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ON THE FUNCTORIALITY OF MARKED FAMILIES
PAOLO LELLA AND MARGHERITA ROGGERO

ABSTRACT. The application of methods of computa-
tional algebra has recently introduced new tools for the
study of Hilbert schemes. The key idea is to define flat fami-
lies of ideals endowed with a scheme structure whose defining
equations can be determined by algorithmic procedures. For
this reason, several authors developed new methods, based
on the combinatorial properties of Borel-fixed ideals, that al-
low associating to each ideal J of this type a scheme MTf ;,
called a J-marked scheme. In this paper, we provide a solid
functorial foundation to marked schemes and show that the
algorithmic procedures introduced in previous papers do not
depend on the ring of coefficients. We prove that, for all
strongly stable ideals J, the marked schemes Mf; can be
embedded in a Hilbert scheme as locally closed subschemes,
and that they are open under suitable conditions on J. Fi-
nally, we generalize Lederer’s result about Grobner strata of
zero-dimensional ideals, proving that Groébner strata of any
ideals are locally closed subschemes of Hilbert schemes.

Introduction. This article aims to give a solid functorial founda-
tion for the theory of marked schemes over a strongly stable ideal J
introduced in [4, 9]. We describe the foundation in terms of repre-
sentable functors and prove that these functors are represented by the
schemes constructed in the aforementioned papers. Moreover, under
mild additional hypotheses on J, these functors turn out to be sub-
functors of a Hilbert functor. Equations defining the marked schemes
can be effectively computed; therefore, these methods allow for effec-
tive computations on Hilbert schemes. In particular, if we only consider
algebras and schemes over a field of characteristic 0, marked schemes
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Mf ; with J strongly stable provide, up to the action of the linear
group, an open cover of the Hilbert scheme.

For a given monomial ideal J in a polynomial ring A[zo, ..., x,], we
consider the collection of all ideals I such that

Alzo, ... zn] =T & N(J)),

where N (J) denotes the set of monomials not contained in J. In the
case where A is a field and J is strongly stable, this collection appears
for the first time in [9], where it is called a J-marked family, and it
is proved that it can be endowed with a structure of scheme (called a
J-marked scheme) [4, 9].

All ideals I of this collection share the same basis N (J) of the
quotient algebra Alzg,...,x,]/I; therefore, they define subschemes
in Proj A[zg,...,x,] with the same Hilbert polynomial. These same
properties hold for Grobner strata, which are schemes parametrizing
homogeneous ideals having a fixed monomial ideal as their initial ideal
with respect to a given term ordering. However, we emphasize that
marked schemes and Grobner strata are not the same objects. Indeed,
in general, a J-marked scheme strictly contains the Grobner stratum
with initial ideal J with respect to a fixed term ordering (or even the
union of all Grébner strata with initial ideal J).

The use of Grobner strata in the study of Hilbert schemes is very
natural and has been discussed since [3, 7]. Indeed, the ideals of
a Grobner stratum define points on the same Hilbert scheme, and
Grobner strata cover set-theoretically the Hilbert scheme. Thus, several
authors addressed the question whether a Grébner stratum can be
equipped by a scheme structure and, if so, how this scheme is embedded
in the Hilbert scheme.

Notari and Spreafico [24] proved that every Grobner stratum (con-
sidering the reverse lexicographic order) is a locally closed subscheme
of the support of the Hilbert scheme. Lederer [19] obtained a stronger
result in the case of Hilbert schemes of points; working in the affine
framework, he proved that Grobner strata are locally closed subschemes
of the Hilbert scheme. In [22], the authors of the present paper found
suitable conditions on the monomial ideal J and on the term order-
ing that are sufficient to ensure that the Grébner stratum is an open
subscheme of the Hilbert scheme.
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Nevertheless, Grobner strata are in general not sufficient for obtain-
ing an open cover of the Hilbert scheme (see [9, 22]) although we can
obtain such an open cover using marked schemes and exploiting the
action of the general linear group on the Hilbert scheme. Furthermore,
equations defining a J-marked scheme can be computed by some algo-
rithmic procedures developed in [4, 5, 9]. The key point is a procedure
of polynomial reduction, similar to the one for Grobner bases, but that
does not need a term ordering (see Definition 2.8).

In this paper, we prove that the procedure of reduction is also
“natural.” Indeed, the reduction works independently of the ring A of
coefficients of the polynomial ring, so that the schemes introduced in
[4, 5, 9] correctly describe the scheme structure of the Hilbert scheme
(Theorem 3.4 and Corollary 4.3).

In the classical construction of the Hilbert scheme, every point is
associated to the homogeneous piece of a, sufficiently large, degree r of
the ideal defining the corresponding scheme. At first sight, one could
be tempted to consider a marked scheme over ideals truncated in the
same (large) degree. However, explicit computations of these marked
schemes turn out to be, in general, out of reach due to the huge number
of variables required. Since the number of variables depends on the
degree of the truncation, we develop the theory of marked functors in
a wider generality, considering marked functors over ideals truncated
in any degree. In this way, we can find marked schemes that correctly
describe the local structure of the Hilbert scheme but that are far easier
to compute (Theorem 3.4).

Finally, we discuss the relation between marked schemes and Grobner
strata, also introducing a representable functor whose representing
scheme is in fact a Grobner stratum. For constant Hilbert polyno-
mials, the Grobner strata we define in the projective case coincide with
those introduced by Lederer in the affine case. In this paper, we gener-
alize the Lederer result to Hilbert polynomials of any degree, proving
that Grobner strata are closed subschemes of marked schemes, and so,
locally closed subschemes of the Hilbert scheme (Theorem 5.3).

In the last section, we discuss in detail the case of a strongly sta-
ble ideal defining a zero-dimensional subscheme of P3 of degree 7.
We explicitly compute the equations of marked schemes and Groébner
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strata of different truncations, showing the relations among them and
exhibiting several phenomena described in the paper.

1. Marked bases. In this section, we recall the main definitions
concerning sets of polynomials marked over a monomial ideal .J, and we
describe some properties of an ideal generated by such a set, assuming
that J is strongly stable.

First, let us set some notation. Throughout the paper, we will
consider Noetherian rings. We will denote by Z[x] the polynomial ring
Zlzo, ..., x,) and by P7 the projective space Proj Z[x]. For any ring A,
A[x] will denote the polynomial ring A ®z Z[x] in n + 1 variables with
coefficients in A, and P"; will be the scheme

Proj A[x] = P} Xgpecz Spec A.

For every integer s, we denote by A[x]s the graded component of
degree s, and we set

D, :=DnAlx]s for every D C A[x].

We denote monomials in multi-index notation. For any element
a = (ag,...,an) € N"T1 2% will be the monomial z§° -+ 2% and |«
will be its degree. Given a set of homogeneous polynomials H in A[x],
in order to emphasize dependence on the coefficient ring A, we write
A(H) for the A-module generated by H and 4(H) for the ideal in A[x]
generated by H. We will omit this subscript when no ambiguity can
arise, for instance, when only one ring A is involved.

If J is a monomial ideal in A[x], then By is its minimal set of
generators and N (J) is the set of monomials not contained in J.

Remark 1.1. A monomial ideal is determined by the set of monomials
it contains. In the following, by abuse of notation, we will use the same
letter to denote all monomial ideals having the same set of monomials,
even in polynomial rings with different rings of coefficients. More
formally, if J is a monomial ideal in Z[x], we will denote, by the same
symbol J, all the ideals J @z A.

Throughout the paper, we assume the variables are ordered as
9 < -+ < xp. For any monomial x%, we denote by minz® the
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smallest variable, or equivalently its index, dividing ® and by max z®
the greatest variable, or its index, dividing the monomial.

Definition 1.2. An ideal J C A[x] is said to be strongly stable if

(i) J is a monomial ideal;
(ii) if 2™ € J, then (z;/z;)z* € J, for all z; | * and z; > ;.

These ideals are extensively studied in commutative algebra and
widely used in algebraic geometry since they are related to the Borel-
fized ideals [14]. Indeed, every strongly stable ideal is Borel-fixed,
whereas in general, a Borel-fixed ideal does not need to be strongly
stable. The two notions coincide in polynomial rings with coefficients
in a field of characteristic 0. Borel-fixed ideals are involved in some of
the most important general results on Hilbert schemes, as for instance,
the proof of its connectedness given by Hartshorne [17].

Combinatorial properties of strongly stable ideals have been success-
fully used for designing algorithms inspired by the theory of Grébner
bases but not requiring a term ordering. The role of the term ordering,
a total ordering on the set of monomials, is played by a partial order
called the Borel ordering, given as the transitive closure of the relation

2% >p 2P = z2% = zjxﬁ and x; < ;.

Moving from this order, it is possible to define reduction procedures
which turn out to be Noetherian. A detailed description of these
techniques is contained in the papers [4, 5, 9]. We will now recall
some of the main properties needed in the next section.

Definition 1.3. For a polynomial f € A[x], its support, denoted
by Supp(f), is the set of monomials appearing in f with a non-zero
coefficient. We refer to the set of non-zero coefficients of f as x-
coefficients of f. A monic marked polynomial is a polynomial f € A[x]
with a specified monomial Ht(f) of its support, with coefficient 14. We
call Ht(f) the head term of f, and we call T(f) := Ht(f)—f the tail of f
(so that f = Ht(f)—"T(f)). Throughout the paper, we describe marked
polynomials adding as a subscript the multi-index corresponding to the
head term, i.e., we write f, meaning that Ht(f,) = z*.
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Definition 1.4. Let J C A[x] be a strongly stable ideal, and let B
be the minimal set of generators of J. We call a J-marked set a set of
monic marked polynomials

{f,JZ =% — Z Cap 2P e Alx] ’ ¢ e BJ},

:EﬂEN(J)‘M

where Ht(f,) = 2% and cop € A. A J-marked set F; is called a J-
marked basis if A[x] = 4(Fy)® a(N(J)), i.e., the monomials of N'(.J)
freely generate A[x]/a(Fy).

We emphasize that the assumption of the head term to be monic
is significant only if the ring of coefficients A is not a field. Indeed, if
A is a field (as in [4, 9]), a set of marked polynomials can always be
modified in a set of monic marked polynomials.

If (Fy) is a J-marked basis, then the scheme Proj A[x]/(Fy) is A-flat
because the A-module A[x]/4(F) is free. The ideal 4(F;) generated by
a J-marked basis F'; has the same Hilbert polynomial as the monomial
ideal J, so that J and 4(F}) define schemes corresponding to closed
points of the same Hilbert scheme. Therefore, it is interesting to find
theoretical conditions and effective procedures in order to state whether
a marked set is a marked basis.

Proposition 1.5 ([4, Lemma 1.2], [11, Lemma 1.1]). Let J be a
strongly stable ideal.

(i) Each monomial x can be uniquely written as a product 27 z° with
Y € By and minzY > maxxz®. Therefore, 10 <iex " for every
monomial " such that " | % and " ¢ J. We will write
x® =7 x5 2% to refer to this unique decomposition.

(i) Consider z* € J \ By, and let x; = minz®. Then, x%/x; is
contained in J.

(iii) Let 2% be a monomial not contained in J. If x’x® € J, then either
2%xP € By or 2928 = 2% %, 29 with x% € By and 20 >1e 20 . In
particular, if x;x® € J, then either x;x® € By or x; > minz?.

Definition 1.6. Let J be a strongly stable ideal, and let I be the ideal
generated by a J-marked set F); in A[x]. We consider the following sets
of polynomials:
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F}S) = {2%f, | deg (2°fo) = s, fo € Fy, minaz® > maxa?’};
F\ﬁs) = {2 fo | deg (2°fo) = s, fo € Fy, minz® < maxa’};
SF}S) ={20fs — 2V fo |20 f5 € F\ﬁs),x”yfa € F}S), 2oxf =7
N(JT) =10 A(N(J])).

Throughout the paper, we use the convention that, when multiplying a
marked polynomial f by a monomial 2%, we have Ht(x0 f) = 20Ht(f).
Therefore, for each monomial 27 € Jg, there is a unique polynomial in
F}S) with head term z7.

Theorem 1.7. Let J be a strongly stable ideal and I C A[x] the ideal
generated by a J-marked set Fy. For every s,

() I = (") + (E)) = (F)) + (SF}Y);
(i) ARxl. = (F}”) @ (N(J).);
(iii) the A-module <F§S)> is free of rank equal to rk J; and is generated
by a unique (Js)-marked set ﬁ}s);
(iv) I, = (FSNY e N(J, 1)y = (FS)y @ N (J, I),.
Moreover, the following are equivalent:
(v) Fyis a J-marked basis;
(vi) for all s, I (F(S)>
(vii) for all s, SF(S) F(S
(viil) N(J, 1) =

Proof.

(i) Straightforward from the definition of the homogeneous piece of
a given degree of an ideal.

(ii) We start by proving that there are no non-zero polynomials in
the intersection <F§S)> N (N (J)s). Let us consider

hi=> b’ fa,

where 2% f,. are distinct elements of F}S) and b; € A\ {0}. Assume
that the polynomials z% fa, are indexed so that 0 > %2 >pop -

Then by also turns out to be the coefficient of the monomial 2% 2% in h.
Indeed, 222" does not appear either as a head term or in the support
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of the tail of a summand % f,, of h with i > 1. The monomial cannot
be the head term of % f,,, since the head terms in FLSS) (and so in the
summands of h) are all different. Moreover, %2 cannot appear in
T (2% f,,) with i > 1, since it has the unique decomposition 21 *y 21,
while every monomial 2%z € T'(x% f,,)NJ has decomposition 2% ;"
with 27 <pep 7% <rex 2% by Proposition 1.5 (iii) (note that, by
definition, 2 € Supp(T(fa,)) € N(J)). Therefore, no non-zero
polynomials in <F§S)> are contained in (N(J),).

To conclude the proof, we show that every monomial z? of degree s
is contained in the direct sum <F53)> QN (J)s). If 2P € N(J)s, there is
nothing to prove. Now assume that there exists some monomial in J;
not contained in <F§3)> ® (N(J)s). Among them, choose = such that,
in the unique decomposition z? = 2 %; 2%, monomial z° is minimum
with respect to the Lex ordering. Since z” = z°f, + T(2%f,), the
support of T(z?f,) cannot be contained in N(J)s, i.e., there exists
2" € Supp(T(fa)) such that x"z° € J. By Proposition 1.5 (iii), we
have the decomposition 228 = 2o % 29 with 2% <pex X° against the

assumption of minimality on z°.

(iii) By (ii), we have the short exact sequence
0 — (FV)) = Alx]s > (N(J)s) — 0.

For each 2% in Js, we compute the image

w(x®) = Z aapr”,

zBeN(J)s

and consider the set

ﬁ;s) = {f; =% — Z aaﬁxﬁ | % € Js} Ckerm = <F58)>
B eEN (J)s

Let J' := (Js). By construction, the set ﬁ'}s) is a J'-marked set
with Ht(fa) = z*. Applying (ii) to this J'-marked set, we have
<13§S)> @ (N (J")s) = A[x]s. Finally, since the A-module generated by
ﬁ'}s) is contained in <F§S)> and N(J)s = N(J')s, the modules (ﬁg5)>
and <F§S)> coincide. Note that ﬁ}s) is marked on the monomial ideal
J' generated by Jg but does not need to be a Js -marked set, since
J>s may have minimal generators of degree > s.
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(iv) By (i) and (iii), we have Iy = <ﬁ§5)> + <SF§S)>. Since <ﬁ§s)> N
(N(J)s) = {0}, the module N(J, Fj)s can be determined starting
from the generators of (SF55)> and replacing each monomial z# € J,
appearing in some polynomial of SF}S) with the tail T(fg) of the
polynomial fg € ESS) with Ht(fg) = 2. The result of this procedure
is a set of polynomials contained both in Iy and (M (J),). The sum of
N(J,I)s and <F§S)> is direct by (ii) and (iii).

The equivalences (v) < (vi) < (vii) < (viii) follow directly from the
first part of the theorem. In fact, these properties are a rephrasing of
the definition of J-marked basis. ]

We emphasize that the above result does not hold in general for a
monomial ideal JJ which is not strongly stable, as shown by the following
example.

Example 1.8. Consider J = (23,2%) C Z[xg, 21, T2], and let I be the
ideal generated by the J-marked set Fy = {foo. = 3 + 2211, fozo =
22 + 2971 }. An easy computation shows that I3 is freely generated by

Ff’), but |F§3)| =r1kl3 =5 < 6 =rkJs, and I3 does not contain any
(J3)-marked set E@.

Example 1.9. Consider the strongly stable ideal J = (23, zow1,23) C
Z[xg, x1, o) and any J-marked set Fiy = {fo0z, for15 foso} Over a ring A.

Let us compute the sets of polynomials F}S), ﬁ}s) and SF}S) discussed
in Theorem 1.7 for s = 2,3, 4.

2) FY ={fan four}, FY) =0, SFY =0,
= 3) Fﬁs) = {x2f002; xlfoom xOfO(JZ, xlf()llv xOf(JlU f030}7
F\§3) = {x2f011}7 SF§3) = {x2f011 - xlfuoz},

(S _ 4) F(4) _ x%fnomx2x1f0027x2x0f0027x%fooz;xlfofooza
- J 2 2 2
x0f0027xlfouaxlvafou»x0f0117x1f0307330f030

(4
F} ) = {x%fona x2x1f0117 372370f0117x2f030}>

SF(4) _ x%fon — 2221 foozs 221 forr — l’%foom
7 2220 forr — 120 fooz, 2 foso — x%fou

S
S
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In order to study the sets of polynomials ﬁﬁs) and the module N'(J, ),
we need to know explicitly the J-marked set, so let us consider, for
instance, F; = { fooz forr, foso }, where

Jooz = @3 + 323 — xaw0 + 170,

Joun = w21 — T170,

3 2
foso =T — 3$1$0,

and let I := (Fy). For s = 2, we have ﬁ§2) = F}Q) and NV (J,I) = 0.

(s = 3). In order to construct ﬁ 33), we must determine the

equivalence classes of monomials in the quotient A[zg, 21, z2]3/ (F}‘S)) ~
(N(J)3). If h € Alwg, z1,22]s, we denote by h its class in the quotient

Alzo, 21, s/ (F§).

Following the strategy of the proof of Theorem 1.7, we examine the
monomials of J3 in increasing order with respect to the Lex ordering.

—3 —foso 93 A
xry = 3x1$0 — foso*fosm

_____ —=zofo11 2 ra
T2T1X0 = Ty = f111 = l‘Ofoua
3 —x1forr T3 T
L2 = TriTo = f021 = T1 four,
2, —zofoo2 2 2 2 .
T30 = —3$1l‘0 + Toxy — T1% - f102 = xOfO(JZv
—x1 foo2 3foso
xiry =" =323 + wozimy — 2310 "= 20w — 102330
*fln 2 2 ra
= _10$1370 + z12) - f012 = xlfooz - 3fo3o + xOfona
—3 —x2fo02 3fo21
x% = —SIQI% + I%I‘O — X1y = I%l‘o — T2X1Ty — 3$%I0
—)EOZ 2 2 2
=" —xax1x0 — 62770 + ToTG — T1T§
fi

—623x0 + xowd — 22122
= foos = T2 o0z — 3%1 forr + Tofoo: — Tofou:-

To determine N(J, I)3, we can compute the class of the polynomial of
SF}“?’) in

Alwo, 1,23/ (FS”) = Alwo, 21, w23/ (F)”)) :
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Y o F 3 fos0
— 3 2 AL 2
2o for1 — T1fooe = =327 —xix0 = —10zi20

_ 2
so that NV (J,T)3 = (10z7{xo).
(s = 4). Repeating the same procedure applied for s = 3, we obtain:

rs 3 2 2
fiso = o foso = x1T0 — 3T1 X0,
rs 4 2 2
foao = @1 foso — bxo foso = 1 — 97 2],
rs 2 2 3
fo11 = 2 for1 = w2125 — T170,
rs 2 2 2
fi21 = 2120 for1 = 22720 — 27125,
rs 2 3 2 2
fos1 = @1 forr + ®o foso = z2x] — 3xT20,
rs 2 2 2 2 2 3 3
f202 = g fooz = T2 + 31TH — T2X)H + T1T0,
rs 2 2 2 2 3
fi12 = x120 fooz — 30 foso + o f211 = x3x120 + 102720 — T120,

rs 2 2 2 2 2
fo22 = l'lfoo’z - 3$1f030 + iEl-Tofon - 10$0f030 = 377 + 2921 x5,

fl03 = 2220 foo2 — 31%0 fo11 + mgfom - I%fou
= x%xo + Gx%xg — xsz + 2961963,
f~‘o13 = 2221 foo2 — 3$%f011 + 2120 fooz — 120 for1 — 620 fozo + $(2)f011
= :chl + 201:?903 — xlwg,
ﬁm = 23 fooz — 33 foor + 921 foso + T220 foor — T1T0 fooz — 6120 for1
+ 330 foso + To foor — 200 forr = T4 — 9laizh — zozh + 3T170H.
Moreover, N'(J,I)s = (10z2x3) and, as in the quotient A[zg,r1,z2]s/
<F§4)), we have

2 — 2,2 27 2,2
$2f011 - l‘2$1f002 = _10371350; x2x1f011 - x1f002 = _30331370’
— 2,2 2 ]
x2-770f011 - xlxofooz = _103713307 x2f030 - xlfou =0.
Therefore, F; is not a J-marked basis unless 10 = 0 in A (cf.,

Theorem 1.7).

We conclude this section by giving a characterization of a J-marked
basis Fj that takes into account the homogeneous pieces (Fj)s of
the ideal it generates for a limited number of degrees. The following
statement is clearly inspired by Gotzmann’s persistence theorem, but
we emphasize that the proof is independent from that result.
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Theorem 1.10. Let J be a strongly stable ideal, m the maximum degree
of monomials in its minimal monomial basis By and I the ideal in A[X]
generated by a J-marked set Fy. The following are equivalent:

(i) Fyis a J-marked basis;

(ii) as an A-module, I, = (F( > for every s <m 4+ 1;
)
)

(iii) as an A-module, I ( b ) for every s <m +1;

(iv) N(J,I)s =0 for every s <m + 1.

Proof.
(i) = (ii). Straightforward by Theorem 1.7 (vi).

(ii) = (i). We want to prove that, for every s, A[x]s; = Is D (N(J)s).
This is true for s < m+ 1 by hypothesis. By Theorem 1.7 (ii)—(iii), we
know that

Apds = (F)) ® (N(7).)

and
(P C I,

so we need to prove Iy C (F58)>. Let us assume that this is not true,

and let ¢ be the minimum degree for which I; <F§t)). Note that
t>m+2>m

and
Iy =xoly—1 + - +apdy_1.

Since I;_1 = (F}t_l)), there should exist a variable z; such that
i1 & (F}”), or equivalently, xiFL(,tfl) gz (F}t)>. Assume that z;
has the minimum index and take a polynomial 2°f, € F}til), with

= Ht(f.) € By, such that x;2° f, & (F (t)> The variable z; must be

greater than min z®, since otherwise, x;x fa S F}t). Moreover, |§] >0

since t — 1 > m. Let
_ ) : o
r; =maxz® <minz” < x;

and
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The polynomial xix‘s/fa is contained in I;_;, while mj(xix‘s/fa) =
x;2° f,, is not contained in <F§t_1)>, contradicting the minimality of .

(i) < (iii) & (iv). Straightforward by Theorem 1.7. O

2. Definition and representability of marked functors. We
follow the notation for functors used in [16]. The main object of interest
in the present paper is the set,

(2.1) Mf ;(A) := {ideals I C Alx] | A[x] =T & a(N(J))},

which is defined for every Noetherian ring A and every strongly stable
ideal J C A[x]. In this section, we will prove that this construction
is in fact functorial, i.e., Mf ;(A) is the evaluation in the Noetherian
ring A of a functor

MTf ; : Noeth-Rings — Sets.

Now we will describe the elements of any Mf ;(A) in terms of the
notion of a J-marked basis, discussed in the previous section. This will
be a key point in proving its functoriality.

Proposition 2.1. Let J be a strongly stable ideal, and let I be an
element of Mf ;(A).

(i) The ideal I contains a unique J-marked set Fj.
(ii) I = (Fy) and Fy is the unique J-marked basis contained in I.

Proof.

(i) Let = be a minimal generator of J, and consider its image by
the projection A[x] = A[x]/1. Since Ax]ja|/Ija| = N (J)jal)s 71(z%)
is given by a linear combination an/gxﬁ of the monomials, 2% €
N(J )la|- Therefore, ker  contains a unique homogeneous polynomial
fa = 2% — anﬁzﬁ with head term z®. The collection of all f,, for
x® € By, is the unique J-marked set.

(ii) Starting from F);, we can construct, for every degree s, the

sets of polynomials F}s) and ﬁ}s) as in Theorem 1.10. Recall that
they are both contained in the ideal (F;) C I. In order to show
that F; is a J-marked basis and generates I, we observe that, for

every s, <F58)> C I, and <F53)> ® (N (J)s) = A[x]s by Theorem 1.7 (ii).
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Moreover, Iy & (N (J)s) = Alx]s, since I € Mf;(A). Therefore,
I, = (F) = (F*)), in every degree s. Finally, F; is a J-marked
basis by Theorem 1.7 (v)—(vi) and is unique by (i). O

Remark 2.2. We emphasize that uniqueness is not true for a J-
marked set generating an ideal I ¢ Mf ;(A). For instance, consider
the strongly stable ideal J = (23, z221,23) C Z[wg,z1,22]). The J-
marked set F; = {23 + 22,7221, 23} defines an ideal I = (F;) not
contained in Mf (Z) as z12% = z1(23 + 23) — z2(z221) € I NN(J).
In fact, the ideal I is generated by infinitely many J-marked sets
{23 + 23, xom1, 23 + ax123}, a € Z.

As a consequence of the previous result, we are now able to give a
new description of Mf ;(A):

MIf ;(A) = {ideals T C A[x] | I is generated by a J-marked basis} .

For every strongly stable ideal J, let us consider the map between the
category of Noetherian rings to the category of sets

(2.2) MTf ; : Noeth-Rings — Sets
that associates the set Mf ;(A) to a Noetherian ring A and the map
(2.3) Mf,;(¢) : Mf;(A) — MIf,;(B)
I — I ®4 B
to a morphism ¢ : A — B .
Proposition 2.3. For every strongly stable ideal J, Mf ; is a functor.

Proof. Consider the J-marked basis Fj 4 generating the ideal I €
MTf ;(A). Any morphism ¢ : A — B gives the structure of an A-module
to B. Thus, tensoring I by B leads to the following transformation on
the J-marked basis Fy a:

foa=a% = capt’ € Fyar— fap=12"= _ ¢(cap)a’.

Since ¢(14) = 1p, the set Fyp := {fa.B | fa.a € Fya} is still a J-
marked set. Finally, F; p is a J-marked basis since the tensor product
by ®aB of a direct sum of free A-modules is a direct sum of free B-
modules. O
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Now we discuss a necessary condition for this functor to be repre-
sentable.

Lemma 2.4. For every strongly stable ideal J, Mf ; is a Zariski sheaf.

Proof. Let A be a Noetherian ring and U; = SpecA,,, i =
1,...,s, an open cover of Spec A, which is equivalent to requiring that
(a1,...,as) = A. Consider a set of ideals I; € Mf ;(A,,) such that, for
any pair of indices i # j,

Iij =1 ®Aai Aaiaj = Ij ®Aaj Aaiaj S MfJ(Aaiaj)'

We need to show that there exists a unique ideal I € MIf ;(A) such
that I; = I ®4 A,, for every i.

Let us consider the J-marked bases associated to I;:

FJ,i_{fa,i_xa Z CS;ZL’BGA(LZ[X] | l’aGBJ},
:Cﬁe./\/(.])‘,ﬂ

where I; = (Fy;) C A, [x], foralli = 1,...,s. By assumption, for each
x* € By and for each pair of indices ¢ # j, the polynomials f, ; and
fa,; coincide on A,q;[x]. By the sheaf axiom for the quasi-coherent

sheaf A[x] on Spec A, we know that there exists a unique polynomial
fo € A[x] whose image in A, [x] is fa, for every i. The polynomial
fa turns out to be monic. In fact, if ¢ is the coefficient of z¢, then
its image in A,, is 14, , so that (c — 14)a¥ = 0 for some integer k.

a;?

Thus, ¢ = 14 since (af,...,a") = A. The collection of polynomials
{fa : 2* € B;} forms a J-marked basis. |

Now we prove that the functor MTf; is representable, explicitly
finding the affine scheme Mf ; representing it. To do that, we apply
the previous theorems that describe which conditions on the coefficients
of polynomials in a J-marked set guarantee that the marked set is a
J-marked basis.

We obtain Mf; as a closed subscheme of an affine scheme of a
suitable dimension depending on J.

Notation 2.5. Let J be any strongly stable monomial ideal in Z[x].
Then:
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C is the set of variables of the coordinate ring of the affine
scheme A" = Spec Z[C], where

N= 3 Nl

z>EB;

We consider the variables in C indexed as C,, g where the multi-
index « corresponds to z¢ € B; and the multi-index 5 to
P e N(J)‘a|.

T is the ideal in Z[C][x] = Z[C] ®z Z[x] generated by the
following J-marked set:

Fri={er ¥ cweeniolx | o et ).
xﬂEN(J)“

Js is the ideal in Z[C] generated by the x-coefficients of the
polynomials in N'(J,Z).
Every J-marked set

R IR SRRl F
zBEN (J)|q

in A[x] is uniquely identified by the coefficients c,3 € A, or
equivalently, by the ring homomorphism,

op, t L[C] — A : Cop — Cap.

Moreover, let ¢r, [x]: Z[C][x] — A[x] be the canonical exten-
sion of ¢p,.

Theorem 2.6. In the notation above, the functor Mf ; is represented
by Mf ; := SpecZ[C]/J;. Therefore, a J-marked set Fy is a J-marked
basis if, and only if, ¢r, factors.

\/

Cl/3,;
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Proof. Let A be any Noetherian ring, F; a J-marked set in A[x]
and I = (Fy) C Alx]. We obtain the statement proving that F is a
J-marked basis if, and only if, ker ¢, D T ;.

By definition, ¢, [x] is the identity on monomials and ¢p,[x](Z) C
I, so that ¢p,[x](N(J,Z)) C N (J,I). If Fyis a J-marked basis, then
N (J,I) = 0; hence, ker(¢p,) 2 J;.

On the other hand, if ker(¢r,) 2 Js, then for every s, we have
(s)

~

= ¢, [x]( f' ) € or,[x](Zs)
= ¢, X ((FS)) o N (J, T),)
= on, X(F)) € a(FO),
so that
L= a(Ff UF) € a(F)Y) C L.,
and we conclude by applying Theorem 1.7 (v)—(vi). O

In order to explicitly compute a finite set of generators of the ideal
J, we can apply some of the previous results. By Theorem 1.10, we
get the following simplification.

Corollary 2.7. For every strongly stable ideal J, the ideal J; is
generated by the x-coefficients of the polynomials in N'(J,I)s for every
s <m+ 1, where m is the maximum degree of monomials in By.

Proof. Let J' be the ideal in Z[C] generated by x-coefficients of the
polynomials in N'(J,Z), for every s < m + 1. Obviously, 3 C J;.

On the other hand, by Theorem 1.10, the image of F; in Z[C]/J ®z
Z[x] is a J-marked basis. Therefore, the map

Z[C] — z|C]/T
factors through Z[C]/J ;. O

We can obtain a set of generators of J; by computing a set of
generators of the Z-module N(J, F)s for each s < m + 1 through
a Gaussian reduction. This is the method applied, for instance, in [9].

A more efficient method is the one developed in [4], which is similar
to the Buchberger algorithm for Grobner bases. We will now describe
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this method and then prove that it, in fact, gives a set of generators of
Js, as claimed in [4].

Definition 2.8. Let J be a strongly stable ideal, and let F; be
a marked set. We say that a polynomial g is a J-remainder if
Supp(g) NJ = 0. Given two polynomials h and g, we say that g can be
obtained from h by a step of Fj-reduction if g = h — ¢ f where c is the
coefficient in h of a monomial " € J; and f is the unique polynomial
in FU*) with Ht(f) = 7. We write

)
h —— g,

if g arises from h by a finite sequence of reductions as described above.

Moreover, we write
)
h——.g

if g is a J-remainder.

)

As proved in [4, 9], the procedure Ll M Noetherian, i.e., every
sequence of Fj-reductions starting on a polynomial h stops after a
finite number of steps giving a J-remainder polynomial g. Indeed, each
step of reduction h — h — cf replaces a monomial z"7 = z® *; 7
in support of h with 27T(f.), fa € Fj. Since T(fs) € (N(J)),
every monomial appearing in x7T(f,) either is in A(J) or has the
decomposition 2P = 2 sy 0 with 2% <pex 7. This leads to the
conclusion since <pey is a well ordering on monomials.

We can find many different sequences of steps of reduction starting
from a given polynomial h, but the J-remainder polynomial g is unique.
In fact, if h is a homogeneous polynomial of degree s,

() ()
FJ FJ /
h=2s,g and h—s, g,

then
g—g =(g—h)— (g —h) e (F),

since g — h, g —h € <F§S)>. By definition of the J-remainder,
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g—g € (N(J)) and (N(J),) N (FP) = {0},
by Theorem 1.7 (ii).

Remark 2.9. In general, the marking cannot be performed with re-
spect to a term ordering (see [9, Example 3.18]), so that the Noethe-
rianity of the procedure is surprising. Indeed, it is well known that a
general reduction process by a set of marked polynomials is Noetherian
if, and only if, the marking is performed with respect to a term order-
ing (see [26]). The ultimate reason for this is our restriction that each
monomial " € J is reduced by the unique polynomial 7 f, € F Ss)
such that =" = z® *x; z7, as opposed to any polynomial w‘sfg e (Fy)
such that 2°z% = x".

Now we can give a characterization of a J-marked basis in terms of
this reduction procedure and S-polynomials.

Definition 2.10. For marked polynomials f,, fg in a J-marked set,
we call S(fo, f3) = 2" fo — 2" fg the S-polynomial of f, and fg, where
(", —x¥) is the minimal syzygy between z® and z”. We call EK-
polynomial, and denote by S™(f,, f3), an S-polynomial whose syzygy
(2", —a¥) is of Eliahou-Kervaire type, i.e., 27 is a single variable z;
greater than min(z®) and z;2% = 27 x; 2V, see [11].

Note that, for every EK-polynomial x;f, — 2" f3 € A[x]s, we have
Zjfa € ]::,53) and z" f3 € Fﬁs).

Theorem 2.11. Let J be a strongly stable ideal, and let Fy be a J-
marked set. The following are equivalent:

(i) FyisaJ- marked basis;

( ) SEK(faafﬁ) —>* 0 fOT all SEK(fowa) with faafﬁ S F],

(iii) z;fa —>* 0, for all f, € Fy and x; > min x®
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Proof.

(i) & (ii). The EK-syzygies are a basis of the syzygies of J, so (ii)
ensures that every other syzygy between the two monomials =%,z €
B lifted to the corresponding marked polynomials f, and fg has J-
remainder equal to 0. Since these syzygies are exactly the generators

of the module SF}S) for all s, (ii) is equivalent to (Fj)s = <F§S)> for
every s, hence to (i) by Theorem 1.7.

(iii) < (ii). The two reductions agree. O

Remark 2.12. Notice that it is possible to prove the equivalence

between Theorem 2.11 (i) and (iii) directly from the properties of the
PO
reduction —>*, as was done in [4].

We now show how a set of generators of J; can be computed using
Theorem 2.11. We consider the J-marked set F; given in (2.4) and use

the marked sets f§s) in order to perform the polynomial reduction in
each degree s. The elements of ]:53) take the shape

J?'y =7 — Z Dﬁﬂ;x‘s, for all 27 € Jg,
20eN(J)s
with coefficients D.s € Z[C].
Let S™(fu, far) be an EK-polynomial with f,, for € Fj. Assume
that deg S®™(fa, for) = s. We can decompose it as
SEK(favfo/):xnfafxn,fa’ = Z E(Jéa"/x + Z Eaa/(;l’
zV € z8eN(J)s

where the coeflicients in the first summand are equal to:

0 if 27 ¢ Supp(S™(fa; far)),
Corpr — Cap, if 27 € Supp(a”fa) N Supp(z” for) \ {272},
Ul 1
Eaa"y =93 LB, if 27 © SUPp(w ’fa) \ {x v i
¢ Supp(z” for) \ {z"2"},
n 1
Covor, i g7 4 ESupp(” fo) \ {272}
€ Supp(w" fa’) \ {xnxa}a
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and the same possibilities hold for the coefficients E, s in the second
summand considering x? instead of 27 in the previous formula.

The Fj-reduction of S™(fq, for) is

FO
S (for for) e 3 (E“a’” > Ew’vD”)x&‘

28 eN(J)s V€

For any a,a’ such that z® z® € By are involved in a syzygy of
Eliahou-Kervaire type, we set

(2.5) P’ = Equs + Z EwaryDys,

zYeJy

5 = deg S™(fa, far), forall 2° € N(J),.

Corollary 2.13. Let J be a strongly stable ideal, and let J; be the
ideal in Z[C] given in Theorem 2.11. Then J; is the ideal generated by
all polynomials P°_, described in (2.5).

Proof. Let J' be the ideal generated by such polynomials Pga,. The
inclusion 3’ C 7 follows directly from the construction, since the above

polynomials are x-coefficients of elements in N (J, (Fy)).

For the opposite inclusion, we again consider the J-marked set F ;s
image of F; in Z[C]/J’. By construction, F; satisfy condition (iii)
of Theorem 2.11, so that it is a J-marked basis. Therefore, Z[C] —
Z[C]/7 factors as

Z|C) — Z[C]/3; — Z|C)/)T

and
J;CT. O

To determine equations defining Mf; we can use Corollary 2.13,
namely, the criterion for marked bases in terms of syzygies given in
Theorem 2.11 that was first introduced in [9] and refined in [4] in
terms of EK-syzygies. In particular, Theorem 2.11 and Corollary 2.13
give new proofs in terms of marked functors of [4, Corollary 4.6] and
[9, Theorem 4.1].
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Example 2.14. Let us compute the equations defining the scheme
representing the functor Mf ; with J = (23, 2221, 23) C Z[zg, z1, 72].
We start by considering the marked set

2 2 2
f002 =3+ Cooz,ozold + 0002,1015521‘0 + Cooz,uoml-ro + Cooz,zooxo

2 2
f011 = X2T1 + 0011,020331 + 0011,101ZC2$0 + 0011,1101'11'0 + 0011,200370

3 2 2 2 3
foso = 21 4 Coso,12021T0 + Coso,201 225 + Cozo,2102120 + Cos0,300L0-

There are two EK-polynomials:

SEK(fon, f002) = 1’2fo11 - $1f002 = 0011,0201’233% - 0002‘02055?
+ 0011,1015551‘0 + (_0002,101 + 0011,110)5025511‘0
- Corm,uoxgwo + 0011,2001'21'(2) - 0002,2001'1378,

SEK(fo:zo, fon) = I2f030—$%f011 = _0011,0201’411"'(_0011‘101 +Co30,120)$2$%$0
- 0011,11055:1?1‘0 + Coso,zolmgmg

2 2 2 3
+ 0030,2105E2ZU1$0 - 0011,2001'11'0 + 0030,300172370-
Since
EK 2 3 2
Supp (S™% (four, foos)) NJ = {xoa?, 23, 23w0, z2z120 }

and

SUPP(SEK(fosm foll)) nJ= {33411,mﬂﬁxoy33?%0795%%(2)’332331333},

Fa0) ~
to perform the —2—, reduction, we need some elements of f?) and

FM. Reducing S (four, fooz) by

ﬁll = l'ofou, .]?102 = fEOfooz, ﬁ)so = foso;

%21 = 21 for1 — 0011,020]7030 — Coi1,101

]7111 = JJQI? + (—0011,0200011,101 - 0011,0200030,120 + 0011,110)$%1'0
+ (_0311,101 - 0011,0200030,201)I21‘3
+ (*0011,1010011,110 - 0011,0200030,210 + Cou,goo)wlfﬂg
+ (_0011,1010011,200 - 0011,0200030,300)7387
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we obtain
2 2
C511,020C011,101 + Coi11,020Co30,120 + Coo2,101 Co11,020
- 0002,0200011,101 - 20011,0200011,110 -T1-TO
~+ C002,020C030,120 — Coo2,110
120
Po1T1,002
2 2
Co011,020C511,101 + C611,020C030,201 — Co11,101Co11,110
+ : L2x
=+ Cl02,020C030,201 + Co11,200
201
Pot11,002
2
Co11,020C011,100Co11,110 + C511,020Co30,210 — Co02,110C011,101
2 2
+ + Co02,101Co11,110 — 0011,110 — Cb11,020C011 200 T1ZTg
+ Co02,020C030,210 — Coo2,200
210
Pyit,002
2
n Co11,020C011,101 Co11,200 + C11,020Co30,300 — Coo2,200C011,101 23
0.
+ Coo2,101Co11,200 — Co11,110C011,200 + Coo2,020Cos0,300
300
Po11,002

To reduce the second EK-polynomial we need

ﬁn = «’Eoﬁu = $gf011, ]?;02 = 1’0]?102 = «’E(Q)fooz,

ﬁzo = x0f0307 J?121 = 330%217

f~‘040 = 1 foso — Co30,120f~‘130 — Coso,201

fle = 151 + ( C’030 120 — 0011 0200030 201 + Coso 210)451450
+ (_0011,1010030,201 - 0030,1200030,201)1'2$8
+ (*0011,1100030,201 — Co30,120C030,210 + Coso,3oo)$1$(3)
+ (—0011,2000030,201 - 0030,1200030,300)1’3-

Thus, the reduction of S¥X(fy,0, for) is

2 2
( - 0011,0200011,101 - C’011,0206'030‘201 + 0011,1010011,110 )$21’2
140

- 0002,0200030,201 - 0011,200

220
P§30,011

3 2

+ _0011,1()1 + C‘011,10161030,120 - 2CVOI1,020(7011,1016'030,201 T fL'S

240
_0002,1010030,201 + 0011‘1100030,201 - C([)11,101CY(J:&(J,QlO + 0030,300

301
P30,011
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2
70011,1010011,110 + C\'011,101C’011711()CV03(),120
- CVOl1,020C’Oll,llOCVOSO,ZOl - C1011,0206(011,1016%30,210 T fL'3
1Lo
+ C1011,101C’[,‘l11,20[) - C1()11,2’006(030,120

- C’OOZ,IIOCVOBOQOI + C'011,020C/‘1030,.’500

+

310
P0307011

2
70011,1010011,200 + 0011,1010011,2000030,120
4
+ - C’011,020C’[)11,20061030,201 - C(011,02061011.101C’OSO,BOO Zg-
- C'[)()2‘200C"OSO,201 - 0011,2000030,210 + C’011,1106’030,300

400
Po30,011

In order to have a J-marked basis, the J-reduction of the EK-
polynomials must be 0 so that the functor Mf ; is represented by the
scheme Mf ; = SpecZ[C]/J;, where

jj — (P120 P201 P210 P300 P220 P301 P310 P400 ) .

011,0027 * 011,0027 ©~ 011,002? ~ 011,002? ~ 030,011 = 030,011 = 030,011 ~ 030,011

Now, for any ring A, each element of Mf ;(A) is given by a scheme
morphism Spec A — Mf ;, or equivalently by a ring morphism Z[C] —
A, that factors through

Z[C] — Z[C]/3; — A.
For instance, for A = Z][t], the ring morphism Z[C|] — Z[t] given by

4 2
Coo2,020 = 1 =t Cooz,100 = 0 Cooz,110 — 3 —t Coo2,200 — —t
2
Coi1,020 — 0 Coi1,100 — 0 Coi1,110 — Coi1,200 — t° — 1
2
Cos0,120 — t3 Coso,201 =t Coso,210 — 0 Co30,300 — —t

factors through
Z[C] — Z[C]/3; — Z[t];
therefore, the following is a J-marked basis in Z[t][zo, 1, T2]:
foor = x5 + (1 — t)zf — (t* — w120 — 2 23,
forr = 221 + t w1z + (87 — t)23,

3 3 2 2 2 3
foso =1 +t" x1x0 + t 225 — 7 7).

3. Marked schemes and truncation ideals. An ideal I €
MIf ;(A) defines a quotient algebra A[x]/I that is a free A-module,
so that the family Proj A[x]/I — Spec A is flat and defines a morphism
from Spec A to a suitable Hilbert scheme, by the universal property
of Hilbert schemes. Thus, it is natural to study the relation between
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marked schemes and Hilbert schemes. Since Hilbert schemes param-
etrize flat families of subschemes of a projective space, and the same
subscheme can be defined by infinitely many different ideals, we first
need to investigate the function that associates the scheme it defines
in P} to every ideal in MIf ;(A). In general, this function can be non-
injective, as the following example shows.

Example 3.1 (cf., [4, Example 3.4]). Consider the strongly stable
ideal J = (z2,2%,x170) in Z[wg, 21, 72]. For any ring A and a € A,
consider the J-marked set F, = {xa + az1, 2%, 2170}. These marked
sets are, in fact, J-marked bases since the unique EK-polynomial
involving the first generator

SEK(JJQ +axy,r?) =22 (xo + axy) — x2(2?) = az?

is clearly contained in <F§3a)> Moreover, for every a, the ideal (Fj4)>2

coincides with J>2 ® A, since

x5 = oz + axy) — axy (2 + axy) + a®(2?),

Tox1 = 21(72 + a ) — a(z})
and

oo = To(x2 + az1) — a(z120).

Therefore, for all a € A, the ideals (Fj,) define the same scheme
Proj Alx]/J.

The following proposition states that non-uniqueness is a conse-
quence of divisibility by zq.

Proposition 3.2 (cf., [4, Theorem 3.3]). Let J be a strongly stable
ideal, and let m be the minimum degree such that J,, # 0. Assume
that no monomial of degree larger than m in the monomial basis By is
divisible by xo (or equivalently that xhN (J)>m C N (J)>m+t for every
t). Then, for any two different J-marked bases Fy and Gy in A[x], the
schemes Proj A[x]/(Fy) and Proj A[x]/(G ;) are different.

Proof. By hypothesis and by Proposition 2.1 (ii), there exists a
monomial % € By such that the corresponding polynomials f, € F
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and g, € G; are different. If
Proj A[x|/(Fy) = Proj A[x]/(G ),

then (Fy)>s = (Gj)>s for a sufficiently large s. Therefore, for s > 0,
x fo is contained in (G ;) and

25 fa — 2390 = 25 (T(9a) — T(fa)) € (G).

By definition, the support of T(g,) — T(fs) is contained in N(J).
Therefore, also, the support of z§(T(ga) — T(fa)) is in N(J), due
to the hypothesis on J. Finally, by Theorem 1.7 (ii)—(vi), this implies

25(T(9a) = T(fa)) € (F1)syial N N(])) = {0},
so that T(g.) = T(f«), against the assumption f, # ga- O

Definition 3.3. We say that J is an m-truncation ideal (m-truncation
for short) if J = J5,, for J' is a saturated strongly stable ideal.

Observe that the monomials divisible by zg in the monomial basis
of an m-truncation ideal J (if any) are of degree m. Therefore, by
Proposition 3.2, different m-truncation ideals define different projective
schemes. We emphasize that a priori the truncation degree m can be
any positive integer. We will discuss special values of m later in the
paper.

We now describe the relations among marked functors (respectively,
schemes) corresponding to different truncations of the same saturated
strongly stable ideal J. We will prove that, for sufficiently large
integers m, the J>,,-marked schemes are all isomorphic. However, the
construction of Mf;_  ~ given in Theorem 2.6 depends on m since we
obtain it as a closed subscheme of an affine space whose dimension
increases with m. From a computational point of view it will be
convenient to choose, among isomorphic marked schemes, the one
corresponding to the minimum value of m, while for other applications
higher values of m can be more convenient.

In order to compare J>,,-marked bases in A[x] for different values
of m, we refer to Proposition 3.2. By associating to a marked basis the
scheme it defines, we will identify

I=(Fy,)eMit; (4
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and
I'=(G,,,,) € ME,_(A)

when
Proj A[x|/I = Proj A[x]/I’

in P%, ie., when I, = I’ZS, for s > 0. By Theorem 1.7 (iii) and
Proposition 2.1 (ii), this is equivalent to

f‘}s) = é((]‘;)m, for s > 0.

>m

Theorem 3.4. Let J be a saturated strongly stable ideal. Then, for
every s > 0 and for any Noetherian ring A, Mf ; ~ (A) C Mf; (A).
More precisely, - -

(i) if J has no minimal generators of degree s + 1 divisible by the
variable x1 or Jys—1 = Jxs, then M, — =Mf; ;
(ii) otherwise, szs_l is a proper closed subfunctor O_fmJZS'

Proof. To prove the inclusion Mf; — (4) € Mf; (A), let us
consider a Jx¢_1-marked basis F. The set -

G:=F® U{f,eF|a*cB; and |a|> s}

is, by construction, a J>s-marked set. In fact, G is a J>s-marked basis,
since (G®)) = (F(®)) by Theorem 1.7 (iii)-(iv), and the generators of
degree larger than s are the same in the two marked sets.

From now on in this proof we denote by J’ the truncation of J in
degree s — 1, and by F; the marked set analogous to the one given in
equation (2.4) that we use to construct the ideal 3, C Z[C'] of Mf ;.
We also let

A= Z[C/]/jjl7 (]5FJ, : Z[C/} — A’

be the canonical map on the quotient and ¢, [x] the extension to
Z[C'|[x] — A'[x]. Moreover, J” will be the truncation of J in degree s
and Fyr, Z[C"], 3y», A", ¢r,, are defined analogously. By the
definitions of J; and J;, we observe that ¢r , [x](F;) is a J'-marked
basis in A'[x] and ¢F , [x](Fy) is a J”-marked basis in A”[x].
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We first prove (ii). Let us consider the J”-marked set,
G:=FDU{f., € Fy|az*€By, |a] >s}.

By Theorem 1.7 (v)-(viii), ¢F,, [x](G) is a J”-marked basis of A’[x],
since

N (T, (¢F, [x)(9))) SN (T, (¢F, [x](Fr))) = {0}
Thus, the ring homomorphism

¥: Z[C"] — Z[C)

Cll 5 — coefficient of 2° in g, € G

induces a homomorphism 1: A” — A’ such that ¢F, otp = Yo OF,.,-
Moreover, ¢, 01 is surjective, being the composition of two surjective
homomorphisms. Indeed,

, ) U(Cgp), if 2% € By, |a| > s,
aB Y(Cy,), o = xox®, 7 = z9z?, otherwise.

Under our assumptions, for every f! € F of degree s — 1, xoT(fL) is
a J'-remainder, so that zof), € G.

Therefore, the epimorphism 1) induces an isomorphism between the
marked scheme Mf;, = SpecZ[C’]/J; and a closed subscheme of
Mf j» = SpecZ[C"]/T ;. In order to show that this subscheme is
proper we can look at the Zariski tangent spaces of Mf ;» and Mf ;. at
the points corresponding to J' and J” and see that they have different
dimension (see [4, Theorem 5.7] for the details).

To prove (i), we observe that the new condition on J implies that,
for every 27 € N(J)s, either 2127 € N (J)sy1 or 2127 = xo2’ with
2’ € J holds.

Exploiting this property, we first prove that Crlrlv € Jyn if 2" € Jg,
xo | " and xg 1 7. Let ¢ = x12"/xg, and consider the EK-syzygy
S 1) = 2oT(f!') — 21 T(f)) between the elements f,', f' € Fyr.

FO)
The J-remainder of this polynomial, given by —~, is of the type

g=z0T(f!) — =1 T(f;)) + w0 Z Crs 5
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where ff € Fjr, and the sum is over the multi-indices 8 such that
P = xlx‘s/xo € J, with 2% divisible by zy and contained in the
support of T'(f}), and 07’7’5 the coefficient of ¢ in - I 27 is a term
in the support of T(f,') such that zo { x7, then z127 € N(J)s11
is contained in the support of g. By definition, J; contains the x-
coeflicients of g, thus, in particular, the coefficient Cr’]’7 of z1z7 in g.
For every z% € J;_1 and " = xgz®, let us denote by h,, the polynomial
in Z[C"][x] such that

fIl = xoh + Z cy ot

with 2o { 27, so that ¢r, [x](f,’]') = ¢r,, [X](2oha).

Using these polynomials, we can define the J’-marked set
H={ha | 2% € o1} U{f) € Fp|a" €By, n| > s}
By construction,

or,, [x|(zoH) C ¢F,, [X|(Fir);

therefore, ¢r ,, [x](H) is a J'-marked basis by Theorem 1.7 (v)—(viii).
In fact, if the support of an element w in the ideal 4~ (¢r,, [x](#H)) only
contains monomials of A/(J), then zou has the same support and is in

A (¢p,, [X](Fyr)), so that u = 0 since N'(J, (¢r,, [x](Fs))) = {0}.

Thus, the ring homomorphism,
¢: Z|C'] — Z]C"]
Cl

(e

5+ coefficient of 27 in hg if o] =5 — 1

Gy, — coefficient of 27 in f if 7 € By, |n| > s,
induces a homomorphism @: A" — A”.

Finally, v and % are inverses of each other. Indeed, if we apply the
construction from the first part of the proof to the J'-marked set H, we
obtain a J”-marked set G’ such that ¢, [x](G') is a J"-marked basis
and or,, [X](G") C b, [X(Fym); hence, op,, [x)(G) = dr,, [x](Fir)
by Proposition 2.1. O

4. Marked and Hilbert schemes. We now briefly recall how the
Hilbert scheme can be constructed as a subscheme of a suitable Grass-
mannian. For any positive integer n and any numerical polynomial
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p(t), consider the Hilbert functor
Hilb?") : Noeth-Rings — Sets

associated to any Noetherian ring A the set

Hilb?™®) (4) — {X cpn X — Spec A is flat and }

has fibers with Hilbert polynomial p(t)
and to any ring homomorphism f : A — B the map

Hilb?®) (f) : Hilb?® (4) — Hilb?(B)
X — X Xgpec 4 Spec B.

Grothendieck first defined this functor and showed that it is repre-
sentable [15]. The Hilbert scheme Hilb?2® is defined as the scheme
representing the Hilbert functor, and it is classically constructed as a
subscheme of a suitable Grassmannian. Let us briefly recall how (for a
detailed exposition, see [6, 16, 18]). By Gotzmann’s regularity theo-
rem ([13, equation (2.9)] and [18, Lemma C.23]), there exists a posi-
tive integer r depending only on p(t), called the Gotzmann number, for
which the ideal sheaf Zx of each scheme X € HilbP)(A) is r-regular
(in the sense of Castelnuovo-Mumford regularity). This implies that
the morphism

H(Opy (r)) 25 HO(Ox(r))

is surjective. By flatness, H°(Ox(r)) is a locally free module of
rank p(r) and, as an A-module, H°(Opx (r)) is isomorphic to the
homogeneous piece of degree r of the polynomial ring A[x]. Since
A[x], ~ AN where N = (":T), the homomorphism ¢x may be viewed
as an element of the Grassmannian, whose corresponding functor is

@ﬁr) : Noeth-Rings — Sets,

associating to any Noetherian ring A the set

Qﬁr)(A) = {
and to any morphism f: A — B, the map
Grpi(f) : Gy (A) — Gy, (B)
AN 5 Q+— BY — Q®4 B.

isomorphism classes of epimorphisms AY — Q
of locally free modules of rank p(r)
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Two epimorphisms ¢ : AN — Q and ¢’ : AN — Q' are isomorphic if
there exists an isomorphism 1 : Q — Q' of A-modules such that the
diagram

¢

AN Q

ANL)Q/

commutes. Equivalently, ¢ and ¢’ are isomorphic if ker¢ = ker ¢'.
Therefore, by identifying isomorphism classes of epimorphisms ¢ with
ker ¢, the Grassmann functor sends A to the set

A-submodules M C AV such that
AN /M is locally free of rank p(r) [

This functor is representable, and the representing scheme Grﬁr)

is the Grassmannian (see [28, subsection 16.7]). Therefore, one of the
possible embeddings of the Hilbert scheme into a Grassmannian is given
by the natural transformation of functors (introduced by Bayer [3])

(4.1) A Hilb?Y —; Grl),.
given by
Hilb?® (4) — GrY . (A)

p(r)

X — Alx], — HO((’)X(T)).

By Yoneda’s lemma, any natural transformation of representable func-
tors is induced by a unique morphism between their representing

schemes. The associated morphism 57 : Hilbfl(t) — Grﬁr) is a closed

embedding, and the equations defining the Hilbert scheme Hilbfl(t) as
a subscheme of Grlj)v(,.) were conjectured by Bayer [3] and proved much
later by Haiman and Sturmfels [16].

The Grassmannian has the well-known open cover by affine spaces
which also defines the Pliicker embedding. For any set N of p(r)
distinct monomials of A[x],, consider the map,

in i aN) ~ AP0 s A[x], ~ AV,
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and the subfunctor G, such that

G (A) = classes ¢g : AN — Q in Qﬁr) (A)
SN such that ¢¢ o iy is surjective ’

Each such subfunctor is open, and the family obtained varying the set
of monomials N covers the Grassmann functor [27, Lemma 26.22.1].
Since ¢g oixr is an epimorphism between a free module and a locally
free module of the same rank, it is in fact an isomorphism. Therefore,
each @ in G (A) can be identified with the free module 4(N), and we
can rewrite the functors G, as

Gyl = {

epimorphisms A[x], — 4(N)
of free modules of rank p(r)

An epimorphism ¢ : A[x], — 4(N) is determined by its values on basis

elements,
o(x*) = Z 57",
zBeN

Thus, its kernel is generated by
fo =2 — Z aagx’@,
P eEN

for all z of total degree r lying outside N. If J is the ideal generated
by the monomials in A[x], not contained in N, then we can describe
Gy as

G \r(A) = {free submodules L C A[x], such that A[x], ~ L& 4(N)}
= {submodules L C A[x], generated by a J-marked set} .

We are interested in the open subfunctors of the Hilbert functor
Hilbfl(t) induced by the family of subfunctors G, by means of 2. We
denote by H,, the subfunctor associating to A the set

(42)  Hy(4):= 27" (Gy(4)n 2 (Hilbl"(4)) ).

The kernel of the map A[x], — H°(Ox(r)) is represented by the
global sections of the sheaf Zx(r), i.e., by the homogeneous piece of
degree r of the saturated ideal Ix defining X. Since Ix and (Ix)>,
define the same scheme and (Ix ), is generated by the homogeneous
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piece of degree r, we can rewrite the subfunctor H,, as
Hy(4) = {X € Hilb"(4) | Alx], ~ H(Zx () & a(\) }

) Ix)>, is generated b
= {X € Hilb?" (A) | ( X);J_mgrked set ’ }

(4.3)

It is then natural to relate Hy (A) to Mf ;(A). In general, their
relations are less obvious than one might expect. However, under
suitable conditions on A" and J, we can identify H,, with a marked

functor. The following result gives a new proof in terms of functors of
[5, Theorem 2.5].

Lemma 4.1. Let p(t) be a Hilbert polynomial in P with Gotzmann
number r, and let J be a strongly stable ideal such that |IN'(J),| = p(r).
Then, for every Noetherian ring A,

Hy ), (A) # () <= the Hilbert polynomial of A[x|/J is p(t).

Proof.

(«<=). If the Hilbert polynomial of A[x]/J is p(t), then Proj A[x]/J €
H, (4).

(=). Assume that X is a scheme in Hy/(A), and set I := (Ix)>,.
By Theorem 1.7 (iii), for every m > r, the A-module I,, has a free
direct summand with rank equal to that of .J,,,; therefore, the value of
the Hilbert polynomial of J in every degree m > r cannot be smaller
than p(m). On the other hand, this rank cannot be larger than p(m)
by Macaulay’s estimate on the growth of ideals [14, Theorem 3.3]. O

Corollary 4.2. Let J be a saturated strongly stable ideal such that
Z[x]/J has Hilbert polynomial p(t). Then

HN(J)T = mJET.

We can rephrase the statement of the corollary by saying that, for
every Noetherian ring A,

. I » 1s generated b
Hy (), (4) = {X e Himb(0 () | ) el }
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Therefore, upon identifying ideals and the schemes they define, the
isomorphism from Corollary 4.2, is a canonical identification H ;) =
Mf,_ .

We can then deduce from Corollary 4.2 an isomorphism between the
representing schemes. Taking into account Theorem 3.4 we obtain the
following result.

Corollary 4.3. Let J be a saturated strongly stable ideal, and let r
be the Gotzmann number of its Hilbert polynomial p(t). If p is the
maximum degree of monomials in By divisible by x1, then

(i) for s> p—1, Mf;__ is an open subscheme of Hilbfl(t);
(ii) for s <p—1, Mf ;. is a locally closed subscheme of Hilbﬁ(t).

Proof.
(i) By Theorem 3.4, we have
MfJZp_1 ~ MfJZP ~ o MfJZT =Hn (),
(ii) By Theorem 3.4, for s < p — 1, we know that in the chain
Mf,  CMf, , C---CMf, 6~ - =Mf; =Hyy

r?

there is at least one proper closed embedding, so that Mf ;. is a
locally closed subscheme of the Hilbert scheme. |

Remark 4.4. Although our results only apply to a small number of
the open subsets H,, necessary to cover Hilbfl(t), in many interesting
cases, a different open cover is obtained by exploiting the action of the
linear group PGL(n + 1). In particular, this is true for the Hilbert
scheme Hilbfl(ff)( = Hilbfb(t) Xspecz Spec K, representing the Hilbert
functor,

Hilbifg: K-Algebras — Sets,

for every field K of characteristic 0. Indeed, the properties of the
generic initial ideal proved by Galligo [12] allow us to prove that every
point of the Hilbert scheme is contained in an open subset Hy/, k-, where
N := N (J),, for a saturated strongly stable ideal J, at least up to the
action of a general element in PGL(n + 1). Such an open cover of

Hilbﬁ(f})( is presented in [2, 5, 6].
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The set of strongly stable ideals necessary to obtain such a new
open cover of the Hilbert scheme can be effectively determined using
the algorithm presented in [8, 20, 21].

Remark 4.5. The equations of the open subscheme Hr( ), computed
as the marked scheme over J>,, are the same as those determined
by Iarrobino and Kleiman in [18]. Indeed, the Eliahou and Kervaire
syzygies among the generators of J>, are linear, so that imposing

£yl
SEK(fonfﬁ) — Oa

is equivalent to proving that (SF}ZT1)> C (Ff:”) If we represent the
generators h N
{zifo |for all z® € By, i=0,...,n}

of (Fj)r4+1 by a matrix M5T+1), then condition (SF}ZJ:D> C <F§:1)>

is equivalent to

1
ke MO+ <k <F§;+1)> vk = (n +r+ )

—p(?‘ + 1)7

and the latter condition is guaranteed by imposing the vanishing of
the minors of order rk J,;1 + 1. This is how Iarrobino and Kleiman
determined local equations of the Hilbert scheme. Notice that using
this approach it is possible to deduce that the equations are of degree
at most (”t’;“) —p(r+1)+1, while constructing the equations applying
Theorem 2.11 (ii) and our reduction procedure, it is possible to deduce
that the equations have degree at most degp(t) + 2 (see [5, Theorem
3.3]).

Remark 4.6. The statements of Corollary 4.3 can be very useful
both from a computational and a theoretical point of view. Indeed,
for a fixed saturated ideal J, the number of variables involved in
the computation of equations defining the marked scheme MIf ;_

dramatically increases with s. On the other hand, in [2], the equalities
of Corollary 4.3 (i) show that the open subset of Hilbfl(% of the r'-
regular points, for a given 7’ < r, can be embedded as a locally closed
subscheme in the Grassmannian Grﬁg;), smaller than that in which
we can embed the entire Hilbert scheme.
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Moreover, in several cases, marked schemes Mf ;.  with s <p—1
correspond to interesting loci of the Hilbert scheme, and our results
also allow effective computations on them.

Example 4.7. Consider the strongly stable ideal
J = (22, x0m1,27) C Zlxo, 21, o).

The Hilbert polynomial of ProjZ[xg,x1,x2]/J is p(t) = 5 with Gotz-
mann number equal to 5. Therefore, the open subscheme H (s, €
Hilb, can be defined as a closed subscheme of the affine open sub-
scheme G (), C Gri' of dimension 80. Applying Corollary 4.3 (i),
we can define the same open subscheme by means of the isomorphism
1\/If(]23 ~ HN(J)5 with Mszs g ASO.

Finally, also the marked scheme associated to the saturated ideal
may be very important. For instance, in the special case of zero-
dimensional schemes in the projective plane P2, for each postulation
there is a unique strongly stable ideal J realizing it (see for instance
[10, Chapters 1-3]). Therefore, Mf; parametrizes the locus of the
Hilbert scheme Hilbg with a fixed Hilbert function (up to the action
of the projective linear group). In the example, the scheme Mf
parameterizes the locus of five points in the plane with postulation
(1,3,4,5,...).

5. Grobner strata. Throughout this section, we denote by o a
term ordering on the polynomial ring A[x] and by in,(I) the initial
ideal of an ideal I C A[x] with respect to such term ordering. We
define the Grébner functor St% : Noeth-Rings — Sets that associates
to any ring A the set

(5.1) St5(A) = {ideals I C A[x] | in,(I) = J},
and to any ring homomorphism ¢ : A — B the function
St7(¢) : 8t7(A) — St3(B)
I—1®sB.
Grobner basis theory over rings is more intricate than Grobner basis

theory over fields (see also [19] for a more detailed discussion). The first
complex issue is the definition of initial ideals. Given an ideal I C A[x],
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we can consider the ideal generated by the leading monomials or the
ideal generated by leading terms, i.e., monomials with coefficients, of
the polynomials in I. In general, neither of the two definitions is well
suited for functorial constructions, since taking the initial ideal of a
given I C A[x]| does not commute with base change ® 4 B unless the
initial ideal of I is a monomial ideal. For instance, the initial ideal of

I = (2z1 + o) C Z[xo, x1], x1 > o,

is J' = (x1) according to the first definition and J” = (2z1) according
to the second one; after the extension Z — Zg := Z/27Z we obtain
in, (I ®z Zs2) = (x0), while J' ®z Zs = (z1) and J" ®z Zs = (0).

Definition 5.1 ([25, 29]). Let I be an ideal in a polynomial ring A[x],
with A a Noetherian ring, and let o be a term ordering. The ideal [ is
called monic (with respect to o) if, for all monomials ® € A[x], the
set

LC(I,z%) = {a € A | az® is the leading term of g € I} U {0},
is either {0} or A.

Therefore, the definition of St given in equation (5.1) is correct and
non-ambiguous if we assume that J is a monomial ideal and restrict
the set of ideals I to those that are monic. To this aim, we follow the
line of the definition of marked functor and consider the ideals I that
are generated by a suitable set of polynomials, marked on J, that we
expect to form a reduced Grobner basis. Indeed, an ideal I C A[x]
admits a reduced Grobner basis if, and only if, I is a monic ideal (see
(1, 25, 29]). We recall that a reduced Grobner basis is a Grobner basis
composed of polynomials with leading coefficient equal to 14 and such
that no term other than the leading one is contained in the initial ideal.
More precisely, the reduced Grobner basis takes the shape

Gy = {xa — Y bapa’ € Alx] |2 € BJ}.
mﬁEN(J)‘al

> b

This is a J-marked set, considering the marking given by the term
ordering, i.e., Ht(g) = in,(g). Furthermore, G; is a J-marked basis
since, for I = (G ;) € St%(A), the monomials in N (in, (1)) = N(J) are
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a basis of the A-module A[x]/I. Then we can rewrite St%(A) as

St5(A) = {monic ideals I C A[x] | in,(I) = J}

(5.2) .. .
Gy reduced Grobner basis
I1=(Gy)

and in,((Gy)) =J

Thus, St5(A) € Mf;(A) for every A, and there is an injection of
functors St — Mf ;.

Lemma 5.2. Let J be any monomial ideal and o a term ordering.
Then St is a functor and a Zariski sheaf.

Proof. The arguments used in the proofs of Proposition 2.3 and
Lemma 2.4 also apply to the case of the Grébner functor. O

Theorem 5.3. Let J be an m-truncation strongly stable ideal and o a
term ordering. Then the Gréobner functor St is a closed subfunctor of
M.

Using Notation 2.5, St is represented by the affine scheme St :=
Spec Z[C] /3%, where 35 is the sum of the ideal J; described in Theo-
rem 2.6 and the ideal &% = (Cup | 27 >, 2%).

Proof. The proof is straightforward by applying the criterion given
in [16, Proposition 2.9] on the inclusion ¢ : St(A) — Mf ;(A). O

The scheme representing the Grobner functor is called the Gréobner
stratum.

Example 5.4. Let us consider the ideal J = (23, z971,23) of Ex-
ample 2.14 and the term ordering DegLex. There is only one mono-
mial in A/(J) greater than some monomial of the same degree in By:
T2x3 >pegrex T5. Therefore, the ideal defining Str}egLeX as a subscheme
of A2 = SpecZ[C] is the sum of the ideal defining Mf; and the prin-
cipal ideal (Cyzo0:) and St78"* is a hyperplane section of MF ;.

An analogue of Theorem 3.4 also holds for Grébner strata (see [22,
Theorem 4.7]). In particular, we have an isomorphism St~ St7_
under the assumption of Theorem 3.4 (i), leading to the isomorphism



ON THE FUNCTORIALITY OF MARKED FAMILIES 405

Mf ., , =~ Mf,_ . From this property, we can deduce some cases in
which marked families and Grobner strata coincide.

We need the following property.

Proposition 5.5 ([8, Lemma 3.2]). Let J be a saturated strongly stable
ideal. If the truncation J>,, is a gen-segment ideal, then 50 18 J>pm_1.
In general, the opposite implication is not true.

Thus, if we consider a strongly stable saturated ideal J without
minimal generators divisible by x; in degree s + 1, then

Mf ., , ~Mf;  and St‘}zk1 ~ St‘}zs.

If, moreover, we assume that there exists a term ordering o making
J>s—1 a gen-segment ideal, then by Theorem 3.4, we get

Sty ~St5 =Mf, , ~Mf,

so that St7__and Mf . coincide, even if J> 4 were not a gen-segment
ideal. Note that, in this last case, there exist pairs of monomials x® € J;
and 2# € N(J)s such that 2 <, x”. However, since Jys, and J9_
coincide, the variables Cy, 5 corresponding to those pairs of monomials
must already be contained in J;._ _.

Example 5.6. Let us consider the ideal
J = (23, 2321, x92?) C Z[xg, 1, T2].

Its Castelnuovo-Mumford regularity is 3 and its Hilbert polynomial is
p(t) =t + 4 with Gotzmann number 4.

For s =1,2,3, J>, is a gen-segment ideal with respect to any term
ordering o induced by a refinement of the grading (4,3,1), whereas
J>4 cannot be a gen-segment since z2x3x0 € Jy, 21, 2323 € N'(J)4 and
(wox370)? = 2 - 2322, Since there is no minimal generator in degree 5,
the equality Mf;,, = StJ__ induces the equality Mf, , = St7_, as
subschemes of Hilb5™, even if our construction defines them in affine
spaces of different dimensions.

Indeed, in the construction of Mf ;_, we consider the variable C',; o0
corresponding to the monomial x7 in the tail of the polynomial f,,,
with Ht(f1.,) = 22220, while this variable does not appear in the
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construction of St7_ , since ! >, z2x3z9. This means that the
variable C',; o40 must already be contained in the ideal defining Mf Jos-
We will now check this fact, by a direct computation of J;_, as in
Corollary 2.13. -

Among the EK-polynomials involving f,,, there is

g = SEK(fula flSO) = x1f121 - xOflSO'

The only monomials in Supp(g) N J are x3z12z2 and zazixd, both

divisible by xp. Then

75,

g —x h =g — (0121,202 - CV130,211)J’F212 - (0121,112 - 01307121)]?212’

for2 =x0fo11 and  fize = o fio1-

Therefore, we replace the monomials z3x123 and zex?22 with linear
combinations of monomials all divisible by z¢, so that the monomial
x} still appears in the support of h with coefficient C\,, 4. Therefore,
C21,010 18 one of the generators of the ideal J;., defining Mf ;_,.

6. Example: Marked schemes and Grobner strata of an ideal
defining seven points in P3. In the final section, we report some
results about marked schemes and Grobner strata associated to the
strongly stable ideal

J = (23,23, w223, x1) C klzo, 21, 22, 3]

and its truncations. The ideal J defines a point of the Hilbert scheme
Hilb], which is an irreducible scheme of dimension 21 [23]. As
the Gotzmann number is 7, Hilb; can be defined as a subscheme
of the Grassmannian Gry*°. The Iarrobino-Kleiman equations of
the open subscheme Har(yy, € Gar(s), can be computed considering
the marked scheme Mf; .. By direct computation, one can check
that Mf ;. , ~ Hpr(s), is defined by 2058 quadratic equations in the
coordinate ring of the affine space A7 ~ G N(J);- This embedding is
clearly inconvenient because of the huge number of variables and the
resulting large codimension of Mf;__.

By Theorem 3.4, the marked scheme Mf ., is isomorphic to the
marked scheme Mf;_,. The latter scheme is defined as a subscheme
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of A195 its ideal generated by 210 quadratic polynomials, and it turns
out to be isomorphic to a rational hypersurface Vg in the affine space
A?2 defined by a degree 6 polynomial. Explicitly finding the embedding
Mf ., — A?? is the most difficult part of the computation, since the
process of elimination of 83 parameters greatly increases the degree of
the polynomials. This step can be both time and RAM consuming.
We recall that, in order to overcome this difficulty, an alternative
polynomial reduction procedure (the so-called superminimal reduction)
was developed in [4]. This procedure allows us to embed the marked
scheme in an affine space of far lower dimension. For instance, Mf ;_
can be embedded in A%?8. Considering this embedding, we would only
need to eliminate 6 parameters (instead of 83).

The superminimal reduction procedure can be seen as a general-
ization of the procedure used for computing Grobner strata of zero-
dimensional ideals in the affine framework. However, we emphasize
that the open subscheme H x(s), cannot be studied as a Grobner stra-
tum. First, the truncation J>3 is not a gen-segment ideal. Indeed,
the polynomials in the marked basis with head term x3z and 2] have
respectively xox? and zox3x in the support of their tails, but woz?
and xox22( cannot appear at the same time in generators with initial
terms z3x¢ and z7 of a reduced Grébner basis, since we would have

l'gif() >4 .’EQ(E%, [L'% >s l'gx%’ﬁo and ZL’%.’EO . "Ezll = .’EQ(E? . 1’2.%%%0.

Second, the coefficients of zo2? and waz3x in the polynomials of
the marked basis with head terms x3z¢ and 27 are not contained in the
ideal defining Mf ., so that the Grobner stratum St3>3 is a proper
subscheme for every o (Theorem 5.3). The smallest codimension of a
Grobner stratum contained in Mf;_, is 1. In fact, the Grobner strata
corresponding to the term orderings obtained as a refinement of the
gradings (13,6,4,1) and (11,6,3,1) are both isomorphic to A%?’. In
55’;6’4’1), the monomial 2927 does not
appear in the generator with initial term z3x(, while in the case of

the generic Grobner basis of St

Stf]121;6’3’1)7 292270 does not appear in the generator with the initial
term 2] (and there are no other differences with the marked basis).
Other proper subschemes of Mf_, can be obtained considering

marked schemes (and Grobuner strata) of truncation of J in degree
< 3 (the computation in these cases is much simpler and lasts a few
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TABLE 1. Marked schemes and Grobner strata with respect to the graded
lexicographic and reverse lexicographic term orderings of J, J>2 and J>3,
where J = (z3, 23, z2x3, 21) C k[zo, 1, 2, T3]

Grobner stratum Grobner stratum

Marked scheme

w.r.t. RevLex w.r.t. DegLex

MfJ g A22 St}}evLex g AQQ St]f)IegLex g Alg

J 28 equations 28 equations 28 equations

Mf; ~ A'® Sthevbex ~ A15 Storeter ~ A2

Mf]22 g A39 Stl}ezvlz_ex g A37 Stl}ezg;ex g ASG

J>o 77 equations 71 equations 77 equations
DegL

MfJ22 ~ AP St]}‘;";” ~ AP St;;;x ~ A2

MfJ23 g AIOS
210 equations

St}}e;r:l;ex g A93

204 equations

StD]egLex g A102
J>3

210 equations

Z ~ 22
MfJ‘Z/S : VZQ% A StDegLex ~ Alg
6 ——*

Revlex ., 15
Stiler ~ A o

seconds). In Table 1, we show the comparison between marked schemes
and Grobner strata with respect to the graded lexicographic and reverse
lexicographic term orderings of several truncations of J. Notice that we
already know theoretically that Mf;_, ~ Mf; and StJ_, ~ St7, for
any o. The case of the reverse lexicographic order is even more special,
since the Grobner strata with respect to RevLex of all truncations are
isomorphic [22, Proposition 4.11].

Moreover, by direct computation, we observe that the saturated ideal
J is a gen-segment with respect to the reverse lexicographic order, so
that Mf; = St%""*. The truncation J> is a gen-segment with respect
to any term ordering induced by a refinement of the grading (7,4, 3, 1),
so that the marked scheme Mf ;_, coincides with the Grobner stratum
Stf]zj’g’l). Notice that the term ordering induced by (7,4, 3,1) allows
two monomials more than the reverse lexicographic order in the tails of
the marked set. In fact, Stf,l’;l’s’l) C A3 and Stl}ivjex C A3, However,

explicit computation shows that these two monomials cannot appear
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in the tails of a marked basis, since

St‘(]’z;lﬁ’l) = 1v_[fj22 ~ Mf] = Stl}eVLeX ~ StRJezszex.
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