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DISCRETE SUPERCONVERGENCE OF
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ABSTRACT. It is known that collocation solutions for first-
kind Volterra integral equations based on (discontinuous or
continuous) piecewise polynomials cannot exhibit local super-
convergence at the points of a uniform mesh. In this paper we
present a complete analysis of local superconvergence of such
collocation solutions for first-kind Volterra integral equations
at non-mesh points. In particular, we discuss (i) the existence
of superconvergence points for prescribed collocation points;
(ii) the existence of collocation points for prescribed super-
convergence points. Numerous examples illustrate the theory.

1. Collocation methods. The convergence properties of colloca-
tion and Galerkin solutions in spaces of (discontinuous or continuous)
piecewise polynomials for first-kind Volterra integral equations

(1.1)

∫ t

0

K(t, s)u(s) ds = f(t), t ∈ I := [0, T ],

with bounded (smooth) kernels K(t, s), are now well understood; see
[2 6, 9 12] and [7, 8], respectively. In particular, it was shown in
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[2, 3, 7] that local superconvergence of discontinuous collocation or
discontinuous Galerkin solutions at the mesh points of a uniform mesh
or at the collocation points) is not possible. A similar observation
was made in [12] for continuous piecewise polynomial solutions (for
analogous continuous Galerkin methods, the problem is still open).

However, the discontinuous collocation solution can exhibit local
superconvergence (with a gain of one order) at certain points between
two mesh points ([3, 4, 9]). This holds, for example, if collocation is
at the Radau II points and the collocation solution is evaluated at the
Gauss points (cf. [5, Section 2.4.4]).

It is the aim of this paper to present a complete local superconver-
gence analysis of discontinuous piecewise polynomial collocation solu-
tions for sets of points Qh := {tn + dih : 0 < d1 < · · · < dm < 1}
not belonging to the mesh Ih := {tn := nh : 0 ≤ n ≤ N (Nh = T )}.
More precisely, we shall systematically study the questions whether, for
prescribed collocation points Xh := {tn+ cih : 0 < c1 < · · · < cm ≤ 1},
there exist sets Qh at which the collocation is superconvergent; and
whether, for prescribed superconvergence points Qh (including, for ex-
ample, the midpoints of the subintervals (tn, tn+1)) there exist sets Xh.
Section 2 contains our main results. Their proofs are presented in Sec-
tions 3 and 4. The paper concludes with a conjecture (Section 5) and
an Appendix containing a number of auxiliary results required in the
proofs in Sections 3 and 4.

2. Local superconvergence analysis.

2.1. Discontinuous piecewise polynomial collocation. For a
given (uniform) mesh on I = [0, T ],

Ih := {tn := nh : n = 0, 1, . . . , N (tN = T )},
with en := (tn, tn+1], we denote by

(2.1) S
(−1)
m−1(Ih) := {v : v|en ∈ πm−1 (0 ≤ n ≤ N − 1)}

the space of (discontinuous) piecewise polynomials of degree not ex-

ceeding m − 1 (m ≥ 1). The collocation solution uh ∈ S
(−1)
m−1(Ih) of

(1.1) corresponding to the collocation points

(2.2) Xh := {tn + cih : 0 < c1 < · · · < cm ≤ 1 (0 ≤ n ≤ N − 1)},
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based on prescribed collocation parameters {ci}, is determined by the
collocation equation

(2.3)

∫ t

0

K(t, s)uh(s) ds = f(t), t ∈ Xh.

If the given functions K and f in the Volterra integral equation∫ t

0

K(t, s)u(s) ds = f(t), t ∈ I := [0, T ],

are smooth and satisfy |K(t, t)| > 0 (t ∈ I) and f(0) = 0, then the
collocation equation (2.3) defines a unique collocation approximation
uh to the (unique) solution u of (1.1) whenever h > 0 is sufficiently
small ([5, Section 2.4.1]).

If K ∈ Cm+2(D) (where D := {(t, s) : 0 ≤ s ≤ t ≤ T }) and
f ∈ Cm+2(I) (implying that u ∈ Cm+1(I)), then, for all sufficiently
small h > 0, the collocation error satisfies

(2.4)

‖u− uh‖∞ := sup
t∈I

{|u(t)− uh(t)|}

≤ C

{
hm if −1 ≤ ρm < 1,

hm−1 if ρm = 1,

where

ρm := (−1)m
m∏
i=1

1− ci
ci

([2], [5, Section 2.4]). The constant C in (2.4) does not depend on h
(but will depend upon the collocation parameters {ci}). However, local
superconvergence is not possible at the mesh points tn (1 ≤ n ≤ N)
(see [3, 4]): there does not exist a p∗ ≥ m+ 1 so that

max
1≤n≤N

|u(tn)− uh(tn)| ≤ Chp∗

for some choice of the set {ci}. This leads to the obvious question as
to whether we can achieve p∗ = m+ 1 at certain points between mesh
points.
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In order to make the question more precise, we introduce the set

Qh := {tn + dih : 0 ≤ n ≤ N − 1},

where {di : 0 < d1 < · · · < dm < 1}. We are interested in sets {di}
for which the collocation solution exhibits a higher convergence order
than the optimal global order in (2.4). If such a set {di} exists, then
we say that uh is locally superconvergent of order m+ 1 on Qh.

As indicated in Section 1, it is our aim to solve the following problems:

Problem 1: If the collocation parameters {ci : 0 < c1 < · · · < cm ≤
1} are given, does there exist a set {di : 0 < d1 < · · · < dm < 1} of
superconvergence parameters so that the collocation solution satisfies
(2.5)
max

1≤i≤m
|u(tn + dih)− uh(tn + dih)| ≤ Chm+1 for all 0 ≤ n ≤ N − 1?

Problem 2: If {di : 0 < d1 < · · · < dm < 1} are given real numbers

so that the uh ∈ S
(−1)
m−1(Ih) has the local superconvergence property

(2.5), does there exist a set {ci : 0 < c1 < · · · < cm ≤ 1} of collocation
parameters so that uh is the collocation solution corresponding to Xh

in (2.2) defined by these collocation parameters?

Problem 3: If such sets of superconvergence points {di} (Problem
1) and collocation points {ci} (Problem 2) exist, are they unique?

2.2. Main results. Recall that the collocation points are given by

Xh = {tn + cih : 0 < c1 < · · · < cm ≤ 1 (0 ≤ n ≤ N − 1)},

where the collocation parameters {ci} are to be suitably chosen, and
that we are interested in sets of superconvergence points

Qh := {tn + dih : 0 < d1 < · · · < dm < 1 (0 ≤ n ≤ N − 1)}

for which (2.5) holds.
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Case I: cm = 1.

Theorem 2.1. For given {ci} with cm = 1, there exists a unique
set {di} ⊂ (0, 1) such that local superconvergence (2.5) occurs on the
corresponding set Qh.

Remark. If {ci} are chosen as the zeros of (s−1)P ′
m(2s−1) (the m+1

Lobatto points in [0, 1] minus the point 0) (cf. [3, 5]), it is known that
the superconvergence occurs at the Gauss points. The above theorem
shows that the set of Gauss points is the unique set {di} corresponding
to these collocation parameters.

Theorem 2.2. Given a set {di}, then a set {ci} with cm = 1 does
not always exist. If such a set exists, it is unique.

In particular, if {di} is chosen as the set of Gauss points, or if m is
odd and {di} is chosen as the zeros of the Chebyshev polynomial of the
first kind Tm(2s− 1), then there exists a unique set of {ci}.

Case II: cm < 1.

Theorem 2.3. Assume that the given set {ci} with cm < 1 satisfies

−1 ≤ (−1)m
m∏
i=1

1− ci
ci

< 1.

There exists a set {di} ⊂ (0, 1) if and only if u(m)(0) = 0. If
(−1)m

∏m
i=1[(1 − ci)/ci] = 1, then such a set {di} ⊂ (0, 1) does not

always exist.

Theorem 2.4. Given {di}, the set {ci} may or may not exist. If
such a set exists, it may not be unique. In particular, if {di} is chosen
as the Gauss points, or if m is odd and {di} is chosen as the zeros of
the Chebyshev polynomial Tm(2s− 1) of the first kind, then a set {ci}
exists but is not unique.
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3. Proofs: Theorems 2.1 and 2.2 (cm = 1). We first analyze the
existence and uniqueness of sets {di} when the collocation parameters
{ci} are prescribed.

We choose

(3.1) uh(tn + sh) =

m∑
j=1

l̃j(s)Un,j , s ∈ (0, 1],

with Un,i := uh(tn + dih) and

l̃i(s) :=

m∏
j=1,j �=i

(s− dj)/(di − dj),

as the local representation of uh ∈ S
(−1)
m−1(Ih) on the subinterval en.

Using a well-known result from interpolation theory (see for example
[1, page 106 108]), we may write the exact solution u(t) of (1.1) as

(3.2)
u(tn + sh) =

m∑
i=1

u(tn + dih)l̃i(s) + rn(s)

(s ∈ (0, 1], 0 ≤ n ≤ N − 1),

where

rn(s) = hmu(m)(tn + θh)

m!

m∏
i=1

(s− di)

= hmu(m)(tn)

m!

m∏
i=1

(s− di)

+ θhm+1u
(m+1)(tn + ξh)

m!

m∏
i=1

(s− di),

with θ, ξ ∈ (0, 1). Thus, by (3.1) we may write the collocation error
eh(tn + sh) := u(tn + sh)− uh(tn + sh) in the form

(3.3) eh(tn + sh) =
m∑
i=1

eh(tn + dih)l̃i(s) + rn(s).
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By (1.1) and (2.3), we have at tn,i := tn + cih,

0 =

∫ tn+cih

0

K(tn,i, s)eh(s) ds(3.4)

= h

n−1∑
l=0

∫ 1

0

K(tn,i, tl + sh)eh(tl + sh) ds

+ h

∫ ci

0

K(tn,i, tn + sh)eh(tn + sh) ds,

and hence

0 =

n−1∑
l=0

∫ 1

0

K(tn,i, tl + sh)eh(tl + sh) ds(3.5)

+

∫ ci

0

K(tn,i, tn + sh)eh(tn + sh) ds.

Rewriting (3.5) with n replaced by n− 1 and i = m, we obtain

0 =

n−2∑
l=0

∫ 1

0

K(tn−1,m, tl + sh)eh(tl + sh) ds(3.6)

+

∫ cm

0

K(tn−1,m, tn−1 + sh)eh(tn−1 + sh) ds,

and so, by (3.5) and (3.6),

(3.7)

∫ ci

0

K(tn,i, tn + sh)eh(tn + sh) ds

= −
n−1∑
l=0

∫ 1

0

K(tn,i, tl + sh)eh(tl + sh) ds

+
n−2∑
l=0

∫ 1

0

K(tn−1,m, tl + sh)eh(tl + sh) ds

+

∫ cm

0

K(tn−1,m, tn−1 + sh)eh(tn−1 + sh) ds.

We now distinguish between the two cases cm = 1 and cm < 1.
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Case I: cm = 1. Here, (3.7) becomes

(3.8)

∫ ci

0

K(tn,i, tn + sh)eh(tn + sh) ds

= −
n−1∑
l=0

∫ 1

0

K(tn,i, tl + sh)eh(tl + sh) ds

+

n−1∑
l=0

∫ 1

0

K(tn−1,m, tl + sh)eh(tl + sh) ds

=

n−1∑
l=0

∫ 1

0

(K(tn−1,m, tl + sh)−K(tn,i, tl + sh))eh(tl + sh) ds.

Writing

(3.9)
K(tn−1,m, tl + sh)−K(tn,i, tl + sh) = −hci∂1K(θn,i, tl + sh)

(i = 1, . . . ,m),

with θn,i ∈ (tn−1,m, tn,i), we are led to

∫ ci

0

K(tn,i, tn + sh)eh(tn + sh) ds

= −hci

n−1∑
l=0

∫ 1

0

∂1K(·, tl + sh)eh(tl + sh) ds.

It now follows from (3.3) that

(3.10)

m∑
j=1

∫ ci

0

K(tn,i, tn + sh)l̃j(s) dseh(tn + djh)

= −hci

n−1∑
l=0

m∑
j=1

∫ 1

0

∂1K(·, tl + sh)l̃j(s) dseh(tl + djh) +R1
n,i,
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where

R1
n,i = −hci

n−1∑
l=0

∫ 1

0

∂1K(·, tl + sh)(hmu(m)(tl)

m!

m∏
i=1

(s− di)) ds

−
∫ ci

0

K(tn,i, tn + sh)

(
hmu(m)(tn)

m!

m∏
i=1

(s− di)

)
ds+O(hm+1)

= −hm+1ci

n−1∑
l=0

u(m)(tl)

m!
∂1K(tn, tl)

∫ 1

0

m∏
i=1

(s− di) ds

− hmK(tn, tn)
u(m)(tn)

m!

∫ ci

0

m∏
i=1

(s− di) ds+O(hm+1).

The terms involving hm vanish for 0 ≤ n ≤ N − 1 if, and only if,

(3.11)

∫ ci

0

m∏
j=1

(s− dj) ds = 0 (i = 1, . . . ,m).

If (3.11) holds, then (cf. [2 5]) {di} is a set such that {tn + dih : 0 ≤
n ≤ N − 1} is a set of superconvergence points, that is,

eh(tn + dih) = O(hm+1) (i = 1, . . . ,m; 0 ≤ n ≤ N − 1).

3.1. Proof of Theorem 2.1. Let wm(s) :=
∏m

j=1(s− dj). Then∫ ci

0

wm(s) ds =

∫ ci

0

m∏
j=1

(s− dj) ds

=

∫ ci

0

(s− d1)(s− d2) · · · (s− dm) ds

=

∫ ci

0

(sm − (d1 + · · ·+ dm)sm−1

+ (d1d2 + · · ·+ d1dm + · · ·+ dm−1dm)sm−2

+ · · ·+ (−1)md1d2 · · · dm) ds

=
1

m+ 1
cm+1
i − d1 + · · ·+ dm

m
cmi

+
d1d2 + · · ·+ d1dm + · · ·+ dm−1dm

m− 1
cm−1
i

+ · · ·+ (−1)md1d2 · · · dmci.
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Therefore, the conditions of (3.11) are equivalent to

1

m+ 1
cmi − d1 + · · ·+ dm

m
cm−1
i

+
d1d2 + · · ·+ d1dm + · · ·+ dm−1dm

m− 1
cm−2
i

+ · · ·+ (−1)md1d2 · · · dm = 0 (i = 1, 2, . . . ,m).

Thus, we obtain⎛⎜⎜⎝
cm−1
1 cm−2

1 · · · 1
cm−1
2 cm−2

2 · · · 1
...

...
...

1 1 · · · 1

⎞⎟⎟⎠
⎛⎜⎜⎜⎝

d1+···+dm

m

− d1d2+···+d1dm+···+dm−1dm

m−1

...
(−1)m+1d1d2 · · · dm

⎞⎟⎟⎟⎠

=

⎛⎜⎜⎜⎜⎝
cm1
m+1
cm2
m+1

...
1

m+1

⎞⎟⎟⎟⎟⎠ .

The determinant of the coefficient matrix is a Vandermonde determi-
nant. Since 0 < c1 < · · · < cm−1 < cm = 1, its value is different from
zero, and thus the solution with the components

d1+···+dm

m ,− d1d2+···+d1dm+···+dm−1dm

m−1 , . . . , (−1)m+1d1d2 · · · dm
is uniquely determined, as are the numbers

d1 + · · ·+ dm, d1d2 + · · ·+ d1dm + · · ·+ dm−1dm, . . . , d1d2 · · · dm.

Therefore, the polynomial

wm(s) = (s− d1)(s− d2) · · · (s− dm)

= sm − (d1 + · · ·+ dm)sm−1

+ (d1d2 + · · ·+ d1dm + · · ·+ dm−1dm)sm−2 + · · ·
+ (−1)md1d2 · · · dm

is unique. Because wm(s) is a polynomial of degree m, it has exactly
m (in general complex) zeros. Therefore, there exists a unique set of
{di} in the complex plane.
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By [9], we know that for a given {ci}, there exists a set of {di} which
is unique and given by

(3.12)

m∏
i=1

(s− di) =

(d/ds)

{
s

m∏
i=1

(s− ci)

}
m+ 1

.

Since the polynomial s
∏m

i=1(s − ci) has m + 1 distinct real zeros
0, c1, . . . , cm, Rolle’s theorem implies that between any two consecutive
zeros there is (at least) one real zero of (d/ds){s∏m

i=1(s − ci). Thus,
there exist m real zeros of (d/ds){s∏m

i=1(s− ci), i.e., of
∏m

i=1(s− di).
Since the latter is a (real) polynomial of degree m, the m real zeros of∏m

i=1(s−di) are also unique. This completes the proof of Theorem 2.1.

3.2. Proof of Theorem 2.2. We now look at the existence and
uniqueness of sets {ci} (with cm = 1) for a prescribed set {di}. First,
we dispose of the following two special cases:

1. If m is odd {di} is chosen as the zeros of the shifted Legendre
polynomial Pm(2s− 1), we know ([3, 5]) that the set {ci} is unique.

2. Ifm is odd {di} is chosen as the zeros of the Chebyshev polynomial
of the first kind, Tm(2s− 1), then the set {ci} is also unique. In order
not to interrupt the flow of the general proof, we give the technical
details of the proof of this assertion in the Appendix.

We now turn to the general case. If the set of {ci} exists for given
{di}, then ∫ ci

0

wm(s) ds = 0

can hold only if {ci} and {di} interlace (cf. [3, 5]). Thus, if there exists
another set of {c̃i} for given {di}, then {c̃i} and {di} also interlace, and∫ c̃i

ci

wm(s) ds = 0.

This is a contradiction because both ci and c̃i lie in (di, di+1). There-
fore, if the set of {ci} exists, it must be unique.

However, given {di}, a set of {ci} does not always exist, as the
following examples show.
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Example 1. Let m = 1. Then (3.11) becomes

∫ 1

0

(s− d1) ds = 0,

and this yields the unique solution d1 = 1/2. So, if d1 is not taken as
1/2, then a c1 ∈ (0, 1] does not exist.

Example 2. Let m = 2, d1 = 1/5, d2 = 7/9. We readily check that
there exists a unique set {ci} with c1 = 7/15, c2 = 1.

Example 3. Let m = 3, d1 = 1/3, d2 = 1/2, d3 = 2/3. We can
check that a set {ci} does not exist.

This completes the proof of Theorem 2.2.

Case II: cm < 1. Using (3.7) and (3.9), we may write∫ ci

0

K(tn,i, tn + sh)eh(tn + sh) ds

= −hci

n−2∑
l=0

∫ 1

0

∂1K(·, tl + sh)eh(tl + sh) ds

−
∫ 1

0

K(tn,i, tn−1 + sh)eh(tn−1 + sh) ds

+

∫ cm

0

K(tn−1,m, tn−1 + sh)eh(tn−1 + sh) ds.

By (3.3) this becomes

m∑
j=1

∫ ci

0

K(tn,i, tn + sh)l̃j(s) dseh(tn,j)

(3.13)

= −hci

n−2∑
l=0

m∑
j=1

∫ 1

0

∂1K(·, tl + sh)l̃j(s) dseh(tl,j)
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−
m∑
j=1

∫ 1

0

K(tn,i, tn−1 + sh)l̃j(s) dseh(tn−1,j)

+

m∑
j=1

∫ cm

0

K(tn−1,m, tn−1 + sh)l̃j(s) dseh(tn−1,j) +R2
n,i,

where

R2
n,i = −hci

n−2∑
l=0

∫ 1

0

∂1K(·, tl + sh)

(
hmu(m)(tl)

m!

m∏
i=1

(s− di)

)
ds

−
∫ 1

0

K(tn,i, tn−1 + sh)

(
hmu(m)(tn−1)

m!

m∏
i=1

(s− di)

)
ds

+

∫ cm

0

K(tn−1,m, tn−1 + sh)

(
hmu(m)(tn−1)

m!

m∏
i=1

(s− di)

)
ds

−
∫ ci

0

K(tn,i, tn + sh)

(
hmu(m)(tn)

m!

m∏
i=1

(s− di)

)
ds+O(hm+1)

= −hmci

n−2∑
l=0

h∂1K(tn, tl)
u(m)(tl)

m!

∫ 1

0

m∏
i=1

(s− di) ds

− hmu(m)(tn−1)

m!
K(tn−1, tn−1)

∫ 1

0

m∏
i=1

(s− di) ds

+ hmu(m)(tn−1)

m!
K(tn−1, tn−1)

∫ cm

0

m∏
i=1

(s− di) ds

− hmu(m)(tn−1)

m!
K(tn−1, tn−1)

∫ ci

0

m∏
i=1

(s− di) ds+O(hm+1).

The terms involving hm vanish if, and only if,

(3.14)

∫ ci

0

m∏
j=1

(s− dj) ds+

∫ 1

cm

m∏
j=1

(s− dj) ds = 0 (i = 1, 2, . . . ,m).
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Set

lj(s) :=

m∑
k=1,k �=j

s− ck
cj − ck

, bT :=

(∫ 1

0

l1(s) ds, . . . ,

∫ 1

0

lm(s) ds

)
,

A := (aij)m×m, aij :=

∫ ci

0

lj(s) ds,

b̃T :=

(∫ 1

0

l̃1(s) ds, . . . ,

∫ 1

0

l̃m(s) ds

)
,

Ã := (ãij)m×m, ãij :=

∫ ci

0

l̃j(s) ds,

and e := (1, . . . , 1)T . If the di are mutually distinct, then there exists
an invertible matrix P = (pij)m×m, such that

l̃j(s) :=

m∑
k=1

pjklk(s).

Thus, since

ãij =

∫ ci

0

l̃j(s) ds =

m∑
k=1

∫ ci

0

pjklk(s) ds =

m∑
k=1

aikpjk,

b̃j =

∫ 1

0

l̃j(s) ds =

m∑
k=1

∫ 1

0

pjklk(s) ds =

m∑
k=1

pjkbk,

we obtain
Ã = APT , b̃ = Pb,

and hence

(3.15) b̃T Ã−1e = (Pb)T (APT )−1e = bTPT (PT )−1A−1e = bTA−1e.

If (3.14) holds, we can now state (3.13) in the form

(K(tn, tn) +O(h))

m∑
j=1

ãijeh(tn,j)

=

m∑
j=1

K(tn−1, tn−1)(ãmj − b̃j)eh(tn−1,j)

+ h

n−1∑
l=0

m∑
j=1

∫ 1

0

K̂n,i(·, tl + sh)l̃j(s) dseh(tl,j)

+O(hm+1),
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with the obvious meaning of K̂n,i. It then follows that

m∑
j=1

ãijeh(tn,j) =

m∑
j=1

(ãmj − b̃j)eh(tn−1,j)

+ h
n−1∑
l=0

m∑
j=1

∫ 1

0

K̃n,i(·, tl + sh)l̃j(s) dseh(tl,j)

+O(hm+1),

where the meaning of K̃n,i is again clear. Defining

En := (eh(tn,1), . . . , eh(tn,m))T ,

K̃n,l :=

(∫ 1

0

K̃n,i(·, tl + sh)l̃j(s) ds

)
m×m

,

we obtain

ÃEn = M̃1En−1 + h

n−1∑
l=0

K̃n,lEl +O(hm+1),

where M̃1 := eeTmÃ − eb̃T and em := (0, . . . , 0, 1)T ∈ Rm. The

invertibility of Ã implies that

En = Ã−1M̃1En−1 + h

n−1∑
l=0

Ã−1K̃n,lEl +O(hm+1).

The matrix M̃1 has rank one with the single non-zero eigenvalue∑m
i=1(ãmi − b̃i). Thus, the single non-zero eigenvalue of the matrix

Ã−1M̃1 is

λ = tr (Ã−1M̃1) =

m∑
i=1

(ãmi − b̃i)

m∑
j=1

w̃ij

=
m∑
i=1

m∑
j=1

ãmiw̃ij −
m∑
i=1

b̃i

m∑
j=1

w̃ij

= 1− b̃T Ã−1e = 1− bTA−1e

= R(∞) = (−1)m
m∏
i=1

1− ci
ci

,
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where the w̃ij are the entries of Ã−1, R(x) := 1+xbT (I −Ax)−1e, and
where we have used (3.15), Lemma 1 and Corollary of [2].

If n = 0, then we have, by (3.5),∫ ci

0

K(t0,i, t0 + sh)eh(t0 + sh) ds = 0,

and hence

m∑
j=1

ãijeh(t0,j) = −hmu(m)(0)

m!

∫ ci

0

m∏
i=1

(s− di) ds+O(hm+1).

This reveals that eh(t0 + dih) = O(hm+1) if, and only if

u(m)(0) = 0, or

∫ ci

0

m∏
j=1

(s− dj) ds = 0.

Motivated by [7], we take u(m)(0) = 0 (we will explain why we give
this restriction in subsection 4.1).

If 1 ≤ n ≤ N − 1, using the techniques of [5], we obtain that, under
the condition of (3.14) and u(m)(0) = 0:

• if −1 ≤ (−1)m
∏m

i=1[(1 − ci)/ci] < 1, then eh(tn+dih) = O(hm+1);

• if (−1)m
∏m

i=1[(1 − ci)/ci] = 1, then eh(tn + dih) = O(hm).

We now see that the condition in (3.14) is crucial to the superconver-
gence analysis.

4. Proofs of Theorems 2.3 and 2.4 (cm < 1).

4.1. Proof of Theorem 2.3. We now turn to the analysis of
the existence and uniqueness of sets {di} for prescribed {ci} with
cm < 1. Assume that (−1)m

∏m
i=1[(1− ci)/ci] �= 1. Then the desired

set of superconvergence points {di} is determined by the solution of the
algebraic equation

m∏
i=1

(s− di) =
1

m+ 1

d

ds

([
s− 1

1−∏m
i=1

−ci
1−ci

] m∏
i=1

(s− ci)

)
.
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This equation always possesses m real solutions di since the polynomial(
s− 1

1−∏m
i=1 −ci/(1− ci)

)
m∏
i=1

(s− ci)

possesses the m+ 1 real zeros(
1−

m∏
i=1

−ci
1− ci

)−1

, c1, . . . , cm.

Thus, for a given {ci}, a real set {di} exists. In general,∫ ci

0

wm(s) ds+

∫ 1

cm

wm(s) ds

=

∫ ci

0

m∏
j=1

(s− dj) ds+

∫ 1

cm

m∏
j=1

(s− dj) ds

=

∫ ci

0

(s− d1)(s− d2) · · · (s− dm)ds

+

∫ 1

cm

(s− d1)(s− d2) · · · (s− dm) ds

=

∫ ci

0

(sm − (d1 + · · ·+ dm)sm−1

+ (d1d2 + · · ·+ d1dm + · · ·+ dm−1dm)sm−2

+ · · ·+ (−1)md1d2 · · · dm) ds

+

∫ 1

cm

(sm − (d1 + · · ·+ dm)sm−1

+ (d1d2 + · · ·+ d1dm + · · ·+ dm−1dm)sm−2

+ · · ·+ (−1)md1d2 · · · dm) ds

=
1

m+ 1
cm+1
i − d1 + · · ·+ dm

m
cmi

+
d1d2 + · · ·+ d1dm + · · ·+ dm−1dm

m− 1
cm−1
i + · · ·

+ (−1)md1d2 · · · dmci +
1

m+ 1
− d1 + · · ·+ dm

m
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+
d1d2 + · · ·+ d1dm + · · ·+ dm−1dm

m− 1
+ · · ·

+ (−1)md1d2 · · · dm − 1

m+ 1
cm+1
m

+
d1 + · · ·+ dm

m
cmm − d1d2 + · · ·+ d1dm + · · ·+ dm−1dm

m− 1
cm−1
m

+ · · ·+ (−1)m+1d1d2 · · · dmcm.

The conditions in (3.14) are equivalent to

cm+1
i + 1− cm+1

m

m+ 1
− d1 + · · ·+ dm

m
(cmi + 1− cmm)

+
d1d2 + · · ·+ d1dm + · · ·+ dm−1dm

m− 1
(cm−1

i + 1− cm−1
m )

+ · · ·+ (−1)md1d2 · · · dm(ci + 1− cm) = 0 (i = 1, 2, . . . ,m),

and they can be expressed in the form

(4.1)

⎛⎜⎜⎝
cm1 + 1− cmm cm−1

1 + 1− cm−1
m · · · c1 + 1− cm

cm2 + 1− cmm cm−1
2 + 1− cm−1

m · · · c2 + 1− cm
...

...
...

1 1 · · · 1

⎞⎟⎟⎠

×

⎛⎜⎜⎜⎝
d1+···+dm

m

− d1d2+···+d1dm+···+dm−1dm

m−1

...
(−1)m+1d1d2 · · · dm

⎞⎟⎟⎟⎠ =

⎛⎜⎜⎜⎜⎝
cm+1
1 +1−cm+1

m

m+1
cm+1
2 +1−cm+1

m

m+1

...
1

m+1

⎞⎟⎟⎟⎟⎠ .

We see that the determinant of the coefficient matrix,

det

⎛⎜⎜⎝
cm1 + 1− cmm cm−1

1 + 1− cm−1
m · · · c1 + 1− cm

cm2 + 1− cmm cm−1
2 + 1− cm−1

m · · · c2 + 1− cm
...

...
...

1 1 · · · 1

⎞⎟⎟⎠

= det

⎛⎜⎜⎝
cm1 − cmm cm−1

1 − cm−1
m · · · c1 − cm

cm2 − cmm cm−1
2 − cm−1

m · · · c2 − cm
...

...
...

1 1 · · · 1

⎞⎟⎟⎠ ,
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can be zero for some ci. This implies that, in general, a desired set {di}
may not exist if (−1)m

∏m
i=1[(1− ci)/ci] = 1.

Remark. If, for n = 0, we take∫ ci

0

m∏
j=1

(s− dj) ds = 0

instead of u(m)(0) = 0, then by (3.14), the di have to satisfy the m+1
conditions∫ ci

0

m∏
j=1

(s− dj) ds = 0 (i = 1, 2, . . . ,m),

∫ 1

0

m∏
j=1

(s− dj) ds = 0,

and now (4.1) becomes⎛⎜⎜⎝
cm−1
1 cm−2

1 · · · 1
...

...
...

cm−1
m cm−2

m · · · 1
1 1 . . . 1

⎞⎟⎟⎠
⎛⎜⎜⎜⎝

d1+···+dm

m

− d1d2+···+d1dm+···+dm−1dm

m−1

...
(−1)m+1d1d2 · · · dm

⎞⎟⎟⎟⎠ =

⎛⎜⎜⎜⎝
cm1
m+1

...
cm2
m+1
1

m+1

⎞⎟⎟⎟⎠ .

This system of linear equations has no solutions, so {di} does not
exist. Therefore, in order for the superconvergence results to hold,
the restriction u(m)(0) = 0 is necessary.

Example 4. Let m = 1. Then (3.14) reduces to∫ 1

0

(s− d1) ds = 0,

implying that d1 = 1/2. So there exists a unique d1.

In the following, we give two examples showing that if (−1)m
∏m

i=1

[(1− ci)/ci] = 1, the set of {di} may not exist.

Example 5. Letm = 2, c1 = 1/3, c2 = 2/3. Then the corresponding
conditions (3.14) are∫ 1/3

0

(s− d1)(s− d2) ds+

∫ 1

2/3

(s− d1)(s− d2) ds = 0
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and ∫ 1

0

(s− d1)(s− d2) ds = 0.

Since they are equivalent to

20

81
− 1

3
(d1 + d2) +

2

3
d1d2 = 0

and
1

3
− 1

2
(d1 + d2) + d1d2 = 0,

we see that there are no solutions for the unknowns d1 and d2.

Example 6. When m = 2 and c1 = [(2−√
2)/4], c2 = [(2 +

√
2)/4]

(the zeros of the Chebyshev polynomial T2(2s−1)), the equations (3.14)
become∫ [2−√

2]/4

0

(s− d1)(s− d2) ds+

∫ 1

[2+
√
2]/4

(s− d1)(s− d2) ds = 0

and ∫ 1

0

(s− d1)(s− d2) ds = 0.

They are equivalent to

16− 7
√
2

48
− 2−√

2

4
(d1 + d2) +

2−√
2

2
d1d2 = 0

and
1

3
− 1

2
(d1 + d2) + d1d2 = 0.

This reveals that there are no solutions for the unknowns d1 and d2.

In the next two examples, we choose m = 3 and give the sets {di}
when {ci} is either the set of Gauss points or the set of the zeros of the
Chebyshev polynomial of the first kind.

Example 7. Let m = 3 and c1 = [(5 −√
15)/10], c2 = 1/2,

c3 = [(5 +
√
15)/10] (Gauss points). Then we easily verify that
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we obtain the (unique) solution d1 = [(10−√
30)/20], d2 = 1/2,

d3 = [(10 +
√
30)/20].

Example 8. If m = 3 and c1 = [(2−√
3)/4], c2 = 1/2, c3 =

[(2 +
√
3)/4] (the zeros of the Chebyshev polynomial of the first kind),

we have the solution d1 = [(4−√
6)/8], d2 = 1/2, d3 = [(4 +

√
6)/8].

The above examples show that, for a given {ci}, a set {di} may or
may not exist. This completes the proof of Theorem 2.3.

4.2. Proof of Theorem 2.4. Theorem 2.4 is concerned with the
existence and uniqueness of sets of collocation parameters {ci}, with
cm < 1, when the set {di} of superconvergence points Qh is prescribed.

We have already seen an example showing that the set of {ci} may
not exist. Here we add two examples to illustrate that, for a given {di},
there may be many sets {ci} of collocation parameters.

Example 9. Let m = 2 and d1 = (3 − √
3)/6, d2 = (3 +

√
3)/6

(Gauss points). Then the corresponding equations (3.14),∫ c1

0

(
s−

(
1

2
− 1

6

√
3

))(
s−

(
1

2
+

1

6

√
3

))
ds

+

∫ 1

c2

(
s−

(
1

2
− 1

6

√
3

))(
s−

(
1

2
+

1

6

√
3

))
ds = 0

and ∫ 1

0

(
s−

(
1

2
− 1

6

√
3

))(
s−

(
1

2
+

1

6

√
3

))
ds = 0,

yield many sets {ci}. We have, for example,

c1 =
2

3
, c2 =

1

12
(5 +

√
33),

and

c1 =
3

4
, c2 =

1

8
(3 +

√
13).
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Example 10. The result of Example 9 remains true for Gauss points
with m ≥ 3 Gauss points. Let Pm(s) := (1/m!)(dm/dsm)[(s2 − s)m]
be the shifted Legendre polynomial of degree m. Equation (3.14) then
becomes ∫ ci

0

Pm(s) ds+

∫ 1

cm

Pm(s)ds = 0 (i = 1, 2, . . . ,m),

or, equivalently,

(4.2)

∫ ci+1

ci

Pm(s) ds = 0 (i = 1, 2, . . . ,m− 1)

and

(4.3)

∫ 1

0

Pm(s) ds = 0.

The last condition (4.3) always holds. So we only need to look for {ci}
satisfying (4.2). Due to

(4.4) (4m+ 2)Pm(s) =
d

ds
(Pm+1(s)− Pm−1(s))

(see [7]), equation (4.2) is equivalent to

Pm+1(ci+1)−Pm−1(ci+1) = Pm+1(ci)−Pm−1(ci) (i = 1, 2, . . . ,m−1).

Let Qm+1(s) := Pm+1(s) − Pm−1(s). Then we need to investigate if
there exist m distinct points ci in (0, 1), such that the values Qm+1(ci)
are all the same. The derivative of Qm+1(s) is

Q′
m+1(s) = P ′

m+1(s)− P ′
m−1(s),

which, by (4.4), equals 0 if and only if Pm(s) = 0. Thus, the zeros
of Q′

m+1(s) are the m Gauss points; we will denote them by xi

(i = 1, 2, . . . ,m). It is well known that Bonnet’s recursion formula
for the shifted Legendre polynomials is

(m+ 1)Pm+1(s) = (2m+ 1)sPm(s)−mPm−1(s).
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Thus, at xi we have (m+1)Pm+1(xi) = −mPm−1(xi), and this implies
that

(m+ 1)[Pm+1(xi)− Pm−1(xi)] = −(2m+ 1)Pm−1(xi).

Since Pm(0) = (−1)m, it follows from the interlacing property of the
zeros of Pm and Pm+1 that the following results hold:

1. If m is odd, then

Qm+1(xi) = Pm+1(xi)− Pm−1(xi))

= −2m+ 1

m+ 1
Pm−1(xi)

{
< 0 if i is odd;

> 0 if i is even.

2. If m is even, then

Qm+1(xi) = Pm+1(xi)− Pm−1(xi)

= −2m+ 1

m+ 1
Pm−1(xi)

{
> 0 if i is odd;

< 0 if i is even.

Also, the identities

Qm+1(0) = Pm+1(0)− Pm−1(0) =

∫ 0

0

(4m+ 2)Pm(s) ds = 0

and

Qm+1(1) = Pm+1(1)− Pm−1(1)) =

∫ 1

0

(4m+ 2)Pm(s) ds = 0,

show that we must have Qm+1(0) = Qm+1(1) = 0. Therefore, Qm+1(s)
must assume the same value in at least m distinct points in (0, 1) (in
fact, we can find m+ 1 such points if m is odd).

Example 11. If {di} is given by the zeros of the Chebyshev
polynomial of the first kind, we will show that the set {ci} exists but
is not unique.

To do this, we first recall from (A) in the Appendix following Section 5
that a sufficient and necessary condition for∫ 1

0

cos[m arccos(2s− 1)] ds = 0
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is that m be odd; if m = 1, then d1 = 1/2, and thus superconvergence
occurs for any c1 ∈ (0, 1). We will therefore from now on assume that
m > 1 is odd.

In the following, we investigate the condition for∫ ci

0

cos[m arccos(2s− 1)] ds

+

∫ 1

cm

cos[m arccos(2s− 1)] ds = 0 (i = 1, 2, . . . ,m− 1)

to hold. By (C) of the Appendix, we have∫ ci

0

cos[m arccos(2s− 1)] ds+

∫ 1

cm

cos[m arccos(2s− 1)] ds

=
1

4(m+ 1)
{cos[(m+ 1) arccos(2ci − 1)]

− cos[(m+ 1) arccos(−1)]}
− 1

4(m− 1)
{cos[(m− 1) arccos(2ci − 1)]

− cos[(m− 1) arccos(−1)]}
+

1

4(m+ 1)
{cos[(m+ 1) arccos(1)]

− cos[(m+ 1) arccos(2cm − 1)]}
− 1

4(m− 1)
{cos[(m− 1) arccos(1)]

− cos[(m− 1) arccos(2cm − 1)]}
=

1

4(m+ 1)
{cos[(m+ 1) arccos(2ci − 1)]− 1}

− 1

4(m− 1)
{cos[(m− 1) arccos(2ci − 1)]− 1}

+
1

4(m+ 1)
{1− cos[(m+ 1) arccos(2cm − 1)]}

− 1

4(m− 1)
{1− cos[(m− 1) arccos(2cm − 1)]}

=
1

4(m+ 1)
{cos[(m+ 1) arccos(2ci − 1)]
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− cos[(m+ 1) arccos(2cm − 1)]}
− 1

4(m− 1)
{cos[(m− 1) arccos(2ci − 1)]

− cos[(m− 1) arccos(2cm − 1)]}.
Let xi := arccos(2ci − 1). Then the conditions∫ ci

0

cos[m arccos(2s− 1)] ds

+

∫ 1

cm

cos[m arccos(2s− 1)] ds = 0 (i = 1, 2, . . . ,m− 1)

are equivalent to

cos[(m+ 1)xi]− cos[(m+ 1)xm]

m+ 1
=
cos[(m− 1)xi]− cos[(m− 1)xm]

m− 1

(i = 1, 2, . . . ,m− 1). Rewriting this as

m cos[(m+ 1)xi]− cos[(m+ 1)xi]

−m cos[(m+ 1)xm] + cos[(m+ 1)xm]

= m cos[(m− 1)xi] + cos[(m− 1)xi]

−m cos[(m− 1)xm]− cos[(m− 1)xm]

(i = 1, 2, . . . ,m− 1), we derive the equivalent identities

m{cos[(m+ 1)xi]− cos[(m− 1)xi]}
− {cos[(m+ 1)xi] + cos[(m− 1)xi]}

= m{cos[(m+ 1)xm]− cos[(m− 1)xm]}
− {cos[(m+ 1)xm] + cos[(m− 1)xm]}

or

− 2m sin(mxi) sin(xi)− 2 cos(mxi) cos(xi)

= −2m sin(mxm) sin(xm)− 2 cos(mxm) cos(xm)

(i = 1, 2, . . . ,m− 1). The latter equations can also be written as

m sin(mxi) sin(xi) + cos(mxi) cos(xi)

= m sin(mxm) sin(xm) + cos(mxm) cos(xm)
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(i = 1, 2, . . . ,m− 1).

Set y(x) := m sin(mx) sin(x) + cos(mx) cos(x), x ∈ (0, π). Hence, we
need to investigate if there exist m distinct points xi ∈ (0, π) such that
all values y(xi) coincide.

It follows from

y′(x) = m2 cos(mx) sin(x) +m sin(mx) cos(x)

−m sin(mx) cos(x) − cos(mx) sin(x)

= (m2 − 1) cos(mx) sin(x)

that y′(x) = 0 if and only if cos(mx) sin(x) = 0. This is equivalent to
cos(mx) = 0, i.e.,

x =
kπ + (π/2)

m
, k = 0, 1, . . . ,m− 1.

At these points, we have

y(x) = m sin

(
kπ +

π

2

)
sin

(
kπ + (π/2)

m

)
+ cos

(
kπ +

π

2

)
cos

(
kπ + (π/2)

m

)
= m sin

(
kπ +

π

2

)
sin

(
kπ + (π/2)

m

)
= (−1)km sin

(
kπ + (π/2)

m

){
> 0 if k is even;

< 0 if k is odd.

It is easy to see that

y(0) = 1, y(π) = 1,

y′
(
kπ

m

)
= (−1)k(m2 − 1) sin

kπ

m

{
> 0 if k is even;

< 0 if k is odd.

Therefore, we can find (at least) m points xi ∈ (0, π) for which

m sin(mx1) sin(x1) + cos(mx1) cos(x1)

= m sin(mx2) sin(x2) + cos(mx2) cos(x2)

= · · · = m sin(mxm) sin(xm) + cos(mxm) cos(xm)

holds.

This proves Theorem 2.4.
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5. A conjecture. The sets {ci} of collocation parameters used in
Examples 5 8 are symmetric in (0, 1) and satisfy cm < 1. While unique
sets {di} of superconvergence parameters exist for m = 1 and m = 3,
there are no such sets when m = 2. This leads us to state the following
conjecture.

Conjecture 5.1. Assume that the collocation parameters {ci}, with
cm < 1, are symmetric in (0, 1) (that is, cm+1−i = 1−ci, i = 1, . . . ,m).
If m is even, then a set {di} of superconvergence does not exist.

If m = 2k is even, cm < 1, and the set {ci} is symmetric in (0, 1), then
for a given {ci}, we can transform the first k+1 rows of the coefficient
matrix of (4.1) into

⎛⎜⎜⎜⎜⎝
1 1 · · · 1

c1 − (1− c1) c21 − (1− c1)
2 · · · c2k1 − (1− c1)

2k

c2 − (1− c2) c22 − (1− c2)
2 · · · c2k2 − (1− c2)

2k

...
...

...
ck − (1− ck) c2k − (1− ck)

2 · · · c2kk − (1− ck)
2k

⎞⎟⎟⎟⎟⎠ ,

where we have set m = 2k. Taking k = 5 and applying the following
transformation

(i)

2ci − 1
(i ≥ 2) −→ (i)− (1)(i ≥ 2)

−→ (i)

ci(ci − 1)
(i ≥ 2) −→ (i)− (2)(i ≥ 3)

−→ (i)

c2i − ci − (c21 − c1)
(i ≥ 3) −→ (i)− (3)(i ≥ 4)

−→ (i)

c2i − ci − (c22 − c2)
(i ≥ 4) −→ (i)− (4)(i ≥ 5)

−→ (i)

c2i − ci − (c23 − c3)
(i ≥ 5) −→ (i)− (5)(i ≥ 6),
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where (i) denotes the ith line, we obtain

⎛⎜⎜⎝
1 1 1 1 1 1

2c1−1 c21−(1−c1)
2 c31−(1−c1)

3 c41−(1−c1)
4 c51−(1−c1)

5 c61−(1−c1)
6

2c2−1 c22−(1−c2)
2 c32−(1−c2)

3 c42−(1−c2)
4 c52−(1−c2)

5 c62−(1−c2)
6

2c3−1 c23−(1−c3)
2 c33−(1−c3)

3 c43−(1−c3)
4 c53−(1−c3)

5 c63−(1−c3)
6

2c4−1 c24−(1−c4)
2 c34−(1−c4)

3 c44−(1−c4)
4 c54−(1−c4)

5 c64−(1−c4)
6

2c5−1 c25−(1−c5)
2 c35−(1−c5)

3 c45−(1−c5)
4 c55−(1−c5)

5 c65−(1−c5)
6

1 1 1 1
c71−(1−c1)

7 c81−(1−c1)
8 c91−(1−c1)

9 c101 −(1−c1)
10

c72−(1−c2)
7 c82−(1−c2)

8 c92−(1−c2)
9 c102 −(1−c2)

10

c73−(1−c3)
7 c83−(1−c3)

8 c93−(1−c3)
9 c103 −(1−c3)

10

c74−(1−c4)
7 c84−(1−c4)

8 c94−(1−c4)
9 c104 −(1−c4)

10

c75−(1−c5)
7 c85−(1−c5)

8 c95−(1−c5)
9 c105 −(1−c5)

10

⎞⎟⎟⎠

−→

⎛⎜⎝
1 1 1 1 1 1 1 1
0 0 1 2 c21−c1+3 3c21−3c1+4 c41−2c31+7c21−6c1+5 2(2c41−4c31+7c21−5c1+3)

0 0 0 0 1 3 6−c2+c22−c1+c21 2(5−2c2+2c22−2c1+2c21)
0 0 0 0 0 0 1 4

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0
1

c61−3c51+13c41−21c31+25c21−15c1+7

15−2c32+c42−10c1+11c21−2c31+c41+c2(−10+c1−c21)+c22(11−c1+c21)

10−c3+c23−c2+c22−c1−c21
1

0

1
5c61−15c51+35c41−45c31+41c21−21c1+8

21−10c32+5c42−20c1+25c21−10c31+5c41−5c2(4−c1+c21)+5c22(5−c1+c21)

5(4−c3+c23−c2+c22−c1+c21)
5

0

⎞⎟⎟⎠ .

This reveals that, for m < 10, the set of superconvergence points {di}
does not exist. We conjecture that, for m = 2k points of ci, the first
k + 1 rows of the coefficient matrix can be transformed so that

⎛⎜⎜⎜⎜⎝
1 1 1 1 · · · 1 1
0 0 1 2 · · · ∗ ∗
...

...
...

0 0 0 0 · · · 1 k
0 0 0 0 · · · 0 0

⎞⎟⎟⎟⎟⎠ ,

and the set of {di} does not exist either.
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APPENDIX

As we have indicated at the beginning of Section 3.2, we now provide
the details of the proof that if {di} is given by the zeros of Tm(2s− 1),
the set {ci} being unique.

Since cm = 1, and by (3.11), Tm(s) = cos[m arccos(2s − 1)] has to
satisfy

∫ 1

0

cos[m arccos(2s− 1)] ds = 0.

(A) Sufficient and necessary conditions for
∫ 1

0
cos[m arccos(2s−1)] ds =

0.

(a) If m > 1, then

(A.1)

∫ 1

0

cos[m arccos(2s− 1)] ds =
1 + cos(mπ)

2− 2m2
,

so
∫ 1

0 cos[m arccos(2s − 1)] ds = 0 if and only if [(1 + cos(mπ))]/
(2− 2m2) = 0, which is equivalent to cos(mπ) = −1 ⇔ m is odd.

(b) If m = 1, then

∫ 1

0

cos[arccos(2s− 1)] ds = 0.

Therefore,
∫ 1

0
cos[m arccos(2s− 1)] ds = 0 if and only if m is odd.

(B) The zeros of the Chebyshev polynomials are

cos((kπ + (π/2))/m) + 1

2
(k = 0, 1, . . . ,m− 1).



388 HUI LIANG AND HERMANN BRUNNER

(C) Integrals of the Chebyshev polynomials:∫ β

α

cos[m arccos(2s− 1)] ds

=

∫ arccos(2β−1)

arccos(2α−1)

cos(mx)

(
− 1

2
sin(x)

)
dx

=
1

4(m+ 1)
{cos[(m+ 1) arccos(2β − 1)]

− cos[(m+ 1) arccos(2α− 1)]}
− 1

4(m− 1)
{cos[(m− 1) arccos(2β − 1)]

− cos[(m− 1) arccos(2α− 1)]}.

(D) The condition for
∫ ci
0 cos[m arccos(2s − 1)] ds = 0 (i = 1, 2, . . . ,

m − 1). In the following, we assume that m is odd and m > 1 (for
m = 1, cm = 1, the superconvergence occurs at 1/2 (the zero of the
Chebyshev polynomial of degree 1)). It follows from (C) that∫ ci

0

cos[m arccos(2s− 1)] ds

=
1

4(m+ 1)
{cos[(m+ 1) arccos(2ci − 1)]

− cos[(m+ 1) arccos(−1)]}
− 1

4(m− 1)
{cos[(m− 1) arccos(2ci − 1)]

− cos[(m− 1) arccos(−1)]}
=

1

4(m+ 1)
{cos[(m+ 1) arccos(2ci − 1)]− 1}

− 1

4(m− 1)
{cos[(m− 1) arccos(2ci − 1)]− 1}.

Let xi := arccos(2ci − 1). Then
∫ ci
0

cos[m arccos(2s − 1)] ds = 0
(i = 1, 2, . . . ,m− 1) is equivalent to

cos[(m+ 1)xi]− 1

m+ 1
=

cos[(m− 1)xi]− 1

m− 1
(i = 1, 2, . . . ,m− 1),
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i.e.,

m cos[(m+ 1)xi]− cos[(m+ 1)xi]−m+ 1

= m cos[(m− 1)xi] + cos[(m− 1)xi]−m− 1

(i = 1, 2, . . . ,m− 1),

which is equivalent to

m{cos[(m+ 1)xi]− cos[(m− 1)xi]}
− {cos[(m+ 1)xi] + cos[(m− 1)xi]}+ 2 = 0

(i = 1, 2, . . . ,m− 1),

or
−2m sin(mxi) sin(xi)− 2 cos(mxi) cos(xi) + 2 = 0

(i = 1, 2, . . . ,m− 1).

In other words, we have

m sin(mxi) sin(xi) + cos(mxi) cos(xi) = 1 (i = 1, 2, . . . ,m− 1).

Let y(s) := m sin(ms) sin(s)+cos(ms) cos(s)−1. Therefore, we need to
investigate if there exist m− 1 different zeros in (0, π). The derivative
of y(s) is

y′(s) = m2 cos(ms) sin(s) +m sin(ms) cos(s)

−m sin(ms) cos(s)− cos(ms) sin(s)

= (m2 − 1) cos(ms) sin(s).

So y′(s) = 0 if and only if cos(ms) sin(s) = 0, which is equivalent to
cos(ms) = 0, i.e.,

s =
kπ + (π/2)

m
(k = 0, 1, . . . ,m− 1).

At these points the function y assumes the values

y

(
kπ + (π/2)

m

)
= m sin

(
kπ + (π/2)

)
sin

(
kπ + (π/2)

m

)
+ cos

(
kπ +

π

2

)
cos

(
kπ + (π/2)

m

)
− 1

= m sin

(
kπ +

π

2

)
sin

(
kπ + (π/2)

m

)
− 1

= (−1)km sin

(
kπ + (π/2)

m

)
− 1.
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If k is odd, then y[(kπ + (π/2))/m] < 0. In order to investigate the
case of even k, we require the following lemma.

Lemma A.1. Let g(x) := sin((π/2)x) − x, 0 < x ≤ 1/3. Then
g(x) > 0.

Proof. The derivative of g(x) is

g′(x) =
π

2
cos

(
π

2
x

)
− 1,

the second derivative of g(x) is

g′′(x) = −
(
π

2

)2

sin

(
π

2
x

)
< 0.

Due to g′(1/3) = (
√
3π)/4 − 1 > 0, so g′(x) > 0. Moreover, g(0) = 0,

so g(x) > 0.

By Lemma A.1 we have, taking x = 1/m, sin[π/2]/m − (1/m) > 0,
so m sin[π/2]/m − 1 > 0. Since m sin[π/2]/m ≤ m sin[kπ + (π/2)]/m
(k = 1, . . . ,m− 1), so m sin[kπ + (π/2)]/m− 1 > 0, and

y

(
kπ + (π/2)

m
)

{
< 0 if k is odd,

> 0 if k is even.

It is clear that y(0) = y(π) = 0, and

y′
(
kπ

m

)
= (m2 − 1) cos

(
m
kπ

m

)
sin

(
kπ

m

)
= (m2 − 1) cos(kπ) sin

(
kπ

m

)
{
> 0 if k is even;

< 0 if k is odd.

Therefore, if {di} are chosen as the zeros of the Chebyshev polynomials
of the first kind, then there exists at least one set of {ci}.
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