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ABSTRACT. The method of local regularization has been
shown to be an effective tool for the reconstruction of solu-
tions of linear and nonlinear inverse problems, especially those
problems with special structure or for which non-smooth so-
lutions are expected. In the case of Volterra problems, the
method retains the causal structure of the original problem, in
contrast to classical regularization methods, and leads to very
fast sequential numerical algorithms to solve the inverse prob-
lem. Local regularization can be viewed as a generalization of
simplified (or Lavrentiev) regularization studied by Groetsch
and others, and as such can be applied to a wider variety of in-
verse problems; however, local regularization does not require
an a priori estimate of the solution’s initial value and, even
if this value is known, in numerical tests local regularization
frequently outperforms simplified regularization in the quality
of reconstructed solution.

In this paper, we study the application of local regulariza-
tion to the nonlinear Volterra problem of Hammerstein type.
We improve upon the results of Lamm and Dai [25], where
the localized approach led to a two-step solution method,
i.e., one regularized linear step followed by one fully nonlin-
ear step. Here we instead take advantage of the local nature
of the method in order to simultaneously implement regular-
ization while providing for an effective linearization strategy.
The resulting method requires solving a nonlinear equation at
one point only, for the initial value of the unknown solution.
Thereafter the solution is reconstructed in a fast, sequential,
and fully linear manner.

We present convergence results for this new method, dis-
cuss its numerical implementation and illustrate its use with
numerical examples in which we compare the results of local
regularization with another method well-suited for Volterra
problems, the method of simplified (or Lavrentiev) regular-
ization. In addition, we show how a modified discrepancy
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principle, similar to that studied by Groetsch and others for
the method of simplified regularization, may be used to make
an effective a posteriori parameter selection.

1. Introduction. In this paper, we consider the problem of solving
a nonlinear Volterra equation of Hammerstein type,

(L1) / K(t, $)g(s,u(s)) ds = £(t), ¢ € [0,1],

for w € C0, 1], given suitable continuous data f. For the moment, we
let the kernel k satisfy k € C(]0,1]?) and assume that the nonlinear
function g : [0,1] x R — R is continuous; further assumptions on k and
g are made precise below.

Hammerstein equations of Volterra type appear in many applications,
e.g., in chemical absorption kinetics and in models of epidemics ([1,
15]). In most practical situations, the equation is ill-posed and in
need of stabilization when inexact data f° is used in place of “ideal”
data f. Unfortunately, working with perturbed or “noisy” data is
unavoidable due to modeling or measurement error, round-off error,
etc. We henceforth let 0 € X|0,1], where X[0,1] is either C[0, 1] or
Lr(0,1) for 1 < p < oo, and we make the standing assumption that

(12) Hf B féHX[O,l] =9

for some fixed § > 0.

Before considering how to handle noisy data f?, we first give con-
ditions on k and g which guarantee that equation (1.1) has a unique
solution @ given “true” data f.

1.1. Solvability of equation (1.1). Inherent in the structure of the
Hammerstein integral equation (1.1) is the property that the governing
nonlinear operator may be viewed as the composition of a linear integral
operator K with a nonlinear operator G. Here K € L£(C|0,1]) is the
Volterra integral operator given by

Ku(t) = /Ot k(t,s)v(s) ds, te]0,1], ve C[0,1],
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while G : C[0,1] — C]0,1] is the Niemytski operator induced by g,
(1.3) Gu(t) = g(t,u(t)), te][0,1], we C0,1].

In terms of these operators, equation (1.1) may then be written as
(1.4) KGu=f.

For the (inner) nonlinear problem in (1.4), namely,

Solve
(1.5) Gu=wv
for u € C[0,1], given v € C[0, 1],

well-posedness of this problem is found under classical assumptions on
g (see, e.g., [5, 9]). These conditions are given in (g1) and (g2) below,
while condition (g2’) will be of use in later sections.

Proposition 1.1. Let g € C([0,1] x R) satisfy

(g1) lim,, o g(t,z) = 00 and lim,, o g(t,z) = —oo for all t €
[0,1],

(82) (g9(t,z) —g(t,¥)(x—y) >0, for allt € [0,1],z,y € R, z # y.

Then there exists a unique operator P which is continuous from C10,1]

onto C[0,1] for which
(1.6) PGu=GPu=u

for all w € C[0,1], where G is defined in (1.3). Further, if g satisfies
both (g1) and the strong monotonicity condition (g2'),

(82') (9(t,2) —g(t,y))(x —y) > clz —y|?, for allt €[0,1], z,y € R,
for some ¢ > 0,

then the operator P : C[0,1] — C0,1] defined in (1.6) is uniformly
continuous.

In contrast to the well-posedness of the inner nonlinear problem (1.5)
is the ill-posedness of the (outer) linear problem associated with the
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composition in (1.4). Indeed, for kernels k of practical interest, this
linear problem,

Solve
(1.7) Kv=f
for v € C[0,1], given f € Range (K) C C[0,1],

is ill-posed due to lack of continuous dependence of solutions v on data
f. Among the kernels associated with ill-posedness are those most
commonly found in the mathematical literature for first-kind linear
Volterra equations, namely kernels k € C''([0, 1]?) for which k(¢,t) # 0,
t € [0,1]. A kernel of this kind is sometimes called one-smoothing
because for f € Range(K) C C'(0,1], a single differentiation of
equation (1.7) with respect to t leads to the well-posed second-kind
equation

t
k(t, t)v(t) + %(t, s)v(s)ds = f'(t), te€]0,1],
0

for which there is a unique solution v which depends continuously on
f e C([0,1]) (ct., [5, 16, 22]). Because v is the unique solution of the
first-kind equation (1.7), it is clear that one-smoothing kernels yield
injective operators K; however the solution of (1.7) is not stable under
perturbations in f in the C[0, 1] norm, rather, it is only stable in the
(unnatural) C' norm.

Our theory below applies not only to these one-smoothing kernels,
but also to so-called v-smoothing kernels (for v > 2) in the case where
the kernel is of convolution type. By increasing v, the degree of insta-
bility of the original linear problem (1.7) is increased, thus allowing for
a more severely ill-posed Hammerstein problem (1.1) than one would
have under the standard one-smoothing kernel assumption. We note
that while v-smoothing kernels may also be defined for v > 2 in the
nonconvolution case, it is not known whether the v-smoothing non-
convolution operator (al + K)~! satisfies a needed growth condition as
a — 0; this condition does hold for both one-smoothing nonconvolution
kernels and general v-smoothing convolution kernels (see Lemma 3.1
below).

The following definition describes the wide class of kernels to which
the theory developed in this paper applies.
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Definition 1.1. For the purposes of this paper, we will say that the
kernel k is v-smoothing and the associated operator K is a v-smoothing
operator, v = 1,2, ..., if k satisfies one of the following conditions:

o If v = 1, then k = k(t, s) satisfies k € C1([0,1]?) with k(¢,t) # 0,
t€0,1].

o If v = 2,3,..., then there exists a k € C”([0,1]) for which
k(t,s) = k(t —s) for all 0 < s < ¢ < 1, where & satisfies

d’x dv-1p
W(O):O, ZZO,].,...,I/—2, and W(O)#O

Without loss of generality we may assume that equation (1.1) has been
rescaled so that k(t,t) = 1, t € [0,1], in the case of v = 1, and
d(”_l)fc/dt(”_l)(O) =1forv>2.

Henceforth we assume that the kernel k in (1.1) is v-smoothing for
some integer v > 1. Combining the last proposition with well-known
results on ill-posedness of linear Volterra equations (see, e.g., [16,
Chapter 5], [22]), we have the following.

Proposition 1.2. If k is a v-smoothing kernel for v > 1 and
g € C([0,1] x R) satisfies (g1) and (g2), then for any f € Range (K)
there exists a unique solution u of (1.1); however the equation is
ill-posed due to a lack of continuous dependence of solutions u on
data f € C0,1].

2. Background. It is worth making brief note of some features of
the ill-posed linear Volterra problem (1.7) in order to better understand
the regularization method proposed in this paper for the stable solution
of (1.1); these same features carry over to the nonlinear problem.

e The linear Volterra problem (1.7) is causal or non-anticipatory in
the sense that, given some ¢ € (0, 1), the value of f on the interval [0, ¢]
depends only on the value of v on [0,¢]. Thus Volterra problems evolve
in a time-like manner and it is natural that solution methods for such
problems be sequential in nature [22].

e Again for some t € (0, 1), the value of v at t impacts Kv(1) = f(7)
for 7 € (¢,1] (provided the kernel k remains nonzero), so that useful
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information about v(t) can be expected to be found in “future” values
of the data f. However, it is also the case that f(7), T € (¢, 1], contains
information about v(s) for s € (¢, 7], so that the usefulness of f(7) in the
reconstruction of v(t) decreases as T increases. So although a Volterra
problem is naturally solved in a sequential manner (determining v(¢)
solely from f(t) and previously determined values of v on [0,t)), when
the data is imperfect—or when computations are subject to error—the
reconstruction v(t) can be improved by using a small amount of future
data, say, f(7) for 7 € (¢,¢ + p|, where p > 0 is small.

e For t € (0,1) but ¢ near 1, the interval (¢,t+ p] of available “future”
data f is shrinking, with p — 0 ast — 1. As a result, reconstructions of
solutions with even classical regularization methods tend to deteriorate
near the end of the interval [0,1] due to the loss of useful future data.
This is an inherent feature of the Volterra problem itself and is not
related to any particular regularization or solution method.

From the above discussion, it is clear that one can only realistically
expect to accurately reconstruct the solution v of (1.7) on [0,1 — p)
for p > 0 small, or else require data on a slightly extended interval in
order to estimate v on all of [0,1]. We will take the latter approach in
this paper and assume that a small amount of data is available on the
interval [0,1 + @], for some fixed @ > 0 small. So we must assume that
the original equation (1.1) (equivalently (1.4)) holds on this extended
interval as well, with definitions of K, G, f°, and @ carried over to
this interval, and that the standing assumption (1.2) on data error now
becomes

(2.1) |£- 7| <5

X[0,1+a] —

for § > 0.

2.1. Existing regularization methods for the solution of
(1.1). Before discussing regularization methods which work directly
on the full nonlinear Hammerstein problem (1.1), we first examine
two-step approaches which exploit the linear-nonlinear decomposition
in equation (1.4). Any viable regularization method for the stable
solution of the (outer) linear problem (1.7) may be used as the first step
in a two-step process of solving (1.1); such methods include classical
regularization methods due to Tikhonov-Phillips, Landweber, etc. [10,
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17]. In the second step of this process, the nonlinear problem (1.5) is
solved, a step which could require considerable computational resources
despite its well-posedness.

In regularizing the linear Volterra problem (1.7), it is well-known that
methods such as Tikhonov regularization and other classical methods
based on defined functions of K*K, for K* the Hilbert-adjoint of K,
are inefficient because the causal nature of the Volterra problem is not
preserved [22] (i.e., the adjoint K* is an anticipatory operator, while
the Volterra operator K is non-anticipatory). So we limit our discussion
here to two regularization methods, namely, the methods of simplified
(or Lavrentiev) regularization and local regularization, for which it is
well-known that with either, the causal nature of the original Volterra
problem is preserved [22].

Simplified regularization has been studied by Groetsch and numerous
other authors, although not necessarily in the context of the Volterra
problem (see, e.g., [13, 18, 19, 30, 34]). For (1.7) in the case of noisy
data f?, the method takes the form of

(2.2) av+ Kv = f°,

where a > 0 is a regularization parameter. Note however that equation
(2.2) imposes the unlikely condition v(0) = f°(0)/a (for example,
consider the case of fo = f), so the following variation of (2.2) is
often used instead, namely,

(2.3) a(v —5(0)) + Kv = f°.

Here the value of 7(0) must be known a priori, where 7 is used to denote
the “true” solution of (1.7). Despite the necessity of this additional
information, it is clear from (2.3) that simplified regularization retains
the causal structure of the original Volterra problem. In general,
the theoretical analysis of the method is limited to only specialized
operators K, for example, to self-adjoint (not applicable in the case of
Volterra operators) or monotone K. Janno has shown that the linear
Volterra operator K is monotone provided K is both one-smoothing
and of convolution type, so the theory of simplified regularization does
apply in this case (see [19, Lemma 3]). It is not known however whether
the method is valid for Volterra problems with the more general v-
smoothing operators K.
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An alternative to simplified regularization is the method of local
reqularization by which a small amount of future data is used to
reconstruct the solution v of (1.7) at any given value of ¢t € [0,1];
the future data is then consolidated or averaged in a way which allows
the equation for local regularization to retain a Volterra structure.

We briefly describe here the method of local regularization in the
context of the linear problem (1.7), as the method we develop in
Section 3 for the full Hammerstein problem is built upon this structure.
The idea is that for each a € (0, @], we obtain a small amount of future
information from equation (1.7) by advancing the equation from ¢ to
t + p, for p € [0, o], which gives (after splitting the integral),

t+p t
(2.4) /t k(t+ p,s)v(s)ds + /0 k(t+ p,s)v(s)ds = f(t+ p),

for ¢ € [0,1]. In order to consolidate information on the future interval
[t,t+ p], we integrate both sides of (2.4) with respect to a signed Borel
measure 7, = 74 (p), where n,, satisfies conditions to be detailed shortly.
(The Lebesgue measure could be used for now, as it satisfies these
conditions for small v.) After simplification, the equation takes the
form of

(2.5) /Oa /Opk(t +p,t+5)v(t + 5) ds dna(p)
+/0/0 k(t+p, s) dna(p) v(s) ds
:/0 f(t+p)dnalp), tel0,1],

an equation which is still ill-posed and is satisfied by the “true” solution
of (1.7), provided the “true” data f is used in (2.5).

To handle the situation where f in (2.5) is replaced by noisy data
f?, stability is added to the equation by (temporarily) imposing on the
first term of (2.5) the rigidity condition v(t + s) = v(¢), for s in the
small interval [0, &]. The condition is only heuristically imposed for all
values of t € [0, 1]; by this we mean that the rigidity condition actually
need never hold precisely but, rather, gives rise to a new equation,

(26) bav + KOCU = f:;
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where for ¢ € [0, 1],

(2.7) ba(t) = /Oa /Opk(t+p,t+s) ds dno(p),
(2.8) HOEY| "+ p) dna(p),

and K, is a Volterra operator given by

t

(2.9) Kav(t) = / ko(t, s)v(s)ds, v e C[0,1],
0

with kernel

(2.10) ko(t,s) := / E(t+ p,s)dna(p), 0<s<t<1.
0

In fact we can simplify (2.6) further by noting that if the kernel k is of
convolution type, then K, is also of convolution type and the quantity
b is independent of t. This latter fact is approximately true in the
one-smoothing nonconvolution case because k(t + p,t+s) =~ k(t,t) =1
for all t € [0,1] and p, s small. That is, in this case,

ba%/ P dna(p)-
0

Using these observations, we modify (2.6) to obtain the classical local
regularization equation,

(2.11) aav + Kov = f,

where the scalar a,, depends on « and v via

/ pdna(p) ifv=1,
0

(2.12) a=14"% .,
| [ sto=sydsdnae), itv>1,
0 0

where k is given in Definition 1.1.
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The linear theory of local regularization is well-developed [2, 3, 6,
20-28, 31]. For suitably defined measures 7, and all o > 0 sufficiently
small, it is known that the coefficient a, is positive for v = 1,2,...,
and thus the local regularization equation (2.11) is a well-posed second-
kind Volterra equation with unique solution v$ € C[0,1], where v’
depends continuously on the data f° € X[0,1]. Further, if we make
an appropriate selection of @ = «(d) as § — 0, we have the usual

regularized convergence result that v$ — ¥ in C[0,1] as § — 0.

2.2. Implementation of existing methods for the solution of
(1.1). In practice either simplified regularization or local regularization
may be used to first solve the (outer) ill-posed linear Volterra problem
(1.7) to obtain a stable reconstruction of v; in the second step we
must apply nonlinear solution techniques in order to determine an
estimate u for the solution of the nonlinear problem (1.5). Theoretical
results for a two-step process based on simplified regularization are, as
expected, limited to specialized operators K, while the analysis of the
approach based on local regularization may be found in [25] for general
v-smoothing convolution operators K and continuous data f9.

Alternatively, simplified regularization can be very easily applied
directly to the full nonlinear Hammerstein problem (1.4) (equivalently,
(1.1)) in the case of noisy data f°. That is, if w(0) is known, the
regularization equation becomes

(2.13) a(u —a(0)) + KGu = f°,

which may be used to solve the Hammerstein problem in a single step
instead of two. The method still preserves the causal nature of the
original problem and leads naturally to a sequential solution method
since the solution u, of (2.13) may be found via
(2.14)

ug,(0) = a(0),

1

W) =70+ 2770 ¢ [ ksl ds, te(0.1)

Il
g

where the integral in the final term of (2.14) can be evaluated without
using the value of ud at t. So in (2.14), the value of the function
u® at t is computed directly from its values on [0,t) and the method
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of simplified regularization for the nonlinear Hammerstein problem
becomes a sequential, fully-linear solution method.

Similarly, a direct application of local regularization directly to the
full nonlinear Hammerstein problem can be written, in the case of noisy
data,

(2.15) aaGu + K Gu = f2,

which also leads to a sequential method because the solution ul, of
(2.15) may be found from
(2.16)

00 (0) = =120 = o= [ Ralt(sale) ds e (0.1)

where again the last integral in (2.16) is evaluated without using the
value of u® at t. However, in contrast to simplified regularization, one
must still solve a nonlinear problem at every step to recover the value
of ul (t) from g(t,ud (t)).

The purpose of this paper is to remedy this situation for the method
of local regularization, making modifications which lead to a fully linear
solution method for ul,(¢), ¢t € (0,1], such as occurs for the method of
simplified regularization. In the next section, we derive the modified
method and develop an associated convergence theory. Finally, in
Section 4, we show by example how our new method is capable of
outperforming the method of simplified regularization.

3. Local regularization for the full Hammerstein problem.
The needed modification of (2.15) is based on the simple observation
that the (small) regularization interval on which the method is based
is also a good place to facilitate a linearization of any nonlinear terms,
in this case, the nonlinear Gu in the first term of (2.15).

To this end, let 7, € C[0,1] be given satisfying
(3.1) 0 < 74(t) < min{t,a}, te]0,1].
Then we seek u‘; satisfying the new local regularization equation,

(3.2) aaGru+ KoGu = f2
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where for w € C[0,1] and ¢ € [0, 1],
(3.3)
Grow(t) = g(t, w(t —7a(t))) + ga (8, w(t — 7a (b)) [w(t) — w(t — 7a(t))].

If 7, =0, then (3.2) reduces to (2.15). Otherwise, if 7, (¢) > 0 for all
t € (0,1], then equation (3.2) is the same as (2.15) at the point ¢ = 0
only and u (0) is the solution of the nonlinear equation

(3.4) 0,u0) = - | " £ (0) dnalp).

Once 4% (0) has been determined, u’(t) can be found for ¢ € (0,1]
directly from u (s), s € [0,t), via
)
9z (£, ud (t=7a(t)))
1

S ety L, S )
 agel(t, uil(t—ra(t))) [/Ot kal(t,s) 9(5,u(5)) ds].

(Based on (g2') and (3.14) below, equations (3.4)—(3.5) are well-
defined.) As before, the integral in the final term of (3.5) can be
evaluated without using the value of u’, at ¢, so the local regularization
method associated with equation (3.2) is a linear, sequential regulariza-
tion method for all ¢ > 0. See Section 4 for more discussion regarding
implementation of this method.

ug () = ug (t — 7a(t))

Note that we deliberately did not require the size of the linearization
interval to be the same as the size of the regularization interval;
indeed, although one may need to increase the size of the regularization
parameter o when the noise level ¢ is large, this should generally not
affect (in a significant way) the interval associated with linearization.

Remark 3.1. It is worth noting that while equation (2.15) is a second-
kind nonlinear equation of Volterra type, the new equation (3.2) with
Ta(t) > 0, t € (0,1], is a functional integral equation, or a delay integral
equation with discrete finite delays.
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In the remainder of this section we investigate the well-posedness of
equation (3.2) and perform a convergence analysis appropriate for the
regularization method.

3.1. Theoretical analysis. The following definitions will be needed
in this section.

For any fixed ¢ > 0, we define a modulus of continuity for uw €
Clo,1+al,
(36) ,LL(E,E) = max{|ﬂ(t) B H(5)| A NS [05 1+ a]a |t o 5| < 6}7

where u(e,u) — 0 as e — 0. We can obtain more specific results when
u satisfies additional smoothness assumptions, so we also consider the
possibility of u satisfying the Holder condition

(3.7) [a(t) —u(s)| < Lelt — s|°,
for 0 <€ <1,L¢ >0,and all t,s € [0,1+ @l
We define the interval J as follows:
(3.8) J DO {u(t):te0,1+al}, J open,

and use the notation C([0,1] x J) to denote the space of bounded
continuous functions on [0,1] X J with norm denoted by || - || ,

[hlly:= sup  |h(t,z)] < oo, heC([0,1] x J).
(t,x)€[0,1]x J

As usual, h € C([0,1] x J) if h is differentiable and h, hy, h, €
C([0,1] x J).

Definition 3.1. We call {4 }ac(o,a] @ local-reqularizing family of
measures for problem (1.4) provided that, for a € (0,a], each 7, is
a signed Borel measure on [0, @], normalized such that 7,([0, ¢]) = 1,
and the family {74 }ae(0,5) satisfies the following conditions:

(Al) For each j =0,1,...,v,

(3.9) /Oa PPdna(p) = & (c; + O()) for all a € (0,al,
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where the constants cg,cy,...,¢, € R and ¢, # 0 are such that the
roots of the polynomial p, (z), defined by

Gy Gl 1, 4 S
(3-10) (@) =+ T T

have negative real part.
(A2) There exists C' > 0 such that

| 1) il () < € el foralla e (0.3,
0

for all h € X[0,a]. Here |n,| denotes the total variation of the measure
Na-

Remark 3.2. Standard classes of measures used in local regularization
satisfy both assumptions (Al) and (A2) [24]. While condition (Al) is
not used explicitly in this paper, it is needed for essential results (e.g.,
Lemma 3.1 below) upon which this paper relies. Condition (A2) implies
that f2 € C[0,1] when f° € X[0,1+a], for f2 defined in (2.8). Indeed,
this follows from (A2) and from continuity of translations on X0, 14+@].
Further, if f, is defined as expected from f, i.e.,

(3.11) fult) = / ") dnao), te [0,1],

|

Theorem 3.1 is the main well-posedness/approximation result associ-
ated with equation (3.2).

then
fa - fi

géHfff‘;H < Cs.

X[0,14a]

Theorem 3.1. Let u denote the solution of (1.1) with “true”’ data
f € C[0,1+@] and where g € C1([0,1+@] x J) satisfies (g1) and (g2').
For equation (3.2), assume that f° € X[0,1+a] satisfies (2.1) and that
{na} is a local-regularizing family of measures. Then for @ sufficiently
small the following are true.
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(1) If § ~ a” N e, @), where
(3.12) AMa, @) == max{a, p(e, )},

then for every a € (0,@] there exists a unique solution u‘;((;) €

C([0,1];J) of (3.2) for which

[ug sy — @l = O(A(a(6),w)) — 0 as & —0.

(1) If, in addition, U satisfies the Hélder condition (3.7) with Hélder
exponent £, and if o = «(d) is selected satisfying a(8) ~ Y/ +0) qs
6 — 0, then

Hu‘;((;) -7l = (’)(65/(”+5)) —0 as d—0.

(2) The mapping f° € {h € X[0,1+a] | |h— f|| < 6} = u €
C([0,1]; J) is continuous for each a € (0,@].

Before proving Theorem 3.1, we state two lemmas which facilitate
the arguments in the proof. The first lemma contains known results
regarding the quantities K, and a,, defined in (2.9) and (2.12), respec-
tively.

Lemma 3.1 [23, 24, 31]. Let {Na}ac(0a), be a local-regularizing
family of measures. Then there exists a constant C for which

(3.13) Ikl oo, < Co” ™t

for every a € (0,@]. Further, if @ > 0 is sufficiently small, there are
constants 0 < C1 < Cy such that

(3.14) Cia” < aq, < Cra”, a€(0,a],
and constants C > 0 and M > 0 such that if k satisfies |k*)||co < C

then (ao I +K,)~' : C[0,1] — C[0,1] is a bounded linear operator, with
operator norm satisfying
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_M

3.15 H o+ K, *1H ,
(3.15) (el +Ka) L oo < @

for all o € (0,@].
In this second lemma, we establish some useful technical estimates.

Lemma 3.2. Let g satisfy the assumptions of Theorem 3.1, and let
A € [0,@] be fized. Let v,w € M,, where for some z € C[0,1+ A] and
c, >0,

M, :={uec C([0,1];J) | |Gu— Gz| < c.}.

If s4(+) and ro(+) satisfy

0 < 54(t), T(t) <min{t,a}, t€[0,1+A4A]

then

(3.16) lv— 2| < =,
C

(3.17)

lg(,v(=sa)=g(w(=5a)) = ga (-, w(-=7a)) (v(- = 50) —w(-=5a))

< (2 4 2u(0,2)) ol = ) = - = )

and thus

(3.18)
lg(,v(- = sa)) =9 w(- = 5a)) = ga (-, w(- = 7)) (v(- = 50) —w(- = 5a))l

ome, [ 4c,
< 2 (% 4 o).
c

c

Proof. Using (g2') we have ||v — z|| < 1/¢||Gv — Gz||, from which
(3.16) follows.
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Let t € [0,1 + A], and let s = s4(t) and r = r(t). Then using the
assumed regularity of g,

l9(t,v(t = 5)) — g(t,w(t — 5)) — go(t,w(t — 7)) (v(t — 5) — w(t - 5))|
= |gz(t7¢(t7 5, w)) - gz(taw(t - T‘))| "U(t - 3) - ’LU(t - 3)|7
for min{v(t — s),w(t — s)} < P(t, s,v,w) < max{v(t — s),w(t —s)}, so
|¢(t’ 5,0, U)) - w(t - r)|

< |o(t, s,v,w) — w(t — s)| + |w(t — s) — z(t — s)]
+[2(t = s) = 2(t)| + [2(t) — 2(t = )|+ [2(t — ) —w(t —7)]

2c,
< |v(t—s)—w(t—s)|+ —~ +2u(a, 2)
e,
< % + 2u(a, 2).

Thus

lg(so(- = 8)) = g(- w(- = 8)) = g (s w(- = 7)) (v(- = ) —w(- = 3))]]

<mf¢(ss,0,w) —w(- —r)[lv(- = s) —w(- = s)]|

m( 2 4 2u,2) ) ot - ) = w9l

IN

proving (3.17). The inequality in (3.18) then follows from (3.16). O

We now return to the proof of Theorem 3.1.

Proof of Theorem 3.1. Let a € (0,a@] be fixed. Applying the
same arguments that we used to derive equation (2.5) to the full
Hammerstein equation (1.1), we obtain the nonlinear analog of (2.5),
an equation still satisfied by w,

(3.19) /Da /Opk(t+p,t+s)g(t+s,u(t+s))dsd77a(p)
<[ " k(t4p, ) dna(p) 9(s, u(s)) ds
Z/Oaf(Hp)dna(p),
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for ¢ € [0,1]. That is,
(3.20) a,Gu + K,Gu = fy + (a,Gu — D, Gu) ,

where f, is given by (3.11) and D, : C[0,1 + a] — C0,1] is defined,
for v € C[0,1 + @], by

D,v(t) := /Oa /OP E(t+ p,t+s)v(t+ s)dsdna(p), te€][0,1].

But ?, satisfies (3.2), rewritten here as

(3.21) aaGu + K Gu = f2 + a, [Gu — G, u],

so subtracting equation (3.20) from equation (3.21), ud, also solves
(3.22) (aal + Ko) [Gu — GU] = F2 + ao [Gu — G,_u],

where F? is given by

(3.23) FS:=f) — fo + [DaGT — a,GT).

Therefore u’, satisfies

(3.24) u= Hyu,

for H, : C([0,1]; J) — C[0,1] defined for w € C([0, 1]; J) via

(3.25)  How:=P |(anl + Kq) " (F2 + aoGw — aqGrow) + Gﬂ} ,

where P was defined in Proposition 1.1.

Proof of (1). For @ > 0 sufficiently small, there is a y > 0 satisfying
(3.26) § < ya¥Ma,u)
for all o € (0,@]. Let

Cy 20C e
6= M |14 2llgell;+ 5+ 5 (lgells +llgell)+ 55 Ikllor gl |-
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Then, making use of (3.8) and the fact that A(a,7) — 0 as & — 0, it
follows that for @ > 0 sufficiently small and all « € (0, @] we have

0
(3.27) {y €eR | max |a(t) —y| < = )\(a,ﬂ)} C J,
te[0,1] [¢
AMm u) (4
(3.28) M (Te + 2) <1,
c ¢

and, for some fixed d € (0,1),

(3.209) M [2m <M + 2>\(a,ﬂ)> +llgell, zegax(a,m] <d

c _

Henceforth, we fix this value of @. In what follows we also make use of
the bounds (3.16)—(3.18) from Lemma 3.2, using the parameter values

c: = O\, @), A =0, z =@, and M, = M (defined below) in that
lemma.

The verification of (1) comes from showing that for all a € (0,@], the
mapping H, is a contraction on the set

M? = {u e o([o,1]; J) ‘ HGu - GEH < GA(a,H)} .

Let a € (0, @] be arbitrary. The proof of the desired result is in three
parts.

Part 1. MY C C0,1] is closed, nonempty.

Let u; € MY satisfy u; — u € C[0,1]. Then Gu; — Gu and thus
|IGu — Gu|| < OA(a,w). It follows from (3.16) that ||u(t) — w(?)| <
OX(a,w)/¢ for all t € [0,1]. Thus u(t) € J, for all t € [0,1], and
u € M. In addition, w € M so M? is not empty.

Part 2. Hyu € M?, for all u € MY.

From the definitions of F and H,u in (3.23) and (3.25), respectively,
we have

IGHu — Gu|| < aM |aaGu — aaGr,u + Fg“

(3.30) 6
<MD T,
=1
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where
Ty = ||Gu() = Gu(*) = gu(+ ul- — 7a(4))) [u(:) — ()]
T = ||Gu(-) — g(-,u(- — 7a ()|l

Ts := |lg(,u(- — 7a())) — g (- ul- = 7a(+)))

9o (5 u(- — 7a(-))) [U(- — 7a(-)) —u(- = 7a())]|
Ty := [|ga (s ul- = 7a("))) [@(- = 7a(:)) — @)l
p o I8 1]

1
Ty = — | DaGu() - aaGu(’) |

Estimates on T; and T3 follow from (3.18) and (3.28),
2m O (o, ) <49)\(a,ﬂ)

T; < —
c

+2)\(o¢,ﬂ)> < ’\(O;’ D fori—13
C

while estimates of 75 and 7, are straightforward,
T; < ||gelly Me, @), fori=2,4.
Using Lemma 3.1 and (3.26),

_ 1 5 C's 07
n= L sl &5 < Do
Finally,
Te <Ts1 + T2,
where
(-+p,-+5)
[g(- + s,a(- +5)) — g(-,u("))] ds dna(p)ll s
< C’la” /k('+Pa'+3)[g('+3a5('+3))—g(wﬂ('))] ds||d|na|(p)
v—1
< Ccclay sup | o+ 5t 9) = gm0
cC
e _
S Cra )y (||9z||JM(Oé,U)+||gt||a) ds
2CC

< 5 (lgally + llgells) Aler, @)
1
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and
1 R e
Tozim o | ([ [ k604 9 dsdnno) - a) ).
a o Jo
But T2 = 0 in the case of v = 2,3,..., while for v =1 we have
2 —
co e\, W)
Tso < k < 22k .
2 < g o lalls < 255 ellcr gl

Combining these estimates and using the definition of 6, it follows that
|GHyu — G| < A («, @),

so that H,u satisfies one of the conditions to belong to M?. This last
inequality also gives

0
| Hou =] < =A@, ),

so that from (3.27), H,u(t) € J for all ¢ € [0,1] and all a € (0,a].
Further, from the definition of H, and the fact that FS € C0,1], we
have H,u continuous, and thus Hyu € C([0,1];J). It follows that
H,u € M?.

Part 3. H, is a contraction on M?.

Let ui,us € M. Then Hyu; € M?, i =1,2, and

1
||Hau1 — HauQH S gHGHaul — GHQUQH
M
== [(Guy — Gr,u1) — (Gua — Gr uz)|
M
< .
<= ;S

where

S1:=|Gur — Gua — go(+ ur (- = 7 (1)) [ur — uo]|
Sz = [lg( uz(- = 7a(+))) = g( ur (- = 7a(-)))

= go(yu2(- = 7a () [u2(- = 7a() —ua(- = ()]l
Sz 1= [|[ga (-, ur (- = 7a(*)))

= Go(yu2(- = Ta())ua (- = 7al-)) — w2l
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Then from (3.17) we have
40\
S; < m<M +2M(a, u)>|u1 Cwll, i=1,2,
C

while for S5, we note that
Jur (- = 7a () — w2 ()|l
< lur(- = 7o () =a(- = ra () I+l = 7o () =w() [+ [[a(-) —u2 ()|

2
< Ma, ) H:_C

SO

S5 < |gall s llur(- = 7)) = u2(- = Ta(Dllua (- = 7a(-)) — u2()|l
29+c

< Nlgally [l = ual| Ma, @)

It follows that
[Howy — Housz|| < dfjuy — uz|,

where d € (0,1) is defined in (3.29).

Thus for any a € (0, @], there is u}, € C([0,1]; J) which is the unique
fixed point of H, and the unique solution of (3.2), completing the proof
of (1).

Proof of (1'). For u satisfying (3.7), it follows that u(a, @) = O(af) =
O(8¢/7+€). So for (1), the quantity A(c,u) given by (3.12) satisfies
Mo, @) = O(65/7+€) as § — 0 and the result follows by using this value
of A(a, @) and repeating the arguments for (1).

Proof of (2). For i = 1,2, let f} € {h € X[0,1+al|[lh— flIx}0,147 <
0} and deﬁne H, ; as usual, now with f? replacing f %, Then there exists
a unique v ; € C([O 1]; J) satisfying uiyi = H,u ,, fori =1,2. It
follows that

a’L’

ugs — udoll = [Haugs — Hazug s
S HHa,luiJ - Ha,l”iyz” + ||Ha,1ui,2 - Ha,Zui’ZH
<d ||ui71 - ui,z”

+‘ /Oaff(-+p)dna(p)—/Oafg('”)dn“(p)H
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for d € (0,1) defined in (3.29) above, so we have

(1= d) g = ol < Ol = £l 014

or

C
Hui,l - uiﬂ” < 1-4d Hff - fg”x[o,u—a] : o

4. Discretization and numerical implementation. We briefly
describe one numerical implementation of the new local regularization
equation (3.2) by defining a simple discrete collocation method which
is applied to equation (3.5) (equivalently, to (3.2)).

To this end, we let N be a positive integer, sufficiently large so that
for At =1/N and

t;:=1At, i=1,2,... , NNN+1,...,
there is an integer R > 1 satisfying
0<(l4+@) —tyir <k,

where € > 0 is a given (small) tolerance. In the discrete setting, the
regularization parameter o € (0, @] satisfies

a=tr, forsome fixed L € {1,2,...,R},
while the discrete form 7; of 7,(t) in (3.1) satisfies
0 <7, < min{t;,a} = min{i, L}At, ¢=1,...N.

To simplify the exposition in what follows, we fix 7; at its smallest
nonzero value, i.e.,

Ti:At, izl,...N,
a choice that appears to be reasonable for many examples.

We assume that a reasonable quadrature scheme is used to approx-
imate integrals appearing in equation (3.5), and use the notation [-]g
to indicate this scheme. Thus, the computed value of f(t) evaluated
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at t =t; and a = ¢, will be designated, for i = 1,... , N, by the scalar
9 where

(4.1) . [ / " Pt + p) dna(o) = lfiele

Similarly, the computed value @, of a, is given by

aa = [atL]Q'
For j = 1,...,N, let X; denote the characteristic function on
the interval [t; 1,¢;). Then we seek the vector ¢ = (c;) (where

¢j =¢j(6,L,N), for j =1,...,N) so that for ¢t € [0,1],

N
(4.2) u(t) == chxj(t)

Jj=1

satisfies equation (3.5) at the collocation point ¢;, ¢ = 1,... , N. This
leads to the system of equations, for i = 2,..., N,

(4.3)
g(ti,ci—1) 1R
9z (tiscic1) Qo gz (tiscizi1)

1 /ti ( 3 > ]
- kao(ti,s)gls, ciXi(s))ds|
aagw(tiaci—l) |: 0 ( ) J:Zl ’ J( ) Q

so it is clear that, beginning with c3, each c; is determined in a sequen-
tial manner without requiring the solution of a nonlinear equation.

Ci = Ci—1 —

(4.4)

There is no defined value for ¢y so we cannot use equation (4.4) to
recover c¢;. If we have a good estimate of the desired solution = at
t = 0, then that value could be used for ¢y and then equation (4.4)
used to find ¢;. Otherwise, we may find c; satisfying the discretized
regularization equation evaluated at the collocation point ¢, ¢ — ¢,

(45) aag<t1,c1>=ff—[ /0 ks, s) g(s,c1) ds|
Q

a nonlinear equation in c;.
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4.1. Numerical examples. In each of the examples below, we
specify the v-smoothing kernel &, the nonlinear function g, and a so-
lution @ from which the true data f is obtained by computing KGu
exactly; the data is then discretized with a given value of N and uni-
formly distributed random error is added to generate the discretization
£0 = (f?) of f°. In order to better make comparisons with simplified
(Lavrentiev) regularization in some of the examples below, we report
the relative error between discretized f and f° on the original inter-
val [0,1]; the error on the extended interval [0,1 + @] is slightly larger.
Further, to avoid confusion we denote the regularization parameters for
local regularization and simplified (Lavrentiev) regularization aje. and
Qlay, TESpectively.

In each example of local regularization we let n, be given by the
normalized Lebesgue measure on [0, a], and we use (4.5) to determine
¢1. For simplified (Lavrentiev) regularization, we use the exact value
of w(0) in the discrete form of equation (2.3), even though this value is
rarely available.

Finally, except for Example 4.4 below in which a modified discrep-
ancy principle for local regularization is utilized, results presented in
the tables and figures that follow are those associated with the regu-
larization parameter giving the smallest relative error in reconstructed
solutions. In figures, the dashed curve represents the true solution u
while the solid curve is that of the reconstructed solution.

Example 4.1. In this first example we let k(¢) = 1, a one-smoothing
convolution kernel, u(t) = 8(t — 0.4)> + 1 and g(t,u) = w3 The
discretization level is given by N = 200, and we give results for both
local regularization and simplified regularization in the case of several
different levels of relative data error. The reconstructed solutions
for local regularization and simplified regularization are graphed in
Figure 1 in the case of 2% relative data error.

In Table 1, the following quantities are given for each regularization
method and for levels 0.5%, 1%, 2% and 4% of relative data error:
(1) the relative solution error; (2) the base-2 logarithm of the ratio of
current to previous relative solution error, a quantity corresponding to
s in a hypothesized convergence rate of C'§%; and (3) the value of the
regularization parameter used in each case.
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2% relative error 2% relative error

35 Local regularization - 35 Simplified (Lavrentiev) regularization

FIGURE 1. Regularization methods applied to the one-smoothing problem in
Example 4.1, with a 2% relative data error. Left: Local regularization, Right:
Simplified (Lavrentiev) regularization.

TABLE 1. Example 4.1 (one-smoothing convolution kernel).

Relative Local regularization Simplified regularization
data error | Rel. error | log,(ratio) | ajoc | Rel. error | logy(ratio) | ajay
0.005 0.0206 - 0.060 0.1026 - 0.40
0.01 0.0287 0.48 0.080 0.1423 0.47 0.50
0.02 0.0409 0.51 0.095 0.1942 0.45 0.80
0.04 0.0604 0.56 0.120 0.2619 0.43 1.25

Example 4.2. We now let k(t) = 0.5t?, a three-smoothing convo-
lution kernel, but use the same g and uw as in Example 4.1. Thus this
problem is more severely ill-posed than that seen in Example 4.1 and,
in fact, the theory of simplified (Lavrentiev) regularization has not been
developed for v-smoothing problems when v > 1. Indeed, this method
fails to find a reasonable reconstruction of % even when the “true” data
f is used (i.e., for 0% relative error in data). In Figure 2 the results for
simplified regularization are shown for four different values of a,, and
for 0% relative data error. It was observed that the relative error in
reconstructed solutions apparently reaches its infimum as aj,, — oo,
with the constant-valued solution in this case equal to the user-supplied
scalar, u(0).
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FIGURE 2. Simplified (Lavrentiev) regularization applied to the three-smoothing
problem in Example 4.2 in the case of 0% relative error in data. Top row:
alay = .018, .038. Bottom row: alay = 5, 10. The relative solution error was
observed to decrease with increasing o,y -

In contrast, the method of local regularization performs well when
relative data error levels range from 0% to 4% and higher, as can be
seen in Figure 3. The findings for both regularization methods in the
case of noisy data are summarized in Table 2.

Example 4.3. In this example, we apply local regularization to a
one-smoothing nonconvolution kernel, k(¢,s) = 1+1ts, 0 < s <t < 1.
Here w = —3t + 5, g(u) = exp(u), and discretization is determined
by N = 100. In Figure 4 we show the results of local regularization
when applied to the case of 0.1% relative data error. Additional
nonconvolution examples may be found in [29].
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FIGURE 3. Local regularization applied to the three-smoothing problem in Ex-
ample 4.2. Top row: 0% and 0.5% relative data error. Bottom row: 1%, and 4%
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relative data error.

TABLE 2. Example 4.2 (three-smoothing convolution kernel).

Relative Local regularization Simplified regularization
data error | Rel. error | log,(ratio) | ajoc | Rel. error | log,(ratio) | oyay
0.005 0.0278 - 0.150 0.4860 - oo
0.01 0.0425 0.61 0.175 0.4860 0 o]
0.02 0.0545 0.36 0.205 0.4860 0 [
0.04 0.0686 0.33 0.230 0.4860 0 oo
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S5

4.5 e

FIGURE 4. Local regularization applied to the one-smoothing nonconvolution
problem in Example 4.3, with ajoc = 0.25. The relative error in the data is 0.1%.

4.2. A modified discrepancy principle for parameter selec-
tion. We briefly describe a discrepancy principle for the a posteriori
selection of the local regularization parameter o = ajo.. The theoret-
ical justification for the use of the principle is well-established in the
case of linear Volterra problems of convolution type [2, 3]. A develop-
ment of the convergence theory for the nonconvolution linear problem
and for the Hammerstein problem is beyond the scope of this paper
and will be presented elsewhere.

For the discrepancy principle, we require the usual assumption (2.1)
on data error, as well as a new condition on the signal-to-noise ratio,
namely, that there is 7 € (1,2) for which the noisy data f° satisfies

Hf‘SH > (F+ 1)6.
Define the operator A, : C[0,1] — C[0,1] by
(4.6) Ayw = K,Guw — aq (Gw — G, w), weC[0,1],
so that equation (3.21) (equivalently (3.2)) may be written in the form

(4.7) aoGu+ Agu = f2.
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Then the modified discrepancy principle for local regularization of
the Hammerstein problem is as follows. Choose the regularization
parameter o = «(d) as the smallest o € (0, @] so that

5 5 ~
Ague, — foll = 79,

for some fixed m € (0,1). (Any a € (0,a@) satisfying (4.8) would be
acceptable.)

Remark 4.1. Note that the principle above resembles the class of
modified discrepancy principles originally studied by Engl, Groetsch,
Schock and others for use with Tikhonov and simplified (Lavrentiev)
regularization in [10, 18, 32, 34] and considered more recently in [11,
13, 30].

Under suitable conditions on 7, and the linearization parameter 7, it
can be shown that, for § > 0 sufficiently small or for || °||/§ sufficiently
large, there exists a smallest o = () € (0, @] satisfying (4.8). Further,
if the selection of a(4) is made using (4.8), it follows that a(d) — 0 and
|ul —a|| — 0 as § — 0.

Example 4.4. To illustrate application of the modified discrepancy
principle (4.8) in a numerical example, we repeat Example 4.2; here the
choice of f9 from that example is fixed so that the relative data error
is 1%. The value of § in (2.1) associated with this £ is § = 0.0067. We
use m = .01 and 7 = +/2 in (4.8) and, for @ = 0.25, seek the smallest
a € (0,a] satisfying (4.8). Implementation of the modified discrepancy
principle in the discretized setting determines «(§) = 0.165, where the
corresponding reconstruction has a relative error of 0.044. These results
are illustrated in Figure 5 below.

5. Conclusion. We have developed the theory of local regularization
for nonlinear Volterra problems of Hammerstein type in the case of
one-smoothing nonconvolution kernels and r-smoothing convolution
kernels for v > 1. We have discussed practical implementation of
the method and demonstrated with numerical examples the way in
which local regularization can outperform simplified (or Lavrentiev)
regularization. Finally, we have used a modified discrepancy principle
in a numerical example to illustrate the a posteriori selection of the
local regularization parameter c.
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FIGURE 5. Three-smoothing problem with 1% relative error in the data. The
value of a(§) = 0.165 is selected using the modified discrepancy principle (4.8); for
ud, determined using this a, there is a 4.4% relative error in the recovered solution.

Acknowledgments. This work was partially supported by grants
NSF DMS-0405978 and NSF DMS-0915202 (Lamm). The authors
are grateful to the referees for comments which greatly improved the
exposition of the paper.

REFERENCES

1. F. Brauer and C. Castillo-Chavez, Mathematical models in population biology
and epidemiology, Springer-Verlag, New York, 2001.

2. C.D. Brooks, A discrepancy principle for parameter selection in local regular-
ization of linear Volterra inverse problems, Ph.D. thesis, Michigan State University,
2007.

3. C.D. Brooks and P.K. Lamm, A discrepancy principle for parameter selection
in generalized local regularization of linear inverse problems, preprint.

4. A.C. Cinzori and P.K. Lamm, Future polynomial regularization of first-kind
Volterra operators, SIAM J. Numerical Analysis 37 (2000), 949-979.

5. C. Corduneanu, Integral equations and applications, Cambridge University
Press, Cambridge, 1991.

6. C. Cui, P.K. Lamm and T.L. Scofield, Local regularization for n-dimensional

integral equations with applications to image processing, Inverse Problems 23
(2007), 1611-1633.

7. Z. Dai and P.K. Lamm, Local regularization for the nonlinear autoconvolution
problem, SIAM J. Numer. Anal. 46 (2008), 832-868.

8. K. Deimling, Nonlinear functional analysis, Springer-Verlag, Berlin, 1985.



424 C.D. BROOKS, P.K. LAMM AND X. LUO

9. K. Deimling, Nonlinear Volterra equations of the first kind, Nonlinear Analysis:
Theory, Methods Appl. 25 (1995), 951-957.

10. H.W. Engl, Discrepancy principles for Tikhonov regularization of ill-posed
problems leading to optimal convergence rates, J. Optimiz. Theory Appl. 52 (1987),
209-215.

11. H.W. Engl and A. Neubauer, Optimal discrepancy principles for the Tikhonov
regularization of integral equations of the first kind, in Constructive methods for the
practical treatment of integral equations, G. Hammerlin and K.H. Hoffmann, eds.,
Birkhauser, Germany, 1985.

12. H'W. Engl, M. Hanke and A. Neubauer, Regularization of inverse problems,
Kluwer, Dordrecht, 1996.

13. S. George and M.T. Nair, An a posteriori parameter choice for simplified
regularization of ill-posed problems, Integral Equations Operator Theory 16 (1993),
392-399.

14. H. Gfrerer, An a posteriori parameter choice for ordinary and iterated
Tikhonov regularization of ill-posed problems leading to optimal convergence rates,
Math. Comp. 49 (1987), 507-522.

15. G. Gripenberg, Periodic solutions of an epidemic model, J. Math. Biol. 10
(1980), 271-280.

16. G. Gripenberg, S.0. Londen and O. Staffens, Volterra integral and functional
equations, Cambridge University Press, Cambridge, 1990.

17. C.W. Groetsch, The theory of Tikhonov regularization for Fredholm equations
of the first kind, Pitman, Boston, 1984.

18. C.W. Groetsch and J. Gaucaneme, Arcangeli’s method for Fredholm equations
of the first kind, Proc. Amer. Math. Soc. 99 (1987), 256—260.

19. J. Janno, Lavrent’ev reqularization of ill-posed problems containing nonlinear
near-to-monotone operators with application to autoconvolution equation, Inverse

Problems 16 (2000), 333-348.

20. P.K. Lamm, Approzimation of Ill-posed Volterra problems via predictor-
corrector regularization methods, SIAM J. Appl. Math. 56 (1996), 524-541.

21. , Future-sequential reqularization methods for ill-posed Volterra equa-
tions: Applications to the inverse heat conduction problem, J. Math. Anal. Appl.
195 (1995), 469-494.

22. , A survey of regularization methods for first kind Volterra equations,
Surveys on solution methods for inverse problems, In: D. Colton, HW. Engl, A.
Louis, J.R. McLaughlin and W. Rundell, eds., Springer-Verlag, Vienna, 2000.

23. , Regularized inversion of finitely smoothing Volterra operators,
Predictor-corrector regularization methods, Inverse Problems 18 (1997), 375-402.

24. ——, Full convergence of sequential local regularization methods for
Volterra inverse problems, Inverse Problems 21 (2005), 785-803.

25. P.K. Lamm and Z. Dai, On local regularization methods for linear Volterra
equations and nonlinear equations of Hammerstein type, Inverse Problems 21
(2005), 1773-1790.

26. P.K. Lamm and L. Eldén, Numerical solution of first-kind Volterra equations
by sequential Tikhonov regularization, SIAM J. Numer. Anal. 34 (1997), 1432-1450.



NONLINEAR VOLTERRA EQUATIONS 425

27. P.K. Lamm and T.L. Scofield, Local regularization methods for the stabiliza-
tion of ill-posed Volterra problems, Numer. Funct. Anal. Optim. 22 (2001), 913-940.

28. , Sequential predictor-corrector methods for the variable regularization
of Volterra inverse problems, Inverse Problems 16 (2000), 373-399.

29. X. Luo, Local regularization methods for nonlinear Volterra integral equations
of Hammerstein type, thesis, Michigan State University, 2007.

30. M.T. Nair and U. Tautenhahn, Lavrentiev regularization for linear ill-posed
problems under general source conditions, Zeit. Anal. Anwendungen 23 (2004),
167-185.

31. W. Ring and J. Prix, Sequential predictor-corrector regularization methods
and their limitations, Inverse Problems 16 (2000), 619-634.

32. E. Schock, On the asymptotic order of accuracy of Tikhonov regularization,
J. Optimiz. Theory Appl. 44 (1984), 95-104.

33. , Parameter choice by discrepancy principles for the approximate
solution of ill-posed problems, Integral Equations Oper. Theory 7 (1984), 895-898.

34. U. Tautenhahn, On the method of Lavrentiev regularization for non-linear
ill-posed problems, Inverse Problems 18 (2002), 191-207.

DEPARTMENT OF MATHEMATICS, ROSE-HULMAN INSTITUTE OF TECHNOLOGY,
TERRE HAUTE, IN 47803
Email address: brooksl@rose-hulman.edu

DEPARTMENT OF MATHEMATICS, MICHIGAN STATE UNIVERSITY, EAST LANSING,
MI 48824-1027
Email address: lamm@math.msu.edu

DEPARTMENT OF MATHEMATICS, LINFIELD COLLEGE, MCMINNVILLE, OR 97128
Email address: xluo@linfield.edu




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /Unknown

  /CreateJDFFile false
  /Description <<
    /ENU (Use these settings to create PDF documents with higher image resolution for high quality pre-press printing. The PDF documents can be opened with Acrobat and Reader 5.0 and later. These settings require font embedding.)
  >>
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [612.000 792.000]
>> setpagedevice


