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THE COMPACTNESS OF A WEAKLY SINGULAR
INTEGRAL OPERATOR
ON WEIGHTED SOBOLEV SPACES

DAVID ELLIOTT

ABSTRACT. It is shown that the weakly singular inte-
gral operator f_ll (¢(r)/| — t|7) dr, where 0 < v < 1, maps
the weighted Sobolev space ngzgﬁ(ﬁ) compactly into itself
forl<p<oo,0<a+1/q,+1/9g<1andn € Np.

1. Introduction. We shall start by defining the weighted Sobolev
spaces of the title. Let Ny denote the set of all non-negative integers, so
that No :={0,1,2,...} =: {0}UN, and let © denote the interval (-1, 1).

Definition 1.1. For 1 < p < oo, real a and 3, and n € Ny, we shall

denote by W}Er;) P (Q) the space of all functions ¢ such that

(1) () = / (1 =)= (1 + 1) 81D (7)) dr

-1

is finite, for all j = 0(1)n. A norm on the space W;’;)ﬁ(ﬁ) will be
denoted and defined by

1
2) 19llpein = max [/7(6).

As Kufner [2] has observed, weighted Sobolev spaces have appli-
cations in the theory of partial differential equations and in numeri-
cal methods for the solution of boundary-value problems. Elliott and
Okada [1] have considered the finite Hilbert transform in the context
of these spaces. In this paper we wish to consider the particular weakly
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singular operator which is denoted and defined by

b () dr

1T *th’

3) (A9)(t) =

forteQand 0 < v <1,

and its compactness on particular weighted Sobolev spaces.
For 1 < p < 0o, we define the conjugate number ¢ by

1 1
4 -+ -=1,
(4) i
so that we always have 1 < ¢ < co. In terms of this notation, Mikhlin

and Prossdorf [3] have given the following theorem.

Theorem 1.1. Suppose
(5) l<p<oo, O0<a+1l/g<l and 0<p+1/g< 1.

Then A is a compact operator on Wp(oo)tﬁ(Q) into itself.
Proof. See [3, Theorem 4.1, Chapter II]. |

We shall take this result as the starting point of our paper, and
we shall prove, in Theorem 3.3, that Theorem 1.1 can be generalized
to show that, under the conditions (5), A is a compact operator on

W;STL)Q(Q) into itself, for all n € Ny.

Before embarking upon this, there are three immediate consequences
of the definition of weighted Sobolev spaces which are worth noting.
We shall let D denote the differentiation operator and, furthermore,
we shall define

(6) p(t) =112
Lemma 1.1. If 1 < p < oo, a and B are real, and n € Ny, then

@ W) W V@) C e Wi @

(i) 6 € W (Q) if and only if pDI¢ € W' (Q), for all
J=0(1)n;

(iii) Under conditions (5), A is a compact operator on w) Q)

pio, B
into WIEO;B(Q) for alln € N.
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Proof. Parts (i) and (ii) are immediate consequences of Defini-
tion 1.1. The proof of part (iii) is an immediate consequence of Theo-
rem 1.1 and part (i) of this lemma. O

We shall need Holder’s inequalities for both integrals and sums. For
1 < p < o0, these are given by

o |[ o< ([ wora)” ([ weomar)”

and

1/q

n n 1/p n
S| < (L) (i)
k=0 k=0 k=0

respectively, where ¢ is defined in (4). We will also need Leibnitz’s
theorem for the nth derivative of a product of two functions, which is
given by

(8)

n

(9) D (¢y) =" (Z) (D) (D" *4p),

k=0

for all n € N. Finally, throughout the paper, we will let ¢ denote a
generic constant whose value may change from line to line. We may
also write, for example, ¢ # ¢(a,b) in order to make the point that the
constant c is independent of a and b, whatever these might happen to
be.

In Section 2, under conditions (5) on p, @ and 3, we shall show the
compactness of the operator A on the space ngl O)[ 5(82) into itself and
then, in Section 3, we will generalize this result to show the compactness

of A on W;Qﬁ(Q) into itself for all n € Ny.

2. The compactness of A on the space W}Slo)tﬂ(ﬂ) We first need
the following result.

Theorem 2.1. Suppose thatn € N, 1 <p < oo, 0<a+1/qg<1 and
0<B+1/g< 1. Then ¢ € Wérgﬁ(Q) if and only if p D’ ¢ € WZEOO)[B(Q)
for 3 =1(1)n.
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Proof. 1If ¢ € W]sg)ﬁ (Q), then, from Lemma 1.1 part (ii), we certainly
have that p'Dig € W) (Q) for j = 1(1)n.

a3

Suppose now that p? D¢ € ngo(iﬁ(g) for j = 1(1)n. It then follows

immediately from (1) that I;(¢) < oo for j = 1(1)n. However, it

remains to show that, if pD¢ € W[E?O)hﬁ(ﬂ), then ¢ € W;O(J)Kﬁ(Q) We

are given that I (¢) is finite, and we need to show that this implies the
finiteness of Ip(¢). On defining

(10) Ini(9) == / (1= 7)=2(1 +7)"Plg(r)])” dr,

we have, for 7 € [0,1),
(11) o) = $(0) + /0 " o/(e) de
—5(0) + / 100 x (1) d,

0
where ¢ is chosen so that

(12) 1/g<d<1—a.

Recall from (5) that 1/¢ < 1 — « so that such a ¢ always exists. By
Holder’s inequalities (7) and (8), it follows, from (11), that

(13) le(n)”

< c{|¢<0>” " ([(1 — Pl df) (/OTG g ds)m},

where ¢ # ¢(7, ¢). Since 1 — ¢d < 0, we have

T r/q
(1) ([a-gmi) <ca-npr
where ¢ # ¢(7). From (10), (13) and (14), we have
(15)

(@) < {00 [ (1= ar

+ I ( [a- 5>p5|¢’<s>|pd§) dT},
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where ¢ # ¢(¢). On interchanging the order of integration in the
iterated integral and observing, from (5), that —pa > —1, we obtain

16)  Ioa(d) < c{|¢<o>|p T / ((1- 5)1“"¢’(£)|)pd§},

where ¢ is independent of ¢. Since we are assuming that p¢’ €
WIS;OCZ)B(Q), it follows that the integral in (16) exists so that Iy 1(¢)
is finite. By a similar argument over the interval (—1, 0], the details of
which will not be given, it then follows that I(¢) is finite, so that the

theorem is proved. O

In order to continue with the proof of the compactness of A on

WISI Cz 5(£2) into itself, we need some further results.

Lemma 2.1. Suppose ¢ € w Q) withl<p<oo,0<a+l/g<l

pi, 8
and 0 < B+ 1/q < 1. Then D(p¢) € W1(;00),0(Q); together with
(7) (60)(~1) = (pd)(+1) = 0.

Proof. Since |p/(t)] < 2 and p(t) > 0 for all t € Q, we have
(18)

1 1 1
| 0o < [ 2omidr+ [ polar

-1 —1 1

= [ (a=n a0 @eml+ ol ()
x (1 —7)*(1+7)? dr.

Applying Holder’s inequalities, see (7) and (8), to this integral we find,
since « +1/¢ > 0 and 4 1/g > 0, that

|psa.1 < 00,

(19) / 1D(po)()dr < clo

where ¢ is independent of ¢. Since fil |D(pg)(T)| dr exists, we have
that D(pg) is integrable on 2, or that D(p¢) € Wl(;oo),o(ﬂ), as required.
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To show that lim,_,1 p(t)¢(t) = 0, we have for ¢ € [0, 1),

(20) wﬂ=¢w%+A(1—ﬂ““O+TV*%%ﬂ
x (1—7)*" Y1+ 7)1 dr.

By the triangle inequality and Holder’s inequality (7) we have

t 1/q
%WWQWWMWM“OJW”MWW%O.

Since t € [0,1) and ¢(1 — «) > 1, we find that

t t
(22) / (1 —7)2@=D(1 4 7)1 g7 < 290-5) / (1 —7)1e=b gr
0 0

c
(1— t)q(lfa)*l’

where ¢ = 290-8) /(¢(1 — @) — 1). Inequalities (21) and (22) together
give

(23)  (1=0)l®)] < (1= 1)DO)] + | Dllpsapa (1 — )T

Since a + 1/¢ > 0, we see that lim;_,1(1 — ¢)|¢(¢)| = 0. By arguing
similarly at the end point —1, we establish (17). |

We shall now give conditions under which the operators A and D
commute.

Theorem 2.2. Suppose ¢ € Wlﬁlj 5(82) where
l<p<oo, O<a+1l/g<l and 0<f+1/g<1.

Then, on £,

(24) DA(p@) = AD(pe).

Proof. Let us write ¢ = p¢. From (3), we have

(25)  DA(ps) = i{ /_ tl (tw?)w ar+ /t | (Tw(Tt))” dT}'
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Now

e [ e [ e ).

—1 (t - 7')7

On integrating by parts and recalling, from Lemma 2.1, that ¥/(—1) = 0,
we find, since 1 —~ > 0,

en [ (;”_(TT)W ar == [ =) Du)(r)ar

On differentiating with respect to t, see for example Olver et al. [4,
equation (1.5.22)], we have

d " e " D)) o
dt J_4 (t—T)Vd ) =) dr.

(28)

Arguing similarly, we find that

d e [ D))
@i, o), ao

(29)
From (28) and (29), we obtain (24), as required. O

At this point it is convenient to introduce two further linear opera-
tors.

Definition 2.1. For ¢ € Wé(gﬁ

(30) B¢ := A(pp) — pA¢ and C¢:= A(p'¢) — p'A¢.

(), we define, on €,

Theorem 2.3. For ¢ € Wzglo)lﬂ(Q) withl <p<oo,0<a+1/g<1
and 0 < B+ 1/q < 1 we have, fort €,

(31) DB§(t) = (2 — 7)t(Ag)(t) — vA(te)(t)
and
(32) Co(t) = 2t(Ag)(t) — 2A(t9)(1),

so that the operators DB and C are compact operators on Wzgliﬂ(Q)
into W) Q).

pia, B



490 DAVID ELLIOTT

Proof. From (3), (6) and (30) we have, for ¢t € 2,
_d Lt—n)(t+1)

oo =i [, e}
_d
T dt

- /tl(T — ) (4 7)p(7) dT}.

(33) { [ tl (t = )+ 7)) dr

Since 1 —« > 0, we find on performing the differentiation that
o L(t+T) o Yt—1)

apy D0 =00 [ e [ g
= (1= (HAG)(1) + A(6)(1) ) +HAD) (1) — A(t0) (1),

o(1)dr

from which (31) follows at once.

From (6) and (30), (32) follows immediately.

Since ¢ € WZEI;B(Q), we have that both ¢ and t¢ are in WISOO)CB(Q)
It then follows, from Theorem 1.1, that the operators DB and C
are compact on nglo)za(Q) into ng?i,ﬁ(g)a each being the sum of two
compact operators. O

We need to define here one further operator which, together with its
generalization in Section 3, will be of considerable importance in this
analysis.

Definition 2.2. For ¢ € szlci 3
by

(35) A1¢ = A(pD¢) — pDAS.

(), we define, on ), the operator A;

We are now in a position to relate the operator A; to operators B,
C and D.

Theorem 2.4. Suppose ¢ € w)

o, p () with

l<p<oo, O0<a+1l/g<l and 0<pf+1/¢< 1.
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Then, on £,
(36) Av¢ = DB — Co

so that Ay is a compact operator on WZS;I&B(Q) into W;?iﬁ(ﬂ).

Proof. From (30), we have, on €2,

(37) DBg — C¢ = DA(pg) — pDAG — A(p'5).
From (24), it now follows at once that
(38) DB¢ — C¢ = A(pD¢) — pDAS = Av¢,

from (35), as claimed. Since, from Theorem 2.3 both DB and C' are
compact operators on nglo)éﬁ (Q) into W;zg;oo)c,ﬂ (), then so is Ay, it being
the sum of these two compact operators. O

It now remains to show that the operator A is a compact operator
(1)
on W

o5 (§2) into itself, under the usual conditions.

Theorem 2.5. Suppose
l<p<oo, 0<a+1l/g<l and 0<pf+1/¢< 1.

Then A is a compact operator on Wéla)ﬁ(Q) into itself.
Proof. Suppose ¢ € nglo)éﬂ(ﬂ) Then, from Lemma 1.1 (i), we also
have that ¢ € WIE;OO)(’B (©) so that, from Theorem 1.1, it follows that A

is a compact operator on WZSBB (©) into WZEOJB(Q)

Again, since from Lemma 1.1 (ii) we have that pD¢ € Wzgo(iﬁ(ﬂ) it

follows, from Theorem 1.1 again, that A(pD) is a compact operator on
Wpflo)tﬁ(Q) into W;an)B(Q) Since, from (38), we have that pD(A¢) =
A(pD¢) — A1¢ and since, in Theorem 2.4, we have shown that A; is a

compact operator on Wzglczﬁ(Q) into W) (Q), it follows that pDA is

pi, B
a compact operator on nglo)é 5(§2) into W}E'Oo)c 5(82).

Given any sequence of functions {¢,, }men, where ¢y, € Wzglo)éﬁ (Q),
it follows that there exists a subsequence {¢1,,} say, such that the
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sequence {A¢s ,,} converges to 1y and the sequence {pDA¢1,m} con-
verges to 11, where the functions vy and ; are in ng;oa)ﬁ (©). Conse-
quently, pD1gy = 17 so that, since 91 € WIE?O)M(Q), it follows from
Theorem 2.1 that ¢y € W;liB(Q) Since {¢.,} was any sequence
of functions in Wzgl 63 5(§2) and since the sequence {A¢1, .} converges
to an element of WV

pia,B
on WV () into itself. O

pia, B

(©), we have that A is a compact operator

3. The compactness of A on W;SZ) 5(§2) into itself for all n € No.
First, let us generalize Definition 2.2.

Definition 3.1. For alln € N and ¢ € W;:;)’ﬁ(Q), we define on ) the
operator A, by

(39) And = A(p"D"¢) — p" D" A¢.

Theorem 3.1. Suppose n € N with
l<p<oo, 0<a+1l/g<l and 0<p+1/g< 1.

Assume that, for j = 1(1)n, A, is a compact operator on W;Qﬁ(ﬂ)
into W;[S;Oo)c,ﬁ (). Then A is a compact operator on WZE;T;),B (Q) into itself.

Proof. We shall first show that, under the given conditions, A maps
the space W[Ena)ﬁ(ﬂ) into itself. Suppose ¢ € W;r;)ﬁ(ﬂ) Then since,
from Lemma 1.1 (ii), p’ Di¢ € W;;Oo)éﬁ(ﬁ) for j = 1(1)n, it follows from
Theorem 1.1 that A(p?Dig) is also in W ) ,(Q), for j = 1(1)n. From

" S paf
(39), we have that p? D7 A¢p = A(p? D’ ¢) — A;¢, for j = 1(1)n. Since
we are assuming that A; maps szj(zﬁ () into W;EOU)CB (Q) for j = 1(1)n,
it then follows that p/DJA maps WIEJ;B(Q) into W;O(iﬁ(Q) for all
j = 1(1)n. As a consequence of Lemma 1.1 (ii) again, we have that

Ap e W™ (©) or, in other words, A maps w () into itself.

pia, B pia,
To show the compactness of A, we can argue as we have done
in the proof of Theorem 2.5. Let {¢,}, m € N, be any bounded

sequence of functions in W}S@ﬁ(ﬂ) Then we can ultimately find a
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subsequence of functions {¢1 ,,, }, m € N, such that, for each j = 1(1)n,
the sequence {p? DI(A¢1,m)} converges to a function 1;, say, where

each v¢; € Wzg?o)c,ﬂ' It then follows, from Theorem 2.1, that the limit
of the sequence {A¢1 .} is an element of W;£725(Q) That is, A is a

compact operator on WISZ) 5(£2) into itself. O

On recalling Definition 2.1 for the operators B and C, we can now
prove the following important result.

Theorem 3.2. For alln € N and ¢ € W;rjjﬁl)(ﬂ), we have that

(40) Api1¢ = An(pD) — np' Ao+ n(n — 1)pA,_1¢
+ p"D"A1p — nC(p" D" ) + n(n — 1)B(p" D" 14).

Proof. From equation (39), we have, for all n € N,
(41) An(pD@) = A(p" D" (pD¢)) — p" D" A(pD)).

Recalling, from (6), that p(t) = 1 — t2, we have by Leibnitz’s theorem,
see (9), that

(42) D™(pD¢) = pD" ¢+ np'D"¢ —n(n—1)D" "¢,

Since, from (35), A(pD¢) = A1 + pDAg, it follows, from (41) and

(42), that

(43) An(pDg) = A(p"H' D" 1g) — p"D"Ar¢ — p" D" (pDAg)
+nA(p'p"D"¢) — n(n — ) A(pp" ' D" '¢).

But again, from (9),
(44)

p"D"(pDA¢) = p" T D" Ap + np'p" D" Ap — n(n — 1)p" D" Ag.
On substituting (44) into (43) and recalling the definition of A, y1¢
from (39), we obtain

(45)
Api1¢ = An(pD¢) + p" D" A1 +n(p'p" D" Ap — A(p'p" D" ¢))
+n(n—1)(A(pp" D" 1) — p.p" DT AG).
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From equations (30) and (39), this gives
(46) Api1¢ = An(pD@) + p"D"A1p —nC(p"D"¢) — np'Ang
+n(n—1)(B(" D"0) + p(A(p" D" ) - p" T DM Ag) ).

On recalling the definition of A,_1¢ from (39) we see that (40)
follows. O

We now come to the principal result of this paper.

Theorem 3.3. Suppose n € Ny with
l<p<oo, 0<a+1l/g<l and 0<p+1/g< 1.

Then A is a compact operator on W;SZ),B(Q) into itself.

Proof. We shall prove this by mathematical induction. Recall that
the theorem is true when n = 0 (Theorem 1.1) and when n = 1 (The-
orem 2.5) so that we need to show that it is true for all n > 2. In
Theorem 3.1, on assuming that for j = 1(1)n, A; mapped WZEQB(Q)

compactly into WISO; 5(£2), it followed that A mapped WTS’L) 5(§2) com-
pactly into itself. The theorem will therefore follow if we can show that

W("""U

pap (§2) compactly into WIE;(B,B (). Let us consider each

A, 11 maps
term of (40).

For ¢ € W;";?(Q), we have, from Lemma 1.1 (i), that both ¢ and

pD¢ are in W;na) B(Q) Consequently, the operator
A, (pD) —np' A, +n(n —1)pA, 1

maps W;ET;+,§)(Q) compactly into WIE(BB(Q) For the terms in (40)
involving the operators B and C' we have from Lemma 1.1 (ii) that
both p" 1 D"~1¢ and p"D"¢ are in W,") ;(€2). It then follows from (30)
and Theorem 1.1 that both B(p"~*D"~!) and C(p"D") are compact
operators on WIST;Jrﬁl)(Q) into Wzg?iﬁ
the term p" D" A ¢.

From equations (6), (30), (31) and (36) it follows that
(47) A1 = (2 = 7)A(tp) — 7t Ad.

(©). It now remains to consider
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Since we are assuming that A is a compact operator on WZEZ) ﬁ(Q)

into itself it follows, from (47), that A; is also a compact operator
on W]y;) 5(9) into itself. Consequently, from Lemma 1.1 (ii), we have

that p" D™A; is a compact operator on Wp(,r;)’ﬁ (©) into W;;Oo)éﬁ (Q) and,

3

therefore, by Lemma 1.1 (i), on WZET_B”(Q) into WZEOJB(Q)

Putting these results together we see, from (40), that A, 41 is a com-
pact operator on Wé’;}p(Q) into Wp(?o)éﬁ (©) so that, from Theorem 3.1,

it follows that A is a compact operator on W;SZ+/;)(Q) into itself. The

theorem now follows immediately by induction. O

4. Final remarks. Although we shall not prove it here, it turns out
that Theorem 1.1 is also true when p=1,0<a<land 0 < 8 < 1.
Under these same conditions, Theorem 3.3 is also true.

We have considered only one particular weakly singular operator.
Another important one is L where, for t € Q, we define

1
(48) Lo(t) = / log |7 — t|(7) dr.

-1
From Mikhlin and Préssdort [3] it follows that Theorem 1.1 is also true
for the operator L. By doing an analysis similar to that in Sections 2
and 3, it can be shown that Theorem 3.3 is also true for the operator L,
but we shall not give the details here.
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