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REES ALGEBRAS OF
SQUARE-FREE MONOMIAL IDEALS

LOUIZA FOULI AND KUEI-NUAN LIN

ABSTRACT. We determine the defining equations of the
Rees algebra of an ideal I in the case where I is a square-
free monomial ideal such that each connected component of
the line graph of the hypergraph corresponding to I has at
most 5 vertices. Moreover, we show in this case that the
non-linear equations arise from even closed walks of the line
graph, and we also give a description of the defining ideal of
the toric ring when I is generated by square-free monomials
of the same degree. Furthermore, we provide a new class of
ideals of linear type. We show that when I is a square-free
monomial ideal with any number of generators and the line
graph of the hypergraph corresponding to I is the graph of
a disjoint union of trees and graphs with a unique odd cycle,
then I is an ideal of linear type.

1. Introduction. The main problem of interest in this article is the
question of determining the defining equations of the Rees algebra of
a square-free monomial ideal in a polynomial ring over a field. Let R
be a Noetherian ring, and let I be an ideal. The Rees algebra, R(I), is
defined to be the graded algebra

R(I) = R[It] = @Oﬂti C R[t],
where ¢ is an indeterminate. The Rees algebra of an ideal encodes
many of the analytic properties of the variety defined by I, and it is
the algebraic realization of the blowup of a variety along a subvariety.
The blowup of Spec (R) along V(I) is the projective spectrum of the
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Rees algebra, R(I), of I. This important construction is the main tool
in the resolution of singularities of an algebraic variety.

From the algebraic point of view the Rees algebra of an ideal
facilitates the study of the asymptotic behavior of the ideal, and it
is essential in computing the integral closure of powers of ideals. The
Rees algebra of an ideal I in a Noetherian ring can be realized as
a quotient of a polynomial ring, and hence once the defining ideal
of R(I) is determined, it is straightforward to compute the integral

closure, R(I). It is well known that

R(I) =PI,

i>0

and one obtains ¢ = [R(I)];.

Another reason for exploring the Rees algebra of an ideal is to
determine the defining ideal of toric rings. Recall that a toric ideal
is the ideal of relations of a monomial subring of a polynomial ring,
see Section 2 for a detailed definition. For a Noetherian local ring R
and I an R-ideal the special fiber ring, F(I), of I is defined to be
F(I) = R(I)/IR(I) ® k, where k is the residue field of R. When R
is a polynomial ring over a field k and I is generated by square-free
monomials of the same degree, then the defining ideal of the special
fiber ring F(I) is the toric ideal associated to I. Notice that in this
case F(I) = k[f1,...,fn], where fi1,...,f, is a minimal monomial
generating set of I. There are many questions arising from the study
of toric varieties, as these have applications in combinatorics and in
geometry, for example, see [5, 7, 8, 27, 28]. Once we understand
R(I) then we can obtain a concrete description of the toric ring
corresponding to a square-free monomial ideal generated in the same
degree directly from R([).

The problem of finding an explicit description of the defining ideal
of the Rees algebra has been addressed by many authors, see for
example, [2, 4, 9, 10, 11, 12, 13, 14, 21, 25, 26, 29, 34]. In
general, finding the generators for the defining ideal of the Rees algebra
of an ideal is difficult. Recently, Kustin, Polini, and Ulrich in [21]
studied the defining equations of the Rees algebra of certain height 2
ideals generated by forms of the same degree in k[z,y], where k is
any field. Recently, Lin and Polini have extended these results in
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[23]. Furthermore, in [6], Cox, et al. provide a detailed study of the
singularities of rational curves in P? by studying the defining equations
of the Rees algebra.

We consider the following construction for the Rees algebra. Let
R be a Noetherian ring, and let I be an R-ideal. Let fi,...,fn
be a minimal generating set for I. Consider the polynomial ring
S = R[T\,...,T,], where Ti,...,T, are indeterminates. Then there
is a natural map ¢ : S — R(I) = R[It] that sends T; to f;t. Let
J = ker ¢ be the defining ideal of R(I). Then R(I) ~ S/J and

is a graded ideal. A minimal generating set for J is often referred to
as the defining equations of the Rees algebra. Also, J; is known as
the ideal of linear relations as it is the defining ideal of the symmetric
algebra, Sym (I), of I and it is generated by linear forms in the T;.
The generators of J; arise from the first syzygies of I. When J = Jj,
then I is called an ideal of linear type. In this case, R(I) ~ Sym (I),
and the defining ideal of R(I) is well understood. Furthermore, if R is
a Noetherian local ring with residue field k or a k-algebra where k is
a field, then there is a homomorphism ¢ : k[Ty,...,T,] — F(I) that
sends T; to f;. Then F(I) ~ k[Th,...,T,]/H, where H = kert). An
ideal I is called an ideal of fiber type if the defining ideal J of R(I)
is obtained by the linear relations and the defining equations for the
special fiber ring, i.e., J = SJ; + SH.

In the case of square-free monomial ideals generated in degree 2,
namely, edge ideals, Villarreal showed that they are all ideals of
fiber type, [35, Theorem 3.1]. Moreover, Villarreal gave an explicit
description of the defining equations of the Rees algebra of any edge
ideal, [35, Theorem 3.1]. It is also worth noting that Villarreal
exhibited an example to show that his techniques do not extend for
monomial ideals generated in degree higher than 2, [35, Example 3.1].
His example is a square-free monomial ideal generated in degree 3 that
is not of fiber type. We remark that, in general, a square-free monomial
ideal generated in degree greater than or equal to 3 is not necessarily
of fiber type. Therefore, as the degree of the generators exceeds 2, the
complexity of the problem increases.
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In Section 2, we develop a series of lemmas that allow us to determine
conditions under which an element in the defining ideal of the Rees
algebra becomes redundant and hence not needed in the defining
equations. We make use of a classic result by Taylor, in which she
determines a non-minimal generating set for the defining ideal of the
Rees algebra of any monomial ideal, [31]. We construct a graph
associated to monomial ideals, which is also known as the line graph
of the corresponding hypergraph. The monomial generators are the
vertices for this graph, and the edges are determined by the greatest
common divisor among the generators, see Construction 2.16. In
the main result in this section we show that when I is a square-
free monomial ideal such that the line graph of the corresponding
hypergraph is the disjoint union of graphs with at most 5 vertices,
then one can describe the defining equations of the Rees algebra of I,
Theorem 2.20. Furthermore, we show that the non-linear part of the
defining equations of R(I) arises from even closed walks of the line
graph of the corresponding hypergraph, Theorem 2.20. Moreover, in
Example 2.22, we give a concrete explanation of how one obtains the
defining equations for the ideal in [35, Example 3.1].

As mentioned already, one can determine the toric ideal of a square-
free monomial ideal generated in the same degree directly from the
defining equations of the Rees algebra. Villarreal provided a concrete
description of the toric ideal in the case of square-free monomials
generated in degree 2, [35, Proposition 3.1]. We are then able to give a
generalization of Villarreal’s result in the case of square-free monomial
ideals generated in any degree, Corollary 2.23.

In Section 3, we concentrate on the special class of ideals of linear
type. The first well-known class of ideals of linear type are complete
intersection ideals, [24]. Many authors have worked on establishing
other classes of ideals of linear type, see for example, [15, 16, 17,
19, 20, 33]. In the case of square-free monomial ideals generated in
degree 2, Villarreal gave a complete characterization of ideals of linear
type. More precisely, he showed that such an ideal I is of linear type
if and only if the graph of I is the disjoint union of graphs of trees
and graphs that have a unique odd cycle, [35, Corollary 3.2]. Inspired
by this result, we prove that when I is an ideal generated by square-
free monomials and the line graph of the hypergraph corresponding
to I is a disjoint union of graphs of trees and graphs with a unique
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odd cycle then I is an ideal of linear type, Theorem 3.4. In some
sense, these results extend the work of Villarreal, even though we do
not fully recover his results. Nonetheless, our techniques allow us to
consider square-free monomial ideals without any restrictions on the
degrees of the generators nor any restrictions on the number of minimal
generators.

We conclude with some final remarks. In [3], Conca and De Negri
introduced the notion of monomial ideals generated by M-sequences.
They showed that all ideals generated by an M-sequence are ideals of
Grobner linear type and, in particular, of linear type. In [30], Soleyman
and Zheng introduced the class of monomial ideals of forest type and
showed that in the case of square-free monomial ideals the class of
monomial ideals of forest type coincides with the class of monomial
ideals generated by M-sequences. It is straightforward to see that an
ideal whose line graph is a graph of a forest is an ideal of forest type
and hence making it an ideal generated by an M-sequence. Hence, by
[3, Theorem 2.4], these ideals are of (Grobner) linear type. However,
an ideal whose line graph is the graph of an odd cycle is not an ideal
of forest type, but nonetheless it is an ideal of linear type. Hence,
the class of ideals of linear type that we uncovered in Theorem 3.4
are not necessarily generated by M-sequences, and thus our result is
incomparable to the results of Conca and De Negri in [3].

2. The defining equations of the Rees algebra. Let R be a
polynomial ring over a field, and let I be a monomial ideal in R. Let
fi,--+, fn be a minimal monomial generating set of I, and let R(I)
denote the Rees algebra of I. Then R(I) = R|[fit,..., fat] C R[t], and
there is an epimorphism ¢ : S = R[Ty,...,T,] — R(I) induced by
o(T;) = fit. Let J = ker ¢. We note that

J = éJi
i=1

is a graded ideal of S. As mentioned in the Introduction, a minimal
generating set for the ideal J is referred to as the defining equations of
the Rees algebra of I.

Definition 2.1. Let I be a monomial ideal in a polynomial ring R
over a field k. Let f1,..., f, be a minimal monomial generating set
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of I. Let Z, denote the set of all non-decreasing sequences of integers
a = (i1,...,45) C {1,...,n} of length s. Then f, = fi;, --- f;, is the
corresponding product of monomials in I. We also let T, = T3, --- T},
be the corresponding product of indeterminates in S = R[T1,...,T,].
For every a, € Zs; we consider the binomial

f,@ fa
T, 5= T, — Ts.
P ged(far f5) " ged(fa, f5) 7

The following is in [31], and we cite it here for ease of reference.

Theorem 2.2. ([31]). Let R be a polynomial ring over a field, and let
I be a monomial ideal in R. Let f1,...,f, be a minimal monomial
generating set of I, and let R(I) be the Rees algebra of 1. Then
R(I) ~ S/J, where S = R[Th,...,Ty)] is a polynomial ring, Th,..., T,
are indeterminates, and

J=SJ1+S-(GJi>
i=2

such that Jy = {Twp | fora,p €I}

The following remark states some properties for the greatest common
divisor among square-free monomials. The proofs are omitted as they
are elementary.

Remark 2.3. Let a,b,c,d,by,...,bs be square-free monomials in a
polynomial ring R over a field. Let n, m, [, r be positive integers. Then

(a) ged(a™,b™) = ged(a, b)™mimmd,

(b) ged(a™, by ---bs) = ged(a®, by -+ - b) for all n > s,

(¢) ged(a™, b™ct) = ged(a, b)™ i} ged(a, ¢)™i{m /O for some C' €
R.

The main goal in this section is to determine conditions under which
for sequences «, B of length s > 2 we have

s—1
Top €SS +S- <U J)
=2



SQUARE-FREE MONOMIAL IDEALS 31

In other words, we are interested in finding conditions on the sequences
a, B such that the generator T, g is redundant in the defining ideal
of the Rees algebra. The following two lemmas follow directly from
Definition 2.1.

Lemma 2.4. Let R be a polynomial ring over a field, and let I be
a monomial ideal in R. Let o, 8 € Is be two sequences of length
s > 2, where I, is as in Definition 2.1. Suppose that a = (aq,...,as),

B = (b1,...,bs), and suppose that a; = b; for some i and some j. Then
s—1
Ta”g eSS+ 8S- <U Ji).
i=2
Proof. Without loss of generality, we may assume that a; = b;.

Let a1 = (ag,...,as) and f1 = (ba,...,bs). Then gcd(fo, f3) =
fa1 ng(fl)él?f,@l) = fbl ng(fa17fB1)' NOtice tha't fal = fb1 and
T,, =Tp,. Then
fb’ fa
Tous= T, — T
P ged(far f5) " ged(far o) "
fﬁl fcn ]
= T¢11 Tal - T 1
ecd(fa, f5,) gcd(fa,, o) "

s—1
:Tal[Ta1,51]€SJ1+S'(U‘]i>~ ]
=2

Lemma 2.5. Let R be a polynomial ring over a field, and let I be a
monomial ideal in R. Let o, B € Iy be two sequences of length s > 2,
where Ig is as in Definition 2.1. Suppose that o = (a1,...,a1) and
B=(f1,...,01), where ay, 1 € I, and m < s. Then

Topg €SS +S5- (UJl>
=2

Proof. First we observe that s is a multiple of m. Let [ be an integer
such that s = Im. Notice that f, = él and fz = f}al. Also, by Remark

2.3 (a), we have that ged(fa, f5) = ged(fay, f5,)'. Let
f8:Ta, fou T,

“= ng(fOélvfﬁl), _ng(fal7fﬁl)7
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and let A = (a!~' +a'=2b+--- +ab' =2 + b'~1). Notice that a,b € S,
and thus A € S. Then
15 fa
To 3= _ T
*7 7 ged(fas f5 ged(fa, f5) °
= (a _ b)(al—l +al_2b+ . +abl_2 —i—bl_l)

T =a —¥
)

= al,blAGSJ1+S'(UJi>. O
=2

We observe the following properties for greatest common divisors
among monomials. Again, we omit the proofs as they are elementary.

Remark 2.6. Let a,b,c,d, e, f be monomials in a polynomial ring R
over a field.

(a) ged(a, be) = ged(a, b)ged(a, ¢)/C, for some C' € R.
(b) Suppose that ged(a,c) = 1. Then ged(ab, ¢) = ged(d, ¢).

The following lemma plays an important role in the rest of this article
as it allows us to show that certain expressions T, g are redundant in
the defining ideal of the Rees algebra.

Lemma 2.7. Let R be a polynomial ring over a field, and let I be
a monomial ideal in R. Let a, B € Iy be two sequences of length
s > 2, where Iy is as in Definition 2.1. Suppose o = (a1, ..., Q) and
B=(B1,...,0m) with a;, B; € I, and s1+ -+ s, = s. Suppose that,
for all 1 < i < m, there exist C; € R such that

ng(fa’fl?)
1—1 m m

= ged <H faj7fB> ged (Hfak’ H fﬁk) ged (fai7f5i>/0i’
j=1 k=i k=it1

where empty products are taken to be 1. Then
m m i—1 r

o= a0 IT 7o T € 50105 (U2),

i=1 j=it+1 k=1 i

where r = max{sy,...,Sm} and A; € R for all i.
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Proof. Notice that

fo=]]fo: andfs=]]fs.-
=1

i=1
Then we have

fﬁ fa
Ths= T, — T
o ged(fo o) ged(fa: 3) g

Ci Hfaj H ka H TaJHTﬂk

Jj=1 k=it1 J=itl
i—1

ng(H fa afﬁ)ng(H fOék? H fﬁk)

=1 k=i+1

fBi _ fai )
<gcd(fa,- ) T ged(fur S

Finally, we note that

Ci H fon H fﬁk
Ai: =1 k=i+1 ER 0
ng(H faﬂfﬁ)ng(H fak,kHJr ka)

Next we give a list of conditions that, when satisfied by two sequences
o, B, then the generator T, g is not a minimal generator in the defining
ideal of the Rees algebra of the corresponding ideal.

Proposition 2.8. Let R be a polynomial ring over a field, and let I be
a monomial ideal in R. Let o, B € I, be two sequences of length s > 2,
where Ig is as in Definition 2.1. Let o = (aq,...,as),8 = (b1,...,bs).
Suppose that, after some reordering, there exist integers k,l with 1 < k,
I < s—1 such that gcd(fa,, fo,) = 1 for every 1 < i < 1 and every
kE+1<j<s. We further assume that gcd(fa,, fs,) = 1, for every
l+1<u<sandevery 1 <v <k. Then

Ta,,B eSJ+5- (UJ1'>,
1=2

where r = max{k, |k —1l|,s — k,s — [}.
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Proof. Suppose that [ = k, and write o = (a1, o) and 8 = (51, B2),
where ag = (a1,...,ax), a2 = (ag41,.-.,0s), B1 = (b1,...,b;), and
B2 = (bk41,---,bs). By our assumptions, we have ged(fa,, fs;) = 1 for
i # j. Hence, by Remark 2.6, we have

ged(fa, f) = ged(fa, f5,) ged(fa, f5,)/C1
= ng(fal ; f[31) ng(faa f,@z)/ch

ng(faa fﬁ) = ng(fam fﬂ) ng(fOtQ? fB)/CZ
= ng(fa17 fﬁ) ng(fagv fﬁg)/CQ

The result follows from Lemma 2.7 with m = 2.

Without loss of generality, we may now assume that [ < k. We
write @ = (a1, @9,a3) and B = (b1, P2, 83), with an = (aq,...,a),
ay = (ai41,---,a), az = (Ggt1,---,a5), B1 = (b1,...,bi), Ba =
(bis1s-- - bg)s and By = (bysrs-..,by). Then ged(fay, fz,) = 1 and
ged(fa;, fp;) = 1 for i = 2,3 and j = 1,2. Hence by Remark 2.6, we
have
ged(fo, f5) = ged(fas f5,) 8ed(fa, [, f55)/C1
= ged(fay, f5,) ged(fa, f3:f85)//C1s

ng(fomfﬁ) = ng(famfﬂ) ng(fazfag.vfﬂ)/CQ
:ng(fDq?fﬂ)ng(fOth!l37f53)ng(fOészt?,vf51f52)/02
= gcd(fans f5) 2¢d(fas fas, [55) 8d(fay fasy f5,)/Cs
:ng(faufﬁ) Cd(fazfa37fﬁS)ng(fazvfﬁz)/C27

and

ng(faaf,B) = ng(fa1foz2a fﬂ)ng(fagafB)/CB
= ng(falfCYQ’ f,@)ng(fasafﬁg)/C3~

Therefore, we may apply Lemma 2.7 with m = 3. ]

The next three lemmas deal with possible repetitions in the se-
quences «, € I, and how that affects the term T}, g.

Lemma 2.9. Let R be a polynomial ring over a field, and let I be
a square-free monomial ideal in R. Let o, § € Zs be two sequences
of length s > 2, where I, is as in Definition 2.1. Suppose that
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a=(ay,...,a1) and 8= (by,...,bs). Then
s—1

Top €8T+ - <UJZ-).
i=2

Proof. Notice that f, = f; and fg = fo, - fo,. Let p1 =
(b2,...,bs). We also note that gcd(f$ , fo,) = gcd(fa,, fo,), by Remark
2.3 (a). Then

ng(favfﬁ) :ng( ;1,fb1)g0d( glaf[ﬁ)/c
:ng(fa17fb1)ng( 5:17.]051)/07

for some C € R, by Remark 2.3 (b) and (c¢) . Hence,

s—1
Top€eSh+S- <U Ji),
i=2
by Lemma 2.7. O

Lemma 2.10. Let R be a polynomial ring over a field, and let I be
a square-free monomial ideal in R. Let o, § € Zs be two sequences
of length s > 2, where I, is as in Definition 2.1. Suppose that
o = (al,...,al,ag,...,ag) and B = (bl,...,bl,b27...,b2). Then
Tap € SJy+ SJs.

Proof. We will proceed by induction on s. If s = 2, then there is
nothing to show. Suppose that s > 2. Suppose that there are [; distinct
copies of a; in « and k; distinct copies of b; in 8 for ¢+ = 1,2. Then
fo = flfl2 and fz = ffll flf;. For simplicity, we write o = (a!*, al?)
and 8 = (b’f17b§2). If k1 = ko and I3 = I, then the result follows
from Lemma 2.5. Thus, we may assume without loss of generality that
k1 > ko and 17 > l5. We will show

ged(fa, fa) = ged(f 2, £ ) ged(fay » fo.)/ G
= ged(fo Nl f T ) ged (I £ f) /H

for some G, H € R. Then T, g € SJ; U SJ3, by Lemma 2.7 and the
induction.
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Notice that we have the following equalities:

ng(fava)
= ged(fir 2 fi £2) ged(fay fE1 £22)/C

= ged (i1 f2, i £y2) ged(fays fit T 1y2) 8¢d(fay s fo,)/CD,
ng(fayfﬁ)

= ged(fa fa2 ot~ i) ged(fat £ fo )/ E
= ged(foh T s St T ) ged(fars St TN E) ged(f2 a2 o)/ EF,

for some C,D,E,F € R by Remark 2.6 (a). We will show that,
for any integer t and any variable z € R, if x| gcd(fal,f f 2),
then a' | CD and 2t | EF. This is equivalent to showmg that
for any variable z € R and any integer w, if z | gcd(fal,f f 2)

and z* | ged(fa, f3) then z* | gcd( ll 1f f b f b )gcd(fal,fbl) and
atlged(fitfle, f Tt £ ) ged(fL £2, fi,). This follows immediately
SIHCGS—11+12—]C1—|—]C2>11andl123/2>k2. O

Lemma 2.11. Let R be a polynomial ring over a field, and let I be
a square-free monomial ideal in R. Let o, B € Zs be two sequences
of length s > 4, where I; is as in Definition 2.1. Suppose that
a and B are of the form o = (a1,...,a1,0a3,...,a2,0a3,...,a3) and
b= (bl,...7b17b2,...,b2). Then Ta,,@ eSh+S- (JQUJg)

Proof. We will show

s—1
Top€STi+S- (U J)
1=2

and by induction on s > 4, we conclude that T g € SJ1 + 5 - (J2 U J3).
Suppose that there are [; distinct copies of a; in a and k; distinct copies
of b; in 8. Then Iy +ls+135 = k1 +ky = s > 4. Without lost of generality,
we assume that [{ > lo > I3 > 1 and ky > ko > 1. Since s > 4, we have
Iy > 2 and k] > 2. We write a = (alf,alzz,a?,) and 8 = (b’fl,bgz). We
then have three possible scenarios. We claim the following
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(1) If iy + 1 > k1, then

ng(mefB) = ng(foayfblsz)ng(falvfﬂ)/A
= ng(fomfb1fb2)g6d(falvfﬁl)/Bv
for some A, B € R, and oy = (a}* 7', a2 af), B = (b1, ph2 7).
(11) If 1, > kQ, then
ng(fou fﬁ) = ng(falvfbl) ng(falafﬁ)/C
= ng(faafbl)ng(fal;fBl)/D7
for some C, D € R, and oy = (a} 7', a%,ap), g1 = (b5 71 bh2).
(111) If I + 13 < ki and [y < kg, then
ng(fa7f,8) — gcd(fs/3fsz/?)f;:?{?;7 25/3fs/3)
= (ng(fa1fa2fa37fblfb2))5/3'

Once we obtain the above claims then the result will follow by
Lemma 2.7.

To establish claim (i), we notice that we have the following equalities:

ged(fa, f5) = gcd(fa, fass f5) ged(far, f5)/ E
= gcd(fa, fass for fo,) 86d(fay fas, f51) 8Cd(fay, f5)/ EF,
= ged(fa, fo, fo,) ged(fa, f5,)/G
= ged(fa, fo, fo,) 8cd(fay, f5,) ged(fay fazs f5,)/ GH,

for some E,F,G,H € R. It is enough to show that for any variable
z € R and any positive integer ¢ if ' | gcd(fa, fas, f5,), then z* | EF
and z' | GH. This is equivalent to showing that if z* | ged(fa, f3)

and z | ng(falfazafﬁl)a then 2" | ng(falfagafb1fb2)g0d(fa17f/3) and
™ | ged(fas for foo) ged(fay, fp,) for any positive integer w. But this
follows immediately since Iy + 1o > k1 > ko and 11 + 1o < 1 +1lo + 13 =
s=k1+ ko.

For claim (ii) we notice that we have the following equalities:

ged(fa, f3) = ged(fay, f5) ged(fay, f5)/ K
= gcd(fay, fo,) ged(fay, f5,) ged(fas, f5)/ KL,
= ged(fas fo,) ged(fas f5,) /M
= ged(fao fo,) ged(fays f5,) ged(fay, f5,)/MN,
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for some K, L, M, N € R. The claim follows since I; > k.

Finally to establish the last claim we note that the assumption
l1 < kg is equivalent to Iy + I3 > kq, and thus ls + 13 > k1 > 11 + 5.
Hence, I3 > I3 > Iy > I3 which implies [; = s/3 and 2s/3 < k.
Furthermore, s/3 > ko > s/3 and hence ko = s/3 and k1 = 2s/3. O

The next theorem is one of the main results of this section. We will
use all the information we obtained about how various conditions on
two sequences «, 5 € I affect the term 7T, g to obtain a bound on the
relation type of I as well as a description of the defining equations of
the Rees algebra. Recall that the relation type of an ideal I is defined

to be .
rt () min{s‘J @Ji}7
i=1

where J is the defining ideal of R(I). In other words, the relation type
of I is the largest degree (in the T;) of any minimal generator of J. In
particular, when I is of linear type, the relation type is 1. The relation
type of an ideal has been explored in various articles, see for instance
[1, 18, 22, 32, 36].

Theorem 2.12. Let R be a polynomial ring over a field, and let I be
a square-free monomial ideal generated by n square-free monomials in
R. When n <5, then R(I) = S/J, where S = R[Th,...,T,] and

n—2
J=8Ji+85- ( U Jz-).
i=2
In particular, tt(I) <n — 2.

Proof. By Theorem 2.2, it suffices to show that, given two sequences
a, B € Ig of length s > n — 2, then

n—2
Top eSh+S- < U Ji>.
1=2

Suppose that there are [; distinct copies of a; in a and k; distinct copies
of b; in 8 and write o = (al?,...,alr), and g = (b%,... bF").
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By Lemma 2.4 we may assume a; 7 b; for all ¢,j. Also by Lemma 2.9,
we may assume 1 < m < 3 and 1 < ¢t < 2, since n < 5. We are now
left with the following cases:

(i) Suppose that a = (a’',a%?) and g = (b¥*,052), where I} + Iy =
k1 + ko > 3. The result follows from Lemma 2.10.

(ii) Suppose that o = (a}!,a2,a%) and g = (b5, b52), where I, + 15 +
l3 = k1 + ko > 4. The result follows from Lemma 2.11. O

The following example provides a class of square-free monomial
ideals generated by n > 4 square-free monomials for which the relation
type is at least 2n — 7. Notice that when n = 5 one has 2n—7=n—2.
In particular, this establishes that the bound given in Theorem 2.12 is
sharp. We also note that the ideals in the following example are not of
fiber type.

Example 2.13. Let R = k[z1,za,...,Tp_2,U1,Us,...,U,—2] be a
polynomial ring over a field k& with n a positive integer such that n > 4.
Let I = (f1,...,fn), where

n—2 n—2
= (Te)m f=on( IT w)
=2

j=2,j#i

foralli=2,...,n—2,

n—2 n—2
fno1 = ( H atl)a:l, and f, = ( H ui>u1.
i=2

1=2
Consider
n—2 n—2
F=1p*[[1i-1p310 and G =wTP° [[ T — yI 7T,
=2 1=2

It is clear that F' and G are in the defining ideal of the Rees algebra of
I. Moreover, F' and GG are irreducible, and thus

2n—8

F e SJén,7\\S~ ( LJ uh)
=1
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and
2n—9

Ge SJzn,g\s- ( U J)
i=1

Hence, the relation type of I is at least 2n — 7. Finally, we note that
G is not in the defining ideal of the special fiber of I and therefore I is
not an ideal of fiber type.

The next lemma establishes conditions for when various generators
of the defining ideal of the Rees algebra as in Theorem 2.12 are
irredundant.

Lemma 2.14. Let R be a polynomial ring over a field, and let I be
a square-free monomial ideal in R. Let o,8 € Iy be two sequences
of length s > 4, where I; is as in Definition 2.1. Suppose that
a=(a,...,as), B=(b1,...,b1,b2), where a; # b; for alli,j. Suppose
that, for all i, there exists a variable x; € R such that x; | fa; for all
j#iand x; | fo,, it fa;, and x; 1 fo,. Furthermore, suppose that for
all i there exists a variable z; € R such that z; | gcd(fa;, fv,), 2i 1 fa,
forall j # i and z; 1 fp,. Then

s—1
T € SI\S- < U J)
=1

Proof. We write

fai:'zihi< ﬁ 90]‘)

j=1,j#i
foralli=1,...,s,
fo, = k1<Ha;> and  fy, = kQ(Hz>
i=1 i=1
for some square-free monomials hq, ..., hs, ki1, k2 € R such that z; { h;,

x; 1 ki, z; 1 hj, and z; 1 k; for all 4, j, I. Then we have

fa= ﬁmffl f[ Z; f[ h; and fg= kflkg(ﬁxfl ﬁzz)
i=1 i=1 =1 i=1 i=1
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Let .
h
M= fa _ 11;11
gedlor o) ged(TT hio ki~ ko)
=1
and )
_ fg _ kiq7 ko
sedlfor f8) ged(TT hiu ki~ ko)
=1

One can observe immediately that z; t M and z; { N for all i. Let o
and /3’ be any proper subsequences of o and 5. Then there exists either
x; or z; such that

Z; 7'}00‘/ or zj; 7]00/
ng(fa’7f,3’) ’ ng<fO/afﬂ')

by our assumptions. Therefore,

fa’

ged(fur o) T

and similarly,
fs

ged(furfo) |

This shows that

s—1
T € SI\S- < U J) O
=1

The following theorem establishes precisely the defining equations
for the Rees algebra of a square-free monomial ideal with up to five
generators.

Theorem 2.15. Let R be a polynomial ring over a field, and let I be
a square-free monomial ideal generated by n square-free monomials in
R. Suppose that n < 5. Suppose that there does not exist a pair of
sequences «, 8 € Is of length s > 2 as in Definition 2.1, such that the
conditions of Lemma 2.14 are satisfied. Then I is an ideal of linear
type.
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Proof. Consider a pair of sequences «, 8 as in Definition 2.1 of length
s > 2 such that o = (a1, ...,as), 8 = (b1,...,b1,b2), where a; # b; for
all 7,7. Suppose that one of the following conditions is not satisfied:
For all 4, there exists a variable x; € R such that z; | f,, for all j # 1,
Zi | for, ®it fa,, and x; 1 fp,, and for all i there exists a variable z; € R
such that z; | ged(fa,, fo,), 2i { fa, for all j # i and z; { f3,.

We will show that

s—1
Top€eSHh+S- (Ueﬂ)
=1

and by induction T, g € SJi. By Theorem 2.12 and Lemmas 2.4
and 2.9 it is enough to consider sequences of length 2 or 3, i.e., either
a = (a1,az) and B = (b1,b2) or a = (a1, az2,a3) and B = (b1, b1, b2).
The proof for the first case can be treated as a special case of the
second and thus we will only consider the case with a = (a1, ag, a3)
and 8 = (by,b1,be). Without lost of generality, we will show that
if there does not exist a variable z € R such that = | ged(fays fas)s
T | fb17 xjffau and xjfbe then
ng(falfazfasaszlfM) = ng(f(lufbl)ng(fowfblsz)/A
= ng(ftn 5 fﬁ) ng(fazfa37 fblbe)/B7

for some A, B € R.

Similarly, if there does not exist a variable z € R such that

2| ged(fars f1n), 21 fu for j=2,3 and 21 fi, then

ng(falfazfag,v fl721fb2) = ng(fal7fb1) ng(fa2fa37 fﬁ)/c
= ged(fa, fo,) 8ed(fas fags for fo.)/ D,

for some C;D € R. Hence, we may apply Lemma 2.7 to obtain the
result.

For the first part, we notice that

8¢d(fay faz fass i foz)

= ged(fa, fo,) ged(fa, fo, fo,)/ E

= ged(fay, for) 8ed(fas fass fo.) ged(fa, for fo,)/ EF,
8¢d(fay faz fass i foz)
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= ng(fanfﬂ) ng(fazfagafB)/G
= ng(faufB) ng(fazfagafbl)ng(fazfa37 fb]sz)/GHa

for some E,F,G,H € R. It is enough to show for any variable
x € Rif x| ged(fayfass fo,), then z | EF and = | GH. This is
equivalent to showing that for any integer u if z* | ged(fa, f3) then
xu| ng(f(ll? fb1) ng(f(!a ffhsz) and z* | ng(fal ) f,@) ng(faszIa? fblfb2)'
This is straightforward to verify and the only case that is not trivial is
when x { fo, and z | ged(fay, fas)- Then x| fp, by assumption. Hence,

z? | ng(favfhsz) and ? ‘ ng(fazfaavfhsz)'

We can use a similar argument for the second part, and the only
case that is not trivial is when « | ged(fa,, fo, f5,) and x 1 fp,. Then
x| fo, and x | fo, or x | fao, by assumption. Hence, 2 { ged(fa, f3),
| ged(faz fas, f5) and @ | ged(fa, fags for fo,)- O

We now introduce a construction that is also known as the line graph
of the hypergraph corresponding to a monomial ideal.

Construction 2.16. Let R be a polynomial ring over a field, and let
I be a monomial ideal in R. Let fi,..., f, be a minimal monomial
generating set of I. We construct the following graph é([ ) For each
fi we associate a vertex y; to it. The edges of this graph are {y;,y;},
where ged(f;, fj) # 1. We call the graph é(I) the line graph of I.

The purpose of introducing the line graph of the hypergraph corre-
sponding to a monomial ideal is to utilize the graph structure in or-
der to determine combinatorial conditions that determine the defining
equations of the Rees algebra. We first observe the following.

Remark 2.17. With the same assumptions as in Lemma 2.14 the
sequences «, 8 correspond to an even closed walk in G(I). Indeed, the
following

{ybl s {yb1 ; ym}a Yai s {yauyln}) Yoy {ylh ) ya2}> Yas {yazaylh}v Ybys- -
Yoy s AYb1> Yau_1 r Yau_1s Was_rs Yoo bs Ybss {Ubss Yau > Yaus {¥ay Yoy b+ Yoo }



44 L. FOULI AND K.N. LIN

is an even closed walk and
s—1
Top € ST\ S- (U J>
i=1

We now introduce the notion of a subgraph induced by two se-
quences.

Definition 2.18. Let R be a polynomial ring over a field, and let I be
a monomial ideal in R. Let a, 8 € Z; be two sequences of length s > 2,

where Z, is as in Definition 2.1. Let a = (ail,al;,...?alr;;) and 8 =
(b7, ..., b;"), where [; and r; are the number of distinct copies of a; and
b;, respectively. Let oy = (a1,...,am) and B = (bsy,...,b;, ), where

{biy,...,bi.} ={b1,...,b:} \ {a1,...,am}. The last condition ensures
that a; # b;, for all 4,i,. Consider K = (fa,,---s faps foi s+ for,)
and the line graph G(K) of K. Notice that K C I and that G(K) is a
subgraph of G(I), since a; # b;, for all i,i;. We call G(K) the graph
induced by o and .

Remark 2.19. Let R be a polynomial ring over a field, and let I be a
monomial ideal in R. Let o, 8 € Zs be two sequences of length s > 2
where Z; is as in Definition 2.1. Let G be the graph induced by « and
8. If G is a disconnected graph, then

s—1
Tap eSh+S- <UJ’L)7
=2

by Proposition 2.8.

The following theorem is an extension of Theorem 2.12. We use the
line graph to give a description for the defining equations of the Rees
algebra.

Theorem 2.20. Let R be a polynomial ring over a field, and let I be
a square-free monomial ideal generated by n square-free monomials in
R. Suppose that the line graph of I is the disjoint union of graphs with
at most 5 vertices. Let R(I) = S/J, where S = R[T1,...,T,]. Then
J=S8J1+ 85 (J2UJ3) and in particular, tt(I) < 3. Furthermore, if
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Top €S- (JoUJs)\ ST, then the subgraph induced by o, B is an even
closed walk of G(I).

Proof. By Remark 2.19, we may assume that é([ ) is connected.
Then the first part follows immediately by Theorem 2.12. The last
part follows from Theorem 2.15, Lemma 2.14 and Remark 2.17. |

The next example illustrates the result of Theorem 2.20.

Example 2.21. Let R = k[x1,...,27] be a polynomial ring over a
field k. Let I = (fl,...,fs), where fl = T1T2X3, fg = T1T2X4T7,
f3 = xowswe, fa = waxs26, and f5 = x1x325. Let R(I) = S/J, where
S = R[T1,...,T5]. Let o = (1,1,4) and 8 = (2,3,5). The subgraph
induced by a, 5 is the even closed walk

{vi v w2}, vodyr w2}, vy, w3 b, vs {ys, vat, va{ya, ys } vs {y1, s 1
of the line graph of I shown below
Y2 = T1X2X4T7

Y3 = T2X3T6 Y1 = 12273

Y4 = TaT5T6 Ys = X1X3x5

Then by Theorem 2.20 we have that T, 5 = ToT3T5 — x7T12T4 S
SJ3\ (SJy + SJ2), since it is irreducible.

The following example comes from [35, Example 3.1]. Villarreal
used this example to show that his methods do not extend in the case
of square-free monomial ideals generated in degree higher than 2. In
light of Theorem 2.20 we now give an explicit description of the defining
equations of the Rees algebra for this example.

Example 2.22. Let R = k[z1,..., 27|, where k is a field, and let I be
an ideal of R generated by f1 = x1x2x3, fo = xaxyxs, f3 = w5T677,
fa = z3xex7. Then the defining ideal of R(I) is minimally generated
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by the binomials

313 — w51y, wex711 — v122Ty, xew7 T — w2413, w4251
— SClding, SC4T1T3 — I1T2T4.

Notice that the only binomial that is not linear is x4T175 — 1157, and
it comes from the unique even cycle of G(I), which in this case is the
graph of a square.

Before concluding this section, we turn our attention to toric ideals.
Recall that a toric ideal is the ideal of relations of a monomial subring
of a polynomial ring. Let A = {a1,...,a,} € N°\ {0}, and let A be
a matrix with columns a; and suppose that A has rank c. Let k be
a field, and let S = k[T},...,T,] be a polynomial ring over k. Let
¢S — k[ty,...,t.] be a map defined by ¢(z;) = t%. Then ker ¢ is a
prime ideal and it is called the toric ideal associated to A. In particular,
when [ is generated by square-free monomials of the same degree, then
the defining ideal of the special fiber ring F(I) = R(I) ® k is the toric
ideal associated to I. Notice that in this case F(I) = k[f1,..., fn]s
where f1,..., f, is a minimal monomial generating set of I. In light of
Theorem 2.20 we can give a concrete description of such toric ideals.

Corollary 2.23. Let R be a polynomial ring over a field k, let
fi,---5 fn be square-free monomials of the same degree, and let I =
(f1,---, fn). Suppose that the line graph of I is the disjoint union of
graphs with at most 5 vertices. Let F(I) = k[f1,..., fn] be the mono-
mial subring of R generated by f1,..., fn. Then F(I) ~k[Ty,...,T,]/J
and the toric ideal J corresponding to I is generated by

{Ta _TB | a;/B EIS» wlth s = 2737 a’nd fa = f,B’

where o, B induce an even closed walk in G(I)}.

3. Square-free monomial ideals of linear type. In this section
we turn our attention to ideals of linear type. Villarreal showed that
when I is the edge ideal of a graph then I is of linear type if and only
if the graph of I is the disjoint union of graphs of trees and graphs
that have a unique odd cycle, [35, Corollary 3.2]. Inspired by this
result, we use the line graph associated to any monomial ideal as in
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Construction 2.16 in order to obtain similar results as Villarreal for
any square-free monomial ideal without restrictions on the degrees of
the generators. A natural first class to consider is ideals with line graph
the graph of a forest.

Proposition 3.1. Let R be a polynomial ring over a field and let I
be a square-free monomial ideal in R. We further assume that the line
graph of I is the graph of a forest. Then I is an ideal of linear type.

Proof. Let f1,..., fn be a minimal monomial generating set for I.
We show that for all sequences «, f € Z; of length s > 2, where Z; is
as in Definition 2.1, we have

s—1
To g eSh+S- <UJ’L)7
=2

and by induction it follows that T, g € SJ;.

Since é(I) is the graph of a forest, then every subgraph of é(I) is
also a forest. By Remark 2.19, we may assume that é(I ) is connected,
i.e., it is the graph of a tree. Notice that for every graph of a tree there
exists a vertex that is only connected to one other vertex.

Suppose that s > 2. Let a = (alf,al;,...,ai;;) and 8 =
(b7, ..., b;"), where [; and r; are the number of distinct copies of a;

and b;, respectively. Notice that, if a; = b; for some 7 and some j, then
the result follows by Lemma 2.4 and the induction hypothesis. Hence,
we may assume that a; # b; for all 4,5. Let an = (a1,...,am,) and
B1 = (b1,...,bt). Then the graph G’ induced by «;, 1 is a subgraph
of é(I), by Definition 2.18. Hence G’ is the graph of a forest. If G’ is
disconnected, then the result follows by Remark 2.19 and the induction
hypothesis. Therefore, we may assume that G’ is connected and hence
the graph of a tree. Thus, without loss of generality, we may assume
that y,, is only connected to yp, .

If Iy > 7y, then gcd(fal,fgj e f;tt) =1, and hence

s—1
Top €SSy + 8- <U J)
1=2
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by Proposition 2.8. So we may assume that /; < r;. Then we claim
that

(a) ng(fa’fﬁ):ng(flel;féi)ng(fl lm fﬁ)
(b) ged(fa, f5) = ged(fa, f;!) ged(f2 -- fam foTh g fr A,

for some A € R. Notice that, by the claim and Lemma 2.7, it follows

that -
Ta”g eSS+ 8- (sz)
1=2

Therefore, it remains to prove the claim.

For part (a), notice that

ged(far f5) = ged(fal, fo) ged(faa -+ far fo)
= (fi3. fy) ged(f2 - far, fo),
where the equalities follow from the fact that
ged(fay, fa,) = ged(fays fo,) = 1
forany i > 1, 5 > 1,
and Remark 2.6 (b).
For part (b), notice that

ged(fas f5)

= ged(fa, fi}) ged(fa, ft T 2 fi1)/B

= ged(fa, Sy))ged(f2 Lyt T2 fr ) ged (S22 fom, o=y f0)/BC
= ged(fa, i) ged (L, fr2 ™) eed(f22 - fir, 32 - f)/ BC,

for some B,C € R, since gcd(fflll,f,;2 - fp)) = 1. It is enough to show
that ged(fL T 1y | BC, i.e., for any variable z € R and any integer v
if 2V | ged(fh f“_ll) then 2¥ | BC. This is equivalent to showing that
for any Varlable x € Rif x| ged( al,f” Iy and z¥ | ged(fao, fa) for
some integer u, then z* | ged(fo, f ') ged(flz - L llf eyt
If x| ged(fl, f;i7") and ot | gcd(fa,fﬂ), then u < 11 by the

fact that ya, 1s only connected to y,, and {3 < 7;. Therefore,
2 | ged(fa, £))- O
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The following lemma allows us to handle the induction step in the
case of odd cycles, in order to prove that when the line graph of a
square-free monomial ideal is the graph of an odd cycle, then the ideal
is of linear type.

Lemma 3.2. Let R be a polynomial ring over a field, and let I be
a square-free monomial ideal in R. Let o, B € Iy be two sequences of

length s > 4, where I, is as in Definition 2.1. Let o = (all1 , aé"‘, )
and B = (bY',...,bi"), wherel; and r; are the number of distinct copies

of a; and b;, respectively. Suppose that Iy < r1, ls < 19, and that the
graph G(I) is the graph of an odd cycle of length at least 5. We further
assume that y,, s connected to yp, and ys, only, and y,, is connected
to ya, and yp, only. Then

s—1
ng eSS+ S <UJ1)
1=2

) Ay

Using Remarks 2.3 and 2.6 we have that

g¢d(fa, f5) = ged(fit f2, f5) ged(fars f5)
= ged(f, a3 Foi fy2) ged(far, f),
since l1 < r1 and Iy < ro.

We claim that ged(fa, fz) = gcd(fa,féiféz)(fa/,fg/)/C, for some
C € R. Then the result will follow by Lemma 2.7. Notice that
ged(fa, f5) = ged(fa, fi} £32) ged(fas f5)/ D

= ged(fa, fo1 f32) 80d(far, f3r) ged(f0l 23, for) | DE
= ged(fa, ) £2)8cd(for, o )ged(fa) fa3. 13 " fy2 ")/ DE,

where D, E € R and the third equality follows from the fact that
Ya; and y,, are only connected to yp, and yp,, respectively. It is
enough to show that for any variable x € R and any integer v if
x| ged(fir flz, fir” llfT2 ) then #¥ | DE. This is equivalent to
showing that if x | ged(f%t f12 f“_llfr2 2y and z* | ged(fa, f5), then

zt | gcd(fa,flfiféz)gcd(fa/,fg). If o | ged(fit fi2, ;i7" f727"2), then
x cannot divide both f,, and f,,, since otherwise {yal,yawybl} or

Proof. Let o = (al33,... alm) and B’ = (b?*ll,bgrlz,bg“”,...,b:t).



50 L. FOULI AND K.N. LIN

{Yars Yass Yo, } will form a 3-cycle in G(I). Similarly, & cannot divide
both fp, and fp,. Therefore, without loss of generality we may assume
x| fa, and x | fp,. Since l; < r1 and y,, is not connected to y,, for
all ¢ > 2, we obtain that if % | ged(fa, fs), then u < l;. Therefore,

a | ged(fas f31 112)- O

In the next proposition we are able to handle the case where each of
the connected components of the line graph has a unique odd cycle.

Proposition 3.3. Let R be a polynomial ring over a field, and let I be
a square-free monomial ideal in R. We further assume that line graph
é(I) of I is the disjoint union of graphs with a unique odd cycle. Then
I is an ideal of linear type.

Proof. By Remark 2.19, it suffices to consider the connected com-
ponents of G(I). Hence, we may assume that G(I) is connected and
it has a unique odd cycle. We show that for all sequences «, 5 € Z; of
length s > 2, where Z; is as in Definition 2.1, we have

s—1
Top €SS +S- (U J)
=2

By induction it will follow that T, g € SJ;.

Let a = (alll,al;,...,aﬁg) and 5 = (b1*,...,b;"), where I; and r;
are the number of distinct copies of a; and b;, respectively. Using
Lemma 2.4 we may assume without loss of generality that a; # b; for
alliand j. Let o1 = (a1,...,an) and B = (by,...,b). Then the graph
G’ induced by a7 and (3 is a subgraph of C?(I), by Definition 2.18. By
Remark 2.19, we may assume that G’ is a connected graph. Notice
that if there exists a vertex y; that is only connected to one of the y;

then .
Top eSS+ S5- (U Jz>
=2

by the proof of Proposition 3.1. Hence, we may assume that G’ is the
graph of an odd cycle. Therefore, every vertex is only connected to two
other vertices.
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Let [ = m +t. Since G’ is the graph of an odd cycle then [ is odd
and hence m # t. We proceed by induction on . If I = 3, then G(I) is
the graph of a triangle and the result follows from Lemmas 2.4 and 2.9.
Suppose that [ > 5. Using Lemma 2.9, we may assume that m > 2 and
t > 2. Notice that y,, is connected to two other vertices. Without loss
of generality, we may assume that we have the following possible cases

(i) Ya, is connected only to y,, and yq,,
(i) ya, is connected only to y,, and yp, ,
(iii) yq, is connected only to yp, and yp,.

For case (i), we note that since y,, is connected only to y,, and Y,
then using k = [ in Proposition 2.8 and induction we obtain the result.

For case (ii), suppose that y,, is connected only to y,, and yp,. If
ly > rq1, then using k = [; in Proposition 2.8 and induction we obtain
the result. If [ < 71, then we consider y,,. Notice that y,, cannot be
connected to yp, since then {ya,, Ya,, Ys, } Will form a triangle, which is
a contradiction since [ > 5. Hence, either y,, is connected to ¥, or
Ya, is connected to yp, for some ¢ > 2. If y,, is connected to y,,, then
case (i) yields the result.

Suppose that y,, is connected to yp, for some i > 2. Without loss
of generality, suppose that i = 2. If [y > ro, then we may use k = [ in
Proposition 2.8 and induction. If I < r5 and since [y < r; we can use
Lemma 3.2 and induction.

Finally, for case (iii), suppose that y,, is connected only to yp, and
Yo, If every y,, is connected to yp, and yp,, for ii,iz # 1,2, then
either m = t, which is impossible since [ is odd or there exist i # j such
that y, is connected to yp,. Then by switching the role of o and 3 we
are in either case (i) or case (ii). O

We are now ready to state the main theorem of this section.

Theorem 3.4. Let R be a polynomial ring over a field, and let I be
a square-free monomial ideal in R. We further assume that the line
graph of I is the disjoint union of graphs of trees and graphs with a
unique odd cycle. Then I is an ideal of linear type.

Proof. The result follows immediately by Proposition 2.8, Proposi-
tion 3.1 and Proposition 3.3. |
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We conclude this article with the following remark.

Remark 3.5. Let R be a polynomial ring over a field, and let I be
a square-free monomial ideal generated by 3 square-free monomials in
R. Then the fact that I is of linear type is already known, but it also
follows immediately from Proposition 3.1 and Proposition 3.3.
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