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ORDER OF APPROXIMATION FOR
SAMPLING KANTOROVICH OPERATORS

DANILO COSTARELLI AND GIANLUCA VINTI

ABSTRACT. In this paper, we study the problem of the
rate of approximation for the family of sampling Kantorovich
operators in the uniform norm, for uniformly continuous and
bounded functions belonging to Lipschitz classes (Zygmund-
type classes), and for functions in Orlicz spaces. The general
setting of Orlicz spaces allows us to directly deduce the
results concerning the order of approximation in LP-spaces,
1 < p < oo, very useful in applications to Signal Processing,
in Zygmund spaces and in exponential spaces. Particular
cases of the sampling Kantorovich series based on Fejér’s
kernel and B-spline kernels are studied in detail.

1. Introduction. In [4] the authors introduced the sampling Kan-
torovich operators and studied their convergence in the general setting
of Orlicz spaces in the one-dimensional case. Later these results have
been extended in [19] to the multivariate setting, in [20, 39] to the
nonlinear case and in a more general context in [7, 40]. Applications
to civil engineering images have been studied in [18].

In this paper, we study the problem of the rate of approximation
for the sampling Kantorovich operators in various settings. We con-
sider the case of uniform approximation for uniformly continuous and
bounded functions belonging to Lipschitz classes and the case of modu-
lar approximation for functions in Orlicz spaces. In this context, we will
introduce Lipschitz classes of Zygmund-type which take into account
the modular functional involved.

The sampling Kantorovich operators, considered here, are of the
form
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M (Suf)@) :mem[g"k /tml/wf(u)du] (z € R),

kEZ w/w

where f : R — R is a locally integrable function such that the
series is convergent for every x € R, x : R — R represents a
kernel function satisfying suitable properties and (tx)rez is a certain
increasing sequence of real numbers with Ay =t —tx > 0, for every
k € Z. We observe that the choice of ({x)rez allows us to obtain an
irregular sampling scheme. The importance of studying the sampling
series of the form (I) relies also on its application to the theory of Signal
Processing. In particular, the multivariate versions of (I) (in linear and
nonlinear cases) have applications to Image Processing (see [19, 20])
and allows us to investigate image reconstruction.

The sampling operators (I) represent an averaged version, in the
Kantorovich sense, of the generalized sampling operators introduced
by Paul Leo Butzer and his school (see, e.g. , [1, 5, 9, 10, 11, 12,
15, 16, 17, 22, 34, 36, 37]), which consist of a generalization of the
classical sampling theory based on the classical Whittaker-Kotelnikov-
Shannon sampling theorem (see, e.g., [3, 13, 21, 23, 24, 25, 26, 35]).

One of the advantages, with respect to generalized sampling opera-
tors, given by the discrete operators (I) is that, instead of the sampling
values f(k/w), one has an average of f on a small interval containing
k/w (here, instead of k, we have t). This situation very often occurs
in Signal Processing when one cannot exactly match the node ¢j: this
represents the so-called “time-jitter error.” Therefore, the theory of
sampling Kantorovich operators reduces time-jitter errors calculating
the information in a neighborhood of a point rather than exactly at
that point. Moreover, the integral form of the sampling Kantorovich
operators is suitable for its study in the setting of LP-spaces, or more
generally in Orlicz spaces L#(R); indeed such operators, due to their
form, are continuous in L¥(R), and this situation, in general, does not
occur for the generalized sampling operators. For the general theory of
Orlicz spaces, see, e.g., [2, 8, 27, 28, 29, 30, 32].

The paper is organized as follows. Section 2 is devoted to notation
and some preliminary notions concerning Orlicz spaces. In Section 3 we
recall the definition of sampling Kantorovich operators and give some
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basic results, while in Section 4 we study the order of approximation
in C(R) (the set of all uniformly continuous and bounded functions)
for the family (Sy f)wso0- Section 5 shows the results concerning the
order of approximation in the general setting of Orlicz spaces. Finally,
Section 6 is devoted to the study of particular examples of kernels, such
as Fejér’s and B-spline kernels, to which the theory can be applied.

2. Preliminary notions. In the following, we denote by C(R) the
set of all uniformly continuous and bounded functions f : R — R
endowed with the usual sup-norm || - ||s. In order to study the rate of
approximation of a family of linear operators, we recall the Zygmund-
type class (Lipschitz class) in which we will work.

We define the class Lip(v), 0 < v <1, as
Lip (v) :={f € CR) : [|F(-) = F(- + D)l
=0O(|¢]"), ast— 0},
where, for any two functions f, g : R = R, f(t) = O(g(t)) ast — 0

means that there exist constants C, v > 0 such that |f(¢)| < C|g(¢)|
for every t € [—v,7] ([8, 38]).

We now recall some basic facts concerning Orlicz spaces.

A function ¢ : R§ — Ry is said to be a ¢-function if it satisfies the
following conditions:

(®1) ¢ is a non decreasing and continuous function;
(®2) ©(0) =0, p(u) > 0if u > 0 and lim, 400 p(u) = +00.

Let us now consider the functional I¥ associated to the ¢-function
o and defined by

7[f] = /R o(f(@))) dr,

for every f € M(R), i.e., for every (Lebesgue) measurable function
f:R — R. As it is well-known, I¥ is a modular functional (see, e.g.,
[8, 30, 32]), and the Orlicz space generated by ¢ is defined by

L?(R):={f e MR) : I?[Af] <400, forsome A > 0}.

A notion of convergence in Orlicz spaces, called modular convergence,
was introduced in [31].
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We will say that a net of functions (fu)ws0 C L¥(R) is modularly
convergent to f € L#(R), if there exists A > 0 such that

(1) IPA(fu— )] = /R PO ful@) = F(@)) dz — 0, w — +oo.

Moreover, we recall, for the sake of completeness, that in L?(R) a
strong notion of convergence can also be given, i.e., the Luxemburg-
norm convergence, see e.g., [8, 30]. Definition (1) induces a topology
in L?(R), called modular topology.

We now define by Lip,(v), 0 < v < 1, the Zygmund-type class in
Orlicz spaces, as the set of all functions f € M(R) such that there
exists A > 0 with

I“"[/\(f(~)—f(-+t))]=/Rs0(>\|f($)—f(ff+t)|) da = O(|t]"),

as t — 0. For further results concerning Orlicz spaces, see [2, 6, 8, 9,
27, 28, 29, 30, 32, 33].

3. Sampling Kantorovich operators and some basic results.
In this section, we first recall the definition of the sampling Kantorovich
operators introduced in [4].

Let IT = (tx)kez be a sequence of real numbers such that —oo <
tr < tg41 < too for every k € Z, limy_, 1 o tx, = F00 and there are two
positive constants A, § such that 6 < Ay 1=t — tp < A, for every
keZ.

In what follows, a function y : R — R will be called a kernel if it
satisfies the following properties:

e (x1) x € L*(R) and is bounded in a neighborhood of 0;
e (x2) for some pu > 0,

Zx(wx —tr) —1=Ay(x) —1=0(w™"), asw — +oo,
kEZ
uniformly with respect to z € R;;

e (x3) for some 8 > 0,

man(x) = Sggz IX(u = tk)| - |u— tk|ﬁ < 4005
U kez
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o (x4) there exists & > 0 such that, for every M > 0,

/ w |x(wu)| du = O(w™%), asw — +oo.
|u|>M

Remark 3.1. We point out that condition (x4) is used only when we
study sampling Kantorovich operators in the setting of Orlicz spaces.

We can now recall the definition of the sampling Kantorovich opera-
tors for a given kernel x. We denote by (S, )wso the family of operators
defined by

(2 (Suf)@) :Zx(wzm[;"k /ttk“/wﬂu)du} (z€R),

keZ k/w

where f: R — R is a locally integrable function such that the series is
convergent for every z € R.

We begin giving the proof of the following lemma.

Lemma 3.2. Under the assumptions (x1) and (x3) on the kernel x,
we have:

(i) mo,i(x) 7= suPyer D pez IX(u = tr)] < +00;
(if) For every vy >0

Z Ix(wz —ty)] = O(w™?), asw— oo,
lwz—tg|>yw
uniformly with respect to x € R, where § > 0 is the constant
of condition (x3).
Proof. For a proof of (i), see e.g., [4].
(ii) Let v > 0 be fixed. For every z € R and w > 0, we obtain:

S wr— )] € =

lwz—t,|>yw
B
‘ Z IX(we —tg)] - Jwz —t,.]” < Wmﬁ,n(x) < +00,
wr—ty|>vyw

and so the assertion follows. O
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Remark 3.3.

(a) We note that, if f € L*(R), using Lemma 3.2 (i), S, f are
well-defined for every w > 0. Indeed,

|[(Swf) (@) < mon(X) [ flle < +00,

for every z € R and w > 0, i.e., S, : L°(R) — L*(R).
(b) Conditions (x3) is obviously fulfilled if x(z) = O(z~17#7¢) as
x — o0, for some £ > 0. In this case, (x3) holds, see [4, 14].
(c) Instead of assuming condition (x2), one can directly assume
the following condition:

(3) Z x(u—t;) =1, forevery u € R.
kEZ

Clearly, if condition (3) holds, (x2) is fulfilled for every p > 0.

Moreover, in case of the uniform sampling scheme t;, = k, k € Z,
condition (3) is equivalent to:

iy [0, keZ\{0},

X(k) = { 1, k=0,

where X(v) := [g x(u)e”™*du, v € R, is the Fourier transform of x;
see [4, 14].

4. Order of approximation in C(R). We will now study the rate
of approximation of the family of linear sampling Kantorovich operators
(2) in C(R). We may state the result on the order of approximation
for Sy, f — f with respect to the sup-norm || - ||, with f € Lip(v),
O<v <.

Theorem 4.1. Let x be a kernel and f € Lip(v), 0 <v < 1. Then
[Swf = flloo = O(w™), asw — +o0,
where € := min{v, B, p} and u, B > 0 are the constants of conditions

(x2) and (x3), respectively.

Proof. First, we consider the case of x satisfying condition (x3) for
0<p<I.
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Now let f € Lip,,(v), 0 < v < j3, be fixed. By Remark 3.3 (a), Sy, f
are well defined for every w > 0. Moreover, since f € Lip_(v), there
exist constants C, v > 0 such that

sup |f(z) — f(z + )] < CJt[”,
zeR

for every t € [—v,7]. Now let € R be fixed. Then we can write

[(Swf) (@) = f(@)] < [(Swf)(@) = f(2)Aw(z)]
+ [f(2)Aw () = ()|

w  [ter/w
<Y hwr—wl 5 [ 1w = f@)] du

kEZ k/w

+ 1S ()] A (2) — 1]

(X Y Jawenig

lwz—tg|<wy/2  |wz—tg|>wy/2

tet1/w
x[ ) — f(2)] du

k/w

+ 1 flloolAw () = 1] =: [y + Iz + I3.

By putting u = x+1t in the integrals of I; and taking into account that,
for every ¢ € [tp/w — x, tpy1/w — 2], if |lwz — tg] < wy/2, we have

A
|L‘|S|t—tk/w+x|+|tk/w—x|§a+%<%

for sufficiently large w > 0 and then

w
L= Y we—t)l 4

lwz—tg|<wy/2

(tkt1/w)—z
(4) XA @+ 1) — f()] dt

ty/w)—z
(trt1/w)—=

w
<C > xwz—t) Ak/( It]” dt.

lwz—tr | <wvy/2 te/w)—z

In order to estimate (4) we introduce the following notations. We
denote by L :={k € Z : |lwx — t;| < wvy/2}, L1 :={k € L:t/w > z}
and Lo :={k € L: tg41/w < x}, with w > 0. We can observe that
L = L1 ULy ULg, where L3 := {k} if there exists k € Z such that
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tp/w < x < tgy1/w, otherwise L3 := (). In what follows, we consider
only the case of L3 := {k} (the case L3 := 0 is similar). Now, we
rewrite the last term of (4) as follows:

(tht1/w)—=

w 1%
> e -0l 5 /( ] dt

lwz—tr|<wy/2 te/w)—a

(T ) w4

kely keLs keLs

(trt1/w)—w
/ t|” dt
(te/w)—=

= J1+ Jo + J3.

X

We first estimate J;. We have

(5) J1 <Y Ix(wz —ty))| sup 1t
kEL, te[(tr/w)—a,(thyr/w)—z]
<Y Ix(wz — )| [trgr /w — 2|
kel
1 v
= Z Ix(wz — te)| |tr + Ak — wa|”,
keLq

for every w > 0. Now, since 0 < v < < 1, we have that |- |” is
concave, and then subadditive, so we obtain

Ji<w™ Y Ix(we — )| [Its — wal” + Af]

kel
<w™ Z Ix(wz — t1,)] [wz — tx]”
keLly
+w YA Z [x(wz —tg)] .
kel

We estimate Jy. We have

Jo <Y Ix(wa — ty)] sup t|”
oy 1 [(tx /), (tx 1 /w)—2]

< 3 Ilwe — t)] [t fw — ol

keLlo
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=w" Z Ix(wz — tg)| Jwr — tg]”,
k€L

for every w > 0. Finally, we estimate J3. Using again the subadditivity
of | - |, we obtain

Js < |x(wz — tg)| sup It
te[(te/w)—z,(trt1/w)—]

IN

|x(wz — ty)| max { |ty /w — 2|, [tes1/w — 2|}

IN

1 v
o |X(wx - tﬁ)| Htﬁ — w:c| + A”]
w™Y lx(wac — t&)‘ ‘wx — tE’V

+w VAY lx(wx —t)

for every w > 0. Then, by the above estimates, we can state that

T T+ Js <w ™Y x(wr — ty)] Jwz — |
kel

+w VAT Y x(we — ty))|

keL1ULg
< w¥[myu(x) + A%mou(x)]-

Now, since if mg 1(x) < 400 then m, (x) < +oo for every 0 < v < 3,
by condition (x3) and Lemma 3.2 (i) we have

Ji+Jo+ I3 <w [myn(x) + AYmo (X))
= w "M < +oo0,
for every fixed w > 0. Then, by the above inequality and the estimate
in (4), we obtain that
L =0w™), asw— 400,
uniformly with respect to z € R. Further,
L<2|fle Y Ixwe—t)l=0w?’), asw- o
|lwz—tr|>wy/2

uniformly with respect to € R, as a consequence of Lemma 3.2 (ii).
Finally, from condition (x2) we obtain that I3 = O(w™*), as w — +00,
uniformly with respect to € R. Thus, we have shown that

((Swf)(@) = f(@)] < Ty + Ta + I3
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= 0w ")+ 0w P)+O(w™*), asw— oo,
uniformly with respect to x € R and, therefore, we finally obtain that
1Suf = flloo = O(w™), a5 w — +oo,

where € := min{v, 5, u}.

Let us now consider the case f € Lip(v), with 8 <v <1 fixed. It
is easy to observe that Lip(v) C Lip,.,(8), so this can be reduced to
the above case, from which we obtain that

[Swf = flle = O(w™), as w— +oo,
where € := min{3, p} = min{v, B, u}, since v > .

Finally, we study the case of x satisfying condition (x3) for 5 > 1.
As noted above, mg (x) < +oo implies m; (x) < +00, which means
the kernel satisfies condition (x3) also for 8 = 1, and so this can be
reduced to the previous case. This completes the proof. O

5. Order of approximation in Orlicz spaces. We will now study
the order of approximation for the sampling Kantorovich operators in
the general setting of Orlicz spaces L¥(R), for the ¢ convex. First of
all, we recall a modular continuity property for our operators 5.

Theorem 5.1. Let x be a kernel. For every f € L¥(R), the following
holds:

[l
@
I?[ASwf] < S0 ()

for every w > 0. In particular, Sy, f € L¥(R) whenever f € L?(R).

I Amon(x)f] (A>0),

For a proof of Theorem 5.1, see [4].

Now, we establish the following result which gives a degree of
approximation for the sampling Kantorovich operators in Orlicz spaces.

Theorem 5.2. Let x be a kernel. Moreover, let f € L¥(R) NLip,(v),
0 < v <1, be fired. Suppose, in addition, that there exist 0 and v > 0
such that

(6) / wlx(wt)||t]” dt = O(w™?), asw — +oo.
1<~y
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Then there exists A > 0 such that
IPINSwf = )] = O(w™), asw — 400,
with € := min{f, v, p, a}, where p, @ > 0 are the constants of
conditions (x2) and (x4), respectively.
Proof. First of all, by the assumption f € L¥(R)NLip,(v), 0 <v <
1, we have that there exist A1, A2 > 0 such that I¥[\; f] < 400, and
FFa(f() = fC+ D) =0(t"), ast—0,
i.e., there exist M; and 7 > 0 such that
I (f() = (- +1))] < Mt]”,

for every [t| < 7. Now, by the properties of the convex modular
functional I¥, for A > 0, we can write:

IPINSuf — )] = /R PO (Suf) (@) — F(2)]) da

<3{ e

tey1/w t
— Zx(ww—tk)%/ f(U-i-LL‘— u’j)du
o Jt

kEZ k/w

+/Rg0(3)\ Zx(wx—tk)%k

kE€Z

kt1/w
X/t f(u—&—x—tk) du — f(z)Ay(x)
. w

k/w

) as

) as

+ [ oA @ A - S dw}
=: é{J1+J2+J3}

First, we estimate J;. Applying Jensen’s inequality and the Fubini-
Tonelli theorem,

= ¢<3A'(Swf)(x)
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tk+1/w tk;
_waz—tkA / f(u—i—x—)du
¢ w

k/w

) as

w
<o S e =l (3amon0 5

Rkez
tht1/w te
x/ fluw) — f(u—i—x—) du> dx
tk/w w
03 [ e = leamon0 5
kGZ

tiy1/w
x/tk/w flu) — f(u-i—x—i})

Putting ¢ = x — t;/w and applying the Fubini-Tonelli theorem and
Jensen’s inequality again, we may write

J L ——— /|X wHZ <3>\m0n

m
o.11( keZ

_mon

du) dz.

tog1/w
x/t (£ ) = Fu+ )] du) e

k/w

Smon /|th{§:A

keZ

tot1/w
<[ eamontls) - <u+t>>du}dt

k/w

1
< s /R wlx(wb)

=] Y @m0l ~ s+ o)
€Z

k/w

1
-5 /R wlx(wb)
{ [ ermantols - <u+t>|>du}dt

= M{/tgwx(wt)l
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X<Af@Mmﬂmww—ﬂwHHM)ﬁ

+ /t|>§w|X(1Ut)| (/R“D<3)‘m0,n(><)|f(“) — et t)l)du) dt}

1
- 1T J
mo,n(x)é{ 11+ 12},

with 4 := min{~y, 7}, where v > 0 is the constant of condition (6).
Now, we fix A > 0 such that:

< min{ M M Az )\26}
- 3My’ 6mor(x)’ 3mom(x)’ 6A J7

where My > 0 is obtained from condition (x2), i.e., M is such that

Z x(wz — tg) — 1‘ < Mow™",
kEZ

uniformly with respect to € R and for sufficiently large w > 0. Since
f € Lip,,(v) and by condition (6), we obtain:

tklS/;?wXW@qA;M&U@O—fW+ﬂDm¢m

<y [l o d
[t]<¥
=0w™), asw— +oo.

For Ji 2, by the convexity of ¢, we have

has [ wlxwnig)| [ e@amont0iso)du

+/wm%mmmwumwdu
R

and noting that

/wwmmmw%wmm:/ﬂwmmmmwm%
R R

for every t € R, we obtain
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o < /| vl [ e@mon (1)

— 17(0mon (0] [ wlw)]at

[t|>5

Therefore, by the above inequality, the choice of A and condition (x4),
it follows immediately that

Jig=0w™?), asw— +oo.

Now, we estimate Jo. Putting ¢ = u — ¢x/w and by the convexity of ¢

we have
> x(wz — t)

Jy < <p<3/\
’ /R kez
w tiy1/w te
<Ja [ e a s f) o

:/R@(gx Zx(wx—tk)[gk /OAk/w f(x—&—t)dt—f(x)”) dz

keZ

3\ Zx(wx—tk)gk/fk/w[f(xﬂ) — f(2)] dtD dx

keZ

(
< [ o[ Sxtwr - [ g s - rnal)
(

keZ

w A/w
3\ Zx(wx—tk)g/o |f(x+1) —f(x)dtD dx

keZ
w A/w
S vtwn =) =15 [ 1 0 - fo)|at) o

1
<UL
R kEZ

+/R¢(6A7§ /OA/wlf(ert)—f(w)ldt) dx}-

By condition (x2), the monotonicity of ¢, Jensen’s inequality and
Fubini-Tonelli theorem, we obtain, for sufficiently large w,

A/w
Jo < ;{/Rtp(ﬁ)\]\bw“qg/o |f(x+t)—f(x)|dt> dz
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+/R<p(6)\1§/OA/wf(:z:+t)—f(:z:)|dt> dx}
< /R w(mi;’ / M e - f) dt) da
</ Z{ / A/wgo(m?u(mt)—ﬂxn) dt}dm

v OA/M{ [e(035istas0 - @) asfar

where in the above inequalities the constant 6AMsw™" < 6A for
sufficiently large w > 0. Now, since f € Lip,(v), by the choice of
A, and by the change of variable ¢ = u/w, we have that

M A/w M A .
Ja < Klw/o [t]” dt = Xlw7”/0 |ul” du =: Cw™",

for sufficiently large w > 0, i.e., Jo = O(w™"), as w — +o0.

Finally, we estimate J3. By condition (x2), the convexity of ¢ and
for sufficiently large w > 0, we have

Iy < /Rso(SMf(x)llAw(x) 1)) da

< /Rgo (3AMaw ™" | f(z)|) dz

S w‘“[‘p [3M2)\f] S w_#IW[A1f}
< +o00.

In conclusion, combining all the above estimates, we obtain
IPINSwf = )] = O(w™), asw — +oo,
where € := min{0, v, u, a}. O
Note that condition (6) is satisfied when, for instance, the kernel x
is with compact support, with supp x C [-B, B], B > 0. Indeed,

u

w

(7) / _ wlxl s / @) L] du= Kuw,

lu|<B




360 DANILO COSTARELLI AND GIANLUCA VINTI

for sufficiently large w > 0, i.e., § = v. Moreover, in the above case, x
satisfies condition (x4) for every a > 0. Hence, we obtain the following.

Corollary 5.3. Let x be a kernel with compact support. Moreover, let
feL?(R)NLip,(v), 0 <v < 1. Then, there exists A > 0 such that

FPASwf = )l = O(w™), asw — +oo,

with € := min{v, p}, where pu > 0 is the constant of condition (x2).

If the kernel xy has not compact support, we may require that the
absolute moment

nnuw=ﬁQMMHMWu<+m,

for some 0 < v < 1. In this case, for every v > 0 we have

(8) Agmxmwvmsﬂgmnw

for every w > 0, which shows that (6) holds for § = v. Thus, we obtain
the following.

v
u

w

bt %4

du <m,(x)w™",

Corollary 5.4. Let x be a kernel with m,(x) < +oo, for some
0 < v < 1. Moreover, let f € LY(R) N Lip,(v) be fired. Then, there
exists A > 0 such that

I AN Swf — )] =0w™c), asw — +oo,

with € :== min{v, p, a}, where p > 0 and o > 0 are the constants of
conditions (x2) and (x4), respectively.

Remark 5.5. Convex p-functions generating remarkable examples of
Orlicz spaces where the theory of sampling Kantorovich operators is
valid are: @,(u) :=uP, 1 < p < 00, Yqu,p = u® logﬁ(u—k e), for a > 1,
B >0 and ¢, (u) = e —1, for v >0, u > 0. It is well known that
¢, generates the LP(R)-space and the corresponding convex modular
functional is given by I°7[f] := | f||b. While ¢, s and ¢, generate the
L*log? L-spaces (or Zygmund spaces), largely used in the theory of
partial differential equations, and the exponential spaces respectively,
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0,4

FI1GURE 1. The Fejér’s kernel F.

used for embedding theorems between Sobolev spaces. The convex
modular functionals corresponding to ¢, g and ¢, are

reeaf)= [ 1@ g e+ @ de, (€ M(R)).

and

191(f] == /R (O _1yde, (f € M(R)),

respectively.

6. Applications to special kernels. As a first example, we con-
sider the sampling Kantorovich operators based upon the Fejér’s kernel
(see Figure 1), of the form

F(z) = %sinc 2 (g) (z €R),
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where the sinc-function and its Fourier transform are given by

sin(mz) o
sinc (m) = { 1 wacx 7_ 0117 S R\ {0}7 sine (’U) = {

L ful<m,
0, |v]>m.

Clearly, F is bounded, belongs to L'(R) and satisfies the moment
conditions (x3) for § = 1 in view of Remark 3.3 (b), see [4, 14].
Moreover, for every M > 0

2 1
/ w F(wu) du < —Qw_l/ — du =: Kw™!,
Ju|>M Q lu|>M U
for every w > 0, then condition (x4) holds for & = 1. Furthermore,
taking into account that the Fourier transform of F' is given by (see

14
[ ]) ﬁ R 1_|U/7T|7 |U| Sﬂ-a
(v) = { 0, |v|>m,

we obtain by Remark 3.3 (c) that, for the case of uniform-spaced
sampling tp = k, k € Z, condition (x2) is fulfilled for every p > 0.
Finally, in [14] is proved that, the Fejér’s kernel has the absolute
moments m,(F) < +oo, for every 0 < v < 1. Then, the sampling
Kantorovich operators based on the Fejér’s kernel now take the form

1 (k+1)/w o (wr—k
wmwzzhﬁ ﬂw+w(2)mmm

keZ /w

for every w > 0, where f : R — R is a locally integrable function
such that the above series is convergent for every x € R. For SE f,
from Theorem 4.1, Theorem 5.1 and Corollary 5.4, we can obtain,
respectively, the following.

Corollary 6.1. Let f € Lip(v), with 0 <v <1. Then
||S£f - f“oo =0w™), asw — +oo.
In case of Orlicz spaces, for every f € L?(R), the following holds:
1
PRSET < 117

for some A\ > 0 and for every w > 0. In particular, SEf € L¥(R)
whenever f € L¥(R).
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Moreover, for any f € L?(R) N Lip,(v), 0 < v < 1, there emists
A > 0 such that

I?INSEf - =0w™), asw — +oo.

We observe that, since the Fejér’s kernel has unbounded support,
for the reconstruction of a given signal f by means of S f, we need an
infinite number of mean values w |, k(f;_l)/ “ f(u) du in order to evaluate
our operators at any fixed point x € R. Therefore, for a practical
application of the theory of sampling Kantorovich operators based
upon kernel having unbounded support, the sampling series must be
truncated, and this produces truncation errors.

In order to avoid this problem, we can take into consideration
kernels with compact support. In this case, the infinite sampling series
computed at any x € R reduces to a finite one. Remarkable examples
of such kernels are given by the well-known B-splines of order n € N
(see Figure 2 for the B-spline of order 3), defined by

n—1

M, (2) = ﬁ g(_l)iG) <Z tz— z) :

+

where the function (z); := max{z,0} denotes the positive part of
x € R (see [4, 14, 39]).

We have that the Fourier transform of M, is given by

™

M, (v) = smc"(2”>, (v € R),

and then, if we consider the case of the uniform sampling scheme,
condition (x2) is satisfied for every pu > 0, by Remark 3.3 (c). Clearly,
M,, are bounded on R, with compact support [—n/2,n/2], and hence
M, € L'(R), for all n € N. Moreover, it is easy to deduce that
conditions (x3) and (x4) are fulfilled for every § > 0 and o > 0. Then,
the sampling Kantorovich operators based on the B-spline kernel of
order n now take the form

(Sa @)= [w /k(kﬂ)/w f(u) dU] My (wz = k), (z € R),

keZ Jw
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FIGURE 2. The B-spline of order 3.

for every w > 0, where f : R — R is a locally integrable function such
that the above series is convergent for every € R. From Theorem 4.1
and Corollary 5.3, we obtain the following.
Corollary 6.2. Let f € Lip (v), with 0 <v <1. Then

HSfl\fI"f — fHOO =0w™), asw — +oc.

In case of Orlicz spaces, for every f € L¥(R), the following holds:
1
PRSI f] < < 1)

for some X\ > 0 and for every w > 0. In particular, SM»f € L?(R)
whenever f € L¥(R).

Moreover, for any f € L¥(R) NLip,(v), 0 < v < 1, there exists a
A > 0 such that

IPINSMnf — )] =0w™), asw— +oo.
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For other useful examples of kernels, see e.g., [4, 8, 14, 38].

We now consider the situations above described in some special
case of Orlicz spaces. As a first example we study the case L¥(R) =
L% log” (R) with @ > 1 and 8 > 0. The Zygmund spaces are examples
of Orlicz spaces for which the corresponding p-functions ¢, g(u) =
u”log?(u + €), u > 0, satisfy the well-known As-condition (see, e.g.,
[8, 30, 31]). We write the following corollaries for the operators SX,
with x = F or x = M,.

Corollary 6.3. For every f € L® logﬁ(R), with a > 1 and B > 0, the
following holds:

L ISED@I o8 (e + A(SS (@) da
1 «@
<5 [ @I o+ Np@) de

for some A > 0 and for every w > 0. In particular, SYXf € L log? (R)
whenever f € L*log?(R).

Moreover, for any f € L*log?(R) N Lip,, ,(¥), 0 < v < 1, there
exists a A > 0 such that

/R (SXF) ()| og? (e + M(SX ) (@)]) dr=0(w™), asw — +oo.

A further important class of Orlicz spaces, to which the theory of
sampling Kantorovich operators can be applied, is that one generated
by the ¢-functions ¢,(u) = u?, p > 1, u > 0. Obviously, ¢,(u) satisty
the As-condition and the corresponding Orlicz spaces are the well-
known LP-spaces. Corollary 6.3 can be easily formulated also in the L?
setting.

Finally, important examples of Orlicz spaces generated by ¢-functions
which do not satisfy the As-condition are given, e.g., by the exponential
spaces generated by the ¢-functions ¢, (u) = e* —1, vy > 0 and u > 0.
In the latter setting, we point out the following corollary concerning
the order of approximation for the sampling Kantorovich operators S,
with x = F or x = M,,.
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Corollary 6.4. For every f € L¥*(R), v > 0, the following holds:

/ <6|/\(S$f)(w)l” _ 1) dr < %/ (ew(m)w _ 1) d,
R R

for some X\ > 0 and for every w > 0. In particular, SXf € L7 (R)
whenever f € L¥7(R).

Moreover, for any f € L*(R)NLip,_ (v), 0 <v <1, there ezists a
A > 0 such that

/ (ewssz)(z)lw - 1) dr =0(w™), asw— +o0.
R
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