t e R} C{f(t) : t € R}, (the closure of range f).

Lemma 2.23. [7]. Let p € M. Assume that PAAP(R,X, ) is
translation invariant. Then (PAAP(R, X, u), ||-|ls») is a Banach space.

Lemma 2.24. [7]. Let p € M. Assume that PAAP(R, X, ) is trans-
lation invariant. Then the decomposition of an SP-u-pseudo almost
automorphic function in the form f = g + x, where g € ASP(X) and
x? € e(LP(0,1;X), 1) is unique.

Lemma 2.25. [7]. Let p € M. Suppose that f = g+ h € PAAP(R x
X, X, u) with g € ASP(R x X,X), h® € (X, LP(0,1;X), 1) and satisfies
the following condition:

(H1) There exists a constant L > 0 such that, for all z,y € X and
teR,

Ifv=v1+vy € PAAP(R, X, p) with vy € ASP(X),v5 € e(LP(0,1;X), )
and K1 = {v1(t);t € R} is compact. Then f(-,v(-)) € PAAP(R, X, p).

Lemma 2.26. [7]. Letp € M and f = g+h € PAAP(RxX, X, u) with
g€ ASP(R x X, X),h® € e(X, LP(0,1;X), u). Assume that the following
conditions are satisfied:
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(i) there exists a monnegative function L(-) € BSP(R) with p > 1
such that, for all x,y € X and t € R,

(/tt+1 | f(s,z) — f(s,y)|pds) v < L(t)[|z —yll,

1
lim 7/ L(t) du(t) < oo.
roo /,L([—’I’/I’]) [—r,7]

(i) g(¢t,z) is uniformly continuous in any bounded subset K' C X
uniformly for t € R. If u = up + us € PAAP(R, X, ), with
up € ASP(X),ub € e(LP(0,1;X), 1) and Ky = {uy(t) : t € R} is
compact, then f(-,u(-)) belongs to PAAP(R, X, u).

Lemma 2.27. [7]. Let u € M and f = g+ ¢ € PAAP(R x X, X, u)
with g € ASP(R x X, X), ¢* € (X, LP(0,1;X), u). Assume that follow-
ing conditions hold:

(1) f(t,x) is uniformly continuous in any bounded subset K' C X uni-
formly fort € R,

(ii) g(t, ) is uniformly continuous in any bounded subset K' C X uni-
formly fort € R,

(iii) For any bounded subset K' C X, {f(-,z) : x € K'} is bounded
in PAAP(R x X,X,pn). Ifz = v1 +v2 € PAAP(R,X,pn), with
v € ASP(X),v5 € e(LP(0,1;X),pu) and Q = {z(t):t € R}, Q; =
{v1(t) : t € R} are compact, then f(-,z(-)) belongs to PAAP(R, X, ).

Based upon [13, Theorem 2.4] and [7, Theorem 3.1], we have
the following composition theorem for Stepanov type p-pseudo almost
automorphic functions.

Theorem 2.28. Letp € M, p>1and f = g+x € PAAP(RxX, X, u)
with g € ASP(R x X,X), x* € e(X,LP(0,1;X), ). Assume that the
following conditions are satisfied:

(i) there exist nonnegative functions Lf(-), L4(-) € AST(R,R) with
r > max{p, 1%} such that, for all u,v € X and t € R,

1f(s,u) = f(s,0)]| < Ly (t) [lu =2,
lg(s,u) = g(s,0)[| < Lg(t) [[u = vl ;
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(i) v = wy +uy € PAAP(R,X,p), with u1 € ASP(X), u} €
e(LP(0,1;X), 1) and K3 = {u(t) : t € R} is compact in X.
Then there exists ¢ € [1,p) such that F : R — X defined by F () =
f( u()) belongs to PAAY(R, X, ).

Proof. Let us decompose f as

Ft,u(t) = g(t,ur () + f (&, u(t) — gt ua(t))
= g(t,ur () + f(t u(t)) = f(Gua(t)) + x(t wa (),

and set

G(t) = g(t,ua(t)),

Ft) = ftut)) — f(E,ua(t),

H(t) = x(t, u1(t)).
Then f(t,u(t)) = G(t) + F(t) + H(t). Since r > 27, there exists
qe[lp)suchthatlr— pq . Let p/ = q,q—p Then p', ¢’ > 1 and

p, + = q = 1. In view of assumptlons (1) (ii) and [13, Theorem 2.4],
we have g(t,u1(t)) € AS?(X). The remainder of the proof is to show
F(t), H(t) € €(L9(0,1;X), i), which can be conducted similarly as
[7, Theorem 3.1] noting that 1% + % = 1. We omit the details here.
The proof is completed. |

Next, we recall some recent results from [22] on uniform exponential
stability of solutions to the following abstract homogeneous Volterra
equation:

(2.1) {Z/(g;:fu(t)+af§e‘ﬁ“‘s>Au(s)ds, t>0

A solution of equation (2.1) is said to be uniformly exponentially
bounded if, for some w € R, there exists a constant M > 0 such that,
for each © € D(A), the corresponding solution u(t) satisfies

(2.2) lu®)|| < Me™**, t>0.
In particular, we say that the solutions of equation (2.1) are uni-

formly exponentially stable if condition (2.2) holds for some w > 0 and
M > 0.
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Definition 2.29. [22, Definition 2.3]. Let X be a Banach space. A
strongly continuous function T : Ry — B(X) is said to be immediately
norm continuous if T : (0,00) — B(X) is continuous.

Lemma 2.30. [22, Theorem 2.4]. Let >0, a #0 and a+ § > 0 be
given. Assume that:

(Al) A generates an immediately norm continuous Cy-semigroup on a
Banach space X;

(A2) sup{A\ A € C: AMA+ B) (A +a+ )"t € o(4)} <0.

Then, the solutions of the problem (2.1) are uniformly exponentially
stable.

Lemma 2.31. [22, Proposition 3.1]. Let 8 > 0,a # 0 and a+ 3 > 0.
Assume that conditions (A1) and (A2) in Lemma 2.30 hold. Then there
exists a uniformly exponentially stable and strongly continuous family
of operators {S(t)}i>0 C B(X) such that S(t) commutes with A, that
is, S(t)D(A) C D(A), AS(t)x = S(t)Ax for all z € D(A), t >0, and

t
St)yr == +/ b(t — s)AS(s)xds, forallzeX, t>0,
0

where b(t) == 1+ F[1 — e P, t>0.

Now, we list a useful compactness criterion.

Let o(:) : R — R be a continuous function such that o(¢) > 1 for all
t € R and g(t) — oo as |t| = oco. We consider the space

Cy(X) = {u € C(RX): lim_ ;‘Eg = 0}.

Endowed with the norm ||u||, = sup,cr HZS;“ , it is a Banach space (see
[18]).

Lemma 2.32. [18]. A subset E C C,(X) is a relatively compact set if
it verifies the following conditions: (C1) The set Z(t) = {u(t) : u € E}
is relatively compact in X for each t € R.

(C2) The set E is equicontinuous.

(C3) For each e > 0, there exists L. > 0 such that ||u(t)|| < eo(t) for all
u € = and all |t| > L.
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Lemma 2.33. [16] (Leray-Schauder alternative theorem). Let D be
a closed convex subset of a Banach space X such that 0 € D. Let
I':D— D be a completely continuous map. Then the set {r €D :x =
Al(2),0 < A < 1} is unbounded or the map T’ has a fized point in D.

3. Main results. In this section, we consider the existence of u-
pseudo almost automorphic mild solutions for the problem (1.1) with
Stepanov type p-pseudo almost automorphic forcing term f under some
suitable conditions.

Definition 3.1. [22]. A function u : R — X is said to be a mild
solution to equation (1.1) if

u(t):/ S(t—s)f(s,u(s))ds

for all t € R, where {S(¢)}+>0 is given in Lemma 2.31.

First, we list the following basic assumptions:
(T1) For strongly continuous functions S : [0, 00) — B(X), there exist
w >0, M > 0 such that |[|S(t)|| < Me™%! for all t € R,.
(T2) Assume that f € PAAP(R x X, X, p) and there exists a positive
number Ly such that

1t 2) = f(E )l < Lglle =yl

for all ¢ € R and each z, y € X.
(T3) Suppose that f € PAAP(R x XX, ) and there exists a nonneg-
ative function Ls(-) € BSP(R), with p > 1 such that

1f(t2) = F(E o)l < Ly()llz = yll,

. 1
B T oy O <

for all t € R and each z, y € X.

(T4) The function f =g+ h € PAAP(R x X, X, ) with g € ASP(R x
X, X), h € (X, L?(0,1;X), i), and there exist nonnegative functions
Ly(-), Ly(-) € AS*(R,R) with r > max{p, 27} such that for all

—1
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u,v € X and t € R,

1f(s,u) = f(s,0)]| < Ly (t) [lu = o],
llg(s,u) = g(s,0)|| < Lg(t) [l = o]

(T5) The function f = g+ h € PAAP(R x X,X,u) where g €
ASP(R x X, X) is uniformly continuous in any bounded subset M C X
uniformly in ¢t € R and h® € €(X, L?(0, 1;X), u).

(T6) f € PAAP(Rx X, X, ) and f(¢, ) is uniformly continuous in any
bounded subset M C X uniformly for ¢ € R and for every bounded
subset M C X, {f(-,x) : ® € M} is bounded in PAAP(R x X, X, p).

Lemma 3.2. Let u € M and 8 > 0, a # 0 with a + 5 > 0
and conditions (A1)—(A2) in Lemma 2.30 hold. Assume that (T1) is
satisfied. If f 1 R — X is Stepanov type p-pseudo almost automorphic,
and F(t) is given by

F(t):/t S(t—s)f(s)ds, tER,
then '€ PAA(R, X, i1).

Proof. The proof of uniqueness is similar to [32]. Now let us
investigate the existence. Since f € PAAP(R,X, u), there exist g1 €
ASP(X) and g5 € €(LP(0,1;X), ) such that f = g1 + ga. So

Pt) = /_ S(t— 8)g1(s) ds
+ /_ S(t — s)g2(s)ds
=o(t) + ()

where ¢(t) = fioo S(t — s)g1(s)ds, and () = fjoo S(t — 8)ga(s) ds.
We just need to verify ¢(t) € AA(X) and ¢(t) € e(R,X, ). First we
prove that ¢(t) € AA(X). It follows from [11, Lemma 11.2] that ¢(¢)
is almost automorphic. Next, we prove that 1(t) € e(R, X, ). For this,
we consider

t—n—+1
ult) = / S(t — 5)ga(s) ds,

—n
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foreacht € Rand n =1,2,3,.... From assumption (T1) and Holder’s
inequality, it follows that

t—n+1
[n (O] < M e ga(s)|ds

t—n

t—n+1 1/q t—n+1 1/p
(/ e—qw(t—s)d8> </ ||gg(s)||pds)
t—n t—n
n 1/q t—n+1 1/p
cu( [ ema) ([ Imlras)
n—1 t—n

M 1/q t—n+1 1/p
(e*q“’(”*l) - efq“m) (/ |92($)||pd5>

I
<

<
v qw t—n
Me—wn t—n+1 1/p
< e ([ s )
t—n
Me—wn t—n—+1 1/p
< ey ([ olras)
t—n

Then, for > 0, we see that

1
Ty @l )
< Me—wn (e + 1)1/q

Vaw p(l=r;7])

t—n+1 1/p
XA‘](/ IMGMWQ au(t).
—7r,r t—n

Since g5 € €(LP(0,1;X), i), the above inequality gives rise to 1, €
€(R, X, pt). The above inequality also leads to

Me—wn
Q/qw

9 (8)]] < (€% + 1) g2 50

Since the series

M Vg . S~
o (eqw + 1) q X Z e wn
qV qw n=1

is convergent, then we deduce from the Weierstrass M-test that the
series Y | 1, (t) is uniformly convergent on R and (t) = fioo S(t—
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8)g2(s)ds =307 n(t). Applying ¢, € €(R,X, n) and the inequality

1
e LCIE0

smfmwﬁmww—meWm>

k=1
o | oo,
k=1 ’ —rr

we obtain the uniform limit ¢ () = >0, ¥, () € €(R,X, ). Therefore,
F(t) = ¢(t) + 9(t) is p-pseudo almost automorphic. This ends of the
proof. O

Theorem 3.3. Let p € M and 5 > 0, a # 0 with o+ 3 > 0 and
conditions (A1)—(A2) in Lemma 2.30 hold. Assume the conditions
(HO), (T1)—(T2) are satisfied and the function f = hy1+hy € PAAP(RX
X, X, u) with hy € ASP(R x X,X), and h} € (X, LP(0,1;X), u). Then
equation (1.1) has a unique p-pseudo almost automorphic mild solution
on R, provided that % < 1.

Proof. Let T' : PAAR,X,u) — PAA(R,X,u) be the nonlinear
operator defined by

= /_ S(t—s)f(s,z(s))ds, teR.

First, let us prove that T'(PAA(R,X,u)) € PAA(R,X,u). For
each x € PAA(R,X, ), by using the fact that the range of an al-
most automorphic function is relatively compact combined with the
above Lemma 2.21, Lemma 2.25 one can easily see that f(-,z(:)) €
PAAP(R,X, ). Hence, from Lemma 3.2, we know that (I'z)(-) €
PAA(R,X, u). That is, I maps PAA(R, X, p) into PAA(R, X, ). Now,
let us prove that I has a unique fixed point. To the end, for each ¢t € R,
x,y € PAA(R,X, 1), we have

nwmw—wwmm“/ swﬂW@am—ﬂmmmWs
<M/ ot f(s,2(5)) — f(55(5))]] ds



168 Y.-K. CHANG, X.-Y. WEI AND G.M. N'GUEREKATA

gﬂnﬁ/ et (s) — y(s)|| ds

— 00

t
SM]Lf/ e “tds||lz — Yl
ML
< =Lz = yllo,
w

which implies

ML
1Pz~ Tyfloc < =l — ylo-

Hence, by the Banach contraction principle with % < 1, T has a
unique fixed-point = in PAA(R, X, i), which is the p-pseudo almost
automorphic solution to equation (1.1). This finishes the proof. O

Different Lipschitz type conditions involved in equation (1.1) are
considered in the following results.

Theorem 3.4. Let p € M and § > 0, a # 0 with o« + [ >
0 and conditions (A1)—(A2) in Lemma 2.30 be true. Assume that
(HO), (T1), (T3) and (T5) hold, then equation (1.1) admits a unique
u-pseudo almost automorphic mild solution whenever

1—e¥ wq 1/a
Lyl|se
sl < S (o)

where £ =1 -1,
q p

Proof. Consider the nonlinear operator I' given by

(Ta)(t) = [ S(t = $)f(s,2(s) )ds, tER.

Letting x € PAA(R, X, ), with Lemma 2.21 and Lemma 2.26 it follows
that the function s — f(s,x(s)) is in PAAP(R,X,u). Moreover,
from Lemma 3.2, we infer that Tx € PAA(R,X, p), that is, I' maps
PAA(R, X, u) into itself. Next, we prove that the operator I' has
a unique fixed point in PAA(R,X, ). Indeed, for each ¢t € R,
z,y € PAA(R, X, ), we have

wuw—rmwus”[ S(t— )[f(s.2(s)) — F(5.(s))] ds
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<M / | f(s,2(s)) — £(s,y(s))]| ds

t
<M / e Ly(s) dsll — ylloo

t—m+1
D

e} t 'IL+1 l/q
Z ( d) ILs 5o 12— ylloe

M 1—e a
S () Vil -l

eUJ

IN

IN

Thus, we get

— €

—qw 1/q
<) edlsllo sl

- 1/q
1—e“ wq
s < 2o (225

M 1
It =Tyl < =5
— €

Since

I’ has a unique fixed point € PAA(R, X, 1) by the Banach contraction
principle. The proof is finished. O

Theorem 3.5. Let p € M, 8 >0, a # 0 with a4+ > 0 and conditions
(A1)—(A2) in Lemma 2.30 hold. Assume that (HO), (T1) and (T4) are
true. Then there exists a unique p-pseudo almost automorphic mild
solution to equation (1.1), provided that
M
1—

SlLsllse < 1.

Proof. Consider the nonlinear operator I' given by
t
:/ S(t—s)f(s,z(s))ds, teR.
— 00

Letting © € PAA(R, X, u), with Lemma 2.21 and Theorem 2.28, it
follows that the function s — f(s,z(s)) is in PAAY(R, X, u), ¢ € [1,p).
Moreover, from Lemma 3.2, we infer that Tz € PAA(R, X, p1), that is,
I’ maps PAA(R, X, 1) into itself. Next, we prove that the operator T’
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has a unique fixed point in PAA(R, X, p). In fact, foreach t € R, z,y €
PAA(R,X, 1), we have

ICa(t) - Ty()] < H [ st= o)t - Fsso)) ds

<M / e\ f(s,2()) — f(s,y(s))]| ds

<M /_ =Ly (s) (s) — y(s)|| ds

t—n—+1

<YM [ L) g ds
n=1 t

—n

00 t—n41 1/r
<) Meme D ( [ el ds) o = ylle
n=1 t—n
M
< Il lle = yloe
which gives
Tz = Tyllo < == 1£sllsllz = Yllo-
In view of the inequality
M
= tgls <1

I’ has a unique fixed point x € PAA(R,X,u) due to the Banach
contraction principle. The proof is completed. O

We next deal with existence of p-pseudo almost automorphic so-
lutions to equation (1.1) when the forcing term f does not necessarily
satisfy Lipschitz type conditions. The following existence result is based
upon Leray-Schauder nonlinear alternative theorem. For that, we re-
quire the following assumption:

(T7) There exists a continuous nondecreasing function © : [0,00) —
(0, 00) such that

1£(£.0)] < ©(||8]) forall t € R and 6 € X.
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Theorem 3.6. Let y € M and B > 0, a # 0 with a+ 8 > 0 and
conditions (A1)—(A2) in Lemma 2.30 hold. Assume the conditions
(HO), (T1) are satisfied. Let f : RxX — X be a function which satisfies
assumptions (T5)—(T7) and the following additional conditions:

(i) For each x > 0, the function t — fioo Me=*(t=2)0(kp(s)) ds
belongs to BC(R). We set

(k) = MH /_ too =0 (1g(s)) ds

[

(ii) For eache > 0, there is a & > 0 such that, for every z, y € Cp(X),
|z —yllo < 6 impliesz that

[ M s as)) ~ floy(s))ds < =

for allt € R.

(iti) liminfe o @ > 1.

(iv) For alla, b € R, a < b and k > 0, the set {f(s,z) : a < s < b,
z € Co(X), |lz|lp < K} is relatively compact in X.

Then equation (1.1) has at least one p-pseudo almost automorphic
mald solution on t € R.

Proof. We define the nonlinear operator I' : C,(X) — C,(X) by

(Tz)(t) :== / S(t—s)f(s,z(s))ds, teR.

— 00

We will show that T' has a fixed point in PAA(R, X, ). For the sake
of convenience, we divide the proof into several steps.

(i) For z € C,(X), we have that
[(T2) (@) < /_ Me=*=2)0(||lx(s)|l) ds

t
< [ Mol s

It follows from condition (i) that I" is well defined.
(ii) The operator T' is continuous. In fact, for any € > 0, we take
d > 0 involved in condition (ii). If z, y € Cp(X) and ||z —y||, < 0,
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(iii)
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then
IC2)(t) - Ty
< [ M I fs,2(6)) - Floulo)] ds <

which shows the assertion.

We will show that T' is completely continuous. We set B, (X)
for the closed ball with center at 0 and radius x in the space
X. Let V = I'(Bx(Cy(X))) and v = T'(z) for x € B,(C,(X)).
First, we will prove that V(¢) is a relatively subset of X for
each t € R. It follows from condition (i) that the function
s — Me “*0O(ko(t — s)) is integrable on [0, c0). Hence, for € > 0,
we can choose a > 0 such that [~ Me “*O(ro(t — s))ds < e.
Since

/S flt—s,x(t—s))ds+ OOS(s)f(t—tsgac(t—s))ds

a

/ S(s)ft—s,xz(t—s))ds

§/ Me 0O (ko(t—s))ds < g,

we get v(t) € aco(K) + B.(X), where ¢o(K) denotes the convex
hull of K and

K= {S(s)f(&):0<s<at—a<é<t, ||, <n}.

Considering the strong continuity of S(-) and condition (iv) on f,
we see that K is a relatively compact set, and V() C aco(K) +
B.(X), which establishes our assertion.
Second, we show that the set V is equicontinuous. In fact, we
can decompose
v(t+s)—v(t)

S

= [ Slo)ft+s—ox(t+s—o))do
+/0a[5’(0+5) —S(o)]f(t —o,z(t — o)) do
+/OO[S(0+S) —S(@)]f(t—o,z(t —0))do.
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For each £ > 0, we can choose a > 0 and d; > 0 such that

/OSS(U)f(t—i—s—a,x(t—l—s—o))do

Jr/OO[S(UJrS) —S(o)]f(t—o,z(t —o)do

< / Me 70O (ko(t+s—0))do
0

+ / N (M (7o) 4 em7) | O(welt — o))do

<

| ™

for s < d1. Moreover, since {f(t —o,2(t —0)):0< o <a, z €
B, (C,(X))} is relatively compact and S(-) is strongly continuous,
we can choose d5 > 0 such that

I[S(c +s) = S(o)]f(t—o,2(t—0))| < i for s < 0s.

Combining these estimates, we get |[v(t + s) — v(t)|| < ¢ for s
small enough and independent of z € B, (C,(X)).
Finally, in view of condition (i), it is easy to see that

v @)
o(t)

and this convergence is independent of x € B,(C,(X)). Hence,
by Lemma 2.32, V is a relatively compact set in C,(X).

(iv) Let us now assume that z7(-) is a solution of equation z? =
~T'(z7) for some 0 < v < 1. We can estimate

1t
< —/ Me=“t=9)0(kp(s))ds — 0, |t| — oo,
o(t) J oo

@il =a| [ st-ots.a )

t
< [ M0 (17 ols) ds

< A(ll27le) o(®)-

Hence, we get
[27]lo

Ml =
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and, combining with condition (iii), we conclude that the set
{z7 : 27 =~T(z7),v € (0,1)} is bounded.

(v) It follows from Lemma 2.21, (T6)—(T7) and Lemma 2.27 that
the function t — f(¢,z(t)) belongs to PAAP(R, X, 1), whenever
x € PAA(R, X, ). Moreover, from Lemma 3.2, we infer that
IN(PAAR,X, 1)) € PAA(R, X, 1) and noting that PAA(R, X, u)
is a closed subspace of C,(X), consequently, we can consider
I': PAAR,X,u) - PAA(R,X,u). Using properties (i)—(iii),
we deduce that this map is completely continuous. Applying
Lemma 2.33, we infer that I’ has a fixed point 2 € PAA(R, X, p),
which completes the proof. O

The following result is a direct consequence of Theorem 3.6.

Corollary 3.7. Let 8 > 0, a # 0 with o + 8 > 0 and conditions
(A1)—(A2) in Lemma 2.30 hold. Assume that (HO) and (T1) are
satisfied. Let f : R x X — X be a function satisfying assumptions
(T5)—(T6) and the following condition

[t 2) = FEyll < Cllz —ylls 0<e<,

for allt € R and z, y € X, where ( > 0 is a constant. Moreover,
assume the following conditions hold:

(a) f(t,0)=q.

(b) supycr ffoo Me=“(t=9)g(s) ds = (1 < oo.

(¢c) Foralla,beR, a<b, and k >0, the set {f(s,z) :a<s<bx¢€
Co(X), |z]lo < K} is relatively compact in X.

Then equation (1.1) has a p-pseudo almost automorphic mild solution
on R.

Proof. Let ¢y = Jlg|l, & = ¢, and ©(0) = (o + (20*. Thus,
condition (T7) is true. In view of assumption (b), we can see that
condition (i) in Theorem 3.6 is also true. To prove condition (ii)
in Theorem 3.6, note that for each £ > 0 there exists 0 < §* <

&, such that, for every z, y € Co(X), |lz — yll, < ¢ implies that

ffoo e~ t=9)| f(s,2(s)) — f(s,y(s))||ds < e for all t € R. On the
other hand, hypothesis (iii) in Theorem 3.6 can be easily verified by
the definition of ©. This completes the proof. O




SEMILINEAR INTEGRO-DIFFERENTIAL EQUATIONS 175

Remark 3.8. Condition (T7) in Theorem 3.6 can be replaced by the
following more general condition:

(T8) There exist a bounded continuous function p(¢) : R — (0, +00)
and a continuous nondecreasing function © : [0,00) — (0,00) such
that

I & O <p)O(|f]) for all t € R and 6 € X.

In fact, if we let P = sup,c [p(t)], ©(|0]]) :=P-O(]|f]|), then the main
proofs of Theorem 3.6 still hold true.

Example 3.9. Consider the following problem:

Qu(t, ) = Lu(tx) + [T e =) (s z) ds
(3.1) +f(tu(t,z)), teR,
u(0,t) = u(m,t) =0,

where f € L%[0, 7] — L?[0, 7] is given by

1

_|t‘ .
e sinu(t, x).
2—|—cost+cos7rt+ (t,)

fltu(t,x)) = u(t, z) sin

We set X := L2[0,7], and define A := g%ﬁ, with the domain of the
operator A as

D(A) = {u € L?[0,7] : u(0) = u(r) =0, u" € L?[0,7]}.

From the deduction of [22, Example 4.10], we know that the operator A
satisfies condition (A2) in Lemma 2.30 and generates an immediately
norm continuous and compact Cp-semigroup T'(¢t) on X. Thus, the
problem (3.1) can be converted into the abstract system (1.1) with
a=08=1.

If we define its Radon-Nikodym derivative as d*:i(tt) := 1+ 2, then
the measure p is absolutely continuous with respect to the Lebesgue
measure ([3, 7]). Note that the function f defined above is Stepanov

type p-pseudo almost automorphic, and

[f(tu) = f(E0)]| < 2w —of.

By a consequence of Theorem 3.3, we conclude that the problem (3.1)
admits a unique p-pseudo almost automorphic solution if % < %
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