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ON THE PROBLEMS OF PERIDYNAMICS WITH
SPECIAL CONVOLUTION KERNELS

S.A. ALIMOV, YANZHAO CAO AND O.A. ILHAN

ABSTRACT. The well-posedness and regularity of a peri-
dynamic model with a special kernel is studied. The
differential-integral equation describing the model is first
converted to an operator valued Volterra integral equation.
Then the existence and regularity of the solution of the peri-
dynamics problem are established through the study of the
Volterra integral equation. The regularity results improve
the previous known results for more general peridynamics
models.

1. Introduction. In the classical theory of solid mechanics, the be-
havior of solids is described by partial differential equations (PDES)
through Newton’s second law of motion. However, when spontaneous
cracks and fractures exist, such PDE models are inadequate to charac-
terize the discontinuities of physical quantities such as the displacement
field. Recently, a peridynamic continuum model was proposed which
only involves the integration over the differences of the displacement
field [3, 7, 10, 11]. A linearized peridynamic model can be described
by the following integro-differential equation with initial values.

(1.1)
Fu@) Kl y)fulet) — uly.0)] dy = fla.t), 2 €D, 1> 0,

ot? Q
u(z,0) = ¢(x), z€Q,
us(z,0) = P(x), x€Q,
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where @ C R™. Here u : Q x [0,7] — R™ is the unknown function,
the n x n matrix-function K defined on 2 x Q is the kernel, and
f:Qx[0,T] - R"™ is the external force. We consider all the integrals
in terms of tempered distributions (see [8]).

A typical kernel for peridynamic models is given by the following
function (see [11]).

(z—y)®(z—y)
Mz —yl) 7
where ® denotes the dyadic product and A is a real valued function.

This problem has been studied by several authors. In particular, when
Q is bounded, it is shown in [5, 6] that if

(1.2) K(z,y) =

then a unique solution u € C*([0,T], L3(Q)9) of (1.1) exists. When
1 = R", Du and Zhou [14] show that a unique solution of (1.1) also
exists in a certain function space when

1 ,r.n+3
1.4 dr < oo,
4 L 5o

which is a weaker condition than (1.3).

In this paper, we study the regularities of the solution of (1.1) with
kernel K given by

(z-y)® (@@ —y)
|z —y|ot?

(1.5) K(z,y) = , z,yeR" n>1

Equation (1.5) is an important special case of a class of linearized
peridynamic models (see [4, page 50]). To study such a special case,
we first rewrite K defined above as a differential operator applied to
an integral operator with kernel |z —y|2~®. Then we convert (1.1) into
an operator valued Volterra integral equation of the second kind with a
differential-integral operator kernel. Using pseudo-differential operator
theory, we demonstrate the well-posedness and regularity of (1.1) for
0 < a < n through well-posedness of the Volterra integral equation.
For 0 < a < n, our result improves the regularity result of [5]; for
a = n, our result improves a result of Du and Zhou [14].
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The paper is organized as follows. In the next section, we convert
(1.1) into an operator valued Volterra integral equation of the second
kind and study the existence and regularity of its solution for 0 < a <
n. In the last section, we consider the a = n case.

2. Solution regularity for a < n.

2.1. Conversion to operator valued Volterra integral equa-
tions. Let operator A and matrix A be defined as

(2.1) Av(x):/QK(:E,y)v(y)dy, x €,
and
(2.2) Mo)= [ KG)dy weo,

where K is given by (1.5). Then we may rewrite (1.1) as

0?u(z,t)

(2.3) L

—[A—A(2)|u(z,t) = f(z,t), €.

Integrating (2.3) twice with respect to ¢, we obtain the Volterra type
operator valued integral equation

(2.4) u(z,t)— [A—A()] /0 (t— $)ulx, s)ds = F(z,1), z€Q, t>0.
where

(2.5) F(z,t) = ¢(x) + tp(z) + /0 (t —s)f(z,s)ds,
reN, t>0.

We refer the readers to [1, 2] for studies of operator valued integral
equations.
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2.2. Solution regularity for 0 < a < n. Assume that the kernel
function K is given by (1.5). Set

92 92 92
6735% 0x10x2 o 0x10x,
0? 0? 0?
VOV =\ 0zy02, 022 x99z,
0x,0xr1 0x,0x9 o 87?,
and
A 0 - 0
RSN 0O A .- 0
0 0o --- A

where A is the Laplace operator and I is the identity matrix.

Proposition 2.1. For a # 2 and a < n, the following holds:

1 1 (z-—y)®@@-y)
2.6 — v? = -2 )
20 |Vev-i=g |z —y|o—? ole=2 |z — y|ot
Proof. Notice that
1 —
iiz_( gy T Yk
Oz, | — ylo—2 |z —yl|*
and, for j # k,
2
1 _ o
0 :OA(OL72) (xk yk)(xj yJ)
Oz ;j0xy |x — y|*—2 |z — y|o+2
Also notice that
02 1 —yi)? 1
A2 sz —la—2) %—(a—”im
Oz |z —y| |z —yl |z —yl
Hence,
1 (z—y)®(x—y) a—2
VeV = -2 - )
Ve )Iﬂc—yl‘”‘2 olo=2) |z —y|oT2 |z —y|*
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Let r = |z|. Then

1 1 9/, 0« 2—aorm®
A = — | T =
|z —ylo=2 =l or or rn=t Or
n—a)a-2)
z—yl*
Thus,
1 1 a-2
n—a |z—yl*? |z —yl|o’
g 1 __a=2,
n—a  |z—yl [z —y|*
and (2.6) follows. O
Set )
L, =— — 2]
(V) ala—2) {(V@V) n—ozv

In the rest of this section we assume that €2 is a bounded domain with
piecewise smooth boundary. In view of Proposition 2.1, we may rewrite
the operator A defined by (2.1) as

Au(z) = LQ(V)/wf(jl)any x € .
Q

For any p > 1 and 3 > 0 we define the Sobolev space L5 (R™) as the
Banach space of the functions f € L,(R") with the finite norm defined
by (see [9, page 154])

£l = IF A+ €22 - F RO L, mn)-

Here

FfE) =f6)= (z) e da

R”

is the Fourier transform in terms of distributions.

Remark 2.2. For the integer 5 > 0, the space Lf, (R™) coincides with
the usual Sobolev space W/ (R™).
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Theorem 2.3. Let0<a<n,a#2andl <p < oo. Then A is a
bounded operator from L,(Q) to Sobolev space Ly~*(R").

Proof. For an arbitrary R > 0, we introduce x € C*°(R) such that
0<x(r)<1lforreR and

1 0<|r| <R,
2.7 = ==
(2.7) x(r) {0 "> 2R,
> (12
x(lz n
Jo(x) = jo=2’ xzeR",

and consider the linear operator G, defined as
Gou(z) = / oz —y)u(y) dy

= [ e wen

z—yo—2X

for u € L,(R™) such that u(xz) = 0 for x ¢ Q. It is clear that for
R > diam (Q)
A=L4(V)G,.

Note that the Fourier transform g, of g, is a C*°(R") function. To
study the behavior of g5 = 9o (£) as |¢] — oo, we write

e—ixf e—ix'f
7a(&) = ——dx —/ ——— 1 — x(|z])] dx
(@) = | e [ - ()
—ix-&
Cn.a e
= —2— — —— [1 — x(Jz|)] d=.
i~ [ e )

Note that 1

€2

Hence, using Green’s formula, we have that

—~ Cn,o (_1)/ —iz-€ 1 —x(|z])
a(&) = : — e IA, — L dx.
928) = Eit=a "R Joon a2

—ix-§

A e 8
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Repeating this process m times we obtain

— Cn,a (=nHm —iz-& 1 —x(|z[)
O = s - b [ emeart XD s
|t €1%™ Jizi>r |2
Note that, for |z| > 2R, all derivatives of x = x(«) vanish. Thus,

—~ Cn,a (_1)m / —ix-& ml _X(l‘rD
9o f = ’ - e Al — dz
© |g|nt2me I€12™ Jr<|s|<2r |z[—2

b ) 1
— mz"a / 6711'57_24_2”) dz.
IE[*™ Jiz|>2r ||« ’

Now it is clear that, for || > 1 and for any multiindex p with || < n,
we have

o)

B —
D ga(€) = |€[n2—a+ul”

Taking into account the fact that g, and all its derivatives are bounded
in R™, we get
c

|D§§;(§)\ < (1 4 [¢[)nt+2—atlul’

EeR", |u[ <n.

Set
Mo (&) = Galf) - (1+ [¢[})(nF2e)/2,

It is easy to see that
|D{ma(§)| < const (1 + e[y~ I

Hence, m,, is a multiplier from L,(R"™) to L,(R™) for p > 1 (see [9]).
Therefore,

ma(§)
(1 + |§‘2)(n+27o¢)/2

9a(§) =
is a multiplier from L,(R") to Sobolev space Ly *?~*(R"™). This means

that G, is a continuous operator from L, (Q) to Lp+t2~*(R™).

Since L, (V) is a second order differential operator, we conclude that
A = La(V)G, is a continuous operator from L,(2) to Ly~*(R"™). O

Corollary 2.4. Let 0 < o < n and o # 2. Then for anyp > 1, A is
bounded from L, () to L,(Q).
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Define operator B by
t
(2.8)  Bu(z,1) :/ (t— $)[A - A@)ulz,s)ds, z€Q, t>0,
0

and set
M = [[(A= ML, @) —L,©)-

We say that u € C[Ry — L,(9)] if u(-,t) continuously depends on ¢ for
t > 0in the L,(Q) norm and v € C[R} — Lg ()] if u(-,t) continuously
depends on ¢ for ¢ > 0 in the LJ(Q) norm. For u € C[Ry — Ly(Q)],
define

(2.9) ulle = sup [[u(z, s)]|z,)-
0<s<t

Proposition 2.5. Let u € C[Ry — L,(Q)]. Then, for any m > 1, the
following holds:

. Mthm

(2m —1)
where (2m — N =TI, (2k — 1).

Proof. The proof follows from mathematical induction:
t
1Bl )] < M [ (¢ = 9B ule ) ds
0

t m .2m
M
< Mt/ TS, ds
0 ( I

2m — 1)
Mmt2m+1 Mm+1t2(m+1)
< Mt = . O
< Ml Gy = ~@mr o 1
Now consider the equation
(2.11) (I—-B)u=F.

Proposition 2.6. For any F € C[Ry — L,()], equation (2.11) has

a solution v € C[Ry — L,(Q?)]. Moreover,

2
(212) Ju=Flle < (M =1) |F.
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Proof. Tt follows from Proposition 2.5 that the Neumann series
u(z,t) = F(x,t) + Z B*F(x,t)
k=1

converges in L, (€2) uniformly with respect to ¢ for any compact set of
t. It is clear that u is the solution to (2.11):

(I — B)u = <F+inF) - (BFJrBiB’“F) =F

k=1 k=1

The required estimate (2.12) follows from (2.10):

o & o Mthk
lu—Flls <> IB*F|, SZWHFH:&
k=1 k=1 ;
o M2k 2
<IFlle Y- = = (M = 1) 1. O
k=1 ’

Proposition 2.7. The solution of (2.11) is unique.

Proof. Indeed, if (I — B)v = 0, then, according to (2.10),
v=Bv=B*=---=B™y—0, m— o0,

and consequently v = 0. ]

Now we are ready to prove the existence, uniqueness and regularity
of the solution to problem (1.1). We say that f € LIB,(Q) if there

exists a function f, € LE(R™) such that f(z) = f.(z) for z € Q. The
corresponding norm is defined as

”fHLE(Q) = ijrcl*f ||f*||Lg(Rn)'

Also, we say that u € C?[Ry — L,(Q)] if u}, € C[Ry — L,y()].

Theorem 2.8. Letp > 1, 0 <a<n,a#2and 0 < 3 <n-—a.
Assume that ¢ € LI(Q), ¢ € LE(Q) and f € C[Ry — LE(Q)]. Then
problem (1.1) has a unique solution in C*[Ry — L5 (Q)].



310 ALIMOV, CAO AND ILHAN

Proof. 1t follows from Propositions 2.6 and 2.7 that the solution u
of (2.3) exists, is unique and belongs to C[Ry — L,(Q2)]. Directly
from this equation, one can see that u € C?[Ry — L,(Q)] and u is the

unique solution to problem (1.1).

To prove that u € C[Ry — L5 ()], we use the following representa-
tion of the solution of (1.1) (see Appendix A):

T

(2.13) u(z,t) = /0 ) sin(v/A(x)(t — ) Au(z, s) ds
=+ F1 (I, t)

where

(2.14)  Fi(2,1) = cos/A@)t d(x) + SRV AW VAJ(\S)t b()

1 L
+m/0 sin (M(t—s)) f(z,s)ds.

According to Theorem 2.3, A € Ly=*(2). Furthermore, if u €
C[R4 — Lpy(€)], then, according to the same theorem, Au € C[R; —
Lr=(Q)]. Therefore, if Fy € C[Ry — LJ(Q)] for f < n — «, then
it follows from (2.13) that v € C[R; — Lg(ﬂ)] Using again the
representation (2.13), we conclude that u € C?[Ry — Lg (Q)]. O

Remark 2.9. The representation (2.13) can also be used to study other
properties of the solution to (1.1), such as smoothness and oscillatory
behaviors.

3. Existence and regularity for o« = n. In this section, we
assume that n > 3. The case when a@ = n is an important one
since it represents a more suitable nonlocal continuum model for the
corresponding material under consideration (see [14, page 1761]).
However, this case is much more complicated since it is difficult to
find a Hilbert space H such that operator A : H — H is bounded. To
overcome this difficulty, we shall modify the operator A and introduce a
sequence of Hilbert spaces in which A is a bounded operator. We start
with the following proposition which can be proved through simple
computations.
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Proposition 3.1. Forn > 3 and x # y, the following holds:

(3.1)

1 1 —

=n(n—2)

C-peE-y

[z —yn2 Tz —y|n2 |z — y|n+2

The following lemma is needed to prove Propositions 3.3 and 3.4.

Lemma 3.2. For ¢ € R"”, the following holds:

i —1Jnj2-1(r[€])
e zEwdS — (2,”)71/27,,71 19n/2-1 ,
/|I|—T (rlgfm/2=1

where ds denotes the surface integral on {z;|x| =r} C R™.

Proof. Let ¢(x) = ™% z,6 € R™. Notice that 1/ satisfies the
following partial differential equation

Ay(z) + [E[¢(z) =0, =€ R"

By (18.2.1) (with ¢ = 0 and \,, = [¢|?) and (18.3.4) (with u=0) of [12]
we have that (after a change from area integral to angular integral)

- R VARG
e zx&d — (21 n/2,rn 1 0/271
Joo = OO TS

n/2rn71 J”/Q—l(r|£|)

T gy

O

The next proposition shows the difficulty of studying the integral
equation (2.11) in its current form.

Proposition 3.3. Operator Ay : La(R™) — Lo(R™) defined by
Agu(x) z/ uy)
R

n |z =yl

is not bounded in the domain D(Ag) = S(R"™).
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Proof. 1) First, we consider the case n > 3. Define a kernel function
K, as
In |z|
|.’IJ|"_2 ’

K, (x) = xR,

and assume that I/{: is its Fourier transform. By Lemma 3.2, we have
that

K. = | K.(x)e™da
Rn

:/ In |z e S dy
n |z 2

* Jypa(rle) e
_ n/2 n/2—1 n—1
=m0 [ it

:@mwﬂﬂ“W{/ Tnja-1(r[€) Inr ="/ dr
0

2m)n [
_ ”g / Jnja—1(t) Intt2"/2 dt
€12 Jo
27)"/2 &
- wlel [ an
€ 0
Hence,
= ai In [¢]
K*(f):@*%wa
where

a :/ Jo a1 () Int 2724,
0

as = (27r)"/ T a1 (t) 272t
0
are constants (see [13, 13.24(1)]). This implies that
AK,(€) = asIn|é] — a;.

Obviously A/I?* is not a multiplier since it is unbounded. According to

the equation
-2
AK.(x—y) = -1,
|z —y["

the operator Ay is also unbounded.
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2) We now consider the case n = 3. Write

= K (x) +K2(:17),
where x € C§°(R) such that

(r) 1 forr <1,
T)=
X 0 forr>2,

ln|x|

Injz| In |x|

and 0 < x(r) <1 for r € R.

It is clear that the function A[AK5(z)] is integrable over R3. Hence,
its Fourier transform is bounded, and therefore

|§|2|A/\K2(§)| < const,
which implies that A/I?g(f) is bounded for |£| > 1.

Next, we consider the Fourier transform of K; given by
—~ In |z o
B = [ ey e
R3

_ (o Jija(r |§|)7 2 dr
‘(2)/0 wleyz o AT

_ (ngg /OO VT o (t) lntx(|£t|) dt

- i [ Vinato g )
§) = /Ooo \/iJl/g(t)X(|é|> dt = \/Zzsint-x(éO dt

t=o00

Set

Then

210 =~ cost X<|2|>

1 o0
- ~ . / . d
+|§|/o cost X(m) '
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i ), e ()

O(1)
=1 —_~ 7
e
Hence, for |£] — oo,
=~ ]  0OQ1)
Ki(6) = o |n£|2 g >0

Consequently,

K.(¢) = AR, (&) + AKL(€) = coIn|¢] + O(1),
€] = o0,

which show that K, is not a multiplier from Lo (R3) to La(R3). O

Remark. Note a the similar singular operator A’ defined as

A(j)u(x) :/ M cos¢j(z,y) dy, x€R",
re |7 —yl"

where cos¢;(z,y) = (x; — y;)/|r — y|, according to the Calderon-
Zigmund theorem, is bounded and may be considered as a continuous
operator from La(R™) to Lo(R™).

Now we consider the modified kernel

In |x|

(3-2) K**(z)—| = x(|])-

Proposition 3.4. The Fourier transform of K., satisfies the following
estimate:

In(e + [€])

(3-3) Kee()] < O GERE

where Cy is a constant.
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Proof. Again, using Lemma 3.2, we have that

K..(§ = ; K**(x)efm'gdx

In|z iz
-/ '_' x(Jz]) i€ da

e fx[" 2

n Jnja-1(r \ﬁl) Inr n—

It is clear that this integral is bounded for || < 1. Hence, it suffices to
prove estimate (3.3) for |{| > 1. To this end, we notice that

2
R = Cny P [0l nr) o) 22

omyn/2 el
= ( |72|2 /0 Jn/21(t)(lnt)x(|§|) 2-n/2 g

(2m)n/? /2I£I ( )
— In J, t2=m/2 gt
gz L), e Ox{fg

The required estimate (3.3) then follows from the fact that both
integrals on the right hand side of the above are bounded with respect

to [€]. O
Set
(3.4 Kole) = ELELZ (o)

The following proposition follows directly from Propositions 3.1 and
3.3.

Proposition 3.5. The Fourier transform of K,, satisfies the following
estimate:

(3.5) 1K, (6)] < Ciln(e+|¢]).

Next we introduce Banach spaces H,,, for m = 1,2,..., defined by

o= oz (2m) " [ (@) e 2 €P de < o)
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with norm

ol = (207" [ (@ wm e T

Clearly, H,,, C Hy+1, m=1,2,..., and

1/2

lvllm < lV|lmt1, forallve Hy,.

Proposition 3.6. Let W3 (R™) be the usual Sobolev space and f €
W4 (R"™). Then f € Hy, for k=1,2,.... Moreover,

[l < KUIAlwgs =12

Proof. Note that, for a > 1

1/k
Ina < ka—.
e
Therefore,
5\ 2
In%* q < () a?.
e
Thus,

2k

o |

N———

712 < (£) o [ If@Re + P

o k 2k _n TN 2 2
<e(5) o [ ifera e
k 2k
() iRy
which implies that
k k
(3.6 15 < (£) 1wy

Note that

(3.7) (i)k < %'



ON THE PROBLEMS OF PERIDYNAMICS 317

Indeed, set
o= L(EY
P R\e)
Then .
1 1
Chtl <1+> <1
Ck e k
Hence,
1
Cpr1 <cp <= .
The desired estimate then follows from (3.6) and (3.7). O

For f: R4 — H,,, we set
[fllm.e = sup [|f(s)][m-
0<s<t
Define the integral operator A,, by

(3.8) Apv(z) = | Kyp(z,y)v(y)dy, x=eR",
R‘n.

where K, is defined by (3.4). It is easy to see from (3.5) that A, is a
bounded operator from H,,11 to H,,, that is,
(3.9) lAnv|lm < M||v||mt1, forallve H,, m=01,...,

where M is a constant.

Next we introduce operator L defined by

(3.10) Lo(t) = /O ) Ayu(s) ds
and set

v () = L) = | (- ) Awun()ds, wolt) = F0).
It is clear that vg(t) = LFf(t).

Proposition 3.7. For f € H,,, m=1,2,..., the following holds:
12k

k
(3.11) [vkllm,e < ME|fllktm,e m
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In particular,

2k

(3.12) ok (O < M| fllke Tk

Proof. Using (3.9) recursively, we have
t

ol < [ (6= ) Aue()]nds
0

SMA@—ww@mﬂw

<< MEHLF t(t— s)i ds
< < ktm1,t | @k = 1)1
k+1 ¢ 52
<M gt | ———d
< 1S l[k-4me1,e /0 @k —n %
bt t2k+2
—M . O
||f||k+ +1,t (Qk + 1)”

The following proposition is an immediate consequence of Proposi-
tions 3.6 and 3.7.

Proposition 3.8. Assume that f € Wy . Then, for k =0,1,2,..., the
estimate

(3.13) ILEf @)l < MPE*|f(E)lwg, ¢ >0

18 valid.

We are ready to prove the existence theorem for a = n.

Theorem 3.9. Let A, be the integral operator defined in (3.8). There
exists T > 0 such that, for every f € C([0,T] — W1 (R™)), the solution
u € C([0,T] — La(R™)) of the equation

(3.14) u(z,t) = f(z,t) +/0 (t —s)Apu(x,s)ds.

erists and is unique.
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Proof. Using the definition (3.10), we may rewrite (3.14) in the form
u(t) = f(t) + Lu(t).

Consider the Neumann series
oo
=> L*f(t)
k=0

By Proposition 3.8, if T' is chosen such that T' < 1/\/M where M is a
constant that appeared in (3.9), then this series converges uniformly in
C([0,T] — Lo(R™)) with respect to t € [0, 7], which gives the unique
solution to equation (3.14). O

Remark 3.10. Similar results may also be obtained for an arbitrary
domain €2 with piecewise smooth boundary. In this case, it is necessary
to add some boundary conditions.

Acknowledgments. The authors are grateful to anonymous refer-
ees for valuable remarks which helped the authors improve the content
and presentation of the paper.

APPENDIX

A. For any n x n matrix A, we define the matrices

(3.15) cosft—f:( 1)k AT

= (2k)!
and
P
It is clear that
% cos VAt = i(—l)katQZ;)[!\k

t2k+1 Ak+1

= (D! (2k + 1)!
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t2k+1Ak
=4 Z 2k +1)!
Y sin VAt
VA
Analogously,
d sinvAt
— ——— =cos VAL
FTRIY cos VAt
Now it easy to check that the vector-function
sin VAt
3.17 = cosVAtp+ ———"1)
(3.17) u(t) = v
t o _
—I—/ 7sm\/>(t *) F(s)ds
0 VA
satisfies the differential equation of the second order
d2
(3.18) el + Au(t) = F(),
and initial conditions
(3.19) u(0) = ¢, W(0) =¥,
Indeed,
u'(t) = — Sm\/\é»t¢+cosx/>tw+/ cos VA (t — s) F(s) ds
and
VAt
= —Acos VAt ASln
(1) Rig— AT
t A _
—A/ MF(s)ds+F(t),
0 VA
which coincides with (3.18).
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