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ON TWO CLASSES OF REGULAR SEQUENCES
RI-XIANG CHEN

ABSTRACT. In this paper we get two new classes of
regular sequences in the polynomial ring over the field of
complex numbers.

1. Introduction. Throughout this paper, S = k[z1, 22, ..., z,] de-
notes the polynomial ring in n variables over a field k. Let f1, fo,..., fn
be some homogeneous polynomials in S of degrees a1, as,...,a, with
1<a; <ap <---<ay. It is well known that the following statements
are equivalent:

(1) fi1, fa,-.., fn is a regular sequence in S;

(2) The Koszul complex K.(f1, f2,..., fn) is the minimal free resolu-
tion of S/(f1, fay..., fn) over S;

(3) (fl,f27. . wfn)N = Sy where N =1+ Z?:l(ai — 1);

(4) (fl, fg, ey fn) = (Il, T2y... ,In), that iS, ht (fl, fg, ey fn) =N,

and when the field k is algebraically closed, they are all equivalent to
the following:

(5) V(f1, fa,---s fn) = {(0,0,...,0)}, that is, (0,0,...,0) is the only
solution to the system of equations f; =0, fo =0,..., f, =0.

There are some other criterions for fi, fs,..., fn being a regular se-
quence. Despite the many criterions, there remain some very difficult
questions about regular sequences.

For example, in [2], Conca, et al., made the following conjecture:

Conjecture 1.1. [2]. In S = Clxy,z2, 23], let po(3) = x§ + x§ + x§,
p(3) = 28 + 28 + 28 and p.(3) = x§ + x5 + 5§, where a,b,c € N*,
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a <b<ec ged(a,b,e) =1 and 6 | abe, then p.(3), pu(3) and p.(3)
form a regular sequence in S.

Conca, et al., verified some special cases of this conjecture, and
the conjecture remains mysterious. Another conjecture about regular
sequences is the famous EGH conjecture, which is wide open except
some special cases.

Conjecture 1.2. [4]. If I C S = k[z1,z9,...,z,] is a homoge-
neous ideal containing a reqular sequence of homogeneous polynomials

f1,fo, - oy [ of degrees 2 < a; < as < --- < ay, then there exists a ho-
mogeneous ideal in S containing ', x52, ..., xt" with the same Hilbert
function.

These conjectures motivate us to further our study of regular se-
quences. It is well known that, generically, f1, fa, ..., f. form a regular
sequence in S (see Proposition 3.1), but we do not have many specific
examples of regular sequences. The most popular example is the se-

quence z1', z532, ...,z . Also, if under a monomial order <, in<(f1) =
al : _ a s . n

21, inc(f2) = 252, ..., inc(fn) = a8, then f1, fo, ..., fn form a regu-

lar sequence in S. In addition, in the case of a; = a2 = -+ = a, =1,

fi, fay -, fn is a regular sequence if and only if fi, fo,..., f, are k-
linearly independent, and, equivalently, the determinant of the n x n
coefficient matrix is nonzero.

It is easy to see that, if fi = g1hy with deg(g1) > 1 and deg(h;) > 1,
then f1, fo, ..., fn is a regular sequence if and only if both g1, fo, ..., fn
and hq, fa, ..., fn are regular sequences. So, in [1], Abedelfatah consid-
ered the following class of regular sequences. Let f1, fo, ..., f, be homo-
geneous polynomials which split into linear factors, then fi, fo,..., fa
is a regular sequence if and only if for s = 1,2, ..., n and for every linear
factor I; of f;, l1,1lo,...,1, is a regular sequence. Abedelfatah proved
that the EGH conjecture holds for this class of regular sequences.

The goal of this paper is to get two new classes of regular sequences
in the polynomial ring over the field of complex numbers.

In Section 2, we consider the power sum symmetric polynomial
Pm(n) = 2P + a8 4+ -+ 27 in S = Clay,22,...,2,]. We prove
that, if a,d € N* with ged(a,d) =1 and n!la(a +d)--- (a + (n — 1)d),
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then pa(n),pava(n), ..., Pat(n-1)a(n) is a regular sequence in S (see
Theorem 2.4.)

In Section 3, we prove that, if fi, fo,..., f, are homogeneous poly-
nomials of degrees aj,as,...,a, in S = Clzy,22,...,2,] and for all
i =1,2,...,n, the distance between f; and ;' (see Definition 3.4) is
less than 1, then fi, fa,..., fn is a regular sequence in S (see Theo-
rem 3.5.)

2. Regular sequences of power sums. Throughout this section,

S = Clzy, 2, ...,%,], and let p,,(n) denote the power sum symmetric
polynomial 7" + 25" + --- + 2] in S. Given positive integers a; <
ag < -+ < ap, let A be the set {ay,as,...,a,}. For simplicity, we will

denote the sequence pg, (n), pa,(n), ..., Pa, () in S by pa(n).

The question is: when is p4(n) a regular sequence in S? To answer
it, Conca, et al., made the following two observations.

Lemma 2.1. [2]. Let a1 < ag < -+ < ay, be positive integers and A =
{a1,a9,...,a,}. Set d = gcd(a1,az,...,a,) and A’ = {a/d | a € A}.
Then pa(n) is a reqular sequence in S if and only if pa/(n) is a regular
sequence in S.

Lemma 2.2. [2]. Let f1, fa,..., fn be a regular sequence of homoge-
neous symmetric polynomials of degrees 1 < a3y < ag <---<a, inS=
Clx1,z2,...,2,). Then n! divides ajas - - ay, that is, n! | a1az - - ay.

By Lemma 2.1, we can always assume that ged (a1, as,...,a,) = 1.
And Lemma 2.2 implies that n! | ajas---a, is a necessary condition
for pa(n) to be a regular sequence in S. One may wonder if both
ged (a1, a9, ...,a,) =1 and n! | a1as - - - a, would imply pa(n) being a
regular sequence. This is true for n = 2, which is proved in [2], and
is also a special case of the following Theorem 2.4. The case of n = 3
remains mysterious as Conjecture 1.1. However, for n > 4, the above
two conditions are not sufficient for p4(n) being a regular sequence, as
is illustrated in the following example.

Example 2.3. gcd(1,3,5,24) = 1 and 4! | 1 x 3 x 5 x 24, but
p1(4),p3(4),p5(4), p24(4) is not a regular sequence in S=C[z1, 2, T3, Z4],
because (e™/24 —e™/?4 1, —1) is a nonzero solution to the system of
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equations p1(4) = 0, p3(4) = 0, p5(4) = 0, p24(4) = 0. Examples can
be similarly constructed for n > 4.

In [2, Proposition 2.9], Conca, et al., proved that if aj,as,...,a,
are consecutive positive integers, then p4(n) is a regular sequence in
S. To generalize this result, we have the following theorem.

Theorem 2.4. Let S = Clzy,22,...,2,], n > 2, a,d € N* and
A={a,a+d,a+2d,...,a+ (n—1)d}. Assume that gcd (a,d) =1 and
n!| a(la+d)(a+2d) - (a+(n—1)d). Then pa(n) is a reqular sequence
inS.

Note that the assumption ged (a,d) = 1 is equivalent to ged (a,a +
d,a+2d,...,a+ (n—1)d) = 1. And, when d = 1, this theorem is [2,
Proposition 2.9]. To prove Theorem 2.4, we need to prove the following
two lemmas, which themselves are interesting.

Lemma 2.5. Let n,a,d € N*, n > 2 and ged(a,d) = 1. Then
n!|ala+d)(a+2d)---(a+ (n—1)d) if and only if ged (d,n!) = 1, that
is, either d = 1 or every prime factor of d is greater than n.

Proof. Only if. Suppose, for contradiction, that there is a prime
number p which divides ged (d,n!). Then p | d and p | nl. Since
n! | ala + d)(a + 2d)---(a + (n — 1)d), it follows that p | a + id
for some 0 < ¢ < n — 1, which implies that p is a prime factor of
ged (d, a+id) = ged (d, a). But ged (a,d) = 1, so we get a contradiction
and, therefore, ged (d,n!) = 1.

If. Assume ged (d,n!) = 1. Then there exist integers s,t such that
sd + t(n!) = 1. Hence,
s"a(a+d)(a+2d)--- (a+ (n—1)d)
= sa(sa + sd)(sa+ 2sd) - - (sa+ (n — 1)sd)
=sa(sa+1—t(n!))(sa+2—2t(n!))---
(sa+ (n—1) = (n—1)t(n!))
sa(sa+1)(sa+2)---(sa+ (n—1))
0 (modnl!).



ON TWO CLASSES OF REGULAR SEQUENCES 33

Since ged (s,n!) = 1, it follows that n! | a(e + d)(a + 2d)---(a +
(n —1)d). O

In [5], Lam and Leung proved that if z1,29,...,2, € C are some
dth roots of unity and z; + 29 + - - - + 2z, = 0, then n must be a linear
combination with non-negative integer coefficients of the prime factors
of d. This is the main theorem of [5], and it was proved by group ring
techniques. The next lemma can be viewed as a corollary to Lam and
Leung’s theorem. For the completeness of the paper, we also give an
elementary proof of the lemma.

Lemma 2.6. Let d,n € N*, d > 2, n > 2 and z1,29,...,2, € C be
some dth roots of unity. If ged (d,n!) =1, then z1 + 2o+ -+ + 2z, # 0.

Proof. Let d = q7'q5? - - - 5= be the prime factorization of d, where
41,92, - --,qs are distinct prime numbers and ey, es,...,es > 1. Since
ged (d,n!) = 1, it follows that g1 > n,q2 > n, - ,qs > n. We will
prove this lemma by induction on s.

First, we consider the case s = 1. Suppose, for contradiction,
that 21 + 20 + -+ + 2, = 0. Let w = €2™/4 Without loss of
generality, we can assume that z; = wb', 2o = w®, ..., 2, = W’ with

0=b, <by<---<b, <d—1. Then
(be —b1) + (b3 —ba) + -+ (b —bp_1) + (b1 +d — b,) = d.

Since ¢1 > n, we have ¢f* > ng{*™', so that d > n(d — o(d)),
where o(d) = q7* — qfl_l is Euler’s totient function. Hence, one of
by —by,bs —ba,..., by, —b,_1 and by +d — b, = d — b, is greater than
d— p(d).

Suppose d—b,, > d—¢(d). Then b, < ¢(d). Since z1+z29+ - +2, =
Wl 4 wb2 4. 4 wbn =0, it follows that w is a root of the polynomial
o1 b2 ... 4 xbe | which is of degree b, < ¢(d). But this contradicts
the well-known fact that the minimal polynomial of w over Q has degree
o(d).

Suppose b; — b;—1 > d — ¢(d) for some 2 < i < n. Since z1 + 22 +
-+ + z, = 0, it follows that

1 1
f(21+2’2+"'+2’n):f(Zi+Z¢+1+"'+Zn+21+"'+2’i—1)

Z5 Zg
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=1 + wbi+1—bi 4+ 4+ wbn—bi + wb1+d_b'i —+ ...

4 himrtd=bi —

Hence, w is a root of the polynomial 1+ alit1=b% ... 4 gbn=bi L pd=bi 4
oo pglicitd=bi which is of degree d— (b;—b;—1) < d—(d—p(d)) = ¢(d).
But this also contradicts the fact that the minimal polynomial of w over
Q has degree p(d). So we have proved that z; + 25 + -+ + 2, # 0 for
the case s = 1.

Now we consider the case s > 2. Suppose, for contradiction, that
21+ 20+ - +2, = 0. Let di = ¢f* and dy = ¢5*>---¢¢*. Then
d = didy and ged(dy,dy) = 1. Let w = e2™/d ¢ = ¢27i/d2 and
n = e*™/4 Then it is well known that Q(n) = Q(w)(¢) = Q(e)(w).
Hence, without loss of generality, we can assume that z; = wb1e, 29 =
whre oz = whret with 0 = b < by < --- < b, < d; —1 and
0101§02§"'S0n§d271. Then

(b2 = b1) + (b3 —b2) + -+ (b — bp—1) + (b1 + d1 — by) = di.

By the proof of case s = 1, it is easy to see that we can assume d; —b,, >
max{b; — b;_1|i = 2,...,n}. Since ¢; > n, we have ¢¢* > ng¢' !, so
that d; > n(d; — ¢(d1)), which implies d; — b,, > d1 — ¢(dy), that is,
bn < L)O(dl)

Let j = min{i = 1,...,n | b = b,} > 1. Then % %+ .. . e
are some doth roots of unity. Since ged (d,n!) = 1, it follows that
ged (dg, (n — j + 1)!) = 1. Thus, by the induction hypothesis, it is
easy to see that €% + g%+1 4 ... 4+ g% =£ (0. Therefore, w is a root
of the polynomial % a + g2zb2 4 ... 4 gC-1pbi-1 4 (% 4 g%+ +
oo 4 g2 € Q(e)[z], which is of degree b, < ¢(dy). However, since
¢(d) = ¢(d1)p(dz) and

p(d) = [Q0) : Ql = [Qe)(w) : Q)][Q(e) : Q] = [Q(e)(w) : Q(e)]p(da),

it follows that [Q(g)(w) : Q(e)] = ¢(d1), so that the minimal polynomial
of w over Q(g) has degree ¢(d;). So we have a contradiction, and
therefore, z1 + 20 + - - + 2z, # 0. O

Proof of Theorem 2.4. Suppose, for contradiction, that p4(n) is not
a regular sequence in S. Then the polynomial system associated
to pa(n) has a nonzero solution (z1,22,...,2,) € C"™. Since the
polynomials p4(n) are homogeneous and symmetric, without the loss
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of generality, we can assume that z; = 1 and that z{,24,..., 2 are all

the distinct values among z{, 24, ..., 2. Note that 1 < ¢ < n.

’ ’ﬂ

Ift =1and d = 1, then 21 = 25 = = z, = 1. Hence,
2P+ 25+t 2y =10 7& 0, which contradlcts (21,22, ..., Zpn) being
a root of pa(n).

Ift =1and d > 2, then 2¢ = 2§ = .- = 2¢ = 1. Hence,
2,28, ..., 22 are some dth roots of unity. By Lemmas 2.5 and 2.6, we
have that z{ + 2§ + - - - + 22 # 0, which also contradicts (z1, 22, . . ., 2n)

being a root of p,(n).
If ¢t > 2, then, for every 1 < ¢ < t, we set

Ai={j=12,....n|2¢=2" and w; = sza

JEA;
Since (21, 22, ..., 2p) is a solution of the polynomial system associated
to pa(n), we have the following system of equations:
wy+F w4 +wp =0
w128+ wezd + - +wpzd =0
w Z%n 1)d + wzzénfl)d 4t wtzlgnfl)d —0.

Rewriting the first ¢ equations in the matrix form, we get

1 1 1 wy
2 I ws
. . . = 0.
A CULRN DL B W
By Lemmas 2.5 and 2.6, it is easy to see that w; # 0, so that
(w1, ws,...,w;) is a nonzero vector. Thus, we have that
1 1 1
2 2 %
. =0,
(t—1) (t—1) (t—1)d

which implies

1<i<j<t
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This contradicts the assumption that 2¢,2¢,...,z¢ are all distinct.

Therefore, ps(n) is a regular sequence in S. O

Remark 2.7. In [2], Conca, et al., verified some special cases of
Conjecture 1.1. Now Theorem 2.4 proves some new cases of this
conjecture. For example, if A = {1,8,15} or A = {2,7,12}, then pa(3)
is a regular sequence in S = C[z1, 22, z3]. However, Conjecture 1.1 still
remains mysterious. For example, if A = {2,5,9}, then it is hard to
see if p4(3) is a regular sequence. Also, when A = {1,6,m}, the proof
for pa(3) being a regular sequence took almost eight pages in [2], so
one might wonder if there is an easier way to prove it.

3. Regular sequences close to z{',z52,...,2%". Let S = k[z1, 22,

..., 2p] be the polynomial ring in n variables over an infinite field k.
Let f1, fo,..., fn be a sequence of homogeneous polynomials of degrees
1<a; <ap <---<a,in S. Then it is well-known that, generically,
fi, f2,- .., fn is a regular sequence in S. In the next proposition, we
will give this basic fact an elementary proof, which will also be useful
when proving Theorem 3.5.

Proposition 3.1. Let S = k[zy,29,...,2,] with k being any field.
Given1 < a3 <ag <--- < ap, let W =29, ®&Sa, ®---D®S,, be the

affine k-space of dimension m, where m =3 ., (”Jr::?*l). Let
T

YS={(f1,fas-- s fn) EW | f1, fa,..., fn is a reqular sequence in S}.

Then X is a non-empty Zariski-open subset of W. Furthermore, if k
is an infinite field, then ¥ is a dense open subset of W, and then,
generically, a sequence of homogeneous polynomials f1, fo,..., fn of
degrees ay,asg, . ..,a, 1S a regular sequence in S.

Proof. For any d > 1, the set of all monomials in Sy ordered in the
lexicographic order form a basis of the k-vector space Sy. And Sy = k
has basis {1}. These bases give rise to a basis of the k-vector space
W =54 ®Sa, @+ DY, . We call these bases the monomial bases of
these k-vector spaces. So, under the monomial basis, W is isomorphic
to k™.

Let N = " (a; —1). Then the n-tuple (fi,f2,...,fn) is in
3 if and only if for the ideal (fi,f2,...,fn) C S, we have that
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(f1, f2y- -+, fn)N = SN, or, equivalently, given any h € Sy, there exist
91 € SN—a1,92 € SN—ay,---39n € SN_q, such that

(3.1) figr + fag2 + -+ fugn = h.

Under the monomial basis, let Ay, Aa,..., A, be the coordinates of
the n-tuple (f1, f2,..., fn) in W, let p1, po, ..., pp be the coordinates
of hin Sy where p = ("+x71), and let 21, 2, ..., 24 be the coordinates

of the n-tuple (g1,92,-..,9n) In SN—a; D SN—a, ® -+ ® SN_q, Where

qg = >, (”*%:ZE’I). Then equation (3.1) is equivalent to the

following matrix equation:

21 M1

22 H2
(3.2) Al =1 .1

Zq Hp

where the px ¢ matrix A is determined by equation (3.1) and the entries
of A are either some \; or zero. Thus, f1, fo,..., f, is a regular sequence
if and only if, given any vector (pi, pa, ... ,up)T, there exists a vector
(21,22, ...,24)7 satisfying equation (3.2), or equivalently, rank (A) = p.
So, the n-tuple (f1,f2,...,fn) is in ¥ if and only if the m-tuple
(AM,A2,. .., Ap) isin E™ —V(I,(A)). Since k™ —V (I,(A)) is a Zariski-
open subset of k™, it follows that X is a Zariski-open subset of W.
Note that 7", 292, ..., 2% is a regular sequence in S. Therefore, ¥ is

) n

a non-empty Zariski-open subset of W.

If the field k is infinite, then the affine space W is irreducible, so
that the non-empty Zariski-open subset X is dense in W, which implies
that, generically, a sequence of homogeneous polynomials f1, fa, ..., fn
of degrees ay,as,...,ay, is a regular sequence in S. O

To illustrate equation (3.2) in the above proof of Proposition 3.1, we
have the following example.

Example 3.2. Let S = k[z1,z2] and a; = ag = 2. Then the numbers
defined in the above proof are m =6, N =3 and p = g = 4. Let

2 2
fi =Mzl + Aoziza + Asxs, g1 = 21T1 + 22T,

2 2
fo = Mx7 + Asx129 + A6, g2 = 2371 + 2472,



38 RI-XIANG CHEN

h = ulxi’ + le‘%xg + /1431‘1.’)3% + /J,4$§.

Then f1g1 + f2g92 = h is equivalent to the following matrix equation:

zZ1 )\1 0 )\4 0 z1 J251
al=] = Ae A A5 N\ z2 | _ | 2
23 Az A2 As As 23 M3
24 0 X3 0 X 24 144

Since z; in g; can only be multiplied by f;, it follows that only the
coeflicients A1, Aa, A3 of f1 can appear in the first column of the matrix
A and each coeflicient of f; appears only once in the first column. The
other columns of A have similar properties. Also, one can see that
f1, f2 is a regular sequence in S if and only if det(A) # 0.

Remark 3.3. Illustrated by the above example, we have that, in
general, the matrix A in the proof of Proposition 3.1 has the following
property: for any column of A, there exists some f; such that the
entries of the column are either the coefficients of f; or zero, and each
coefficient of f; appears only once in that column. This observation
about the matrix A will be used in the proof of Theorem 3.5, which is
the main result of this section.

If ¥ = C, then by [3, Theorem 2.3, Chapter 3], we see that
fi,f2,..., fn is a regular sequence in S if and only if the resultant
Res (f1, fo,..., fn) is nonzero. If n =2ora; =as =--- =a, =1,
then Res(f1, f2,..., fn) = det(A). For other cases, the matrix A is
not even a square matrix. And, although we have that V(I,(A)) =
V(Res (f1, fa,-.-, fn)), it is not clear if Res (f1, fo,..., fn) can always
be expressed as a single determinant.

In order to state Theorem 3.5, we need the following definition. In
the rest of this section, we will assume k& = C.

Definition 3.4. Let S = Clx,2,...,2,] and f,g be two homoge-
neous polynomials in S of degree d. Suppose

f= Mz? 4+ Aoz oy + -+ Aad
1 1 n

d d—1 d
g =1r1x] +Vx] X2+ -+ VT,
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where r = ("+j_1). Then we define
d(f,9) = |\ — w1l + A2 —vo| + -+ [\ — v,

and we call it the distance between f and g.

Given 1 < a1 <as < - < ap, let W =5, &S5, ®S5,,.
For any two n-tuples (f1, f2,..., fn) and (g1,92,...,9,) in W, we can
define the distance between them as follows:

d((f1, for -5 fu)s (91,92, - s gn) =d(f1, 91) +d(f2, g2) +- - - +d(frr 9n)-

This definition makes W into a metric space, whose induced topology is
larger than the Zariski topology on W. So, by Proposition 3.1, the set
3 is a non-empty open subset in the metric space W. Therefore, given

any regular sequence fi, fo,..., f, of homogeneous polynomials with
degrees ay,as,...,a, in S = Clz1,z2,...,2,], there exists € > 0 such
that, for any homogeneous polynomials g1,¢gs,...,9, € S of degrees
ai,as, ... an, if d(g1, f1) < &, d(g2, f2) < &,...,d(gn, fn) < &, then
91,92, - --,gn is also a regular sequence in S.

The question is: if f; = «{*, fo = z5%,..., f, = x%, what is the

maximal value for €7 The answer is € = 1, as is shown in the following
theorem.

Theorem 3.5. Let f1, fa,..., fn be a sequence of homogeneous poly-
nomials of degrees 1 < a3 < as < -+ < a, in S = Clzy,29,...,2,].
If d(fi,zi") < 1 fori = 1,2,...,n, then fi, fa,..., fn is a reqular
sequence in S.

To prove this theorem, we need the following lemma.

Lemma 3.6. Let A = (a;j)nxn € M, (C). If, for every j =1,2,...,n,
we have

laz;| > laj| + -+ laj—1,] + |aj+1 + - + langl,

then det(A) # 0.

Proof. Suppose, for contradiction, that det(A) = 0. Let o =
(ai1, 2, .. ain) for i = 1,2,....n. Then aj,as,...,q, are linearly
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dependent. Hence, there exist l1,lo,...,l, € C, which are not all zero,
such that
hoiy +leag + -+ o, =0.

Let |I;| = max{|l;||i =1,2,...,n} > 0. Then

Iy li_1 lixq l
Olj = 77041 — e — JTOZj_l — %aj+1 — fan.
j J J J
Hence,
Iy li_1 liv1 l
4jj = 70 T T JT%‘—LJ' - Jliaﬂ—l,j - lianj~
J J J J
Thus,
l li_1
laj;| < 'L |lai| +---+ Ll, |aj—1,;]
j J
lix1 l
+ Jli |aj1,5] + Tn ||
J J
<lagsl + -+ laj—140 + lajia 5] + lans],
which contradicts the assumption. Therefore, det(A) # 0. O

Proof of Theorem 3.5. For every i = 1,2,...,n, let v; be the coef-
ficient of z7" in f; and ¢; the sum of the absolute value of the other
coefficients in f;. Since d (f;, ") < 1, it follows that ¢; + |v; — 1| < 1,
which implies that ¢; <1 —|v; — 1| < |14 (v; — 1)| = |v4].

Let A be the p x ¢ matrix defined in the proof of Proposition 3.1.

Since z{',x52,...,x% is a regular sequence in S, it follows that
there is a p X p submatrix B of A, which is invertible when evalu-
ated at the n-tuple (z{*,z5%,...,2%). Let B(x}',z3?,...,2%") de-
note the matrix B evaluated at (z{*,z52,...,2% ). By Remark 3.3,
it is easy to see that the column vectors of B(xi', z5?,..., 2% ) are of
the form (0,...,0,1,0,...,0)7. Since B(z{*,252,...,2%") is invert-
ible, by rearranging the column vectors of B, we can assume that
B(z{*, x5, ..., x%) is the identity matrix.

Let B(f1, f2y..-,fn) be the matrix B evaluated at the n-tuple
(f1,f2y.--, fn). For every i = 1,2,...,p, let n; be the ith column
vector of B(f1, fo,..-,fn). Then, by Remark 3.3, it is easy to see
that the ith entry in n; is v; for some 1 < j < n, all the other
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coefficients of f; appear as the entries of 7; exactly once, and the
remaining entries of 7; are zeros. Since ¢; < |vj], it follows that the
matrix B(f1, fa,..., fn) satisfies the assumptions of Lemma 3.6, and
then det(B(f1, f2,.--, fn)) # 0. So the matrix A evaluated at the n-
tuple (f1, fo,..., fn) has rank p. Therefore, fi, fa,..., fn is a regular
sequence in S. (]

Remark 3.7. It is easy to see that in S = Clzy,z2], if d (f1,2]*) =1
and d (f2,25%) = 1, then fi, fo may not be a regular sequence in S. For
example, fi = 22 4+ 2y, fo = xy? + y3 is not a regular sequence in S.

The regular sequences obtained in Theorem 3.5 are very different
from the regular sequences obtained in Theorem 2.4. It would be in-
teresting to know if the EGH conjecture holds for these two classes of
regular sequences. Besides, the above two classes of regular sequences
are in S = Clzy, za,...,2,]. If S =7Z/2Z[x1,xa,...,2,], then the se-
quence in Theorem 2.4 is not a regular sequence because the polynomial
system has a non-zero solution (1,1,0,...,0). It would be interesting
to find a new class of regular sequences in S = Z/2Z[x1, xa, . .., Zy].

We end this paper with the following proposition. We put it in this
paper because its proof is similar to the proof of Proposition 3.1.

Proposition 3.8. Let S = Clzy,xa,...,x,]. Let f1, fo,..., ft be C-
linearly independent polynomials in S; with ¢ > 1. Then there exists

e > 0 such that, for any homogeneous polynomials g1, 9o, ...,g: in S;
satisfying d (g1, f1) < €, d(g2, f2) < &,...,d(gs, ft) < &, we have that
91,92, - .-, g¢ are C-linearly independent and

dime(f1, fo,- -5 fe)it1 < dimc(91,92, - -5 Gt)it1-

Proof. 1t is easy to see that g1, gs, ..., g are C-linearly independent
when ¢ is sufficiently small. Let

Y= {(917927”';gt) € (Sz’)t | dimC(917927~~~19t)i+1
Z dimC(flan?"'7ft>i+l}-

Since the t-tuple (f1, fo,..., ft) is in X, it follows that X is non-empty,
so that it suffices to prove that o is an open subset of the affine C-space
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(S;)t. Note that under the monomial basis as defined in the proof of
Proposition 3.1, (S;)? is isomorphic to CV where N = t("+;_1).

For any t-tuple (g1,92,-..,9:) € (Si)", (91,92, 9¢)i1 is the C-
vector space spanned by the nt polynomials x1g1,z291,...,2,g:. Let
B be the nt x (7_:';) matrix with each row being the coordinates of
some x;g; under the monomial basis of S;;1, where [ =1,2,...,n and
j=1,2,...,t. If the coordinates of t-tuple (g1, go,...,g:) under the
monomial basis of (S;)! is (A1, A2, ..., An), then the entries of B are
either some \; or zero. Let p = dim¢(f1, fo, .-, ft)i+1, then it is easy
to see that the t-tuple (g1,92,...,¢9¢) is in X if and only if the N-tuple
(A1, A2y . .., Ay) is in CN = V(I,(B)). Since CV — V(I,(B)) is an open
subset of CV, it follows that ¥ is an open subset of (S;). O
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