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Certain multiple orthogonal polynomials and a
discretization of the Bessel equation

By

Tomohiro TAKATA

Abstract
We extend the Mehler-Heine type formula of Jacobi polynomials to
a class of multiple orthogonal polynomials of type II. The Mehler-Heine
type formulas show standard orthogonal polynomials or multiple orthog-
onal polynomials near the endpoints of the interval of orthogonality.

1. Introduction

Hermite considered certain simultaneous approximation to several expo-
nential functions [5]. His simultaneous approximation can be used to approxi-
mate the Stieltjes transforms of several positive measures p1, s, ..., ;. For a
vector-index n = (ny,na,...,n;) € Zl_s_ there exists a polynomial @, which is
not identically 0 and deg @,, < |n| =ny + -+ + ny, such that

du ;

Qn(z)/ (@) PY(z) =0 (z_”j_l) , J=1,2...,1L
A Zz—X

This approximation is called the Hermite-Padé approximation (of type II). The

denominator @,, has the following simultaneous orthogonality properties:

/ ' Qn(x)dpj(x) =0, v=0,1,...,n; — 1.
AA

J

They are called multiple orthogonal polynomials (of type II), the Hermite-
Padé polynomials, polyorthogonal polynomials, or l-orthogonal polynomials
more precisely.

Let us consider the case [ = 2 and n = (k, k) or (k+ 1,k). Furthermore
define ¢,, for a scalar index n by

N Q(k,k)a if n =2k
"\ Qs ifn=2k+1"
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Then {qg,} satisfies a four-terms recurrence relation of the following form:

anQnJrl(Z) + ann(z) + qu'nfl(z) + ann72 = ZQn(Z)

There are many applications of multiple orthogonal polynomials as well as
standard orthogonal polynomials, for example to the random matrix theory, the
number theory, special functions and spectral analysis of nonsymmetric band
operators. More information about multiple orthogonal polynomials is found
in [2], [6] and [9]. For classical multiple orthogonal polynomials see [3] or [10].

Asymptotics is of great interest in the theory of multiple orthogonal poly-
nomials as well as standard orthogonal polynomials. The asymptotic behavior
of multiple orthogonal polynomials plays an important role in approximation
theory. In this paper, we will obtain certain asymptotic formula of polynomials
pn(2) in a class near a point z = 1 as n — oo. The class is defined by certain
four-terms recurrence relations and contains certain multiple orthogonal poly-
nomials. In multiple orthogonal polynomials case, the asymptotic formula is
called the Mehler-Heine type formula. Thus we can consider it as an extension
of the Mehler-Heine type formula in this sense. It tells us a precise information
about the asymptotic behavior of the zeros of the polynomials p,(z) near the
point z = 1.

Let P, be the n-th Legendre polynomial with P, (1) = 1. The asymptotic
formula

52
nh—{go Pn (1 — ﬁ) = JO(Z)
has been known since the beginning of the 20th century [11]. Here Jj is the
Bessel function of the first kind. Asymptotic formulas of this type are called
the Mehler-Heine type formulas. Note that the Bessel function Jy(z) is the
solution of the following initial value problem:

u'(2) + 1u/(2) + u(z) =0,

(0)

(1.1) u(0) =1,
u'(0) = 0.

We can consider the recurrence relation of the Legendre polynomials as a dis-
cretization of this problem. Fix the step h and set

z=nh, ul :=u(nh), n=0,1,...,N.

n *

Let us consider the following discretization of the initial value problem:

(1.2) nt1)n

h hy,h h h
Upypy—2Up+Uy + 1 Up 1~ Up_1 + uh =0
2 ( 2h n =Y
h _ h _ 12
uy =1, wuy=1-3h"

We can rewrite this difference scheme in the form

{ (% + 4(n+11/2)> up iy + (% - 4(n4}1/2)> up_y = (1 - 3h*) up,
h h

ub =1, uf =1-1n2%
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If we set u = P, (1 — h;), this recurrence relation coincides with that of the
Legendre polynomials. Therefore the Mehler-Heine type formula of Legendre
polynomials is equivalent to the convergence of the solution of (1.2) to the
solution of (1.1).

From this relation Aptekarev proved the following theorem [1]:

Theorem 1.1 (Aptekarev, 1992).

Let {gn(x)} be orthonormal system of polynomials with respect to a measure
du(x) € M. The class M is defined in terms of the behavior of the coefficients
of the recurrence relations of orthonormal polynomials:

bngn+1(2) + @nqn () + bp_1qn-1(7) = 2, (),
an%, a, — 0, asn — oo.
Moreover suppose that
1
n(1)

+o(l/n), a>-1,

asn — oo. Then

2n?

2
nf(aJrl/Q)qn (1 N Z_) ~ Ja(’z) +O(1)

as n — oo uniformly on compact subsets of the complex z-plane.

By this theorem, we can extend the Mehler-Heine type formulas of
Jacobi polynomials. Indeed, Jacobi polynomials satisfy the assumption of this
theorem. Recently, a few Mehler-Heine type formulas for multiple orthogonal
polynomials of type II were found ([4] and [8]). In particular, we will extend
the Mehler-Heine type formula of multiple orthogonal polynomials in [8]. The
definition of those polynomials are as follows:

For o, 3,7 > —1 and a > 1, we define the multiple orthogonal polynomials
by the following orthogonality condition:

+1
/ PP @)L~ 2l (1 4+ 0) (0 — 2) e =0
-1
0<v<k—1,

x p2 ’Bﬂ’ ()1 — 2t|*(1 + )P (a — x)Vdz =0

+1
2pSy ) (@)1 — 2| (1 + ) (a — )z = 0

0<v<k—1,
/1
0<v <k,

/x”péifﬁ (@)1= 2|*(1 +2)’(a — 2)7dz = 0

+1
0<v<k-1.
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Such polynomials are sometimes called the Jacobi-Jacobi (or Jacobi-Angelesco)
type polynomials. Furthermore, we set

pPI(1) = 1.

Then we can prove by a direct calculation the Mehler-Heine type formula:
(Takata, 2003) For a # 3 we have

2
lim p( o,8,7) (1 _ 222)
n—oo n
3—a

:F(a+1)< 1:a-§) Ja< ?:Zz>

In this paper, we will extend this formula to a class of polynomials which
includes p @) We will define the class and state our main result in the section
2. In the section 3, we will recall the properties of the multiple orthogonal
polynomials discussed in [8]. Finally, we will give a proof of our main result in
the section 4.

2. Four-terms recurrence relations and a discretization of the Bessel
equation

Let p, be multiple orthogonal polynomials with p,(1) = 1. Assume the
polynomials {p, } have the following four-terms recurrence relations:

U P2k+1 + Gk P2k + Vi P2k—1 + WEP2k—2 = ZD2k,
U}, Dok + Q) Pak—1 + U}, Dok—2 + W), P2k—3 = ZP2k—1.

Assume there exist oo, uly, V,v, W,w, V' v/, W’ and w’ such that

)

U = limk:—>oo Uk 75 0
uly = limy o uj, 7é 0

as k — oo. Furthermore we consider the following three conditions:
Condition 1.
V+W+W =V +W+W =1

Condition 2.
WW' # 1.
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Condition 3.
We fix Z > 0 and hg > 0. If we set 0 < h < hg, N := [£] and n =
0,...,2N — 1, there exist M and M’ such that

h2
h? h?
(2.2) Prt1 (1 - 7) — P (1 - 7)’ < M'(n+1)h* < Mh,
for any h.
Remark.

The inequality (2.1) follows from (2.2) immediately.

If [WW/'| <1 and f(17W)(”+w+yf_);§1m;wl)(vl+w+w/) > —1, we can prove

Condition 3 from Conditions 1 and 2.

Theorem 2.1.  If we assume Conditions 1, 2, 3 we have

n—oo

lim pn (1 - %‘2) =T(a+1) <€Z>_a Ja (\/Xz) :

for some A where we set

=Wt wtw) + (1 =W +w+w')
2+ 1:= T .

This convergence is uniform on compact subsets of the complex z-plane.

We will give a proof of this theorem in the Section 4.

3. The “classical” multiple orthogonal polynomials

3.1. Nonsymmetric case

In this subsection, we show that the “classical” multiple orthogonal poly-

nomials pgl”@ ) satisfy Conditions 1, 2, 3 if the lengths of the intervals of

orthogonality are not the same. We write the recurrence formula as

(3.1) { we Py + an psp ) o plp T+ el =

up, " al ) o Y g pi Y = apig )
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and set
P (@)
= AO(k‘17 a, ﬂ? ,}/)ka + A1(k‘17 «, ﬂ? V)ka_l + )‘Q(ka @, ﬁ7 V)IQk_Q 4
P ()
= :LLO(k7 a, ﬂv 7)x2k+1 + /u'l(ka a, 67 PY)ka + :u2(ka a, 67 7)x2k71 +oee
From these formulas we obtain
_ Ao(kaaaﬂ7’>/)
Uy = —F7 5
N()(kuavﬁv’}/)
U/ _ ,LLO(k - 1705’/87,}/)
b )\O(k7aa5a ,Y) ’
ap = )\1(13,0476’7) - ukﬂ/l(k7aaﬁa ,Y)
)\O(kaoﬁﬂaw) '
a;c — Ul(k - 1vaaﬂ77) - U%Al(k,&,ﬁ,’y)
Mo(k_luavﬁv’y) ’
v = AZ(k7a7577) - ukﬂ’Z(kaaaﬁa 7) - akAl(k7a7577)
N/O(kj_17aa6a7) ’
'U, — /’LQ(k - 1705’/87'7) - u;‘;)‘Q(kaaaﬁv’y) - a;i;/il(k - 1;%57’7)
b Ao(k_laa7ﬁ77) ’
wkzlfukfakka,
wy, =1—u), —aj, —vy.
Furthermore, we know the following explicit representation of p{*)
P (@) = (1= 2) (1 +2)(a—2) 7
d k
<(£) (-0 0 a0,
(@6,7) L+a  (@p+1) di(a —2)  (apy+1)
3.2 e — __R\' )
( ) 2k+1 (.T) 9 _ (CL 7 1)dkp2k; (x) 9 _ (a — 1)dkp2k-

k+a) ! L (=1)F
ck:( k ) (a’_l) kLl
L1 = 2)R (1 4 o)A+ (o — 2)FHda

—1

k — .
LA = 2)kte(1 4 )40 (0 — p)kHrLde

Hence we have

+1,

+ 1.

[8]:

(z),
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_I'Bk+a+pB+y+1)
/\O(k’o"ﬁ”)/c’“_F(2k+a+ﬂ+v+1)’
I'(3k —(k -

e 1 = e B
FBk+a+pB+y+1)(ay—B+0a)

T2k +a+B+7y+1) ’
IF'Bk+a+p+y-1) (1,
F(2k+a+ﬂ+71){§a (E+v)(k+~v-1)
—a(B—a)(k+7)

—&-%(k—ka)(k—&-a—l)

)\1(]€,Oé7ﬁ,'7>/0k -

A A+~ (kb))

FBk+a+s+y){-(k+v)a+5—a}llay— 5+ a)
IF'2k+a+3+7)

I'(3k 1 2

FE%IZIZLZL; {%7<7+1)+(_ﬁ+a”a

+%a(a+1)+ ;ﬁ(ﬁ+1)aﬁ},

AO(kaaaﬂ+17’y) dkAO(k>aaﬁ37+1)

+

+

MO(kaa7ﬁ77): 2—(&—1)dk 2—(a—l)dk ’
o A(](k7aaﬁ+ 17’7) Al(k7a7ﬂ+ 177)
Ml(kﬂaaﬁ77)_ 2—(a—l)dk 2—(a—l)dk
o adk)‘o(kaa7ﬁa’y+ 1) dk}\](k,a,ﬁ,'}/‘i‘ 1)
27(afl)dk 27(&71)dk ’
_ Al(kaaaﬂ+ 177) >\2(k7a7ﬂ+ 177)
MQ(kaa7ﬁ7rY)_ 2—(&—1)dk 2—(a—l)dk
_ adk)\l(k704aﬁ,7+ ]-) dk)\2(k7a7ﬂ7/y+ 1)
2— (a—1)ds 2— (a—1)ds

Therefore we can write the coefficients of the recurrence formula 3.1 explicitly.
To calculate ueo, ul,, V,v, W,w, V' v/, W’ and w’ we need the following lemma.

Lemma 3.1. We have

a+1—+va?>+3

a—1 ’

2(a—1)(a®*+3)d = (a+ B —2y—1)d’ (af a2+3)
+ (a—=p) (a2—2a\/a2—|—3)

+(a+p—-2v+1) (3a— a2+3)
—2a+3(a— f),

d:
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1
where d, = d + % —|—O(—2)

Proof. By Laplace’s method [7], we obtain

1
(3.3) g= -t
a — X
p"""(20)q’ (x0)
(3.4) g=1 (20" (o) — 2505 ) (14 @)
' 4 7 (20) p” (z0) (a — z0)

Here we put

. a— \/a2 +3
0= 9
pz) = g{(l z)(1+z)(a— )},
g(x) = (1 —2)*(L+2)°(a—2)7 (z - z0) ,
r(z) = (1—2)*1+2z)’(a — )"
a
By this lemma, we obtain
2
Uoo = — 3 (a—3—|— \/a2—&-3>7
2
ul, -5 (a—3— \/&2—&—3)7
a®> -3
V=V =+,
6(a—1)
W a?+6a—3—(a—3)Va2+3
B 12(a — 1) ’
W= a’?+6a—3+ (a—3)Va2+3
12(a — 1) ’
Thus we have
Uoo # 0, uf)o # 0,
V+W4+W =V +W+W' =1.
Namely, psL @87 gatisfies Condition 1. Moreover we have WW/' = é‘é:l)l) > 1

since a # 3. The lower terms v, w,v’ and w’ are so complicated. Indeed, we
have
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 (Ba+28—7y+3)a®+6(a—fla+92a+~+1)
B 36(a—1) ’
36(a—1) (a®+3) v = (8a+28 — v+ 3)a’ + 2a*a? + 3 + 6(a — B)a®

+6(Ta+ B+~ +3)a* — 18a/a? + 3+ 18(a — f)a
+27(200 4y + 1),

—72(a—1) (a® +3)w = (8a + 28 — v + 3)a’ (af a2+3>

+3(200 — 26 + 7)a® + 3(10c — 45 + 37 + 5)a>V/a? + 3
—3(4a — 28 — 2y + T)a* — 3(16a — 23 — 5y + 11)a/a2 + 3

+9(20ac — 28+ 11)a + 9(10cc — v+ 5)va? + 3
—27(4a — v + 2),

~72(a—1) (a®+3)w' = (8a+ 28 — v+ 5)a’ (a+ a2+3)
+3(20a — 28 + 13)a® — 3(10a — 46 4 3y + 5)a* Va2 + 3
3(4a — 20 — 2y — 3)a® + 3(16a — 208 — 5y + 5)av/a? + 3

9(20a — 28 + 9)a — 9(10a — v + 5)v/a2 + 3
— 274 — v+ 2).

Therefore we have

QI-W)v+w+uw)+ Q1 -W) W +w+w)
- 1-Ww’

=2a+1>—1.

We proceed to the proof of the boundedness of k,llz
—péi’ﬂﬁ) (1 - %2> ‘ From (3.2) we have

s (1 AN ples (4 n?
2k 2 2

) |
~Tla+1) (ﬁ) ( : ) ( )

(ati,B+1) B2 <+L,ﬁ) h
P” (1*7>*Pka (1*7)F(k+a+z’+1) D(k+v+1)
T(a+i+1) KT(k+a+1) T(k+y—i+1)

a,8,7) h?
p;k-&-lv (1 7)

X

Furthermore, we have
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2 2
ai,f+1 h a+i, h
Py )(1‘7)‘35 )<1‘7)

:F(a—i—i—i—l)zk: i )

=ik —v)! T(a+i+tv+1)

[nk+a+i+ﬁ+1+u+1y_Nk+a+i+ﬂ+u+1q
Fk+a+i+B+1+1) Pk+a+i+8+1)

k _r2\"
k! ( 4)
=T i+ 1
(a+z+)2;mw—yﬂma+i+u+u
F%+a+i+ﬁ+y+m[k+a+i+ﬂ+y+1_4
T(k+a+it+B+1) k+a+it+pB+1
r2\”
R (—r)

:I‘(a—i—i—i—1);V!(k,,/)!p(a+i+y+1)

F'k+a+i+pG+v+1) v

Fk+a+i+B+1) k+a+i+B+1

k kh 2v

. (1" (2) k!

=T 1
(a+i+ );V!F(a—ki—ky—kl)k”(k—y)!
Ik+a+i+B8+v+1) v
FT(k+a+i+B+1) k+a+i+F+1
2 k=1 qymt1 (kh)2# !

::Eﬁdxa+i+&)§: f ) .(2) - o '
4 = (o +i+ p+2) k#rtl(k — p—1)!
MNk+a+i+8+pu+2) k
krHT(k+a+i+ 8+ D) k+a+i+6+1

Thus g [P (1= ) = PO (1= 87)] s bounded for 0 < i <
k + [v]. Therefore we conclude that

a h? o h?
pékﬁﬂﬂ) (1 o 7) _pékﬂﬁ) (1 _ 7)‘

is bounded. Strictly speaking, we must argue in the same way as in the
(@87 (1 _ K2
2

1
kh?

proof of the boundedness of ps,

pit ) <1 — %2 — plet) < — 51| is bounded. Therefore by (3.2) we

(a,8,7) h? (a B) h?
Pok41 < - ??) Dok (1‘_ ??)
By the similar argument above we may show that k,

p(Qaflv) (1 - 7)

Similarly, we can prove that

1
kh?

is also bounded.

p;iﬁﬂ) (1 %2>

obtain 5 h2

is bounded.
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We conclude that “classical” multiple orthogonal polynomials
p&“’ﬁ’”) (1 — "2—2> satisfy the Conditions 1, 2, 3.

Remark. )
Set f(z) = limg_ 00 péi’ﬁ’ﬂ’) (1 - 2’%) Then we can obtain

p((’tyﬁv'Y) 1 — Z2 _ p(a)ﬁ)’)/) 1— 22 s a—3+ v a? + 3f/(z)

2k+1 2k2 2k 2%k2 2(& — 3) - s
(7)1 _ 2’ _(eB) 22 e 3—+vVa2+3
Doy, 2k2 Pog—1 T

- — f(2).
We thus have

SIS RS I

2%2 2(a — 3)

2 2

«a,, < a,f, <
(pék » (1 - _2k2> _pék—;) (1 - 2k2>) — f(2),

2 2

B57) i (o, 8, i
(pé%+l’7 (1 - 2k2> _p2%71"{) (1 - 2]{?2)) - f/(Z)

This is the reason why we use f, , — f* and f — f!_, in our definition of f}"
in the Section 4.

IS S N

3.2. Symmetric case
In this subsection, we consider the case where the intervals of orthogonality

are of equal length. In other words, we assume that a = 3. Then p;‘x’ﬁ’”) does

not have the Mehler-Heine type formula. Indeed, pi®* (1 - %) — 1 as

n — oo. But if we choose the suitable scaling, we can obtain a different
asymptotic formula.

Theorem 3.1. Ifa = 3, we have

2
o (@,8,7) zZ 0\ _ 0 L ?
Jim 07 (1= 55) F<a+1>oF2( 1+2,1+¢ ’16)
oo 2v
=1 (3)
=T 1 .
(ot )Zulr(2u+a+1)

v=0

Proof. We have

(1—2)*(1+2)°(3 —2)p5 7 (2)
d

o (d_) {2+ a) P @ - )7}
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where ¢, = ("F*)" ey By setting y = 1 — 2 we will rewrite the right side

n 22nple
as follows

Cn, (ch) {(1 — )] 4 x)n+ﬁ(3 - x)nJrW}

= (=1en (d%)n {yre@—y eyt
o () {7 )
25+’YF(04+ 1) ( ) ) (1 B _)” (1 B %)ﬁ <1+ %)7}

T(n+ta+1) {
2P (a+1) d nm
B Fn+a+1)

200 (a + 1) = I(n+2v+a+1)
— pt2vta (1)
T T+a+1) ZZ(;)()( ) T(it2vta+tl)’ o).

pu=0v=0

<

3

Here we set ¢(y) = (1 — %)ﬁ (1 + %)V Since we can easily show that

n\( 1 Vl"(n+2u—|—a+1)( 2 )21’+a¢( z )
vJ\71) Tewrarn R 37

2T (a+ 1)
'n+a+1) Z

v=0
z
= 9B+ (W) T(o+1)
"(=)Y (2 T+2wta+l) ol 2
><z:y!l"(2u—|—a—|—1) n?T'(n+a+1) n”(n—u)!¢(n3/2>

o) 2 2v
~ of Z \“ (=1)" (3)
~ 27 (W) F(O‘H);y!r@wrz“)’

as n — 0o, we should show that

SF()() (4) e (o ()

converges to 0 as n — oo for z in any compact subset of the complex plane.
We have
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1
T(n+a+1)
zn:zn: () (L VF(n+2y+a+1)( z >M+2V¢(u)< z )
p=1v=0 v 4) T(p+2v+a+1) \n3/2 n3/2
n n pH) (n3Z/2 )
> ()

s nt(n — u)! !

X

<

n v(z\2V
" Z (1" (%) F'(n+2v+a+1) n!
VID(p+2v+a+1) n?Ln+a+1) n(n—v)

i) ™

nt(n — p)! !

Z

n z

> (=1)"(3)" TInt+2v+a+1) nl |

< VID(1+2v +a+1) n*T(n+a+1) n’(n—v)
We can show easily that
i (—1)¥ (%)QV Fn+2v+a+1) n!
— V!F(l +2v+a+ 1) n?*T'(n+a+1) n’(n—wv)!
1y (2) = k
( ) H CY+ 1
V'F 2y—|—a+2 k:
2v
Z N H ( 4 el +’€)

vIT2v+a+2)
oy (3+a|+2<u—n>>2”

— VII'(2v +a+2) n

SYCTARS S
3n V(v +a+2)

converges as n — 0o. Thus we will prove

( z )“ n! o (n§/2
nt/2) nt(n—p)! !

n

)

pu=1

converges to 0. Since

¢ (y) = Z (?)5(5 1) (B—7+1) (1 - Q)B—j (1);’

2 2

A=)t (144 (%)

we have
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6 (-27)| < @Z< )it |t = 5| 1+ 5

Here if n is sufficiently large we have

‘1 : fﬂ< (1= |55=))"" is-j<0
B 3/2 - z B—j . .
2n (1+’2n3/2|) 1f,3—]>0
<{ (1= |55=)"" ifB-j<0
- z B . . .
(1+’2n3/2|) lfﬁ_j>0

Similarly,

Y—u+j

ify—p+j<0
T iy >0

TN iy —p+ <0

ify—p+35>0

1— |2n§/2

z  |Y—Ht] (1 — z |
1+——{ < i
‘ 23/ { 1+ |55
(1 |7’

( |

|

for sufficiently large n. Thus in all the cases ‘1 — 27”%/2‘5_]' ’1 +
bounded. Therefore there exists M such that

o ()| = (5) Mz( SIEINGIS

= (3) Mas1+ b,

1 H
() MTG-+181+ 11+ .

~— — — ~—

L+ |2n§/2

2n3/2

IN

Therefore we have

- nl W ()
z:: (n1/2> nH(n — pw)! ! :

|B|+verty| ( Z )H n! F(ﬂ + |ﬁ| + l’y| + ]-)
K 2n1/2 n“(n _ N’)' u|ﬁ|+"‘/‘#'

n
— 1B+ | % |"
_MZ:IH ’2711/2‘
s

—0 as n— o0

N '~ wmﬂ‘z r”
_‘2n1/2‘M Zlu 2n1/2
l}‘:

for some constant M’, since ZZ=1
ished the proof.

’w—uﬂ

Y—p+7 .

1S

-1
converges. We have fin-

|
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Remark.

The function o F5 (

iy % ta ; —i—;) satisfies the following third-order

differential equation:

2(a+1) ala+1) u(z)
" 1 !
- _— = 0.
u"(z) + —u (z) + U (2) + 5
Thus in this case p& @B pehaves asymptotically like the function which satisfies

not the second-order differential equation but the third-order one.

4. A proof of the theorem

h2
h . _ _

f/h o f7}2+2_fh ww’ (fh n— 2)
n = h(l—WW’) ’

Set

and define f*, f* € C[0, Z] as follows:

z—nh

fh(z) = thn + (f2hn+2 - f2hn)
if nh<z<(n+1)h,

f/h( ) = 2n (.f2n+2 )Z
if nh<z<(n+1)h.

—nh

Here we assume Z > 0 and let C[0, Z] is the set of continuous functions on
[0, ).

Lemma 4.1. We have

2 1 1
i fhs = =2 b+ T +o () b

as k — oo, where

A= T

/

Uso Uy

1 2—W—W’<1 1)

Uso = limy oo g and uly, = limg_, o0 uj,.

’
Proof. If we write V;, 1= 2, W, = % V! := 2 W/ := 2k and
k

Up
Afy = [y — [, we have



762 Tomohiro Takata

h2
Afor, = (Vi + Wi) A for—1 + WiAfop—o — Efzhk,

h2
Afor—1 = (Vi + Wi) Afop—2 + WiAfar—3 — 2—/f2hk71'
k
From these formulas we obtain

Vi + W,
{(Vk + W) (Vi 4+ W) —1+ AW,;

Viee1 + W1
+ Wy — mw&ka} A for—2
= Afor, — Afop—2 — %W{CW;C,;L (Afag—2 — Afar-4a)
* %fﬁk B Vk‘jli 1 %:71 12271};21 Fohm + (Vi + W) %fghk_l’

and

/ / Vk/-‘rl + Wlé-i-l 1
(Vk+1+Wk‘+1) (Vk‘i’Wk)*l‘i’ V/+W,7Wk+wk+1
k k
Vi + Wiy
— e MWW A for
VI W % k} for—1
Vigr + Wi

= Afort1 — Afop—1 — WiW,, (Afor—1 — Afor_3)

Vi 4+ W,
o Vier + Wi o ’ NS
e E— - —T=W L \% W.) — 15,
+ 2u;€+lf2k+1 FERT/AE ™ Jor1 + (Vi + W) 2 fak

Since we have

Vi + Wi Vi + Wi
Vit W) (Vi+ W) =14 2T F wipw, - “FT 0k
(Vi k) (Ve ) Vi1 + Wiy k k Vi1 + Wik

/ !/
= (V+W+vzw> (V’+W’+U Zw)

/ W/ /W
—1+W’+IZ:+W+Z—W’W—UJZIU+O( >

Q1-WH)w+w+w)+1-W)v+w+w) +o<1)

WiWi_1

k

PR | 1
=—(1-ww’) A +o k
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and

Vi + W
(Vier + Wi) (Ve + W) — 1+ 25—, + Wi,

Vi + Wy
Vi + ”124—1”7 W
_ kbl @ T RtL /
Vi+w, Rk
/ !
:(V’+W’+U:w)<v+W+vzw)
w ,w , Wuw' +wW’ 1
_ w wo_ _ W ol Z
LW = W = WW o4
2a+1 1
——(1—-WW' 2
( " +0(k>

as k — oo, we can write as follows:

20 + 1
_ O‘kz fracAfh_, — WW'AfL_ hh
_ Afg = Afd_s —WwW’ Affho = Afgiy
h h
h 11,
-5 (=W (@Jr@)fzk
+ ggk

and

1AM S WWATL
kh h

_ Afors1 — Afop—1 W Afop—1 — Afor_3

h h
h 11\,
- 5(1 -W) (@ + @) fak
+ g

Here we have
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Therefore we obtain

7(17WW)2a+lf

:(1_WW)( 2k 2/2—2)
h 1 1 1

Uoo oo

1
= (L= WW) (ffh = F3 o) = hAf2k+o(k)kh,

or
'h 'h
2k — J2k—2
2a —|— 1

== fh 2h+h)\f2k+o<k> kh.

O

Lemma 4.2.  The families {fh}h<h0 and {f’h}h<h0, z €10, Z] are pre-
compact in C[0, Z].

Proof. Since |fﬂ < M, the family {fh}h<h0 is uniformly bounded. For

an arbitrary § > 0, take z; and z5 such that 0 < z1 < 20 < Z and |22 — 71| < 0.
Then we have
2[z2/h]—1

£ o) = £ Ol = | By = B <D0 1 = £

k=2[z1/h]

< MhQ—};S = 2M3.

Thus, the family { f h}h <ho is equicontinuous. Since we have
(1+|WwWw')) (1+|WWwW'))
'h
———— " 2Mh=—"—"—""2M
|f |_h|1 Ww!| [1—WW/| ’

the family { f’h} he<ho is uniformly bounded. And from Lemma 4.1, if we take
z1 and 25 such that 0 < 21 < 29 < Z and |22 — 21| < §, we get

[#]
£ (z2) = 1™ )| 2= | By = P < | D2 (= f0)
k=[] 41
] 20+ 1 N 1
< 2: { T h-+MAﬁky+o(E)kh}

< Y {Cbmﬁ+MMm+02}
k=[ZL]+1
< (201 + A\ M + C5) 6
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for some C;,Cy > 0. Thus {f’h}h<h0 is equicontinuous too. The lemma is
proved. O

Lemma 4.3. We have

(l—WW')szcos<\/_h( )) 2a+1

—(L=-WW') fil s

f2_; 27

_ Sighﬁsm (fh (N )> i
+WW’SH\I/_£\/X51H (\/_h (N——))fo

2
as h — 0.

Proof. From the Lemma 4.1 we obtain

=2

1cos(\/_h( )) 2a+1f2] Jh

cos ( j)) wh )\thlcos ( —j)) fh
25

Jj=

“Mf &M

as h — 0. We apply the Abel transformation to the first sum:

> 21 S~ cos (VRR(N - 7)) (f2j42 — fz’z-)}; (1 —1ha),
y 135 = 1352
Z[{COS(IhN J—l—l))—cos(\/_h( ))}%]
— cos (\/Xh ) fr =1 +f2hN*f2hN_2
h h
= % — cos (\/Xh(N — 1)) thgl

h
f2j 2

Zsm(\/_h(N j+2)) fQ]T*

— 2sin

Furthermore we apply the Abel transformation again to the last sum:
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sm(\/_h(N J+ )) (fgj thj—Q)

-1

1
.Mz

[\v]

j=

+ sin @fghlv — sin (\/Xh (N — g)) fa
N-1

h Z cos (\/Xh(N - j)) thJ

j=2

— sin (\/Xh (N - ;)) f2 +sin @fghN

We thus obtain
N-1
- Z cos (\fAh(N fj))
j=2

x <f2hj+2 - f2hJ) — (f2hj B f2hj—2)h

= 2sin

B2
_ fin—fivs i1
= —cos (\/Xh(N - 1)) -
\/_h N-1
sin Y2 . \
_ ( @ ) A 2 cos (\/Xh(N—])) fQ’jh
j=

\/_h

iy VXh
sin Y2 3 p Sin Y5 .
+ \/X )\sm(\/Xh<N—§>>f2 - VAsin ~——

2

2
fon = Fino (Sin@> =
B h

2
Vh

bln— 3 h
+ Th Asin (\/Xh (N — 5)) fas

2

as h — 0. Similarly, we get

(9 (-1+1)) - (o 5-5-2)

h.
- Zcoa (\/_h )) (f f2] 2) h2(f2g_2

SRVNS
~ fon_o = fin_a  sin V2

2 .
; + @ \sin (ﬁh (N

_ ( fh>2)\N2:2cos< —j)) f25h,

J

),

2)) I

;
12
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as h — 0. Therefore we obtain

LA 2a+1
(1= WW') 3 cos (VAR(N ~ )) 2,
j=2
(1 =WW) fi} 5
Sin@f_ o 3 5
T Asm( Ah(N—§)>f2
2
,sin‘/x oy oy
+WWT )\Slﬂ( )\h(N--))fO
2

sin Y20\ * N h
+(1—-ww’) (ﬁ) A ; cos (\F)\h(N —j)) faih
N—
—(1—=WW")Xh cos (\/Xh(N*j)) f2hj7
j:2
—(1=WW') fok_s
VAh

= bn}h—ﬁsm (fh (N— —)) b

S
+WW’Sln VAsin (\/_h( >)f§.
2

=

as h — 0. We have finished the proof of this lemma. O

Corollary 4.1.  All the limit points of {f’h(z)}h as h — 0 satisfy the
following integral equation:

(4.1) /OZ cos (\/X(z - T)) 20t 1u(7’)d7' = —u(z) — Vsin (\/Xz) )

T

This integral equation has a unique solution. More precisely, the following
lemma is known (Lemma 6 in [1]).

Lemma 4.4.  The homogeneous equation

fy/ cos (\/X(z - 7)) @dT =—F(z)
0 T

has only the trivial solution in the class

(4.2) F(r)=7¥(r), Y(r)eCl0,z],

when v > —1.
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Since all the functions in the family {f"(z)} satisfy the condition (4.2),
™ (2) converges to u(z) uniformly. Furthermore, the solution of (4.1) is satis-
fied by the derivative of the solution of the following initial value problem

2
%v(z) + 2atl dizv(z) +v(z) =0
v(0) =1, 2'(0)=0.
Therefore,
f™M(z) = f'(2)
d Vz -
= I‘(a—l—l)( 5 ) Ja(\/Xz) , ash—0.
Since we have
h 7N71 Ih WW' (fiy = fin o) = 3+ WW' [
fin = fiih - e ,
j=1
we obtain
e [ Feire
0
by taking h — 0. Therefore we obtain
(2 = f(2)
=T(a+1) <\/X2> Ja (\/Xz), ash—0
2
and
Z2 z/n \/X -
Pzn(l—ﬁ>— o —>I‘(a+l)< 5 Ja(\f)\z) as n — 0o.

Finally, let us consider py,+1. From Condition 3 we obtain

2

22 22 , z
P2n+1 1_W — P2n I_W §M(2n—|—1)ﬁ—>07 as n — oo.

Thus paon41 (1 - %) converges to the same function. Therefore we have fin-
ished the proof of the theorem.
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