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DISTRIBUTIONAL SOLUTIONS OF 
SINGULAR INTEGRAL EQUATIONS 

H. FRISCH, C.V.M. VAN DER MEE AND P.F. ZWEIFEL 

ABSTRACT. It is proved that certain singular equations, 
which have no classical solutions because of singularities of 
the coefficients on the interval of integration, still have distri­
butional solutions. The explicit form of these distributional 
solutions is presented. 

1. In t roduct ion . In an accompanying paper [5], Cauchy type 
singular integral equations over an interval / Ç R are solved by an 
orthogonality technique. The two equations considered are the direct 
equation (I-l) and the associated equation (I-l*). As was pointed out in 
[5], certain problems may arise in the solutions of these two equations 
when either of the functions defined by 

A±(t) = \{t)±iriri(t) 

has a zero. In certain cases these problems may be circumvented. In 
particular, if À and 7? are real functions, then A+ and A~ vanish at the 
same point(s), and the solution of (I-l) presents no problem. The same 
is true of (I-l*) if g(t) has zero(s) at the same point(s) as A± (of order 
greater than or equal to the order of the zero(s) of A1*1). 

In case this condition on g(t) is not satisfied, it was shown in [5] that 
a weak solution of (I-l*) could still be obtained under the condition 
that A^ are the boundary values of an analytic function A(z). This 
condition, while restrictive, is often satisfied in transport theory [1,2], 
so this type of solution is not without practical application. 

In the present note, we see (in §2) how in certain cases the distri­
butional solutions to (I-l*) can still be obtained when the condition 
on the vanishing of f(t) is not satisfied, even though no such function 
A(z), as described above, exists. In §3 we present an application of the 
method developed in §2. 

2. Distributional solutions of (I-l*). The method followed here 
was suggested by the analysis of a transport equation in which A±(t) 
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were vanishing somewhere on an interval [4]. We illustrate the method 
first for the simplest case, namely, when A and rj both have a single 
simple zero at t = VQ in (—1,1) while A(dbl) and r/(±l) do not vanish. 

For the sake of convenience we rewrite (1-1*) as 

(1*) g(t) = \(t)B{t)+r,{t) f ^\dv, 
J-I V — I 

and we recall [5] that A and r\ are assumed to be uniformly Holder 
continuous on [—1,1]. We can now state 

PROPOSITION 1. Let A and rj be non-vanishing except for a common 
simple zero VQ. Then a solution to (1*) is given by 

(2) B(t) = è(t)-^S(t-u0), 

where B(t) is a solution to the equation 

(3a) h(t) = X(t)ê(t) + Tf(t) [ ^-dv 

J-i y — t 

with 

v(t)fM 
(3b) h(t) = g(t) + 

Wto-ty 

PROOF. We observe that the solution to (2a) can be obtained by 
the methods of [5] (see Equation (1-24)), because h{v§) = 0 (cf. (3b)). 
Substituting (2) into (1*) and noting that X(t)6(t — VQ) = 0 yields (3a) 
immediately. G 

More generally, we can deal with several higher order zeros. 

THEOREM 2. Let rj be non-vanishing except for the k zeros VQJ of 
order m^ let A be non-vanishing except for the same k zeros of order 
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rij, and let Uj > rrij, where j = 1,2,... , k. Then there exists a unique 
set of N constants Cj.,N = J2i=imi> such that a solution to (1*) is 
given by 

k rrij 

(4) B(t) = ê(t) + £ £ Ci/lj~1](t - VU), 

where, by definition, J_x f(t)6^(t — uo)dt = (—l) r /^(^o) and B(i) is 
a solution of the equation 

k rn_ (5) g® - nit) x: E ic _ t)i- = M*)Bw+v(t) y_i ̂ A/. 
.7 = 1 lj=l 

PROOF. Substitution of the putative solution (4) into (1*) yields (5), 
since X(t) has a zero at Vj of order nj with Uj > rrij, j = 1,2,... , k. 
Then (5) can be solved by the methods of [5], provided the left-hand 
side of (5) has zeros of order at least rrij at i/j, j = 1,2, . . . , k . To 
prove the existence of a unique set of N constants C^ we note that the 
Taylor expansion of rj(t) at Uj has the form 

\mj)' 

where 7j^m^(uj) ^ 0. By differentiation of the left-hand side of (5), we 
then obtain 

k rrij 

x E {rV\t){-ir-Al+lì-{l:r
+-s-x) = o, 

i w (vj-tyi+r-* 
where r = 0 ,1 ,2 , . . . , rrij — 1. This leads to a decoupled set of k lower 
triangular linear systems of order rrij where the diagonal entries are of 
the form rfm*\vj) multiplied by a non-zero constant. Such a system 
has a unique solution, which completes the proof. D 
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REMARK. We could give an algorithm for the computation of the 
C\. 's but it is tedious. Instead, consider the following 

EXAMPLE. Let k = 1 and m — 2. Then a simple computation shows 

v6 a) c 2 = „, v, 

3. An application. We consider a generalization of the transport 
equation considered by Paveri-Fontana and Zweifel [6], 

c\ i 1 / 2 \ /*1 
(?) / / — ( X , ^ ) H - ^ ( ^ , M ) = - f 1 - ^ 2 j / tl>(x,iif)dp', 

where 0 < a < 1. The case a — 1 was treated in [6]. In either case we 
get the singular integral equation for the "expansion coefficient" A{v): 

(8) Mß) = Hß)Ä(ß) + \ (l - 4 ) f ^^du. 

(We refer to [1, 2, 6] for more information on such expansions.) In (8) 
we have 

(9a) A(/i) - i{A+(M) + A-(M)}, AHß) = L™ A(/i ± * ) , 

and 

We see that A±(±a) = 0 and X(±a) = 0. In order to apply Theorem 
2 for the case k = 2, mi = 7712 — 1, we put B(i/) = I/J4(I/) and 
77(1/) = i ( l - (u2/a2)) and write 

p^oiß) = \{ß)B(ii) + ///?(/x) / ——di/ . 
7-1 ^ — /i 
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Using Theorem 2 we get 

B{t) = Ê{t) + Ci«(t - a) + C2«(t + a) 

and 

, / N ^ a + * ^ a - * w x î / N l A *2 \ f1 y My) , *,(*) - ^ + C 2 - ^ = A(*)A(t) + - ( l - -2) y_t -^du, 

writing B(v) = vA(y). Since the left-hand side must vanish for t = ±a, 
we find C\ = aipo(a) and C<i = — o^o( -Û)> SO that 

•w N 2/ x ! A ^2 \ Z 1 ^ ( " ) , , / x û + * i / x û - * i / x 

A(tM(*)+-(l-?J /^ ^ , = ^oW-^-^o(a)-— *,(-«). 

For a = 1 this result agrees with the result of [3], which was obtained 
with considerably more difficulty. For a > l ,A±( t ) ^ 0 for t £ [—1,1], 
so that methods of [5] apply directly. 

4. Comment. In case À and/or 77 are not real functions, so that A± 

need not vanish at the same point, the procedure described in §2 will in 
general not work. However, if the integral in (1*) is taken along a closed 
contour in the complex plane, a solution can be found. One method has 
been described by Estrada and Kanwal [3]; a simpler method, based 
on analytic continuation, will be published [7]. 
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