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ABSTRACT. We prove upper and lower bounds for all the
coefficients in the Hilbert polynomial of a graded Gorenstein
algebra S = R/I with a quasi-pure resolution over R. The
bounds are in terms of the minimal and the maximal shifts
in the resolution of R. These bounds are analogous to the
bounds for the multiplicity found in [9] and are stronger than
the bounds for the Cohen Macaulay algebras found in [5].

1. Introduction. Let S = € S; be a standard graded k-algebra
of dimension d, finitely generated in degree one. H(S,i) = dim.S; is
the Hilbert function of S. It is well known that H(S, 1), for i > 0, is a
polynomial Ps(z), called the Hilbert polynomial of S. Ps(x) has degree
d— 1. If we write

d—1 .
B i r+d—1-1\ e d—1 vd—1
o) =0 (") = e e e,

then the coefficients e; are called the Hilbert coefficients of S. The first

one, eq called the multiplicity, is the most studied and is denoted by e.
If we write S = R/I, where R is the polynomial ring in n variables

and I is a homogeneous ideal of R, then all these coefficients can
be computed from the shifts in the minimal homogeneous free R-
resolution F of S given as follows:
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— @ R(—j)*» 2% R — R/T — 0.
Jj=mi
Let h be the height of I, so that h < s. In 1995, Herzog and Srinivasan
[4] proved that if this resolution is quasi-pure, i.e., if m; > M;_1, then
s ’ 5 M;
M<G(S)STL% ifh=s

)

s! s
and e(S) < T, My/hlif h < s.
Further, Herzog, Huneke and Srinivasan conjectured this to hold for

all homogeneous algebras S which came to be known as the multiplicity
conjecture.

When S is Gorenstein, Srinivasan established stronger bounds for the
multiplicity.

Theorem. (Srinivasan [9]). If S is a homogeneous Gorenstein
algebra with quasi-pure resolution of length s = 2k or 2k + 1, then

ml---mkMk.H---M

s Se(S)S Ml"'Mkmk’-‘rl"'mS.

s! s!

In this paper, we establish bounds for all the remaining Hilbert coef-
ficients of Gorenstein algebras with quasi-pure resolutions analogous to
the above bounds for the multiplicity. We prove this in Theorem 4.2.

Theorem 4.2. If S is a homogeneous Gorenstein algebra with quasi-
pure resolution of length s = 2k or 2k + 1, then, for 0 <l < dim S,
oMy - M,
my Mg M1 < e(S)
(s+ D!
Ml...Mkmk+1...mS
(s+ 1!

fl(mlv" . amkka+17" . aMS)

S fl(Mla' . aMkakarlv" . ams)
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l
filar, ... ca0) = > (e, =G +t-1)) and fo=1.

1<ig < iy <st=1

Boij and Soderberg [1] conjectured that Betti sequences of all graded
algebras can be written (uniquely) as sums of positive rational multiples
of Betti sequences of pure algebras which in turn implied the multiplic-
ity conjecture. In 2008, these conjectures were proved by Eisenbud and
Schreyer [3] for C-M modules in characteristic zero and extended to
non C-M modules by Boij and Séderberg [1].

Using these results, Herzog and Zheng [5] showed that if S is Cohen-
Macaulay of codimension s, then all Hilbert coefficients satisfy

mimso -+ Mg

_ MMy M,
(s +1)!

= al®) = =)

fi(ml,... ,ms) fl(Ml, ,MS)

with

fildy,. . ds) = Y J[(dj—Gr+k=1)) and fo(ds,... ,ds)=1.

1<ji<ji<s k=1

Our results extend those of Srinivasan [9] as well as the above result
[5] to all coefficients of Gorenstein algebras with quasi-pure resolutions.

In Section 3 we give an explicit formula of the Hilbert coefficients as
a function of the shifts of the minimal free resolution of a Gorenstein
algebra. These expressions depend on whether the projective dimension
is even or odd.

In Section 4, we establish stronger bounds for the higher Hilbert
coefficients when the algebra has a quasi-pure resolution.

2. Preliminaries and notations. Let R = Klx1,...,2,] be the
polynomial ring in n variables, I a homogeneous ideal contained in
(x1,22,...,2,) and S = R/I. Let F be the minimal homogeneous free
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resolution of S over R given by:

bs
0 — P R(—dy) 2 -
j=1
b;
j=1

by
— P R(~dyj) 2 R — R/T — 0.
j=1

Definition 2.1. A resolution is called quasi-pure if d;; > d;—1, for
all j and [, that is, if m; > M;_; for all 7.

Suppose S is Gorenstein. Then, by duality of the resolution, the
resolution of S can be written as follows.

If I is of height 2k 4 1, then

by
0— R(—c) — Y R(—(c—a1;) —
j=1
by b
(1) — Y R(=(c—a)) — Y R(~arj) —
j=1 j=1
by
— Z R(—a1;) — R,
j=1
and if I is of height 2k, then
b1
0— R(—¢c) — Y _R(—(c—ay;) — -
j=1
bk/QZT’k bk/QZT’k

(2) - Z R(—(c—ax;)) ® Z R(—ayj) — -+~

by
— ZR(_G’U) — R.
j=1
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Remark 2.2. (1) The minimal shifts in the resolution are:
m; =mina;; 1<i<k,
J
=c—maxas—;; k+1<1i<s,

J
=c 1=Ss.

The maximal shifts in the resolution are:
M; :mjaxaij 1<i<k,
= c—mjinas_m k+1<i<s,
=c 1=s5,
and M, = ms = c.
(2) Let o = aq5(c —a;j) for i < k with p; = min; o;; = m; Ms_; and

Pi = maxy; &y; = Mims_i.

Definition 2.3. Given (a1, a9, ... ,ax) a sequence of real numbers,
we denote the following Vandermonde determinants by

1 1 .. 1
(€3] Q2 (673
2 2 2
aj Q3 Qg
Vi =Vilar,az, ... ,ax) = . )
0/1%2 12%2 o2
k—1+t k—1+t k—1+t
oy 2 O
= [ (@-ap+ > (afaf*---af).
1<j<i<k B1+B2+--Br=t
Remark 2.4. Vi(ai,asg,...,ar) > 0 if the sequence is in ascending

order.

As a convention, for any non-negative integers m,p, we set the

binomial coefficient (Z) =0ifn<p.
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The following binomial identities are essential to our theorems. In [9,
Lemmas 2 and 3], Srinivasan showed

Lemma 2.5. For all n > 0:

[n/2]
(c—a)"—a" = Z (-1) <n z 1) at(c —a)t(c — 2a)c" 21
t=0
(/2] -
(c—a)"+a" = Z (—1)t< ; )at(c —a)ten?
t=0
[n/2

S (T e e

3. Hilbert coefficients of Gorenstein algebras. Let R =
Klxy,... 2], and let I be a graded ideal. Let F be the minimal
free resolution of S = R/I,

J=1
by

— @ R(~dij) ™ R — R/T — 0.
=1

Theorem 3.1 [8]. Suppose S is C-M. Then these shifts d;; are known
to satisfy [1, 8]:

s -1 E=0

b;
(=1 dh =30 1<k<s
j=1

i=1 (—=1)°sle k=s.

These equations can be thought of as defining the multiplicity, e =
eo(S). In fact, the higher Hilbert coefficients can also be expressed in



GORENSTEIN HILBERT COEFFICIENTS 185

terms of the shifts in the resolution [7]. We include a simple proof for
the sake of completeness.

Theorem 3.2.
l s ‘ b;
(1 (s + Dler = S (=1 Ty SIS
r=0 i=0 j=1
with
Yy = Z &1& - & and vy =1.

1<€1<€a<<€_n<s+l—1

Proof. We know that the Hilbert function of R/I is

YD) Q)
(1—t)m (1=t

where d = dim R/I = n — s and QW (1)/i! = e;. We get

S

b;
(3) > (=1 th” =Q(t)(1 —1)".

i=0
We denote these two quantities by Sg,;(t). We differentiate both sides
[+ s times and evaluate them at t = 1. We first start by the right hand
side
s+l s +1
s = (77 )0 + a - o)

where P(t) is a polynomial in ¢. Evaluating at t = 1:

s+1
Sy ()

(—1)° <S z+ l)s!Q(”(l) +0
(—1)*(s + D)ley.
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On the other hand, Sg/(t) = >;_o(—1)° Z;’.;l tdii, So

s b B
SROEDICIDY (dl”)u

=0 j=1
S b; 1—1
=> (0 I =)
=0 j=17r=0
s b; l
SIS SIS
1=0 j=1r=1
with
Yier = > €&+ &p and vo = 1.
1<€1 << <€ <I=1
s b; s+l
s+l i s .
51(3/1)(1) - Z(_l) (=1 vy
i=0 j=1r=1
s+l s b
= ( 1)S+l7TVs+l7rZ(_l)ZZd:]
r=1 i=0 j=1
with
Vti—r = > §162 - Espi—r and 1 = 1.
1<€1 <€ < <sp1—rSsHl—1
Note that ,
DD S
i=0 j=1
when r < s, and
s+l s b;
s+l s+l—r i .
SEIM) =3 ) e S S
r=s i=0 j=1
l s b;
= Z(_l)lfrylir Z(_l)z Z df;rr,
r=0 i=0 j=1

and hence the result. O
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Let I be Gorenstein. The minimal free resolution of I is written as
in (1) and (2) depending on whether the projective dimension of I is
even or odd. In [9], Srinivasan gave a more simplified expression for
the multiplicity in both cases. She proved:

Theorem 3.3 [9]. Let I be Gorenstein of grade s = 2k + 1, and let
the minimal graded free resolution of S = R/I be as in (1). Then:

k
Z (—1)a;(c — aiy)"'(c — 2as)

=1 j=1
0 ifl1<t<k
= (=DF2k+1)le(S) ift=k
—c if t =0.

Theorem 3.4 [9]. Let I be Gorenstein of grade s = 2k, and let the
minimal graded free resolution of S = R/I be as in (2). Then:

kb 0 f1<t<k
SN il e — i)t = { (~1R(K)/2e(S) ift =k
i=1j=1 -1 if t = 0.

We extend these results to all coefficients, and we show:

Theorem 3.5. Let I be Gorenstein of grade s = 2k + 1, and let the
minimal free resolution of S = R/I be as in (1). Then (—1)*(s +1)le,
s equal to:
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Proof. Following the result of Theorem 3.2, it suffices to show that

s b; k b; [/

DDy A== ()M (="
0

i=0 j=1 i=1 j=1

L)

~

k —t
) ( Z:—t >Cr2t“fft(c —aij)" (e - 2a;5).

We have that

DN T
=0 j=1
kb
—c5tT Zzafj‘“( 1)*
=1 j=1
kb
+ 30D (1) e ayy)
=1 j=1
= =T = 3 (1) l(e — i) — ay)]
7
s47/2]
= —5tT — Z(_l)l Z (=1)'
i,j t=0
—1-t
X (S o t )aﬁj(c — a;;)'(c — 2a;5)c”" 1% by Lemma 2.5
k+[r+1/2]
=—ct" — Z(_l)l Z (1)
irj t=0
2k —t
x ( +tr )%‘(C — aij)'(c = 2a;) TR

By Theorem 3.3, the only remaining terms in the sum are ¢ = 0 and
t >k, so
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k+[r+1/2]
Z Zd5+T = Z 1)i Z (_1)15
1=0 > 2

2k ¢
g ( +tr )aﬁj(c — aij)(c — 2a;;)cPFFT 2
[r/2]
- Z 1)t+k
t= 0

k+7'—t k e
><< bt )aij""t(c—aij)kﬁ(c—2a¢j)c 2

Example 3.6. (—1)F(s+1)le; = [~ V1+(k+1) ]Zi 123 (=1)a ”(c
aij)*(c — 2ai;).

(—=1)%(s +2)les = [1/2 — (k;rl>c+ <k;r2)c2}

k  b;
Y (1iag(e — aig)* (e — 2ai))
i=1 j=1
k  b;
= > (=1)'af M (e = aij) T (e - 2ai)).
i=1 j=1

We now consider the case when s is even.

Theorem 3.7. Let I be Gorenstein of grade s = 2k, and let the
minimal free resolution of S = R/I be as in (1). Then (—1)*(s +1)le,
s equal to:

[r/2]
k+r—t k+r—t—1
-1 l—r+t . r—2t
> o () - ()

t=0
0<r<li
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In the summation j runs from 1 to b; if i < k and from 1 to by/2 if
i=k.

Proof. We proceed the same way as in the proof of Theorem 3.5. We
have

S

NEID L

=0
— s+r+§ § a9+r z
=1 j=1
+ E 2k z c—a )err
- mz o= ) + ai}]

t=0

k+[r/2]
2k —1—-1
+ (_1)t ( +7r >a§J (C o aij)t02k+r_2t:|

Flr/2) % +r—t
_ 62k+r + Z(_l)z |: Z (_1)t< . >a‘§j (C _ aij)t02k+r72t
,J

et t—1

by Lemma 2.5.

By Theorem 3.4, the only remaining terms in the sum are ¢ = 0 and
t > k; we obtain that

S b1
NEID e
i=0 j=1
/2]
) k+r—t _
— —1)¢ -1 t+k t+k —a;; t+k r—2t
)y D (N R
/2]
k+r—1-t _
+Z(—1)Hk< t+k—1 )aﬁfk(c—“ij)t+kc “|- o
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Example 3.8.

(1) (s 4 1)tes = [—((Z) ( D))+ (5

ZZ — ai;)*

RS (R ( ))-*((’“Zl%(kfl))c
(SR )

4. Bounds for the coefficients with quasi-pure resolutions.

Definition 4.1. For any ordered s-tuple of positive integers
(y1,- .- ,Ys), define

Ay, = Y <Hy“ lt+t—1)) 1<i<s,

1<i1 <y <s Mt=1

and f() =1.
In this section, we prove:

Theorem 4.2. If S is a homogeneous Gorenstein algebra with quasi-
pure resolution of length s = 2k or 2k + 1, then, for 0 <[l < dim S,

ml...mkMk+1...MS
<
(s +1) < als)
Ml...Mkmk+1...mS
(s+1)!

fl(mlv" . amkka+17" . aMS)

S fl(Mlv"' 7Mk7mk+1a"' 7ms)
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Remark 4.3. (1) Ms =ms = c.

(2) These bounds are strictly stronger than the bounds in the con-
jecture found by Herzog and Zheng in [5].

Example 4.4. Let R = k[z,y,z,w,t] and [ = (22,93 — 3,23 —
w3, yzw). The minimal free resolution of R/I is given by

0 — R(—11) — R(-9) ® R(—8)®> — R(—6)* @ R(-5)3
— R(-3)*® R(-2) — R,

n =25 and s = 4. So we have in our case:
m1m2M3M4 S 4'€(R/I) S M1M2m3m4
and

[m1 + mo + M3 + M4 — 10]m1m2M3M4 S 4'61(R/I)
< [Ml + Ms +m3 +my — 10]M1M2m3m4,

which implies
2-5-9-11<4le(R/I)<3-6-8-11
and
17-2.5-9-11 <4le;(R/I)<18-3-6-8-11.

Both of these are stronger than the bounds that come from Herzog and
Zheng in [5], which are

2-5-8-11<4le(R/I)<3-6-9-11
and

16-2-5-8-11 <4le;(R/1)<19-3-6-9-11.

Let S = R/I. Then S has an R-free resolution of length s = 2k + 1
or s = 2k. The first half of the resolution is given below.
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bk bl
4) > R(—ag) — - — Y R(—a;) — R, s=2k+1
j=1 j=1
and
bk/QZT’k bk/QZT’k
Z R(—(c—a;)) ® Z R(—ayj) — -+~
j=1 J=1
by
— Y R(-a;) — R, s =2k
j=1

Thus, we let 7, = b;, i # k, and i, = by, if s is odd and ry, = by /2 if s

is even.
Without loss of generality we may take a;1 < a2 < ---ay, for all i.

If s = 2k, we pick ay; so that ¢ — agr, > awr,. The symmetry of the
resolution and the exactness criterion force by to be even. Srinivasan
showed in [9, Lemma 4], that

Lemma 4.5. If S is Gorenstein with a quasi-pure resolution, then
¢ > 2a; for alli,j.

Proof. Since quasi-purity means the a;; increase with 7, we just need
to check ¢ > 2ayy,. If s =2k + 1, then ¢ — agy, = Mr41 > My = agpy, -
So ¢ > 2ak,,. If s = 2k, then ¢ > 2ay,, by choice, and hence the
result. O

To be able to prove Theorem 4.2, we need to consider two different
determinants depending on whether s is even or odd.
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Suppose s is odd. Let:

by b;

Zalj(c—2a1j)-~~ Zaij(c—2aij)--~ Zak]-(c—2akj)
j=1 j=1

by b; by,
Za%j(c —2a1;5) - Za?j(c —2a;5) - Zaij(c — 2a;)
j=1

j=1 j=1
Mt = : )
by b; b
k-1 k-1 k-1
Zal] (c—2ai)--- Zaij (¢ —2a45)--- Zak] (¢ — 2ag; )
j=1 j=1 j=1
by b; by
Zo/fft(c —2ay5)- - Zafft(c —2a5) - Za£+ (¢ —2ag;)
=1 =1 =1

where o;; = a;j(c — a;j). Then,

k
Mt: Z Haij,i(c—2aij,i)‘/}(a1jl,...,akjk).

1<5;<b; i=1
Now consider
l [r/2]
k+r—t
-1 l—r 7r _1t r72tM.
S S (e

It is equal to

k
o [ (e —2a)V (g, .. o)

1<5:;<b; i=1
l [r/2] k
—r k+r—t r— i
yco e e () 8 el
r=0 t=0

S pi=t =1
Lemma 4.6. We have, for all ¢,a; > 0 and o; = a;(c — a;),
[r/2]

k+r— & s
S (M e e
t=0 S Bi=ti=1

k
— Z H afi (c _ ai)BkJr'i cPart1

Bi+-+Bakpr1=ri=1
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Proof. Zgl+...+52k+lzr Hle afi (¢ — a;)Pr+icP2r+1 s the coefficient of
"

T 1m

b 1
1—ca:H1

—a;xl—(c—aj)x
1:1 1 l)

Z H (cx — a;(c — a;)a?)” (cx) ™™,

Vis-ee V41 1=1

the coefficient of z” is in this last expression is:

2 ﬁ (;:) (1) (a4(c — a;))P e

Zi;l (2Bi+vi—Bi)+Ypt1=r"

= 2 U (61) A=) (aie = a;)) ™

Z LBitvi) Fyepr=r""

=S eyt Y 3 ﬁ(ai(c—ai))ﬁi (;)

t>0 Z:-:ll =t Bt Bt im1
k
= ZCT*Qt(_l)t Z H (ai(c — ai))ﬁi Z H ( >
. e Zk+17 =r— tl 1
i=1 1T

It remains to show that
ZkH 2 t+k
i=1 Vi=

This can be proved by induction on n,t, k. Alternatively, consider the
negative binomial theorem

(1- x)*(ﬁﬂrl) _ Z (n ;ﬁl) z".

n
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2% (1 —2)” B = 3 (” ;}@')m"% => (;)xv

n ¢ i ’
sothat o, o 0y Hl 1 (B) is the coefficient of z"~{=7+1 in

t

k

H + $+
— g)Bitl AT

@11 x) (1—-2x)

This in turn, is equal to the coefficient of z" =2t~ 7+ in 1/(1 — z)t+F.

So,

3 H( >: i ((r—’ykﬂt—f;)j-l(t—kk—l))

Y1+t yep1=r—ti=1 Yie+1=0

Tit (r—t+k—1—"y41
t+k—1

Ye4+1=0
r—t+k
= . O
t+k

Now, when s is even we consider the following determinant:

™1 Ti Tk
E alj DR E al] DRI E ak]

=1 j=1 =1

T1 T4 Tk
Z 2 Z 2 Z 2
al] ... al] DR ak]

j=1 j=1 j=1

Ny

Ti '
2 k 1 § : k—1 § : k 1
§ ak+t .. § ak+t .. § ak+t

with o = aij(c— aij), ri = b; for i =1,... )k —1 and r, = by/2.
Then,

k
S e Vil )

1< <b; i=1
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Now consider

[r/2]
k+r—t k+r—t—1
_1\l—r 1\t r—2t
S e Y (1) K ho )+< o ﬂc N,

0<r<li t=0

It is equal to

k
Z H i, Vi, - o)

ji =1
[r/2]
k+r—t k+r—t—1
X e e () ()]
qu( ) g( ) k+t kat—1

k
r—2t Bi
X ¢ D | R
St

The following is the version of Lemma 4.6 for the case where s is
even.

Lemma 4.7. For all ¢,a; > 0 and o; = a;(c — a;), we have

[r/2] k
k+r—t kE+r—t—1 )
1\t r—2t Bi
S (T () e 10

t=0 S Bi=ti=1

k—1
= Z H af” (c — a;)Pr+ichax (ag’“ + (¢ — ag)).

Brt-+Ba=r i=1

Proof. The proof goes along the same lines as the odd case.

k—1
S L a0 (e - an)Prrich (afk +(c— ak)m)

Brt-tBa=r i=1
is the coefficient of 2" in

k—1

1 H 1 1 1 n 1
l—cx -t l-awl—(c—a)r\l—apr 1—(c—ap)z
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1 iy 1 1
= 1—(c—ag 1-—
l—cxgl—aixl—(c—ai)x[ (¢ = ar)e + axa]
k
1 1 1
= 2—
l—cxgl—aixl—(c—ai)x[ cz]

k

=}:[11_1 ! {1+ ! ]

a;xl—(c—a;)x 1—cx

By an argument similar to the proof of Lemma 4.6 applied to the two
sums separately, we see that this is the coefficient of z" in

[r/2]

k— - LI
S () E e
t=0 S Bi=ti=1

k
_’_Z(_l)t<k;—’r;t>cr—2t S I
- * ZBi:t i=1

k
k+r—t k+r—t—1 .
_ 1\t r—2t Bi
_Zf(l) K k+t>+<k+t—1 )]C > I =
t=0 S gt i=1

Now in both cases whether s is even or odd we have

Lemma 4.8.

Z (—1)l_er—r Z H a”l c—aij ﬁk+icﬁ2k+1

0<r<i B1+-+Pokr1=ri=1

and

Z (_1)l7TVl7T Z Ha C aij, ﬁk+7062k( £§k+(c_akjk,)'8k)
0<r<i Bi+-+Ps=r i=1

are both equal to

Z (li[ditj,;t—(it—Ft—l)).

1<ip < <ip<s M t=1
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Proof. For any given r-tuples 1 < a7 < < a < s with
0 <r < I we wil have 1 < §; < -+ < Blr < s such that

{at,..., o} U{B1,...,Bi—r} is equal to {i1,...,i;}. In the product
1
T (Hdw (i1 1>>
1<ii < <ig<s V=1

the coefficient of

is

D Ce Vit 1T B Bir =3 (=),

r 1<B1<--<Br—r<s+1—1 r

since i; + ¢t — 1 is strictly increasing until ¢; + [ — 1. Further, if s is
odd d;; = aij, i <k, and dij = ¢ — a@k41-4),5, ¢ > k, and if s is even
dij = aij, 1 <k, dij = C— Q(2k—i),j> i > k and dkj = Qg5 Or C — Q-
Hence,

> (Hdm,t (ig +t — 1))

1< << <s =

Zogrgl(—l

k Bi
H’L 1 azg,

l—r

Vier Zﬁl+"'+ﬁ2k+1:'f

¢ — ajj; )PrericPar when s =2k + 1,

(af§k + (e — akjk)ﬁk) when s = 2k.

This completes the proof. ]

Remark 4.9.

> (]i[dj — (i +1t— 1)) = filayj,, ... c),

1<ip <<y <s N t=1
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when s = 2k + 1 is odd. However, when s = 2k, di; can equal either
agj or (¢ — ag;), and hence

> (ﬁdm,t (it 4+t — 1))

1< << <s M t=1
= filaijys - s Qrjs---,€) + filarj,, ... ;¢ — akjp,- .. ;).

Thus, when s = 2k + 1,

Z (—1)1_7’1/1_7, Z Ha c—agj, ﬁ’““ BQ"“—fl(aljl,...,c)

0<r<i B1+-+Bokr1=ri=1

and, when s = 2k,

l
Z Z (_1) U, Ha Bk+z ﬁZk( g;k‘f'(c_akjk)ﬁk)

r=0 B1+-+Bo=r

= filaijy, - s Qhjyy- - ¢) + filarj,, ... ,c— akjp, ... ,¢).

Remark 4.10. Suppose R/I has a quasi-pure resolution. Since
the Hilbert function of R/I is unaltered by any cancelations, we
may assume d;; > d;—1; for all i. Since d;; > i for all i, we get
dij —i > di—1j— (i—1), and hence dj,, —p > dg, —q for all p > q. Now
assume that not all factors in Hi:l(ditjit — (it +t — 1)) are positive,
and let p be the smallest integer with d;,;, — (ip +p — 1) < 0. Then
p>landdi, ,; = (ip—1+p—2)>0. It follows that

dip_rji, ) — (ip—1+p—2) —di,j, —(ip+p—1)>2,
or equivalently,
ip = lp-1 2 dipjfip = diy 1 Jip 0 +1
dip_yJiy—1 — tp—1 = dipj, —ip + 1> d; 5, —ip,
which is a contradiction, and we get that

l

H lt]@, Zt + t— 1)) 0

t=1
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Thus, fi(dij,,...,ds;,) > 0, for all s-tuples (dij,,... ,ds;,), provided
the resolution is quasi-pure.

Proof of Theorem 4.2. We have a;; = a;j(c — a;;) and a;; — oagj =
(aij — aj;)(c — aij — aj;). By the quasi-purity of the resolution of S
and Lemma 4.5, ¢ > 2a;; for all 4,5. So a;1 < aze < --- < agp, implies

that o1 < aye < - < gy,

We also have, for all 1 < 7 < k, p; = minjay; = myM,s_; and
Pi = maxy; &y = Mims_i.

We treat the even and odd cases separately.

Case 1. s = 2k + 1 is odd. The resolution starts as in (4) and, by
Lemmas 4.6, 4.8 and Remark 4.9, we have that:

k
> s (e—2a)V (g, ang,)

1<, <b; i=1
l [r/2]
E+r—t
l—r t r—
e S e (e T
r=0 t=0 261_751 1

k
> T ewe=2a5)V(a,, - arg) filagg,, - - o).

1<5; <b; i=1

By Remark 4.10, fi(dyj,,...,ds;.) = 0. Further, ¢ > 2a;, by
Lemma 4.5 and V(auj,, ..., axj,) > 0, for o, < -+ < gy . S0

ZHP% 20’7,]1 (aljlv"' 7ak‘jk)fl (mla"' 7mk‘aMk+1a"' aMS)

ji i=1

S Z Ho‘iji (C — 2&1']‘1.)‘/(011]'1, . ,akjk)fl(aljl, . ,C)

< ZHPi(c—2aiJ1)V(a1h,... v ) fr (M, oo Mg, My, ... my)
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which is the same as

frlma, .o mp, Myga, ..., M) [ pi det (Q)

S Z H Oél'ji (C — Zaiji)V(aljl, e ,ozk.jk)fl(aljl, e

k
Sfl(Mla--- ,Mk,mk_H,... ,ms)HH det(Q

where
by b; by
D (e —2a15) (c=2a5) -+ Y (e 2ay))
j=1 j=1 Jj=1
b b
Zal] (¢ —2ay5)- Z ”-(c—2aij)--~Zak](C—2a;w)
b, b, ’
Za —2ay;) - Zafj 1(c—2aij)...za£j_l(c—2akj
j=1 j=1
det (Q) > 0, since at least one of the V(aij,,..., ;) > 0 and

15, (c — 2a;;,) > 0. Replacing the last column by the alternating

sums of columns in @ and using Theorems 3.3 and 3.7, we get

det(Q) = det (L ‘Oc) = c-det (L).

So

fi(ma, ..., mig, Miy1,... ,MS)Hpic det (L)

k
< T s (e = 20550V (s ong) filaag, -

Ji =1

k
< fl (Mla"' 7Mk’;mk+1a"' amS)HPiC det(L)
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On the other hand, we start with M; again. Replacing the last column
of M; by alternating sums of the columns and using Theorem 3.5, we
get

M,

I
=
SR
L
S~—
-
=
.
+
¥
5
o
1S
E
.
N—
ol
+
~~
—~
o
|
[\}
S
E
.
SN—

So

k
Z H Qij; (c—2a¢ji)V(o¢1jl, R Oékjk)fl(dlj“ .. .!, deS)Z (S+l)'€l det (L),

Ji =1

and hence the result.

Case 2. s = 2k is even. Now the resolution starts as in (5) and, by
Lemmas 4.7, 4.8 and Remark 4.9, we obtain:

k
Z H i, Vi, .- o)

ji =1
[r/2]
k+r—t k+r—t—1
. ~1 l—r . _1,5
O<Zr:<l( S ;( ) [( k+t >+( k+t—1 )]

k
e >0 I1ed
S Bi=ti=1

k
= Y JJews Vi, aw)

1<; <b; i=1

(filarjys oy arjes - 0) + filarj,, ... ye— akjp, ... ,0)).
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Since fi(dij,,...,dsj.) > 0and V(aij,,...,ar;,) > 0, we have:

k
Zlev(aljla 7ak‘]lc)(fl (mlv"' amkka:+17"' 7MS)

Ji =1
+filma, ... mp_1, M, ..., My))

k
S Z Haijiv(aljl)"' ,ozkjk)(fl(aljl,... s Ak s - - ,C)

1<5i<bs i=1
+filaij,, ... c— akjp, .- ,C))
k
S ZHPiV(Ozljl,... ;akjk)(fl (Ml,... ,Mk,mk+1,... ,ms)

Ji =1

+fl(M1a' .- 7Mk‘71amk7" . ams)) .
But,

foima, ..o mp, Mgy, ..., Mg) < fi(ma, ... ,mp—1, Mg, ..., M)
and

filMy, .o, My—1,mp, ... ,ms) < fi (M, ..., Mg, mgya,...,ms).

Therefore,

k
ZHin(Oéljl,... 7akjk)'2fl (ml,... ,mk,Mk_H,... ,MS)

ji =1
k
< Z HaijiV(aljl,. .. 7ak‘jk) (fl(aljl, ¢ T ,C)
1<5:<b; i=1
+fl(a1j1,... ,c—akjk,... ,C))

k
< HPiV(a1j1a~~~ ,Ozkjk)-Qfl (Ml,... s Mg, mpyq, ... ,ms),

Ji =1
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which is the same as

k
2fl (ml,... ,mk,Mk_H,... ,MS)le' det (Q/)
i=1

k
S Z Ho‘ijiv(alju e ,Oékjk) (fl(aljl, cee 5 Qkgpy e e - ,C)
1<5i<b; i=1

+filaij,, ... e — Qkjpy- - 5C))

k
S 2fl (Ml, e ,Mk,mk+1, e ,ms) H Pi det (Q/)
i=1
where
7"1 DY T‘l DR ’r'k
™1 Ti Tk
o - j=1 j=1 j=1
T1 : Ti . Tk .

k—1 k—1 k—1
doaiyt e Dot e Y ey
j=1 J=1 J=1

det (Q") > 0 since at least one of the V(avj,,. .. ,arj,) > 0. Replacing

the last column by the alternating sums of columns and using Theorems
3.4 and 3.7, we get

det (Q') = det (L, _01> — det (I).

Then

k
2f1(ma, ... ymp, My, ... ,MS)Hpi det (L)
i=1

k
S Z Haij,iV(aljl,... ,akjk)(fl(aljl,... ,akjk,... ,C)

1<, <b; i=1

+fl(a1jl,... , C— Qkjpy - - - ,C))

k
< 2fl (Mlv" . aMkvmk’-i-lv" . 7ms)HPi det (L/)
=1
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On the other hand, we start with N, again. Replacing the last column
of Ny by alternating sums of the columns and using Theorem 3.7, we
get:

L 0
Ny=| . Z (—1)lafft(c—a¢j)k+t .
i=1 j=1
So
k
(s+D)le; det (L") = Z H()éijiV(Oéljl,---,Oékjk)
1<4; <b; i=1
(filatjys o Qhjyy - €) + fil@1y, oo €= Qjry - ,C))
We get
k
2fl (mla 7mkaMk+1a aMS)le < (S+Z)'€[
=1
k
< 2fl (Mlv"' 7Mk7mk+1"" 7mS)HPi7
i=1
2fi(ma, ... ,mp, Mg, ..., Mg)my - -mp My Myyq -+ - Mog_q
< (s+1)le
< 2fl (Ml,... s Mg, mgyq, ... ,ms)Ml <o Migmgpmpgyq - Mog—1,

fr(ma, oo mp, Migga, ..o, Mg)my - -my Mgy - - - Mag_1(2My,)

< (s+Dle

< fi(My, .o, My, mgga, .o ymg) My -+ Mgmyegq - - mgg—1(2my).
Now My = ¢ — a1 and my = ag;. Clearly, ¢ > 2ax; = 2my. Also,

2(c—ak1) = c+(c—2ag1) > ¢. So Mo, = ¢ < 2Mj, and 2my, < ¢ = ma,
and hence,

fl (ml,... ,mk,Mk_H,... ,Ms)ml---mkMk+1---M2k_1M2k
< (s+1)le

< fi(My, .o, My, mpga, ... ,mg) My -+ Mgmpg - - - mag—1mag.

This completes the proof. ]
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Let R = k[z1,... ,2,]) and S = R/I where I is a homogeneous ideal
of height s.

Corollary 4.11. Let S = R/I be as above. Suppose the Betti
diagram of S is quasi-pure symmetric, that is, Bij = Ps—ic—j, 0 <
i <s, and Bs5 = 0,7 # c. Then, the Hilbert coefficients will satisfy the
same bounds as in Theorem 4.2.

Corollary 4.12. Let S = R/I be as above. Suppose the Betti
diagram of S is a positive rational linear combinations of quasi-pure
Gorenstein (symmetric) Betti diagrams. Then, the Hilbert coefficients
of S satisfy the same bounds as in Theorem 4.2.

Acknowledgments. We thank Laszlo Székely for his help with
Lemma 4.6.
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