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Decaying solution of a Navier-Stokes flow
without surface tension

By

Yasushi Hataya

1. Introduction

We consider an initial boundary value problem for the motion of a Navier-
Stokes flow in a 3D domain with free boundary. Under the periodic bound-
ary condition in horizontal directions, we discuss the global existence of small
smooth solution with decaying property in time. The surface tension effect is
not taken into account throughout this paper.

The domain which the fluid occupies is bounded below by a rigid flat floor
and above by an atmosphere of constant pressure; the upper free surface moves
with the change of motion of the fluid. We introduce a spatial coordinate
system x′ = (x1, x2) and x = (x′, x3), and assume that the domain of fluid
at time t is described by Ω(t) = {x ∈ T2 × R : −1 < x3 < η(t, x′)}, which
is bounded below by a fixed bottom SB = {(x′,−1) : x′ ∈ T2}, and above
by a free surface Γ(t) = {(x′, η(t, x′)) : x′ ∈ T2}. We denote the velocity of
fluid by v = t(v1, v2, v3), and by p a correction to the hydrostatic pressure p̄
as p = p̄(t, x) − P0 + ρgx3, where P0 is the atmospheric pressure above the
fluid, ρ is a constant density and g is the acceleration of gravity. The equations
describing the motion of fluid are given as follows:

vt + (v · ∇)v + ∇p − νΔv = 0 in Ω(t)(1.1)
∇ · v = 0 in Ω(t)(1.2)

ηt + v · ∇′η − v3 = 0 on Γ(t)(1.3)

pnj −
3∑

k=1

ν(vj,xk
+ vk,xj

)nk = gη nj on Γ(t), j = 1, 2, 3(1.4)

v = 0 on SB.(1.5)

Here ν denotes a positive viscous constant, and (n1, n2, n3) the outward normal
to the free surface. We denote spatial derivatives by ∇′ = t(∂/∂x1, ∂/∂x2, 0),
∇ = t(∂/∂x1, ∂/∂x2, ∂/∂x3), and Δ = ∇ · ∇. Subscripts after comma denote
derivatives, and bold type letters mean vectors. The equilibrium state to this
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692 Yasushi Hataya

system is (η, v, p) = (0,0, 0), and the corresponding domain and free surface
are given by Ω = T2 × (−1, 0) and Γ = {(x′, 0) : x′ ∈ T2} respectively.

At t = 0, we suppose that η0 is given, as well as v0 defined in Ω(0) =
{(x′, x3) : −1 < x3 < η0(x′), x′ ∈ T2}, so we set

(1.6) (η, v) = (η0, v0) at t = 0.

We should note that if (η, v, p) satisfies (1.2) and (1.3), it follows

(1.7)
d

dt

∫
T2

η dx′ =
∫

Γ(t)

(v3 − v · ∇′η) dx′ =
∫

Ω(t)

∇ · v dx = 0,

so that the solution (η, v, p) satisfies the condition
∫

T2 ηdx′ = 0 for the initial
data satisfying

∫
T2 η0dx′ = 0. This gives one of the compatibility conditions on

the initial data, which will be given precisely in Section 5.
Before stating our results, we introduce function spaces. We define Hs(Ω)

(resp. Hs(T2)) to be the space of functions f which are defined in Ω (resp.T2),
and belong to L2-Sobolev space of order s. For I = (0, T ) or (0, +∞), we
set Kr(I × Ω) = Hr/2(I; L2(Ω)) ∩ L2(I; Hr(Ω)), and also define Kr(I × T2)
similarly.

Our main result is stated as follows:

Theorem 1.1. Let r ∈ (5, 11/2). Suppose the initial data (η0, v0) to
satisfy

||v0||Hr−1(Ω(0)) + ||η0||Hr−1/2(T2) ≤ δ

for suitably small δ > 0 and the compatibility conditions (5.1)–(5.5). Then,
there exist η(t, x′) defined in (t, x′) ∈ R+×T2 and (v, p)(t, x) defined in (t, x) ∈
R+ × (T2 × R) such that η and the restriction of (v, p) on the fluid domain
{−1 < x3 < η(t, x′)} satisfy (1.1)–(1.6).

Moreover, (η, v, p) belongs to a function space Xr, where

Xr =

{
(η, v, p) : 〈t〉γ0v ∈ Kr−γ0(R+ × Ω), 〈t〉γ0∇p ∈ Kr−2−γ0(R+ × Ω),

〈t〉γ0η ∈ L2(R+; Hr−3/2−γ0(T2)) ∩ H(r−γ0)/2(R+; L2(T2)), γ0 ∈ [0, 1],

〈t〉γ1η ∈ B(R+; Hr−1−γ1(T2)), γ1 ∈
[
−1

2
, 1
]

,

∫
T2

η dx′ = 0, v = 0 on SB

}
.

Here B is a space of bounded continuous functions, and 〈t〉 = 1 + t.

A key result to prove Theorem 1.1 is a linear existence theorem of decaying
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solution to the following equations:

ηt + w · ∇′η − u3 + −
∫

Γ

η∇′ · w dx′ = f0 on Γ(1.8)

ut + ∇q − νΔu = f in Ω(1.9)
∇ · u = σ in Ω(1.10)

−ν(ui,x3 + u3,xi
) = fi+3 on Γ, i = 1, 2(1.11)

−2νu3,x3 + q − gη = f6 on Γ(1.12)
u = 0 on SB(1.13)

(η, u) = (η0, u0) at t = 0,(1.14)

where −
∫
Γ

fdx′ =
∫
Γ

fdx′/|Γ|. The function (0, w, 0) is given in Xr, and f0, f =
t(f1, f2, f3), σ, f4, f5, f6 are in Y r

ε0
for ε0 ∈ (0, 1/2), where

Y r
ε0

=

{
(f0, f , σ, f4, f5, f6) : 〈t〉γ0f ∈ Kr−γ0−2(R+ × Ω),

〈t〉γ0f0 ∈ Hk(R+; Hr−2k−γ0−1/2(T2)) ∩ W k,1(R+; Hr−2k−1−γ0(T2))

〈t〉γ0f0 ∈ H(r−γ0)/2−1(R+; L2(T2)), 〈t〉γ2+ε0σ ∈ DKr−γ2(R+ × Ω),∫
T2

f0dx′ +
∫

Ω

σdx = 0, 〈t〉γ2+ε0fj+3 ∈ Kr−γ2−3/2(R+ × T2)

for j = 1, 2, 3, k = 0, 1, γ0 ∈ [0, 1], and γ2 ∈ [0, 3/2]

}
.

Here, we have set DKr(R+ × Ω) = Kr−1(R+ × Ω) ∩ Hr/2(R+; 0H
−1(Ω)), and

0H
−1(Ω) the dual space of 0H1(Ω) = {ϕ ∈ H1(Ω) : ϕ = 0 on Γ} charac-

terized as the completion of L2(Ω) with respect to the norm ||f ||0H−1(Ω) =
sup{(f, u)L2(Ω) : ||u||0H1(Ω) ≤ 1}.

Remark 1.2. We will mention the linearized version of the compatibil-
ity condition (1.7). If (η, u) satisfies (1.8) and (1.10), it follows

d

dt

∫
T2

η dx′ =
∫

Γ

(f0 + u3 −∇′(wη)) dx′ =
∫

T2
f0dx′ +

∫
Ω

σ dx.

This relation implies that the space Y r
ε0

of inhomogeneous data should equip
the compatibility condition

∫
T2 f0dx′+

∫
Ω

σdx = 0. In Remark 5.5, we describe
the reason why we should invoke the correction term −

∫
Γ

η∇′ · wdx′ in (1.8).

Now we state our linear existence theorem of decaying solution for the case
(σ, f4, f5) = (0, 0, 0).

Theorem 1.3. Let r ∈ (5, 11/2) and ε0 > 0. For (f0, f , 0, 0, 0, f6) ∈
Y r

ε0
, there exists δ > 0 so that for (0, w, 0) ∈ Xr satisfying ||(0, w, 0)||Xr ≤ δ,

and for (η0, u0) ∈ Hr−1/2(T2)×Hr−1(Ω) satisfying the compatibility conditions
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(3.1) and (3.2), a solution to the linear system (1.8)–(1.14) exists in Xrand
satisfies

||(η, u, q)||Xr ≤ cδ(||(f0, f , 0, 0, 0, f6)||Y r
ε0

+ ||η0||Hr−1/2(T2) + ||u0||Hr−1(Ω)).

Here, the constant cδ does not depend on w.

Now we shall mention some of related results. In [7] and [8], Greenlee
discussed a linearized system in an open container. He studied the stability
and the decay property for the solution of a constant coefficient linear system.
Sylvester [15] also investigated a linear constant coefficient system, and showed
that some eigen values locate on the negative real axis and accumulate at the
origin. Beale [2] obtained local existence results for a free surface problem
without surface tension, and he [3] also obtained a global solution to a free
surface problem with surface tension effect in the Euler coordinates. Beale and
Nishida [4] investigated its asymptotic behavior. According to their analysis,
if the surface tension effect is taken into account under the periodic boundary
condition, no spectra exist in the neighborhood of origin ([4]). However, once
this effect is neglected, countable eigen values appear there ([15]). Due to this
presence of the slow mode, our solution temporarily decays not in exponential
order but in polynomial one. Tanaka and Tani [16] investigated global existence
of a solution without surface tension effect. However, it seems to the author
that their discussion on the uniform boundedness supt≥1 ||η(t)||Hr−1/2(T2) in the
continuation process is unconvincing.

Our discussion is as follows: we use a mapping Θ depending on unknown
function η introduced by Sylvester [14], and convert the problem to one on the
equilibrium domain. The Jacobian of this transform requires that η should be
as smooth as u in some sense. However, the surface tension effect is not taken
into account here, so we obtain the regularities of η by the decaying property
of u, and this is the key estimation in this paper. To be more precise, both the
function η(t) and the trace of u(t) on the free surface belong to the same space
Hr−1/2(T2) for a.e. t > 0 if we neglect their temporal behavior.

In Sections 3 and 4, we give a solvability of the linear operator with a
correction term which is due to the compatibility of solenoidal condition and
the normal traces of velocity on the boundaries. Though the transform Θ may
not preserve the solenoidal property (1.2), we work in Sections 2, 3, and 4 for
vectors of such property for technical reasons. Hence, the linearized operator
may violate the compatibility condition as a consequence of (1.8), (1.10), (1.13),
and (1.14), if we do not adopt the additional correction term −

∫
Γ

η · ∇′u dx′. In
Section 5, we discuss the full nonlinear problem. There, we give an existence
theorem on the equilibrium domain and show that Θ is a C1-diffeomorphism,
and as a result, obtain the proof of Theorem 1.1.

2. A priori estimates

In this section, we prepare several inequalities which will be referred to
later. Hereafter, we denote L2(Ω) or L2(T2) norm by || · ||.
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For u ∈ 0H
1(Ω) = {u ∈ H1(Ω) : u|SB

= 0}, the Poincaré inequality
||u|| ≤ c||∇u|| and the Korn inequality ||∇u|| ≤ c||S(u)|| for S(u) = ∇u + t∇u
are known, so that

c0||u||H1(Ω) ≤ ||S(u)||L2(Ω)

holds for u ∈ 0H
1(Ω). The proofs for these inequalities can be found in [2]

and [6]. The Kato-Ponce type estimates are also well-known: for c a constant
independent of f and g,

||[Λs, f ]g|| ≤ c(||∇′f ||L∞ · ||Λs−1g|| + ||Λsf || · ||g||L∞)(2.1)
||fg||Hs ≤ c(||f ||W s,p1 · ||g||Lq1 + ||f ||Lq2 · ||g||W s,p2 ),(2.2)

where the constants are chosen to be 1/p1+1/q1 = 1/p2+1/q2 = 1/2, p1, p2 	=
∞ and s ≥ 0. Here, [f, g] denotes the commutator f g − g f , and Λ denotes
(1 − ∇′ · ∇′)1/2. The proofs for these inequalities are given in [10], [18], and
[19]. By slightly modifying the proof of [3, Lemma 5.1], we can also prove the
inequality:

(2.3) ||〈t〉γfg||Hα(R+;L2(T2)) ≤ c(||f ||Hα(R+;L2(T2))||〈t〉γg||Ks+

+ ||〈t〉γf ||Ks ||g||Hα(R+;L2(T2)))

for α, γ ≥ 0, and s > 2.
We next introduce an estimate for the steady Stokes equations.

Lemma 2.1. Let α ≥ 2, f ∈ Hα−2(Ω), fj+3 ∈ Hα−3/2(T2) (j = 1, 2)
and f7 ∈ Hα−1/2(T2). Suppose that (u, q) ∈ H2(Ω) × H1(Ω) satisfies the
following Stokes system:

−νΔu + ∇q = f in Ω(2.4)
∇ · u = 0 in Ω(2.5)

−ν(ui,x3 + u3,xi
) = fi+3 on Γ, i = 1, 2(2.6)

u3 = f7 on Γ(2.7)
u = 0 on SB.(2.8)

Then, it holds

||u||2Hα(Ω) + ||q||2Hα−1(Ω) ≤

≤ c1

⎛⎝||f ||2Hα−2(Ω) +
∑

j=1,2

||fj+3||2Hα−3/2(T2) + ||f7||2Hα−1/2(T2)

⎞⎠ .
(2.9)

We omit the proof of this lemma since the Stokes equations (2.4), (2.5) with
boundary conditions (2.6)–(2.8) are well-known elliptic boundary problem ([1]).
In what follows, we assume that the constants r ∈ (5, 11/2) and ε1 ∈ (0, 1/2)
are fixed, and that a function (0, w, 0) ∈ Xr with ||(0, w, 0)||Xr ≤ δ and non-
negative constants α, β, γ, ε0 are to be given. The constants cj(1 ≤ j ≤ 8)
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do not depend on w nor δ. We shall discuss several a priori estimates with
temporal weights for the solution of linear system (1.8)–(1.13) associated with,
instead of (1.14), the homogeneous initial data:

(2.10) (η0, u0) = (0,0).

The associated function spaces of inhomogeneous data are given by

Xr
0 = {z ∈ Xr : z can be smoothly extended by 0 for t < 0}

Y r
ε0,0 = {F ∈ Y r

ε0
: F can be smoothly extended by 0 for t < 0}.

For simplicity, we shall denote ||(η, u)(t)||2Hk = ||√gη(t)||2Hk(T2) + ||u(t)||2Hk(Ω)

and F0 = ||(f0, f , 0, 0, 0, f6)||2Y r
ε0,0

. The following lemma is a modification of a
standard energy estimate.

Lemma 2.2. Let 0 ≤ γ ≤ 1 and (σ, f4, f5) = (0, 0, 0).
(i) Let 2 ≤ α ≤ r − γ. We assume that F1 defined as

F1 = F0 + δ||η||2L2(R+;H2+ε1 (T2))

is finite. Then the solution of the linear system (1.8)–(1.13) with (2.10) satisfies

(2.11) ||〈t〉γΛα−1(η, u)||2L∞(R+;L2) + ν||〈t〉γΛα−1S(u)||2L2(R+;L2(Ω)) ≤
≤ 4γ||〈t〉γ−1/2Λα−1(η, u)||2L2(R+;L2) + c2F1.

(ii) Let 4 ≤ α ≤ r − γ + 1/2. We assume that F2 = F2(α, γ) defined as

F2 = F0 + δ(||η||2H1(R+;H2+ε1(T2)) + ||η||2L∞(R+;H2+ε1(T2))+

+ ||〈t〉γη||2L∞(R+;Hα−2(T2)))

is finite. Then the solution of the linear system (1.8)–(1.13) with (2.10) satisfies

(2.12) ||〈t〉γΛα−3(ηt, ut)||2L∞(R+;L2) + ν||〈t〉γΛα−3S(ut)||2L2(R+;L2(Ω)) ≤
≤ 4γ||〈t〉γ−1/2Λα−3(ηt, ut)||2L2(R+;L2) + c3F2(α, γ).

(iii) Let β ≥ 1. We assume that F3 = F3(β, γ) defined as

F3 = ||〈t〉γf ||Hβ−1(R+;L2(Ω))||〈t〉γu||Hβ(R+;L2(Ω))+

+ ||〈t〉γ(f6 + gη)||2Hβ−1/2(R+;L2(T2))

is finite. Then the solution of the linear system (1.8)–(1.13) with (2.10) satisfies

c0
ν

4
||〈t〉γu||2Hβ−1/2(R+;H1(Ω)) ≤ γ||〈t〉γ−1/2u||2Hβ−1/2(R+;L2(Ω)) + c4F3(β, γ).
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Proof. (i) Multiplying (1.9) by 〈t〉2γΛ2(α−1)u and integrating over Ω yield

(2.13)
1
2

d

dt
〈t〉2γ ||Λα−1(η, u)||2+

ν

2
〈t〉2γ ||Λα−1S(u)||2 =

4∑
j=1

〈t〉2γΦj +〈t〉2γ−1Φ5,

where

Φ1 = −g
∑

i=1,2

(
Λα−1η, Λα−1(wiηxi

) +−
∫

Γ

wi,xi
ηdx′

)
L2(T2)

Φ2 = −(Λα−1f6, Λα−1u3|Γ)L2(T2), Φ3 = (Λα−1f , Λα−1u)L2(Ω)

Φ4 = g(Λα−1η, Λα−1f0)L2(T2), Φ5 = γ||Λα−1(η, u)||2L2 .

Here and what follows, we denote the inner product in L2(Ω) (resp. L2(T2))
by (·, ·)L2(Ω) (resp. (·, ·)L2(T2)), and drop L2(Ω) (resp. L2(T2)) if it is not
ambiguous. Using (2.1), we obtain

|Φ1| ≤ c(||∇′w|Γ||L∞ ||Λα−1η||2 + ||Λα−1η||||[Λα−1, wi]ηxi
||)

≤ c(||w|Γ||H2+ε1 ||η||Hα−1 + ||w|Γ||Hα−1 ||η||H2+ε1 )||η||Hα−1 ,

and hence∫
R+

〈t〉2γ |Φ1|dt ≤ c(||〈t〉γη||2L∞(R+;Hα−1)||w|Γ||L1(R+;H2+ε1)+

+ ||〈t〉γη||L∞(R+;Hα−1)||〈t〉γw|Γ||L2(R+;Hα−1)||η||L2(R+;H2+ε1)).

If we note

(2.14) ||w|Γ||L1(R+;H2+ε1(T2)) ≤ c||〈t〉1/2+ε0w||L2(R+;H5/2+ε1(Ω)) ≤ c5δ,

and integrate (2.13) in t, we obtain (2.11).
(ii) We differentiate (1.9) in t and take inner product with 〈t〉2γΛ2(α−3)ut,

so that we have for α > 4,

1
2

d

dt
||〈t〉γΛα−3(ηt, ut)||2 +

ν

4
||〈t〉γΛα−3S(ut)||2 ≤ c〈t〉2γ{||Λα−4f t||2+

+ ||f6,t||2Hα−7/2 + ||ηt||Hα−3 ||f0,t||Hα−3 + Φ6},
where Φ6 = g|(Λα−3ηt, Λα−3∂t(w ·∇′η)+∂t−

∫
Γ

η∇′ ·w dx′)|. By (2.14), we have∫
R+

〈t〉2γΦ6dt ≤ cδ{||〈t〉γΛα−3ηt||2L∞(R+;L2(T2))+

+ ||η||2H1(R+;H2+ε1(T2)) + ||〈t〉γη||2L∞(R+;Hα−2(T2))},

which gives (2.12).
(iii) Hereafter, we shall denote the Laplace transform of f by f̂(λ) =∫∞

0
eλtf(t)dt. Since we can extend (η, u, p) smoothly by 0 for t < 0, we apply



�

�

�

�

�

�

�

�

698 Yasushi Hataya

the Laplace transform to (1.9), and take inner product with û(λ) in L2(Ω), so
that we obtain for Reλ ≥ 0,

Reλ ||û||2 +
ν

2
||S(û)||2 ≤ ||f̂ ||||û|| + c||û||H1(Ω)||gη̂ + f̂6||.

If we multiply (1+ |λ|)2β−1 to the both hand sides, integrate on the line Re λ =
λ0 in the complex plane and let λ0 → +0, then we obtain the desired estimate.
The weighted version of this estimate can be similarly obtained.

Before proceeding the next lemma, we introduce an extension of a function
η to R+ × Ω.

Proposition 2.3. Suppose that q ∈ Hα0−1(Ω) and b ∈ Hα0−1/2(T2)
satisfy

∫
Ω

q dx =
∫

T2 b dx′ for some α0 ≥ 1. Then there exists at least one
function a = t(a1, a2, a3) ∈ Hα0(Ω) which satisfies

∇ · a = q in Ω
a = 0 on SB , a3 = b on Γ

||a||Hα0 (Ω) ≤ c(||q||Hα0−1(Ω) + ||b||Hα0−1/2(T2)).

For a proof of this proposition, see [11, Sec.1.2.1] or [9, Lemma 1].
Now we state an estimate of ||〈t〉γη||L2(R+;Hα−3/2(T2)) following [9].

Lemma 2.4. Let (σ, f4, f5) = (0, 0, 0). Suppose that F4 defined for α ≥
2 as

F4(α, γ) = ||〈t〉γΛα−2ut||2L2(R+;L2(Ω)) + ||〈t〉γΛα−1u||2L2(R+;H1(Ω)) + F0

is finite. Then the solution of (1.8)–(1.13) with (2.10) satisfies

(2.15) g||〈t〉γη||2L2(R+;Hα−3/2(T2)) ≤ c6F4.

Proof. As in Remark 1.2, we obtain
∫

T2 η(t, x′) dx′ = 0 by virtue of (1.8),
(1.10), (2.10) and

∫
T2 f0 dx′ = 0. According to Proposition 2.3, we can choose

a function a satisfying ∇ · a = 0 in Ω, a · n = η on Γ, a = 0 on SB and
||Λα−2a||H1(Ω) ≤ c||η||Hα−3/2(T2). Applying Λα−3/2 to (1.9) and taking inner
product with Λα−3/2a, we have

ν

2
(Λα−1S(u), Λα−2S(a))L2(Ω) + (Λα−2(ut − f), Λα−1a)L2(Ω)+

+ g||Λα−3/2η||2 + (Λα−3/2f6, Λα−3/2η)L2(T2) = 0,

so that

g||Λα−3/2η||2 ≤ c{(||Λα−2(ut − f)|| + ||Λα−1S(u)||)||Λα−2a||H1(Ω)+

+ ||Λα−3/2f6||||Λα−3/2η||}.
Integrating this inequality in t after multiplying 〈t〉2γ gives (2.15).

We next prepare an estimate for time derivatives of η.
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Lemma 2.5. Let k = 1 or 2. Suppose that F5 = F5(α, γ, k) defined for
1/2 ≤ α ≤ r − 3/2 as

F5 = ||〈t〉γη||2L∞(R+;Hα+k(T2))+

+
k−1∑
j=0

(||〈t〉γΛα+k−j−3/2∂j
t u||2L2(R+;H1(Ω)) + ||〈t〉γ∂j

t f0||2L2(R+;Hα+k−j−1(T2)))

is finite. Then the solution of (1.8) with (2.10) satisfies

(2.16) ||〈t〉γ∂k
t η||2L2(R+;Hα(T2)) ≤ c7(1 + δ2)F5.

Proof. By (1.8), it is easy to check (2.16) for k = 1. To see the case of
k = 2, the t-derivative of (1.8) leads

(2.17)
||〈t〉γηtt||L2(R+;Hα(T2)) ≤ cδ{||〈t〉γη||L2(R+;Hα+1(T2)) + ||〈t〉γηt||L2(R+;Hα+1(T2))}+

+ c||〈t〉γΛα−1/2ut||L2(R+;H1(Ω)) + ||〈t〉γf0,t||L2(R+;Hα(T2)).

Applying (2.16) for k = 1 to the second term in (2.17), we have the desired
result.

We next give an estimate for time derivatives of u.

Lemma 2.6. Let α ≥ 2 and (σ, f4, f5) = (0, 0, 0). Suppose that F6 =
F6(α, β, γ) defined as

F6 = F0 + g||〈t〉γη||2Hβ(R+;Hα−3/2(T2))

is finite. Then the solution of (1.8)–(1.13) with (2.10) satisfies

(2.18) ||〈t〉γΛα−2u||2Hβ+1(R+;L2(Ω)) ≤ c8(γ||〈t〉γ−1/2Λα−2u||2Hβ(R+;H1(Ω)) + F6).

Proof. Since f0, f , f6 can be smoothly extended by 0 for t < 0, the solu-
tion (η, u, p) can be also extended by 0 for t < 0. If we apply 〈t〉γΛα−2 and the
Laplace transform in t to (1.9), and take inner product with Λα−2(〈t〉γut)∧,
then we obtain

||Λα−2 〈̂t〉γut||2 +
ν

2
Reλ||Λα−2 ̂〈t〉γS(u)||2 ≤ |(Λα−2〈̂t〉γf , Λα−2〈̂t〉γut)|+

+ |(Λα−2(〈t〉γ(gη + f6))∧, Λα−2 ̂〈t〉γu3,t)| + νγ

2
||Λα−2(〈t〉γ−1/2S(u))∧||2.

If we multiply (1 + |λ|)2β to the both hands sides and integrate them on the
line Reλ = λ0 > 0 in the complex plane, we have the desired inequality (2.18)
by letting λ0 → 0.

We prepare the following proposition, which will be used in the next
lemma.
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Proposition 2.7. Let T > 0. Assume that a(t), b(t), c(t) ≥ 0, a ∈
B[0, T ), b ∈ L1(0, T ), c ∈ L2(0, T ) and da(t)/dt ≤ b(t) · a(t) + c(t). Then it
holds for t ∈ (0, T ),

a(t) ≤ e
R t
0 b(s)ds(a(0) +

√
t||c||L2(0,t)).

Proof. By Gronwall’s lemma, we have

a(t) ≤ e
R t
0 b(s)dsa(0) +

∫ t

0

e
R t

s
b(τ)dτ c(s)ds.

The Schwarz’ inequality implies that the second term in the right hand side is
bounded by e

R t
0 b(s)ds

√
t||c||L2(0,T ).

We are in a position to give a key estimate of ||〈t〉−1/2η||L2(R+;Hα−1/2(T2)).

Lemma 2.8. Let α ≥ 1 and (σ, f4, f5) = (0, 0, 0). Suppose Λα−1u ∈
L2(R+; H1(Ω)) and that

F7 = ||f0||2L2(R+;Hα−1/2(T2)) + δ||η||2L∞(R+;H2+ε(T2))

is finite. Then the solution to (1.8)–(1.13) with (2.10) satisfies

(2.19) ||〈t〉−1/2η||2L∞(R+;Hα−1/2(T2)) ≤ c9(||Λα−1u||2L2(R+;H1(Ω)) + F7).

Proof. If we take inner product of (1.8) and Λ2α−1η, we have

d

dt
||Λα−1/2η|| ≤ c

(
||∇′w|Γ||L∞ ||Λα−1/2η||+

+ ||Λα−1/2w|Γ||||∇′η||L∞ +
∣∣∣∣∣∣∣∣Λα−1/2

(
u3 + f0 −−

∫
Γ

wi,xi
ηdx′

)∣∣∣∣∣∣∣∣).

Proposition 2.7 implies

||Λα−1/2η(t)|| ≤ cec
R t
0 ||∇′w(s)|Γ||L∞(T2)ds

√
t (||Λα−1u||L2(R+;H1(Ω)) + F7)1/2.

Hence, (2.14) gives (2.19).

3. Global behavior of a solution of the linear system

In this section, we give an existence result for a solution of the linear system
(1.8)–(1.14). As in the previous section, we assume the constant r ∈ (5, 11/2),
the function (0, w, 0) ∈ Xr and the inhomogeneous data (f0, f , 0, 0, 0, f6) ∈ Y r

ε0

are appropriately given later. Following [3], we first discuss the compatibility
conditions on the initial data η0 ∈ Hr−1/2(T2) and u0 = t(u01, u02, u03) ∈
Hr−1(Ω). We require (η0, u0) to satisfy the conditions:∫

T2
η0dx′ =

∫
T2

η
(1)
0 dx′ =

∫
T2

η
(2)
0 dx′ = 0(3.1)

u0 and u
(1)
0 satisfy (1.10), (1.11), and (1.13),(3.2)
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where η
(1)
0 , η

(2)
0 , and u

(1)
0 are traces on t = 0 of ηt, ηtt, and ut respectively,

which will be determined here. Using (1.8), we set η
(1)
0 ∈ Hr−3/2(T2) as

(3.3) η
(1)
0 = −w · ∇′η0 + u03 −−

∫
Γ

η0∇′ · w dx′ + f0 at t = 0.

Before determining u
(1)
0 , we shall choose an initial pressure q0 ∈ Hr−2(Ω) as

(3.4)
Δq0 = ∇ · f in Ω

q0,x3 = νΔu03 + f3 on SB

q0 = 2νu03,x3 + gη0 + f6 on Γ

at t = 0. Using (1.9), we set u
(1)
0 ∈ Hr−3(Ω) as

(3.5) u
(1)
0 = νΔu0 −∇q0 + f at t = 0,

and η
(2)
0 ∈ Hr−7/2(T2) as

(3.6) η
(2)
0 = −(wt · ∇′η0 + w · ∇′η(1)

0 ) + u
(1)
03 −

−−
∫

Γ

(η0∇′ · wt + η
(1)
0 ∇′ · w) dx′ + f0,t at t = 0.

We do not need further compatibility conditions, since we work for r < 11/2.
However, we shall determine the traces of utt and ∇qt at t = 0, since they are
also continuous in L2(Ω) and are needed when we construct a smooth extension
of initial data. We determine q

(1)
0 ∈ Hr−4(Ω) as

(3.7)

Δq
(1)
0 = ∇ · f t in Ω

q
(1)
0,x3

= νΔu
(1)
03 + f3,t on SB

q
(1)
0 = 2νu

(1)
03,x3

+ gη
(1)
0 + f6,t on Γ,

at t = 0, and u
(2)
0 ∈ Hr−5(Ω) as

(3.8) u
(2)
0 = νΔu

(1)
0 −∇q

(1)
0 + f t at t = 0.

As a result, we obtain

(3.9) ||u(1)
0 ,∇q0||Hr−3(Ω) + ||u(2)

0 ,∇q
(1)
0 ||Hr−5(Ω) + ||η(1)

0 ||Hr−3/2(T2)+

+ ||η(2)
0 ||Hr−7/2(T2) ≤ c(||η0||Hr−1/2(T2) + ||u0||Hr−1(Ω) + ||(f0, f , 0, 0, 0, f6)||Y r

ε0
).

Lemma 3.1. Let (η0, u0) ∈ Hr−1/2(T2)×Hr−1(Ω). Assume that η
(1)
0 ,

η
(2)
0 , u

(1)
0 determined as in (3.3), (3.5), and (3.6) satisfy the compatibility con-

ditions (3.1) and (3.2). Then there exists (η0, u0, q0) ∈ Xr with (η0, u0)(0) =
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(η0, u0), which satisfies for j = 0, 1,

∂j
t

(
η0,t + w · ∇′η0 − u03 + −

∫
Γ

η0∇′ · w dx′ − f0

)
(0) = 0 on Γ

∂j
t (u0,t − νΔu0 + ∇q0 − f)(0) = 0 in Ω

∂j
t (∇ · u0)(0) = 0 in Ω

∂j
t (u0i,x3 + u03,xi

)(0) = 0 on Γ

∂j
t (−2νu03,x3 + q0 − gη0 − f6)(0) = 0 on Γ,

and

||(η0, u0, q0)||Xr ≤ c(||η0||Hr−1/2(T2) + ||u0||Hr−1(Ω) + ||(f0, f , 0, 0, 0, f6)||Y r
ε0

).

Proof. Since the initial data (η0, u0) satisfies the compatibility conditions,
we can construct (η0, u0, q0) which satisfies

η0 ∈ L2(R+; Hr(T2)), η0,t ∈ Kr−1(R+ × T2)

u0 ∈ Kr(R+ × Ω), ∇q0 ∈ Kr−2(R+ × Ω)

(∂j
t η0, ∂

j
t u0, ∂

k
t q0) = (η(j)

0 , u
(j)
0 , q

(k)
0 ) (j = 0, 1, 2, k = 0, 1)

(3.10)

where η
(j)
0 , u

(j)
0 , q

(k)
0 are given in (3.7) and (η(0)

0 , u
(0)
0 ) = (η0, u0). In fact, we

can obtain such (u0, q0) due to [12, Thm 4.2.3] or [3], and such η0 due to [12,
Thm 1.3.1]. Moreover, we can obtain (η0(t), u0(t), q0(t)) = 0 for t > 1, by
cutting off appropriately and applying the projection to (η0, u0, q0) to satisfy
(1.10), (1.11), (1.13) and

∫
T2 η0(t) dx′ = 0.

We shall construct a solution (η, u, q) of (1.8)–(1.14) by solving the fol-
lowing mollified equations

uε
t + ∇qε − νΔuε = f in Ω(3.11)

∇ · uε = 0 in Ω, uε = 0 on SB(3.12)
uε

i,x3
+ uε

3,xi
= 0, −2νuε

3,x3
+ qε − gηε = f6 on Γ(3.13)

(ηε, uε) = (η0, u0) at t = 0(3.14)

ηε
t − uε

3 +
∑

i=1,2

ϕε ∗ (wiϕ
ε ∗ ηε

xi
) + −
∫

Γ

ηε∇′ · w dx′ = f0 on Γ,(3.15)

where ϕε∗ denotes a mollifier w.r.t. (x1, x2); that is, ϕε ∗ f(x′) =
∫

T2 f(x′ −
y′)ϕε(y′)dy′ where ϕε(·) = ε−2ϕ(·/ε), and ϕ(·) is a non-negative C∞

0 (R2)
function satisfying

∫
T2 ϕ(x′)dx′ = 1 and ϕ(−x′) = ϕ(x′). The local existence

result to this system is as follows:

Lemma 3.2. Let ||(0, w, 0)||Xr ≤ δ. Suppose the initial data (η0, u0) ∈
H3/2(T2) × H1(Ω) satisfies the compatibility conditions −

∫
Γ

η0 dx′ = 0 and
(3.12). Then for any T > 0, there exists a solution of (3.11)–(3.15) which sat-
isfies ηε ∈ C([0, T ]; H3/2(T2)), uε ∈ K2((0, T )×Ω) and ∇qε ∈ L2((0, T )×Ω).
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Proof. We shall construct a sequence {(η(n), u(n), q(n))}n by the following
iteration: (η(0), u(0), q(0)) ≡ 0 and for n ≥ 0,

u
(n+1)
t − νΔu(n+1) + ∇q(n+1) = f , ∇ · u(n+1) = 0 in Ω(3.16)

u
(n+1)
i,x3

+ u
(n+1)
3,xi

= 0, −2νu
(n+1)
3,x3

+ q(n+1) = f6 + gη(n) on Γ(3.17)

u(n+1)|SB
= 0, u(n+1)|t=0 = u0(3.18)

η
(n+1)
t +

∑
i=1,2

ϕε ∗ (wiϕ
ε ∗ η(n+1)

xi
) = f0 + u

(n)
3 −−

∫
Γ

η(n)∇′ · w dx′ on Γ

(3.19)

η(n+1)|t=0 = η0.(3.20)

Let I = [0, 2T0] for some T0 > 0, and η(n) be given in L2(I; H1/2(T2)). Then the
solution (u(n+1), q(n+1)) to (3.16)–(3.18) exists to satisfy u(n+1) ∈ K2(I × Ω)
and q(n+1) ∈ L2(I; H1(Ω)) by [13, Thm 3.2], and

||u(n+1) − u(n)||K2(I×Ω) + ||∇q(n+1) −∇q(n)||L2(I×Ω) ≤
≤ c10 g ec11T0 ||η(n) − η(n−1)||L2(I;H1/2(T2))

≤ c10 g ec11T0
√

T0||η(n) − η(n−1)||B(I;H1/2(T2)).

Here, we note that
∫

T2 u
(n)
3 |Γdx′ = 0 and u

(n)
3 |Γ ∈ K3/2(I × T2) hold for

n ≥ 1. On the other hand, since ϕε ∗ (wiϕ
ε ∗ ∇′·) is a bounded linear

operator on H3/2(T2), the solution η(n+1) of (3.19) and (3.20) uniquely ex-
ists in B(I; H3/2(T2)) for f0 + u

(n)
3 − −

∫
Γ

η(n)∇′ · w dx′ ∈ K3/2(I × Γ) and
wi|Γ ∈ B(I; Hr−3/2(T2)). If we take (2.1) into account, we have for n ≥ 1,

||η(n+1) − η(n)||B(I;H3/2(T2)) ≤
≤ e

c0
R

I
||w(τ)|Γ||H5/2(T2)

dτ (||u(n) − u(n−1)||L1(I;H2(Ω))+

+ ||w|Γ||L2(I;H5/2(T2))||η(n) − η(n−1)||L2(I;H3/2(T2)))

≤ c12(T0)(||u(n) − u(n−1)||L2(I;H2(Ω)) + ||η(n) − η(n−1)||B(I;H3/2(T2))),

where c12(T0) =
√

T0(1+c13δ) exp(c0c5δ). This estimates yield the convergence
of the sequence {(η(n), u(n),∇q(n))}n in the space B(I; H3/2(T2))×K2(I×Ω)×
L2(I×Ω) to a limit (ηε, uε, qε) if we choose small T0 > 0. We note that the limit
(ηε, uε, qε) satisfies (3.11)–(3.15), and hence, the condition

∫
T2 ηε(t)dx′ = 0.

Now we shall extend the time interval. We can choose T1 ∈ (T0, 2T0) so
that the trace (ηε, uε) on t = T1 belongs to H3/2(T2) × H1(Ω) and satisfies
the compatibility conditions −

∫
T2 η(T1)dx′ = 0 and (3.12). We thus repeat the

same arguments to obtain the solution on the new interval [T1, T1 + 2T0]. And
repetition of this process gives our desired result.

Now we discuss the existence of strong solution of (1.8)–(1.14).
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Lemma 3.3. Suppose F8 = ||Λr−1(η0, u0)||2L2 + ||(f0, f , 0, 0, 0, f6)||2Y r
ε0

is
finite, and that the initial data (η0, u0) satisfies the compatibility conditions
(3.1) and (3.2). Then, there exists δ > 0 so that if ||(0, w, 0)||Xr ≤ δ, a solution
(η, u, q) of (1.8)–(1.14) exists and satisfies the following bounds:

||u||2Kr(R+×Ω) + ||∇q||2Kr−2(R+×Ω) + ||η||2L2(R+;Hr−3/2(T2))+

+ ||η||2Hr/2(R+;L2(T2)) + ||η||2B(R+;Hr−1(T2)) ≤ c14F8,

where c14 is independent of w.

Proof. We shall first discuss uniform estimates with respect to T of the
solution (ηε, uε, qε) constructed in Lemma 3.2, and then discuss its regularities.
Since ϕε∗ commutes with Λ, Lemma 2.2, 2.4, and 2.5 can be also applicable to
the solution of (3.11)–(3.15). If we apply Lemma 2.2 (i) (ii), Lemma 2.4, and
Lemma 2.5 on the interval I = [0, T ], by adding (2.11), (2.12), ε2 times (2.15)
for (α, γ) = (r, 0), and ε2 times (2.16) for (k, α, γ) = (1, r − 2, 0), we have

c15||Λr−1uε, Λr−3uε
t ||2L2(I;H1(Ω)) + c16||ηε||2B(I;Hr−1(T2))+

+ c17||ηε||2L2(I;Hr−3/2(T2)) + c18||ηε
t ||2L2(I;Hr−2(T2)) ≤ c19F8,

where c15 = c2
0ν−ε2(c6+(1+δ2)c7), c16 = g−2δc3−ε2(1+δ2)c7, c17 = gε2−δc2

and c18 = ε2 − δc3 are independent of ε and T , and are positive provided that
δ is appropriately small for small ε2. Letting T → ∞, we have

(3.21) ||Λr−1uε, Λr−3uε
t ||2L2(R+;H1(Ω)) + ||Λr−3/2ηε, Λr−2ηε

t ||2L2(R+;L2(T2))+

+ ||ηε||2B(R+;Hr−1(T2)) ≤ c14F8.

Hence, the bounded family {(ηε, uε)} has a weak limit (η, u) satisfying

(3.22)
Λr−1u, Λr−3ut ∈ L2(R+; H1(Ω))

Λr−3/2η, Λr−2ηt ∈ L2(R+; L2(T2)), and η ∈ L∞(R+; Hr−1(T2)).

Since this (η, u) satisfies (1.8)–(1.14), we have 〈t〉−1/2η ∈ L∞(R+; Hr−1/2(T2))
by Lemma 2.8.

We shall next discuss the regularities in time. To reduce the problem
to the one with the homogeneous initial data, we set (η̃, ũ, q̃) = (η − η0, u −
u0, q − q0), which belongs to the same space (3.22) as (η, u), and satisfies the
linear system (1.8)–(1.13) with the homogeneous initial condition (2.10) for an
inhomogeneous data (f̃0, f̃ , 0, 0, 0, f̃6) satisfying

f̃0 = f0 − η0,t + u03 − w · ∇′η0 −−
∫

Γ

η0∇′ · wdx′

f̃ = f − u0,t + νΔu0 −∇q0

f̃6 = f6 + 2νu03,x3
− q0 + gη0

||(f̃0, f̃ , 0, 0, 0, f̃6)||Y r
ε0,0

≤ c(||(η0, u0, q0)||Xr + ||(f0, f , 0, 0, 0, f6)||Y r
ε0

).
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Recalling that η ∈ L∞(R+; Hr−1(T2)) and Λr−2j−1u ∈ Hj(R+; H1(Ω)) (j =
0, 1), we have η̃ ∈ H1(R+; Hr−2(T2)) ∩ H2(R+; Hr−3(T2)) by Lemma 2.5 for
(α, γ, k) = (r − 2, 0, 1) and (r − 3, 0, 2), and hence Λr−5/2ũ ∈ H2(R+; L2(Ω))
by Lemma 2.6 for (α, β, γ) = (r − 1/2, 1, 0). By (2.3), we have for s > 2

(3.23) ||w · ∇′η̃||Hr/2−1(R+;L2(Γ)) ≤ c(||w|Γ||Hr/2−1(R+;L2(T2))||∇′η̃||Ks+

+ ||w|Γ||Ks ||∇′η̃||Hr/2−1(R+;L2(T2))).

This inequality together with (1.8) and the fact η̃ ∈ H2(R+; Hr−3(T2)) ⊂
Hr/2−1(R+; H1(T2)) indicate η̃ ∈ Hr/2(R+; L2(T2)). We can also obtain ũ ∈
Hr/2(R+; L2(Ω)) by Lemma 2.6 for (α, β, γ) = (2, r/2 − 1, 0).

Now we shall discuss the vertical regularities of (ũ, q̃). Recalling that a
solenoidal vector u satisfies

||u3|Γ||Hs−1/2(T2) ≤ c||Λsu||L2(Ω) for s ≥ 1/2,

and applying the Laplace transform to (1.9), we have by Lemma 2.1,

(1+|λ|)r−2(||û||2H2(Ω)+||∇q̂||2L2(Ω)) ≤ c20(1+|λ|)r−2(||f̂−ût||2L2(Ω)+||Λ2û||2L2(Ω)).

Here the Laplace transform of (ũ, q̃) is denoted by (û, q̂). Integrating on the
line Reλ = λ0 > 0 in the complex plane and letting λ0 → 0, we have ũ ∈
Hr/2−1(R+; H2(Ω)), and ∇q ∈ Hr/2−1(R+; L2(Ω)). By interpolating with ũ ∈
Hr/2(R+; L2(Ω)), we also have ũ ∈ H2(R+; Hr−4(Ω)). By Lemma 2.1, we have
for a.e. t > 0,
(3.24)

||ũ||2Hr(Ω) + ||∇q̃||2Hr−2(Ω) ≤ c20(||f̃ − ũt||2Hr−2(Ω) + ||Λrũ||2L2(Ω))

||ũt||2Hr−2(Ω) + ||∇q̃t||2Hr−4(Ω) ≤ c20(||f̃ t − ũtt||2Hr−4(Ω) + ||Λr−2ũt||2L2(Ω)),

which indicate ũ ∈ L2(R+; Hr(Ω)) and ∇q̃ ∈ L2(R+; Hr−2(Ω)). And hence,
we have obtained

η ∈ L2(R+; Hr−3/2) ∩ Hr/2(R+; L2) ∩ B(R+; Hr−1)

〈t〉−1/2η ∈ L∞(R+; Hr−1/2), u ∈ Kr, ∇q ∈ Kr−2.

4. Proof of Theorem 1.3

According to Lemma 3.3, the solution (η, u, q) to (1.8)–(1.14) exists in a
class wider than Xr if we choose small δ > 0. So in this section, we shall
show that this solution also satisfies ||(η, u, q)||Xr < ∞ for the same δ > 0. As
in the proof of Lemma 3.3, we restrict our discussion on the problem with an
inhomogeneous data (f0, f , 0, 0, 0, f6) ∈ Y r

ε0,0 together with the homogeneous
initial data (2.10).
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(i) We begin with decay estimates of order t−1/2. By Lemma 2.2 (i) for
(α, γ) = (r − 1/2, 1/2), we have

(4.1) sup
t
〈t〉||Λr−3/2(η, u)||2 + c2

0ν

∫
R+

〈t〉||Λr−3/2u||2H1(Ω)dt ≤ c21F0.

By Lemma 3.3 and (4.1), we can see that F2(r − 1/2, 1/2) in Lemma 2.2 (ii) is
bounded, so that we have

(4.2) sup
t
〈t〉||Λr−7/2(ηt, ut)||2 +

∫
R+

〈t〉||Λr−7/2ut||2H1(Ω)dt ≤ c22F0.

By (4.1), (4.2), and Lemma 2.4 for (α, γ) = (r − 1/2, 1/2), we have∫
R+

〈t〉||Λr−2η||2dt ≤ c23F0.

Here, the constants c21, c22, and c23 do not depend on w for (0, w, 0) ∈ Bδ(0).
By the arguments similar to the one on the temporal regularities in the

proof of Lemma 3.3, we have for k = 1, 2,

〈t〉1/2η ∈ Hk(R+; Hr−1−3k/2(T2)),

〈t〉1/2Λr−2k−1/2u ∈ Hk(R+; L2(Ω)).

Hence by (2.3), we have 〈t〉1/2η ∈ H(2r−1)/4(R+; L2(T2)), as well as

(4.3) 〈t〉1/2u ∈ H(2r−1)/4(R+; L2(Ω)).

We shall next estimate the vertical regularities of (u, q). By Lemma 2.2 (iii)
for (β, γ) = ((2r − 1)/4, 1/2), we have

(4.4) 〈t〉1/2u ∈ H(2r−3)/4(R+; H1(Ω)).

Also by the same discussion as (3.24), we obtain 〈t〉1/2u ∈ L2(R+; Hr−1/2(Ω))
and 〈t〉1/2∇q ∈ L2(R+; Hr−5/2(Ω)).

(ii) We shall next discuss the decay estimates of order t−1, but all the
discussion given here is similar to the one given in (i). By Lemma 2.2 (i) for
(α, γ) = (r − 1, 1), we have

sup
t
〈t〉2||Λr−2(η, u)||2 +

∫
R+

〈t〉2||Λr−2u||2H1(Ω)dt ≤ c21F0.

Since F2(r − 1, 1) given in Lemma 2.2 (ii) is bounded, we have∫
R+

〈t〉2||Λr−4ut||2H1(Ω)dt + sup
t
〈t〉2||Λr−4(ηt, ut)||2 ≤ c22F0,

and by Lemma 2.4 for (α, γ) = (r−1, 1), we have
∫

R+
〈t〉2||Λr−5/2η||2dt ≤ c23F0.

As in the previous discussion on the temporal regularities, we have 〈t〉η ∈
H(r−1)/2(R+; L2(T2)) and 〈t〉u ∈ H(r−1)/2(R+; L2(Ω)).



�

�

�

�

�

�

�

�

Navier-Stokes flow without surface tension 707

Concerning the vertical regularities of (u, q), by Lemma 2.2 (iii) for (β, γ) =
((r−1)/2, 1), we have 〈t〉u ∈ Hr/2−1(R+; H1(Ω)). Also by Lemma 2.1, we have

||〈t〉ut||2L2(R+;Hr−3(Ω)) + ||〈t〉∇qt||2L2(R+;Hr−5(Ω)) ≤(4.5)

≤ c20(||〈t〉(utt − f t)||2L2(R+;Hr−5(Ω)) + ||〈t〉Λr−3ut||2L2(R+;L2(Ω))),

||〈t〉u||2L2(R+;Hr−1(Ω)) + ||〈t〉∇q||2L2(R+;Hr−3(Ω)) ≤(4.6)

≤ c20(||〈t〉(ut − f)||2L2(R+;Hr−3(Ω)) + ||〈t〉Λr−1u||2L2(R+;L2(Ω))).

By virtue of (4.5), (4.6) and the fact

〈t〉u ∈ H(r−1)/2(R+; L2(Ω)) ∩ Hr/2−1(R+; H1(Ω)) ⊂ H2(R+; Hr−5(Ω)),

we obtain 〈t〉u ∈ L2(R+; Hr−1(Ω)) and 〈t〉∇q ∈ L2(R+; Hr−3(Ω)). We thus
complete the proof of Theorem 1.3.

5. Nonlinear problem

In this section, we discuss the full nonlinear problem (1.1)–(1.6). Following
[3], we begin by giving the compatibility conditions on the initial data η0 and
v0 = t(v01, v02, v03), though their linear versions are already given in (3.1) and
(3.2). We require∫

T2
η0dx′ =

∫
T2

η
(1)
0 dx′ =

∫
T2

η
(2)
0 dx′ = 0(5.1)

∇ · v0 = 0, ∇ · v(1)
0 = 0 in Ω(0)(5.2)

3∑
j,k=1

(v0k,xj
+ v0j,xk

)n0jτ0ik = 0 on Γ(0), i = 1, 2(5.3)

3∑
j,k=1

(v0k,xj
+ v0j,xk

)(n(1)
0j τ0ik + n0jτ

(1)
0ik)+(5.4)

+
3∑

j,k=1

(v(1)
0k,xj

+ v
(1)
0j,xk

)n0jτ0ik = 0 on Γ(0), i = 1, 2

v0 = 0, v
(1)
0 = 0 on SB.(5.5)

Here

τ 01 = (1, 0, η0,x1), τ 02 = (0, 1, η0,x2), τ
(1)
01 = (0, 0, η

(1)
0,x1

)

τ
(1)
02 = (0, 0, η

(1)
0,x2

), n0 = (−η0,x1 ,−η0,x2 , 1), n
(1)
0 = (−η

(1)
0,x1

,−η
(1)
0,x2

, 0),

using the functions η
(1)
0 , η

(2)
0 and v

(1)
0 , which we shall determine from now. As

in (3.3), η
(1)
0 is determined as η

(1)
0 = −v0 · ∇′η0 + v03 on Γ(0). As in (3.4),
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setting

Δp0 = −
3∑

j,k=1

vj,xk
vk,xj

in Ω(0)

p0,x3 = νΔv03 on SB

p0 = ν
3∑

j,k=1

(v0j,xk
+ v0k,xj

)n0jn0k + gη0 on Γ(0)

at t = 0, and v
(1)
0 = νΔv0 − (v0 · ∇)v0 − ∇p0, we have ∇p0 ∈ Hr−3(Ω(0))

and v
(1)
0 ∈ Hr−3(Ω(0)). We set η

(2)
0 ∈ Hr−7/2(T2) as η

(2)
0 = −(v(1)

0 · ∇′η0 +
v0 · ∇′η(1)

0 ) + v
(1)
03 on Γ(0). We should note that p0, η

(1)
0 , η

(2)
0 and v

(1)
0 , are

determined by η0 and v0 alone, and we do not need further compatibility
conditions, since we work for r < 11/2.

We next transform the problem (1.1)–(1.6) to the one on the equilibrium
domain using the unknown function η(t). For that purpose, we extend the
domain of η(t, ·) ∈ Hr−1/2(T2) with

∫
T2 η(t, x′) dx′ = 0 to T2 × R− as

(5.6) η(t, y′, y3) = |Γ|−1
∑

ξ′∈Z2

eiy′ · ξ′
e|ξ

′|y3

∫
T2

η(t, x′)e−ix′ · ξ′
dx′,

to satisfy η(t, y′, 0) = η(t, y′) and η(t, ·) ∈ Hr(T2 ×R−). We define a mapping
Θ[t] : T2 × (−1, 0) � (y1, y2, y3) �→ (x1, x2, x3) ∈ {−1 < x3 < η(t, x′)} as

(5.7) Θ[t](y1, y2, y3) = (y1, y2, η(y, t) + y3(1 + η(y, t))),

which stretches or compresses on vertical line segment. We also define the
velocity u and the pressure q in the equilibrium domain Ω by the composition
with Θ[t] as u = v ◦Θ, q = p ◦Θ. The inverse Θ−1[t] : {−1 < x3 < η(t, x′)} →
T2 × (−1, 0) and its spatial Jacobian matrix dΘ−1 = ∂(Θ−1)/∂(x):

dΘ−1 =

⎛⎝ 1 0 0
0 1 0

−Θ3,y1J
−1 −Θ3,y2J

−1 J−1

⎞⎠
are also well-defined provided that the Jacobian J = 1+η+ηy3

(1+y3) does not
vanish. Utilizing this transformation Θ−1, we rewrite the problem (1.1)–(1.6)
on the equilibrium domain as

ηt + u · ∇′
yη − u3 + −

∫
Γ

η∇′
y · u dy′ = f0(η, u) on Γ(5.8)

ut − νΔyu + ∇yq = f(η, u, q) in Ω(5.9)
∇y · u = σ(η, u) in Ω(5.10)

−ν(ui,y3 + u3,yi
) = fi+3(η, u, q) on Γ, i = 1, 2(5.11)

−2νu3,y3 + q − gη = f6(η, u) on Γ(5.12)
u = 0 on SB(5.13)

(η, u) = (η0, u0) at t = 0,(5.14)
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where Γ = {(y′, 0) : y′ ∈ T2} and u0 = v0 ◦Θ[0]. The functions f0, f , fj (4 ≤
j ≤ 6) and σ are quadratic or higher terms with respect to the unknown
functions given as
(5.15)

f0 = −
∫

Γ

η∇′
y · u dy′

f = −(u · tdΘ−1∇y)u + (I − tdΘ−1)∇yq + J−1Θ3,tuy3+

− ν(Δy − (tdΘ−1∇y) · (tdΘ−1∇y))u

σ = ∇y · u − J tdΘ−1∇y · u
t(f4, f5, f6) = ν{(tdΘ−1∇y)u + t((tdΘ−1∇y)u)}n−

− ν{∇yu + t(∇yu)} t(0, 0, 1) − (q − gη) t(−ηy1 ,−ηy2 , 0),

where ∇y denotes the gradient in y, and n = t(−ηy1 ,−ηy2 , 1) the normal.
Since the initial data (η0, v0) satisfies the compatibility conditions (5.1)–(5.5),
the transformed initial data u0 together with η0 satisfies (3.1)–(3.2).

For given (0, w, 0) ∈ Xr, we shall introduce a linear operator L[w]:

L[w](z) :=

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

ηt − u3 + w · ∇′
yη + −

∫
Γ

η∇′
y · w dy′ on Γ

ut − νΔyu + ∇yq in Ω
∇y · u in Ω
−ν(ui,y3 + u3,yi

) on Γ, i = 1, 2
−2νu3,y3 + q − gη on Γ,

where z = (η, u, q) ∈ Xr.

Lemma 5.1. The extension z0 = (η0, u0, q0) constructed in Lemma 3.1
satisfies L[w](z0) ∈ Y r

ε0
.

Proof. It is easy to see that the conditions z0 ∈ Xr and z0(t) ≡ 0 for
t > 1 assure L[w](z0) ∈ Y r

ε0
. In fact, we can check w ·∇′

yη0 ∈ L1(R+; Hr−1(Γ))
by (2.2) and Lemma 3.1 as

||w · ∇′
yη0||L1(R+;Hr−1(Γ)) ≤ c(||w||L2(R+;L∞(Γ))||∇′

yη0||L2(R+;Hr−1(T2))+

+ ||w||L2(R+;Hr−1(Γ))||∇′
yη0||L2(R+;L∞(T2)))

≤ c||(0, w, 0)||Xr ||η0||Hr−1/2(T2).

Other terms can be checked in a similar manner.

Setting L0[w] to be the restriction of L[w] on Xr
0 , we obtain

Lemma 5.2. The linear operator L0[w] continuously maps Xr
0 to Y r−1

ε0,0 .
Moreover there exists δ > 0 so that for w ∈ Xr with ||(0, w, 0)||Xr ≤ δ, the
operator L0[w] has a continuous inverse L−1

0 [w] : Y r
ε0,0 → Xr

0 satisfying

||L−1
0 [w]||B(Y r

ε0,0,Xr
0 ) ≤ cδ.

Here the constant cδ does not depend on w.
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Proof. Since L0[w] is in B(Xr
0 , Y r−1

ε0,0 ) for ε0 ∈ (0, 1/2), we shall discuss
the continuity of L−1

0 [w]. For given F = (f0, f , σ, f4, f5, f6) ∈ Y r
ε0,0, we begin

by eliminating σ, f4 and f5 following [2, Theorem 4.1 and Lemma 4.2]. For that
purpose, we set a function w̃ to satisfy 〈t〉γ2+ε0w̃ ∈ Kr−γ2 for γ2 = 0, 3/2 and

∇y · w̃ = σ in Ω
−ν(w̃i,y3 + w̃3,yi

) = fi+3 on Γ, i = 1, 2
w̃ = 0 on SB

||〈t〉γ2+ε0w̃||Kr−γ2 ≤ c(||〈t〉γ2+ε0σ||DKr−γ2 + ||〈t〉γ2+ε0fi+3||Kr−γ2−3/2).

By virtue of the condition ε0 > 0, the trace of w̃3 on Γ belongs to the same
space as f0; in fact, 〈t〉γ2+ε0w̃3 ∈ Kr−γ2 for γ2 ∈ [0, 3/2] implies 〈t〉γ0w̃3|Γ ∈
L1(R+; Hr−1−γ0) ∩ W 1,1(R+; Hr−3−γ0) for γ0 ∈ [0, 1]. We obtain such a
function w̃ by setting w̃ = ∇yφ + ∇y × d, where Δyφ = σ in Ω, φ|Γ =
0, φy3 |SB

= 0, and d = dy3 = 0, −νdy3y3 = (f5,−f4, 0) on Γ, d = 0, dy3 =
(−φy2 , φy1 , 0) on SB. For the former, we have ||∇φ||L2(Ω) ≤ c||σ||0H−1(Ω) ([2,
Theorem 4.1]). And for the latter, ||〈t〉γ2+ε0∇yd||Ks ≤ c(||〈t〉γ2+ε0fi+3||Ks−3/2 +
||〈t〉γ2+ε0∇yφ||Ks) holds for s > 3/2 ([2, Lemma 4.2]). Hence we have

L0[w](0, w̃, 0) = (−w̃3, (∂t − νΔy)w̃, σ, f4, f5,−2νw̃3,y3) =: F̃ ,

and the estimate ||F̃ ||Y r
ε0,0

+ ||w̃||Xr
0
≤ c||(0,0, σ, f4, f5, 0)||Y r

ε0,0
since ε0 > 0. By

Theorem 1.3 for F −F̃ = (f0+w̃3, f−(∂t−νΔy)w̃, 0, 0, 0, f6+2νw̃3,y3) ∈ Y r
ε0,0,

the solution of L0[w](z̃) = F − F̃ exists and satisfies ||z̃||Xr
0
≤ c||F − F̃ ||Y r

ε0,0
.

Setting z = z̃ + (0, w̃, 0), the function z satisfies L0[w](z) = F and ||z||Xr
0
≤

c||F ||Y r
ε0,0

.

We shall next discuss the nonlinear terms.

Lemma 5.3. Let Bδ(0) be a δ-neighborhood of 0 in Xr. For z ∈ Bδ(0),
the nonlinear terms F (z) = (f0, f , σ, f4, f5, f6)(z) given in (5.15) satisfy

||F (z)||Y r
ε0

≤ cδ||z||2Xr .

Here cδ depends only on δ > 0.

Proof. We give estimates only for σ(z) and the term ν(Δy − (tdΘ−1∇y) ·
(tdΘ−1∇y))u in f(z), because in the former estimate, we need the condi-
tion r > 5 for the product estimates in Sobolev spaces of negative order,
and in the latter one, we can see why we need the condition 〈t〉−1/2η ∈
L∞(R+; Hr−1/2(T2)).

We have from (5.15),

σ(η, u) = (1 − J)(u1,y1 + u2,y2) + Θ3,y1u1,y3 + Θ3,y2u2,y3 ,

which can be written in a form (c24∇yη + c25η)∇yu, yielding 〈t〉γ2+ε0σ ∈
L2(R+; Hr−1−γ2(Ω)) (γ2 ∈ [0, 3/2]). So, we shall show 〈t〉ε0∂2

t (∇y η̄∇yu) ∈
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H(r−4)/2(R+; 0H
−1(Ω)) and 〈t〉3/2+ε0(∇yη)∇yut ∈ Hr/2−7/4(R+; 0H

−1(Ω)).
As for the former, by Proposition 6.2 (ii) and Remark 6.4, we have for s0 > 3/2
and s1 > 1/2,

||〈t〉ε0(∇yη)∇yutt||H(r−4)/2(R+;0H−1(Ω)) ≤ c(||〈t〉ε0η||Hs1 (R+;Hs0+1/2(T2))×
× ||u||Hr/2(R+;L2(Ω)) + ||〈t〉ε0η||H(r−4)/2+s1 (R+;Hs0+1/2(T2))||u||H2(R+;L2(Ω))).

Recalling that η ∈ Hr/2−1(R+; H1(T2)) and 〈t〉1/2u ∈ Hr/2−1(R+; H3/2(Ω)),
we have by Proposition 6.2 (iii) and Proposition 6.3,

||〈t〉ε0(∇yηt)∇yut||H(r−4)/2(R+;0H−1(Ω)) ≤ c(||η||H(r−2)/2(R+;H3/4(T2))×
× ||〈t〉ε0ut||Hs1 (R+;H5/4(Ω)) + ||ηt||Hs1 (R+;H3/4(T2))||〈t〉ε0u||H(r−2)/2(R+;H5/4(Ω))).

Also by Proposition 6.2 (i) and Remark 6.4, we have for s0 > 3/2 and s1 > 1/2,

||〈t〉ε0∇yηtt∇yu||H(r−4)/2(R+;0H−1(Ω)) ≤ c(||〈t〉ε0u||Hs1 (R+;Hs0+1(Ω))×
× ||η||Hr/2(R+;L2(T2)) + ||ηtt||L2(R+;L2(T2))||〈t〉ε0u||H(r−4)/2+s1(R+;Hs0+1(Ω))).

We thus have ||〈t〉ε0∂2
t (∇yη∇yu)||H(r−4)/2(R+;0H−1(Ω)) ≤ c||z||2Xr . Concerning

the estimate for 〈t〉3/2+ε0(∇yη)∇yut ∈ Hr/2−7/4(R+; 0H
−1(Ω)), we have

||〈t〉3/2+ε0(∇yη)∇yut||Hr/2−7/4(R+;0H−1(Ω)) ≤
≤ c{||〈t〉ε0+1/2η||Hs1 (R+;Hs0+1/2(T2))||〈t〉u||Hr/2−3/4(R+;L2(Ω))+

+ ||〈t〉ε0+1/2η||Hr/2−7/4(R+;Hs0+1/2(T2))||〈t〉u||Hs1+1(R+;L2(Ω))}.

For ε0 ∈ (0, 1/2) and r > 5, we can choose s0 > 3/2 such that

L2(R+; Hr−2−ε0(T2)) ∩ H(r−1/2−ε0)/2(R+; L2(T2)) ⊂
⊂ Hr/2−7/4(R+; Hs0+1/2(T2)).

Hence ||〈t〉ε0+1/2η||Hr/2−7/4(R+;H1/2+s0)(T2) is bounded if r > 5.
We next turn to the estimation of (Δy−(tdΘ−1∇y) ·(tdΘ−1∇y))u in f(z),

whose m-th component is written as

(5.16)
∑
j,k,	

dΘ−1
kj (∂yk

dΘ−1
	j )∂y�

um +
∑
j,k,	

(δk	 − dΘ−1
kj dΘ−1

	j )∂yk
∂y�

um.

It is easy to see that

(5.17) ||dΘ−1
kj (∂yk

dΘ−1
	j )∂y�

um||Kr−2 ≤ cδ(||∇2
yη∇yu||Hr/2−1(R+;L2(Ω))+

+ ||∇2
yη∇yu||L2(R+;Hr−2(Ω)) + ||∇yη∇yu||Kr−2).
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Concerning the first term in (5.17), we have by Proposition 6.3 for s0 > 3/2
and s1 > 1/2,

||∇2
yηt∇yu||Hr/2−2(R+;L2(Ω)) ≤ c(||∇2

yηt||Hr/2−2(R+;L2(Ω))||∇yu||Hs1 (R+;Hs0(Ω))+

+ ||∇2
yηt||Hs1 (R+;L2(Ω))||∇yu||Hr/2−2(R+;Hs0(Ω))),

||∇2
yη∇yut||Hr/2−2(R+;L2(Ω)) ≤ c(||∇2

yη||Hr/2−2(R+;H1/2(Ω))||∇yut||Hs1(R+;H1(Ω))+

+ ||∇2
yη||Hs1(R+;H1/2(Ω))||∇yut||Hr/2−2(R+;H1(Ω))).

We have for the second term in (5.17),

||∇2
yη∇yu||L2(R+;Hr−2(Ω)) ≤ c(||〈t〉−1/2η||L∞(R+;Hr−1/2(T2))×

× ||〈t〉1/2u||L2(R+;Hs0+1(Ω)) + ||η||L∞(R+;Hs0+3/2(T2))||u||L2(R+;Hr−1(Ω))),

so that we have the bounds for Kr−2-norm of the first term in (5.16). Other
estimates can be done similarly, so we obtain ||(f0, f , σ, f4, f5, f6)(z)||Y r

ε0
≤

c||z||2Xr for z ∈ Bδ(0) and r ∈ (5, 11/2).

We now define a sequence {zn}n = {(ηn, un, qn)}n ⊂ Xr
0 by z0 ≡ 0 and

L[un + u0](zn+1 + z0) = F (zn + z0).

Then, it holds F (zn +z0)−L[un +u0](z0) ∈ Y r
ε0,0 so that the sequence {zn}n

is well-defined in Xr
0 . Therefore by combining Lemma 5.2 and 5.3, we obtain

Lemma 5.4. There exists δ > 0 so that for z0 ∈ Xr with ||z0||Xr < δ,
it holds ||zn||Xr

0
< δ.

Remark 5.5. If we do not invoke the term −
∫
Γ

η∇′
y · wdx′ in (1.8), the

compatibility relation as in Remark 1.2 requires∫
Γ

σ(η̄n, un)dy′ =
∫

Γ

un · ∇′
yηn+1dy′.

So invoking additional terms −
∫
Γ

ηn+1∇′
y · undy′ in the left hand side of (1.8)

and −
∫
Γ

ηn∇′
y ·undy′ in the right helps to preserve the compatibility relation at

each iteration step.

We now proceed our main theorem.

Theorem 5.6. There exists δ > 0 so that if (η0, u0) satisfies

||η0||Hr−1/2(T2) + ||u0||Hr−1(Ω) < δ

and if (η0, u0◦Θ−1) satisfies (5.1)–(5.5), then the initial boundary value problem
(5.8)–(5.15) has a unique solution z = (η, u, q) in Bδ(0) ⊂ Xr.
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Proof. We begin by showing that the approximate sequence {zn}n ⊂ Xr
0

converges strongly in Xr−1
0 . In fact, we have

L[un + u0](zn+1 − zn) = F (zn + z0) − F (zn−1 + z0) + R(zn, zn−1),

where R(zn, zn−1) ∈ Y r−1
ε0

is given by(
(un−1

i − un
i )(ηn + η0)yi

+ −
∫

Γ

(un−1
i − un

i )yi
(ηn + η0)dy′,0, 0, 0, 0, 0

)
.

By Lemma 5.7 we have

||F (zn + z0) − F (zn−1 + z0) + R(zn, zn−1)||Y r−1
ε0

≤ cδ||zn − zn−1||Xr−1
0

.

Choosing δ > 0 so small, we have {zn}n converges to z strongly in Xr−1
0 .

We next show that the sequence {zn}n converges weakly in Xr
0 . Since the

sequence {zn}n is uniformly bounded by Lemma 5.4, we have

〈t〉γ0un ⇀ 〈t〉γ0u weakly in Kr−γ0(R+ × Ω),

and for almost every t ∈ R+,

〈t〉−1/2ηn(t) ⇀ 〈t〉−1/2η(t) weakly in Hr−1/2(T2),

so we obtain 〈t〉−1/2η ∈ L∞(R+; Hr−1/2(T2)). To improve this to 〈t〉−1/2η ∈
B(R+; Hr−1/2(T2)), we are suffice to check that ||η(t)||Hr−1/2(T2) is a continuous
function of t. Such arguments are found in [17, Prop. 5.1D], so we will skip
them here. Other convergences can be also obtained in similar discussions.

Lemma 5.7. Let Bδ(0) be a δ-neighborhood of 0 in Xr, then we have

||F (z) − F (z′)||Y r−1
ε0

≤ cδ||z − z′||Xr−1 ,(5.18)

||R(z, z′)||Y r−1
ε0

≤ cδ||z − z′||Xr−1(5.19)

for z, z′ ∈ Bδ(0). Here c does not depend on δ > 0.

We omit this proof because it is similar to the one of Lemma 5.3.
We now wish to obtain the solution in the physical domain by reversing our

steps. We first extend the functions (u, q) defined in the equilibrium domain
to T2 × R in a standard way preserving the regularities and the decay rates.
Then, the velocity and the pressure in the physical domain are the restriction
of u ◦ Θ−1, and q ◦ Θ−1 to {Θ[t](y) : y ∈ Ω}. Since η is in C0(R+; Hr−1(T2)),
its extension η is in C0(R+; C1(T2 × R)) so that Θ is a C1-diffeomorphism
provided that η is small in its norm. The following proposition ensures the
regularities of the composition of mapping Θ and its inverse Θ−1 on T2 × R.

Proposition 5.8. Let (0, v, p) and (0, u, q) belong to Xr. With Θ as
(5.7), the compositions of (0, v, p) and Θ, or (0, u, q) and Θ−1 are bounded :

||(0, v, p) ◦ Θ||Xr ≤ c||(0, v, p)||Xr , ||(0, u, q) ◦ Θ−1||Xr ≤ c||(0, u, q)||Xr ,

where the constant c depends on ||(η, 0, 0)||Xr and is bounded provided that η is
small in its norm.
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Proof. We begin by showing ||u ◦ Θ||L2(R;Hr(T2×R)) ≤ c||u||L2(R;Hr(T2×R)).
It is easy to see

||u ◦ Θ||2L2(T2×R) ≤ ||J−1||L∞(T2×R)||u||2L2(T2×R)

||u ◦ Θ||2H1(T2×R) ≤ ||J−1||L∞(T2×R)(1 + ||Θ||2W 1,∞(T2×R))||u||2H1(T2×R).

Since the mapping u �→ u◦Θ is bounded linear on L2(T2×R) and on H1(T2×
R), and the complex interpolation between them is exact ([5, Theorem 4.1.2.]),
we have for s ∈ (0, 1)

||u ◦ Θ||2Hs(T2×R) ≤ ||J−1||L∞(T2×R)(1 + ||Θ||2W 1,∞(T2×R))
s||u||2Hs(T2×R).(5.20)

If we expand ∇j
x(u ◦ θ) (j = 4, 5), and plug them into (5.20), we obtain for

γ0 ∈ [0, 1]

||〈t〉γ0u ◦ Θ||L2(R+;Hr−γ0) ≤ c||〈t〉γ0u||L2(R+;Hr−γ0).

As for temporal regularities, differentiating u◦Θ in t, we have ||u◦Θ||Hj(R+;L2) ≤
c||u||K2j , (j = 0, 1, 2) and ||u ◦ Θ||H1+s(R+;L2) ≤ c||u||K2(1+s) for s ∈ (0, 1) by
interpolation. We also obtain ||∂t(u ◦ Θ)||H1+s(R+;L2) ≤ c||u||K2(2+s) . Weighted
estimates and estimates of compositions with Θ−1 can be also obtained in a
similar manner.

6. Appendix

In this section, we give propositions and a lemma which are not given
before the previous section. We begin with the following lemma concerning
complex interpolation results. For the definition of complex interpolation, we
refer to [5, Chapter 4] or [20, 1.6.6].

Lemma 6.1. Let sj ≥ 0 (j = 0, 1), θ ∈ (0, 1), and s = (1 − θ)s0 + θs1.
(i) The complex interpolation [Ks0(R+×Ω), Ks1(R+×Ω)]θ = Ks(R+×Ω)

holds.
(ii) Let rj ∈ R (j = 0, 1). Then it holds [〈t〉r0Ks0 , 〈t〉r1Ks1 ]θ = 〈t〉rKs for

r = (1 − θ)r0 + θr1.

Proof. (i) We give a proof replacing Ω by T2 × R because we can easily
rewrite its counterpart for Ω by extending and restricting arguments. By set-
ting û(λ, ξ′, ξ3) =

∫∞
0

dt
∫

R
dx3

∫
T2 eλt+ix · ξu(t, x)dx′ for Re λ ≤ 0 and ξ =

(ξ′, ξ3) ∈ Z2×R, we assume the function space Ks(R+×(T2×R)) to be equipped
with the norm ||u||2Ks =

∫ i∞
−i∞ dλ

∫
R

dξ3

∑
ξ′∈Z2(1+ |ξ|2 + |λ|)s|û(λ, ξ′, ξ3)|2. For

a Banach couple (A0, A1), a strip S = {z ∈ C : Re z ∈ [0, 1]} and an open
strip S0 = {z ∈ C : Re z ∈ (0, 1)}, we define

F(A0, A1) := {f : bounded continuous function on S, analytic in S0,

f(j + i·) ∈ C(R; Aj) and f(j + it) → 0 as |t| → ∞ (j = 0, 1)}.
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Then Λ(θ) := (1 + |ξ|2 + |λ|)−s0(1−θ)−s1θ is an isometry isomorphism from
F(K0, K0) onto F(Ks0 , Ks1). Hence we obtain

[Ks0 , Ks1 ]θ = Λ(θ)[L2(R+ × T2 × R), L2(R+ × T2 × R)]θ = Ks.

(ii) Λ(θ) in (i) is also an isometry isomorphism from F(〈t〉r0K0, 〈t〉r1K0)
onto F(〈t〉r0Ks0 , 〈t〉r1Ks1). Since [〈t〉r0K0, 〈t〉r1K0]θ = 〈t〉rK0, we have the
desired result.

We next give two propositions concerning product estimates.

Proposition 6.2. Let s > 3/2.
(i) Let ∇v ∈ Hs(Ω). We set η̄(x′, x3) =

∑
ξ′∈Z2 eix′·ξ′

e|ξ
′|x3 η̂(ξ′) for η ∈

H1/2(T2). Then

||(∇η)∇v||0H−1(Ω) ≤ c||η||L2(Ω)||∇v||Hs(Ω).

(ii) For ∇η ∈ Hs(Ω) and v ∈ 0H
1(Ω) = {u ∈ H1(Ω) : u = 0 on SB}, we have

||(∇η)∇v||0H−1(Ω) ≤ c||∇η||Hs(Ω)||v||L2(Ω).

(iii)For ∇η ∈ H1/4(Ω) and ∇v ∈ H1/4(Ω), we have

||(∇η)∇v||0H−1(Ω) ≤ c||∇η||H1/4(Ω)||∇v||H1/4(Ω).

Proof. For (i), regarding multiplication by ∇v on 0H
−1(Ω) as the adjoint

multiplication on 0H1(Ω), we are enough to show ||∇η||0H−1(Ω) ≤ c||η||L2(Ω).
Since ∇η ∈ L2(Ω), we have for any vector function ϕ ∈ 0H1(Ω),

〈∇η, ϕ〉0H1(Ω) = (∇η, ϕ)L2(Ω)

= (η̂, t(iξ′, |ξ′|) · ϕ̂)	2(Z2 ; L2(−1,0))

≤ c||η||L2(Ω)||ϕ||0H1(Ω).

This gives (i). For (ii), if we regard multiplication by ∇η on 0H
−1(Ω) as

the adjoint multiplication on 0H1(Ω), it can be verified by ||(∇η)ϕ||0H1(Ω) ≤
c||∇η||Hs(Ω)||ϕ||0H1(Ω). The proof for (iii) is easy since the compact embeddings
0H1(Ω) ⊂ L6(Ω) and H1/4(Ω) ⊂ L12/5(Ω) hold.

Proposition 6.3. Let s ∈ (0, 1). Assume that Xi (i = 0, 1, 2) are B-
spaces having a property : ||fg||X0 ≤ c||f ||X1 ||g||X2 for all f ∈ X1(Ω) and g ∈
X2(Ω). Then, the inequality

||fg||Hs(R+;X0) ≤ c(||f ||Hs(R+;X1)||g||Hr(R+;X2) + ||f ||Hr(R+;X1)||g||Hs(R+;X2)).

holds for r > 1/2, f ∈ Hs0(R+; X1), and g ∈ Hs0(R+; X2) with s0 = max(s, r).

Proof. After replacing R+ by R by standard extension-restriction argu-
ments, we define a norm of Hs(R ; X0) by

||fg||2Hs(R ; X0)
= ||fg||2L2(R ; X0)

+
∫

R2

||fg(τ ) − fg(t)||2X0

|τ − t|2s+1
dτdt.



�

�

�

�

�

�

�

�

716 Yasushi Hataya

The second term is bounded by

||f ||2L∞(R ; X1)

∫
R2

||g(τ ) − g(t)||2X2

|τ − t|2s+1
dτdt +

∫
R2

||f(τ ) − f(t)||2X1

|τ − t|2s+1
dτdt ||g||2L∞(R ; X2)

≤ ||f ||2L∞(R ; X1)
||g||2Hs(R ; X2)

+ ||f ||2Hs(R ; X1)
||g||2L∞(R ; X2)

,

which completes the proof.

Remark 6.4. By the same arguments, we have

||fg||Hs(R+ ; X0) ≤ c(||f ||Hs(R+;X1)||g||Hr(R+;X2) + ||f ||L2(R+;X1)||g||Hs+r(R+;X2)),

for r > 1/2, because∫
R2

||f(t)||2X1

||g(τ ) − g(t)||2X2

|τ − t|2s+1
dτdt ≤

≤ c

(
sup

{(τ,t)∈R2| τ �=t}

||g(τ ) − g(t)||2X2

|τ − t|2(s+ε)

∫
R

||f(t)||2X1
dt

∫
|τ−t|<1

dτ

|τ − t|1−2ε
+

+ sup
{(τ,t)∈R2| τ �=t}

||g(τ ) − g(t)||2X2

|τ − t|2(s−ε)

∫
R

||f(t)||2X1
dt

∫
|τ−t|>1

dτ

|τ − t|1+2ε

)
≤ c||f ||2L2(R ; X1)

||g||2Cs+ε(R ; X2)
.
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