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Decaying solution of a Navier-Stokes flow
without surface tension

By

Yasushi HATAYA

1. Introduction

We consider an initial boundary value problem for the motion of a Navier-
Stokes flow in a 3D domain with free boundary. Under the periodic bound-
ary condition in horizontal directions, we discuss the global existence of small
smooth solution with decaying property in time. The surface tension effect is
not taken into account throughout this paper.

The domain which the fluid occupies is bounded below by a rigid flat floor
and above by an atmosphere of constant pressure; the upper free surface moves
with the change of motion of the fluid. We introduce a spatial coordinate
system @’ = (21,22) and x = (2’,23), and assume that the domain of fluid
at time t is described by Q(t) = {z € T?> x R : -1 < 23 < n(t,z’)}, which
is bounded below by a fixed bottom Sp = {(z/,—1) : &’ € T?}, and above
by a free surface I'(t) = {(z',n(t,x’)) : ' € T?}. We denote the velocity of
fluid by v = *(v1,v2,v3), and by p a correction to the hydrostatic pressure p
as p = p(t,x) — Py + pgxs, where Py is the atmospheric pressure above the
fluid, p is a constant density and g is the acceleration of gravity. The equations
describing the motion of fluid are given as follows:

(1.1) v+ (v-V)o+Vp—vAv =0 in Q(¢)
V-v=0 in Q(¢)
nt+v-V’77—v3:0 onF(t)
3
(1.4) pnj — ZV(Uj,zk + vk%)nk =gnn; onlI(t), j=1,2,3
k=1
(1.5) v=20 on Sp.

Here v denotes a positive viscous constant, and (n1, n2, n3) the outward normal
to the free surface. We denote spatial derivatives by V' = ¥(9/0x1,0/0z2,0),
V =%0/0x1,0/0z2,0/0x3), and A = V - V. Subscripts after comma denote
derivatives, and bold type letters mean vectors. The equilibrium state to this
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system is (n,v,p) = (0,0,0), and the corresponding domain and free surface
are given by Q = T? x (—1,0) and I' = {(z/,0) : ' € T?} respectively.

At t = 0, we suppose that 7o is given, as well as vg defined in Q(0) =
{(z',23) : =1 < 23 < mo(x’), ' € T?}, so we set

(1.6) (n,v) = (10,v9) att=0.

We should note that if (1, v, p) satisfies (1.2) and (1.3), it follows

(1.7) 4 ndw’:/ (vg—v-V'n)d:r,’:/ V.-vdx =0,
dt Jy () Q)

so that the solution (1, v, p) satisfies the condition [, nde’ = 0 for the initial
data satisfying sz nodx’ = 0. This gives one of the compatibility conditions on
the initial data, which will be given precisely in Section 5.

Before stating our results, we introduce function spaces. We define H*(£2)
(resp. H*(T?)) to be the space of functions f which are defined in 2 (resp.T?),
and belong to L2-Sobolev space of order s. For I = (0,7) or (0,+00), we
set K™(I x Q) = H™/2(I; L*(Q)) N L*(I; H"()), and also define K" (I x T?)
similarly.

Our main result is stated as follows:

Theorem 1.1.  Let r € (5,11/2). Suppose the initial data (no,vo) to
satisfy

lvoll 1)) + 1m0l grr-1/2(m2) < 6

for suitably small 6 > 0 and the compatibility conditions (5.1)—(5.5). Then,
there exist n(t,x’) defined in (t,x') € Ry xT? and (v, p)(t,x) defined in (t,z) €
R, x (T? x R) such that n and the restriction of (v,p) on the fluid domain
{1 < a3 <n(t,2)} satisfy (1.1)—(1.6).
Moreover, (n,v,p) belongs to a function space X", where
X7 = {mv,p) () 0w € K0 (R, x ), ()0Vp e K2 0(R, x Q),
{t)°n € L*(Rys H™=/2770(T%)) n HU 0 2R LA(T?)), 0 € [0, 1,

1
(£ € B(Ry; H'™'"0(T2), ~ € [—5,1], [ naz' o v:OonsB}.
']1‘2

Here B is a space of bounded continuous functions, and (t) =1 +¢.

A key result to prove Theorem 1.1 is a linear existence theorem of decaying



Navier-Stokes flow without surface tension 693

solution to the following equations:

(1.8) nt+w~V’n—u3+][nV’-wdw’:fo onT
r
(1.9) u+ Vg—rvAu=f in Q
(1.10) Vou=o in
(1.11) —V(Uizy + Usw,) = fits onl, i=1,2
(1.12) —20u3,45 + ¢ — gn = fo on T
(1.13) u=0 on Sp
(1.14) (1) = (10, wo) at t =0,

where . fdx' = [, fda'/|T|. The function (0, w,0) is given in X", and fo, f =
Y(f1, f2, f3), 0, fa, f5, fs are in Y for g € (0,1/2), where

Y4 :{(fo’f’a’ farf5: f6) 0 (O € K07 (Ry x Q),

<t>'yof0 c Hk(R+;HT72k77071/2(T2)) N Wk’l(R+;Hr72k717’yo(T2))
(07 fo € HIU WU R IA(T), (177500 € DK (Ry x ),

fodx' + / odx =0, ()20 f; 5 € K" 12 3/2(R, x T?)
T2 Q
for j =1,2,3, k=0,1, 9 € [0,1],and v, € [0,3/2]}.

Here, we have set DK"(Ry x Q) = K" YR, x Q)N H™/2(Ry;0H~1(2)), and
oH~1(Q) the dual space of °HY(Q) = {p € HY(Q) : » = 0 on I'} charac-
terized as the completion of L?*(Q) with respect to the norm |f|,z-1) =
sup{(f,u)r2(q) : [ulor (@) <1}

Remark 1.2. We will mention the linearized version of the compatibil-
ity condition (1.7). If (n,u) satisfies (1.8) and (1.10), it follows

d
— | ndx’ = /(fo +uz — V'(wn)) dx' = / fodx' +/ odx.
dt T2 r T2 Q

This relation implies that the space Y. of inhomogeneous data should equip
the compatibility condition [, fodz'+ |, odx = 0. In Remark 5.5, we describe
the reason why we should invoke the correction term {7V’ - wdz’ in (1.8).

Now we state our linear existence theorem of decaying solution for the case

((’)’7 f4, f5) = (0, O, 0)

Theorem 1.3.  Let r € (5,11/2) and €9 > 0. For (fo, f,0,0,0, fs) €
Y, there exists § > 0 so that for (0,w,0) € X" satisfying |(0,w,0)|x- <4,
and for (o, uo) € H™~1/2(T?) x H"=1(Q) satisfying the compatibility conditions
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(3.1) and (3.2), a solution to the linear system (1.8)—(1.14) exists in X" and
satisfies

[, @) x- < cs(I(fo, £,0,0,0, fo)lvz + Inollar-1/2(r2) + |wol rr-1(0))-
Here, the constant cs does not depend on w.

Now we shall mention some of related results. In [7] and [8], Greenlee
discussed a linearized system in an open container. He studied the stability
and the decay property for the solution of a constant coefficient linear system.
Sylvester [15] also investigated a linear constant coefficient system, and showed
that some eigen values locate on the negative real axis and accumulate at the
origin. Beale [2] obtained local existence results for a free surface problem
without surface tension, and he [3] also obtained a global solution to a free
surface problem with surface tension effect in the Euler coordinates. Beale and
Nishida [4] investigated its asymptotic behavior. According to their analysis,
if the surface tension effect is taken into account under the periodic boundary
condition, no spectra exist in the neighborhood of origin ([4]). However, once
this effect is neglected, countable eigen values appear there ([15]). Due to this
presence of the slow mode, our solution temporarily decays not in exponential
order but in polynomial one. Tanaka and Tani [16] investigated global existence
of a solution without surface tension effect. However, it seems to the author
that their discussion on the uniform boundedness sup,~q [17(t)| gr-1/2(72y in the
continuation process is unconvincing.

Our discussion is as follows: we use a mapping © depending on unknown
function 7 introduced by Sylvester [14], and convert the problem to one on the
equilibrium domain. The Jacobian of this transform requires that 7 should be
as smooth as u in some sense. However, the surface tension effect is not taken
into account here, so we obtain the regularities of 7 by the decaying property
of u, and this is the key estimation in this paper. To be more precise, both the
function 7(t) and the trace of u(t) on the free surface belong to the same space
H™=1/2(T?2) for a.e. t > 0 if we neglect their temporal behavior.

In Sections 3 and 4, we give a solvability of the linear operator with a
correction term which is due to the compatibility of solenoidal condition and
the normal traces of velocity on the boundaries. Though the transform © may
not preserve the solenoidal property (1.2), we work in Sections 2, 3, and 4 for
vectors of such property for technical reasons. Hence, the linearized operator
may violate the compatibility condition as a consequence of (1.8), (1.10), (1.13),
and (1.14), if we do not adopt the additional correction term f.7 - V'uda’. In
Section 5, we discuss the full nonlinear problem. There, we give an existence
theorem on the equilibrium domain and show that © is a C!-diffeomorphism,
and as a result, obtain the proof of Theorem 1.1.

2. A priori estimates

In this section, we prepare several inequalities which will be referred to
later. Hereafter, we denote L?(§2) or L?(T?) norm by | - |.
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For u € ¢H'Y(Q) = {u € H'(Q) : u|s, = 0}, the Poincaré inequality
Ju] < ¢|Vu| and the Korn inequality |[Vu| < ¢|S(u)| for S(u) = Vu + ‘Vu
are known, so that

colulmi o) < IS(u)|L2)

holds for w € oH!(2). The proofs for these inequalities can be found in [2]
and [6]. The Kato-Ponce type estimates are also well-known: for ¢ a constant
independent of f and g,

(2.1) IA%, flgl < eIV flzoe - [A* gl + [A*F] - lglre)
(2.2) Ifglers < c(lflwers - lgla + [ flLa - |glwerz),

where the constants are chosen to be 1/p1+1/q1 = 1/pa+1/q2a = 1/2, p1, p2 #
oo and s > 0. Here, [f,g] denotes the commutator fg — g f, and A denotes
(1 —V’'-V")/2. The proofs for these inequalities are given in [10], [18], and
[19]. By slightly modifying the proof of [3, Lemma 5.1], we can also prove the
inequality:

(2.3) [0 f9l o @y ir22)) < el f|me @y @y (07 gl xe+
+ 1) flxes

9lae@sr2(r2y)
for o,y > 0, and s > 2.

We next introduce an estimate for the steady Stokes equations.

Lemma 2.1. Leta > 2, f € H*%(Q), fjz3 € H*3/2(T?) (j = 1,2)
and fr € HO"Y2(T?). Suppose that (u,q) € H?(Q) x H'(Q) satisfies the
following Stokes system:

(2.4) —vAu+Vg=f in Q

(2.5) V-u=0 in Q

(2.6) V(Ui g +U3p,) = fixs onl, i=1,2
(2.7) uz = f7 onT

(2.8) u=0 on Sp.

Then, it holds

lwlra oy + lalira-10) <

(2.9)
< ||f||?{a72(ﬂ) + Z ||fj+3||§1a—3/2(1r2 +||f7||Ha 1/2(T2)
j=1,2

We omit the proof of this lemma since the Stokes equations (2.4), (2.5) with
boundary conditions (2.6)—(2.8) are well-known elliptic boundary problem ([1]).
In what follows, we assume that the constants r € (5,11/2) and &; € (0,1/2)
are fixed, and that a function (0,w,0) € X" with |(0,w,0)|x- < ¢ and non-
negative constants a, [3,7,€¢ are to be given. The constants ¢;(1 < j < 8)
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do not depend on w nor §. We shall discuss several a priori estimates with
temporal weights for the solution of linear system (1.8)—(1.13) associated with,
instead of (1.14), the homogeneous initial data:

(2.10) (10, uo) = (0,0).
The associated function spaces of inhomogeneous data are given by

Xy ={z € X" : z can be smoothly extended by 0 for ¢t < 0}
Y. o ={F €Y : F can be smoothly extended by 0 for ¢ < 0}.

For simplicity, we shall denote [(1,)(®)[7x = [v/Gn(6) |7k g2y + lw(®)] o

and Fy = |(fo, £,0,0,0, fo)[3~ ,- The following lemma is a modification of a
€0,

standard energy estimate.

Lemma 2.2. Let 0 <~y <1 and (o, f4, f5) = (0,0,0).
(i) Let 2 < a <1 — . We assume that Fy defined as

Fy=Fo+ 5”77”2L2(R+;H2+€1(’]I‘2))
is finite. Then the solution of the linear system (1.8)—(1.13) with (2.10) satisfies
(2.11)  [OTAT 0 w) [y ) + IO ATIS(W) [T o)) <
< dy|(t)y =12 A T (, u)"%2(R+;L2) + o F1.
(ii) Let 4 < a <r—~+4+1/2. We assume that F» = Fy(«,7) defined as
Fy = Fo + 5(||77"§{1(R+;H2+61(’]I‘2)) + ”77”2L°°(]R+;H2+€1(’]I‘2))+
+ ”<t>777||iW(R+;HQ*2(’]F2)))
is finite. Then the solution of the linear system (1.8)—(1.13) with (2.10) satisfies
(2.12)  [OTA P (e, ue) [T () + VIO AT S(u)| e w20y <
< Ay (0PN 0y ue) [2a 12y F aFa(as ).
(iii) Let 8 > 1. We assume that F5 = F5(8,~) defined as
Fy = |0 flas— @ ez 6wl s, 22+
+ ||<t>’y(f6 + 977)||ijﬁ—1/2(R+;L2(T2))
is finite. Then the solution of the linear system (1.8)—(1.13) with (2.10) satisfies

(o2

v 2 2
COZ" <t>'yu"H671/2(R+;H1(Q)) <] u||Hﬂ—1/2(R+;L2(Q)) + caF3(6,7).
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Proof. (i) Multiplying (1.9) by (£)2YA%(®~Dq and integrating over § yield

4
1d o o _
(2.13) 5t YA (i, w) P+ <>27||A S(w)]? = (1) +(1)*7 s,
j=1
where
Py = —g Z (Aa_lon‘_l(wmxi) —&—][wi,mind:c’)
i=1,2 r L2(T?)
Oy = — (A fo, A uslr) L2(12), = (A" AT ) o)
Oy = g(A* 0, A fo) L2y, = A (0, w)| 72

Here and what follows, we denote the inner product in L*(Q) (resp. L?(T?))
by (-,)z2(q) (resp. (-, -)r2(r2)), and drop L?(Q) (resp. L2(T?)) if it is not
ambiguous. Using (2.1), we obtain

(1] < e(IV'wlr ]z A" 9] + JA* T g AT wilns, |)

< cwlelgzeen [l ma-r + [wlelge-rlnl gz+e) 1l -1,

and hence

/]R (O2]@1]dt < () MT e my pro-1y |wlrl L gy sz ey +
N
+ 1 o e 1) Wl L2 @y sme-1) 10 L2 vy 1241 ))-
If we note
(2.14) lwlrlor @y sm2ee r2y) < 00w Lo, rssares oy < €56,

and integrate (2.13) in ¢, we obtain (2.11).
(ii) We differentiate (1.9) in ¢ and take inner product with (£)2YA2(@=3)q,,
so that we have for a > 4,

I8V A2 (e w) | + %II@)”A“‘?’S(W)IF < () {IATH P+

N =
Sl

+ | fo.tl 3a—r/2 + Il zra—s| fo,el gra—s + ®6},

where ®g = g|(A* 30, A* 30 (w-V'n) + 0, fo nV'-w da’)|. By (2.14), we have

/R (1 @t < {1 AT 2 oy +
+
+ ||77||%11(R+;H2+51(T2)) + | <t>777||%°0(R+;HQ—2(’]I‘2))}7

which gives (2.12).
(iii) Hereafter, we shall denote the Laplace transform of f by f(\) =

fooo e M f(t)dt. Since we can extend (1, u, p) smoothly by 0 for t < 0, we apply
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the Laplace transform to (1.9), and take inner product with @(\) in L?(£2), so
that we obtain for ReA > 0,

S0 Ve Hie 5 .o
ReAfal” + ZIS(@)]* < |F el + clal @) lgi + fol.

If we multiply (1+|A[)2?~! to the both hand sides, integrate on the line Re A\ =
Ao in the complex plane and let Ay — +0, then we obtain the desired estimate.
The weighted version of this estimate can be similarly obtained. O

Before proceeding the next lemma, we introduce an extension of a function
nto Ry x Q.

Proposition 2.3.  Suppose that ¢ € H*~Y(Q) and b € H*~1/2(T?)
satisfy qudm = fTQ bdx' for some ag > 1. Then there exists at least one
function a = (a1, az,a3) € H*(Q) which satisfies

V-a=q in(
a=0 onSg, az=b onl
||a||H“0(Q) < c(”q”H‘lO—l(Q) + ||b||Hao*1/2(T2))-

For a proof of this proposition, see [11, Sec.1.2.1] or [9, Lemma 1].
Now we state an estimate of |(t)77| 2w, ;gra-s/2(12)) following [9].

Lemma 2.4. Let (o, f4, f5) = (0,0,0). Suppose that Fy defined for o >
2 as

Fy(a,v) = “<t>’yAa_2ut"%2(R+;L2(Q)) + ”<t>’yAa_1u”%2(R+;H1(Q)) + Fo
is finite. Then the solution of (1.8)—(1.13) with (2.10) satisfies
(2.15) g”<t>’y77||%2(R+;H04*3/2(T2)) < ¢l

Proof. Asin Remark 1.2, we obtain [, n(t, ') de’ = 0 by virtue of (1.8),
(1.10), (2.10) and [, foda’ = 0. According to Proposition 2.3, we can choose
a function a satisfying V-a =0in Q, a-n =non T, a = 0 on S and
IA“2al g1y < clnlga-ss2(rz). Applying A®~3/2 to (1.9) and taking inner
product with A®~3/2a, we have

g(Aa_lS(U)aAa_gS(“))LZ(Q) + (A2 (up — f), A% la) 2 (o) +
+ g AT 2 4 (AT fo, AT/ pa ey = 0,
so that
gIA P2 < L (A (ue — )] + AT S(w)NAY 2 al )+
+ AT e AT ).
Integrating this inequality in ¢ after multiplying (¢)27 gives (2.15). O

We next prepare an estimate for time derivatives of 7.
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Lemma 2.5. Let k=1 or 2. Suppose that F5 = F5(a,v,k) defined for
1/2<a<r—3/2 as

Fs = <t>’yn“2L°°(]R+;Hﬂ+k‘(’H‘2))+
k—1

+ Z(" <t>vAa+k7j73/28gu”%2(R+;H1(Q)) + 1170 fo "%2(R+;Ha+kfjf1('lr2)))
=0

is finite. Then the solution of (1.8) with (2.10) satisfies
(2.16) I <t>'yaf77”%2(ﬂ§+;Ha(T2)) <cr(1468%)F5

Proof. By (1.8), it is easy to check (2.16) for k = 1. To see the case of
k = 2, the t-derivative of (1.8) leads

(2.17)
) el L2 (s e (r2yy < O Ml L2y et (m2y) + 1) 0l L2y o+ (72))
+ WA Py 2w, i) )Y fotl p2 Ry srre (r2)-

Applying (2.16) for k = 1 to the second term in (2.17), we have the desired
result. |

We next give an estimate for time derivatives of w.

Lemma 2.6. Let o > 2 and (o, fa, f5) = (0,0,0). Suppose that Fg =
Fs(a, B,7) defined as

Fs = Fo+ 4| <t>’y"7||i[ﬁ(R+;Hﬂ—3/2(T2))
is finite. Then the solution of (1.8)—(1.13) with (2.10) satisfies
(218) IO AP ulFsinm, 2y < s 2A P ulfs z o o) + Fo)-

Proof. Since fy, f, f6 can be smoothly extended by 0 for ¢ < 0, the solu-
tion (1, u, p) can be also extended by 0 for ¢ < 0. If we apply (t)YA%~2 and the
Laplace transform in ¢ to (1.9), and take inner product with A“~2({t)Yu,)",
then we obtain

[A2(ty e + R AA2(E8 ()| < [(A°2(t)7 f >7f A2t )+
+I(A“’2(<t> (gm+ fo))" A2 (E)us )| + 5 IIA“ (02 s(w) .

If we multiply (1 + |A])2? to the both hands sides and integrate them on the
line ReA = )¢ > 0 in the complex plane, we have the desired inequality (2.18)
by letting A\g — O. O

We prepare the following proposition, which will be used in the next
lemma.
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Proposition 2.7. Let T > 0. Assume that a(t),b(t),c(t) > 0, a €
B[0,T), b € L*Y0,T), ¢ € L*(0,T) and da(t)/dt < b(t) - a(t) + c(t). Then it
holds fort € (0,T),

a(t) < elo ¥ (a(0) + Ve 2(0.1))-

Proof. By Gronwall’s lemma, we have

t
a(t) < efo M)dq(0) + / el P e(s) ds.
0

The Schwarz’ i{lequality implies that the second term in the right hand side is
bounded by efo b(s)ds\/f”c”Lz(oj). O

We are in a position to give a key estimate of ||<t>_1/217||L2(R+;H071/2(T2)).

Lemma 2.8. Let a > 1 and (o, f4, f5) = (0,0,0). Suppose A*"tu €
L*(Ry; HY(Q)) and that

Fr = ||f0||i2(R+;Ha—1/2(T2)) + 6||"7"%°°(R+;H2+5('Jl‘2))
is finite. Then the solution to (1.8)—(1.13) with (2.10) satisfies
(219) IO 20 o sn ey < oA e )+ F).

Proof. 1If we take inner product of (1.8) and A?*~15, we have
d a—1/2 ’ a—1/2
ATl < e [Viwlr ]z [A* ]+

A 2] | [V 1 + ]

Ao—1/2 <U3 + fo —][ wi,windQD/) H)
r

[A2=1 (o)) < eetJs IV WOl d0 g (JA ] Lo, s ) + Fr) V2.

Hence, (2.14) gives (2.19). O

Proposition 2.7 implies

3. Global behavior of a solution of the linear system

In this section, we give an existence result for a solution of the linear system
(1.8)—(1.14). As in the previous section, we assume the constant r € (5,11/2),
the function (0, w,0) € X" and the inhomogeneous data (fo, f,0,0,0, fs) € Y.,
are appropriately given later. Following [3], we first discuss the compatibility
conditions on the initial data no € H""Y2(T?) and ug = *(ug1,uoz,uos) €
H™1(Q). We require (19, ug) to satisfy the conditions:

(3.1) / nodm’:/ n(()l)dw’:/ nég)dac’:()
T2 T2 T2

(3.2) uo and ul") satisfy (1.10), (1.11), and (1.13),
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where nél),ném, and uél) are traces on t = 0 of 7, 7my, and ws respectively,

which will be determined here. Using (1.8), we set 17(()1) € H™73/2(T?) as
(3.3) n(()l) = —w - V'ng + ugs3 —][ noV' -wdz' + fo att=0.
r

Before determining ugl), we shall choose an initial pressure gy € H"~2(Q) as

Agp=V-f inQ
(3.4) 90,25 = VAups + f3 on Sp
qo = 2vUp3,z, + g0 + f6 on I’

at t = 0. Using (1.9), we set ul") € H'=3(Q) as

(3.5) uél) =vAug— Vg + f at t =0,
and 0 € H™="/2(T?) as

(36) 1Y = —(we - V'no +w - V'ng") + uly -

f][(noV' cwy + nél)V' cw)dx' + for att=0.
r

We do not need further compatibility conditions, since we work for r» < 11/2.
However, we shall determine the traces of u;; and Vg, at ¢t = 0, since they are
also continuous in L?(£2) and are needed when we construct a smooth extension

of initial data. We determine qél) € H4(Q) as

AV =V.f, inQ

(3.7) q61;3 = VAU(%) + f5: on Sp

a6 =2vuly,, + gng” + for on'T,

at t =0, and uéQ) € H"5(Q) as
(3.8) uéQ) = yAuél) - Vq(()l) +f, att=0.

As a result, we obtain

1 2 1 1
3.9) Jul", Vaolurs + [ul?, VoS lrs + "]

H"*B/Q(Tz)'i‘
ar-v@) + 1(fo, £,0,0,0, fo)lyz )-

2
0 g2 ry < 0l 172002y + ol

Lemma 3.1.  Let (o, up) € H"™Y/2(T?) x H™~Y(Q). Assume that 77(()1),
n(()z),uél) determined as in (3.3), (3.5), and (3.6) satisfy the compatibility con-
ditions (3.1) and (3.2). Then there ezists (T, Wo, o) € X" with (7, uo)(0) =
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(10, wg), which satisfies for j = 0,1,

a) (%7t+w-V’n_o—u_03+][n_0V’-wdac’—fo) (0)=0 onT

a(UOt—VAUO—FVQO— £0)=0 inQ
BV w)(0) =0 in©

0! (o 25 TT03.4,)(0)=0 onT

0] (—2V03 2, + T — 970 — f6)(0) =0 onT,

and

170,20, @) | x+ < c(Inolzrr-1/2(r2) + lwol mr—1(0) + [(fo, £,0,0,0, f6)lvz )-

Proof. Since the initial data (19, ug) satisfies the compatibility conditions,
we can construct (7, g, go) which satisfies

M € L*(Ry; H'(T?)), Mo, € K™ M (Ry x T?)
(3.10) up € K"(Ry xQ), Vg€ K2Ry xQ)
(0, 00,0k %) = (0w f”) (7 =0,1,2, k=0,1)

where 77( 2 uéj),qé ) are given in (3.7) and (770 ,uéo)) = (o, ug). In fact, we
can obtain such (@g, qp) due to [12, Thm 4.2.3] or [3], and such 75 due to [12,
Thm 1.3.1]. Moreover, we can obtain (7o(t), wo(t),qo(t)) = 0 for t > 1, by
cutting off appropriately and applying the projection to (7, Wg, g) to satisfy
(1.10), (1.11), (1.13) and [, 7o(t) da’ = 0. |

We shall construct a solution (n,u,q) of (1.8)—(1.14) by solving the fol-
lowing mollified equations

(3.11) u; +V¢* —vAu® = f inQ

( ) V'UJE:O inQ7 UEZO OHSB

(3.13) uim + u;m =0, 72yu§7$3 +¢ —gnff=fs onTl
(3.14) (1%, u) = (no,u0) att=0

(3.15)

ny —u§ + Z gps*(wiws*nii)—k][nEV’-wdw':fo on T,
r

i=1,2

where ¢+ denotes a mollifier w.r.t. (z1,xz2); that is, ¢ * f(x fT2

¥ (y')dy’ where ¢°(-) = e 2¢(-/e), and ¢(-) is a non- negatlve cse (RQ)
function satisfying [ ¢(a’)de’ = 1 and ¢(—a') = p(x’). The local existence
result to this system is as follows:

Lemma 3.2.  Let |(0,w,0)|xr < 0. Suppose the initial data (1o, uo) €
H3/%(T?) x HY(Q) satisfies the compatibility conditions f.modx’ = 0 and
(3.12). Then for any T > 0, there exists a solution of (3.11)—(3.15) which sat-
isfies n° € C([0, T); H3/2(T?)), u® € K2((0,T) x ) and V¢* € L*((0,T) x Q).
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Proof. We shall construct a sequence { (7™, u(™ ¢(™)}, by the following
iteration: (7(®), 4 ¢(®) =0 and for n > 0,

3.16)  w!"™ —pAut) L vt = v.out) =0 in Q
(3.17) f’éﬁl) +uft =0, —2vuf 4 gt = fg 4 gn™ onT
(318) w5, =0, w5 =u
(3.19)
nt("H) + Z ©° * (w;p° * ni"“ )= fo +u(") ][n(")V’ -wdx’ onT

i=1,2
(3-20) 77nJrl |t 0 ="o-

Let I = [0, 2Tp) for some Ty > 0, and n(™ be given in L?(I; H*/?(T?)). Then the
solution (u(™+1) ¢("*+1)) to (3.16)-(3.18) exists to satisfy w1 € K2(I x Q)
and ¢("*1) € L2(I; H*(Q2)) by [13, Thm 3.2], and

Ju™ D — w0y + [V — Vg™ | L2110y <

< c1gge o Jptm) — =Y | L2(1,m1/2(m2))

< cioge™ ™ \/Ty|n™ — 77(”_1)||B(1;H1/2(1r2))-

Here, we note that [, u$V|pda’ = 0 and u{”|r € K3/2(I x T?) hold for
n > 1. On the other hand, since ¢® x (w;p® * V':) is a bounded linear
operator on H3/2(T?), the solution 77("“) of (3.19) and (3.20) uniquely ex-
ists in B(I; H/?(T?)) for fo + u3 — £V wdx’ € K3*(I x T') and
w;|r € B(I; H™=3/2(T?)). If we take (2.1) into account, we have for n > 1,
() — ) | B(r;m3/2(m2y) <

< e li Il /2¢02) 97 (g (m) " | )+
+ lwlel e a2z In™ = 0V Lo 1 prsr2(m2y))

< c1a(To) (Ju'™ — u(n_1)||L2(I;H2(Q)) + '™ — Tl(n_l)||B(1;H3/2(1r2)))7

where c12(Tp) = v/To(1+c136) exp(coesd). This estimates yield the convergence
of the sequence {(n(™, u(™, Vq(™)},, in the space B(I; H3/?(T?)) x K?(I x ) x
L3(IxQ) to alimit (7%, u®, ¢°) if we choose small Ty > 0. We note that the limit
(n°,u®, ¢°) satisfies (3.11)—(3.15), and hence, the condition [y, n°(t)dx’ = 0.
Now we shall extend the time interval. We can choose Ty € (Tp,2Tp) so
that the trace (n°,u®) on t = Ty belongs to H3/?(T?) x H'(Q) and satisfies
the compatibility conditions f, 7(T1)de’ = 0 and (3.12). We thus repeat the
same arguments to obtain the solution on the new interval [T}, T) + 27p]. And
repetition of this process gives our desired result. O

Now we discuss the existence of strong solution of (1.8)—(1.14).
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Lemma 3.3.  Suppose Fs = [A""" (o, wo)[Z2 + |(fo, £,0,0,0, fo) |3, is

finite, and that the initial data (1o, wo) satisfies the compatibility conditions
(3.1) and (3.2). Then, there exists 6 > 0 so that if |(0,w,0)|x- < d, a solution
(n,u,q) of (1.8)~(1.14) exists and satisfies the following bounds:

||U||§<T(R+x9) + "ang(T*?(RerQ) + "77"%2(R+;HT—3/2(T2))+
+ ||77||§1r/2(R+;L2(T2)) + ||77||2B(R+;H"*1(11‘2)) < c1ak,
where c14 1s independent of w.

Proof. We shall first discuss uniform estimates with respect to T of the
solution (n°, u®, ¢°) constructed in Lemma 3.2, and then discuss its regularities.
Since p°x commutes with A, Lemma 2.2, 2.4, and 2.5 can be also applicable to
the solution of (3.11)—(3.15). If we apply Lemma 2.2 (i) (ii), Lemma 2.4, and

Lemma 2.5 on the interval I = [0,7T], by adding (2.11), (2.12), €5 times (2.15)
for (a,y) = (r,0), and &2 times (2.16) for (k,a,v) = (1,7 — 2,0), we have

15| AT T ) + a6 B ey

+ 017”776 ||%2(I;H7‘73/2(’]I‘2)) + C18||77t6 "%2(1;]_17-72(1'2)) < 619F87
where Cl5 = C%V—€2(06+(1+62)C7), Cie = g—2503—€2(1+62)67, Ci7 = 962—562
and ¢1g = €2 — dcg are independent of € and T', and are positive provided that
0 is appropriately small for small e5. Letting T" — oo, we have
(3.21) A" 'ut, AT g ||%2(R+;H1(Q)) AT AT ||%2(1R+;L2(1r2))+

+ ||"7€"2B(R+;HT*1(T2)) < c1aly.
Hence, the bounded family {(n®, u®)} has a weak limit (n, u) satisfying
A, ATy € LA(Ry; HY(Q))

(3.22) A3 AT, € L3R, ; L2(T?)), and n € L®(R,; H™1(T?)).
Since this (1), u) satisfies (1.8)(1.14), we have (t)~1/2n € L= (R, ; H"~'/2(T?))
by Lemma 2.8.

We shall next discuss the regularities in time. To reduce the problem
to the one with the homogeneous initial data, we set (7, @,q) = (n — 7o, w —
Ug,q — Go), which belongs to the same space (3.22) as (n,u), and satisfies the
linear system (1.8)-(1.13) with the homogeneous initial condition (2.10) for an
inhomogeneous data (fo, f,0,0,0, fs) satisfying

fo:fo*%7t+u_03*w-V’%f][%V"wdm’
r

F=Ff—-uo, +vAu;,— Vg
fo = fo + 2003, — @0 + 970
”(an f7070a07 f6)||ys%,0 < C(”(%,lt_o,q_o)"_xr + ||(f07f7070a07 fG)HYETO)
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Recalling that n € L>®(Ry; H"1(T?)) and A" %1y € HI(R_; HY(Q)) (j =
0,1), we have 7 € H'(Ry; H"2(T?)) N H*(R4; H"—3(T?)) by Lemma 2.5 for
(o, v, k) = (r —2,0,1) and (r — 3,0,2), and hence A"~%/%2a € H?(R; L*(Q))
by Lemma 2.6 for (o, 8,7) = (r —1/2,1,0). By (2.3), we have for s > 2

(323) |w-V's|

H7/2=1(Ry;L2(T")) < C("w|F|HT'/2*1(R+;L2(’H‘2))”V,ﬁ"K“"

+lwlel| ks V'l grr2-1 g, 52 012))-

This inequality together with (1.8) and the fact 77 € H?(Ry; H"3(T?)) C
H"/?~Y(Ry; HY(T?)) indicate 7j € H"/?(R,; L*(T?)). We can also obtain @ €
H"/?(Ry; L()) by Lemma 2.6 for (a, 3,7) = (2,7/2 — 1,0).

Now we shall discuss the vertical regularities of (@, q). Recalling that a
solenoidal vector u satisfies

||u3|F|H571/2(T2) < C"ASUHL2(Q) for s > 1/2,

and applying the Laplace transform to (1.9), we have by Lemma 2.1,
(AN (alF2 ) HIValT2@) < c20(LHIAD" 21—l 22 () + A% A 72 (q))-

Here the Laplace transform of (@, q) is denoted by (@, ). Integrating on the
line ReA = Ay > 0 in the complex plane and letting \y — 0, we have u €
H"/?>"Y(Ry; H*(Q)), and V¢ € H/?>(R; L?()). By interpolating with @& €
H"/?(Ry; L*(Q)), we also have & € H?(R,; H"~4(Q)). By Lemma 2.1, we have
for a.e. t > 0,

(3.24)

[alF (@) + IValT—2() < c2o(|F = @ilf—s(q) + 1A @72 (q))

[0y + V@ F-a() < c20(IFe — BeelFromsg) + 1IN 2@l (q),
which indicate @ € L?(Ry; H™(Q2)) and Vq§ € L*(R4; H"2(2)). And hence,
we have obtained

ne€ LRy H2) n H?(Ry; L2) N BRy; H™Y)
H)"VPne L*(Ry; H?), weK™, VqgeK' 2

4. Proof of Theorem 1.3

According to Lemma 3.3, the solution (1, u,q) to (1.8)—(1.14) exists in a
class wider than X" if we choose small § > 0. So in this section, we shall
show that this solution also satisfies ||(n, u, ¢q)|xr < oo for the same § > 0. As
in the proof of Lemma 3.3, we restrict our discussion on the problem with an
inhomogeneous data (fo, f,0,0,0, fs) € Y. o, together with the homogeneous
initial data (2.10).



706 Yasushi Hataya

(i) We begin with decay estimates of order t~/2. By Lemma 2.2 (i) for
(a,7) = (r—1/2,1/2), we have

(@1 sl W) + v / (I 23 gy dt < 21 Fo,

Ry

By Lemma 3.3 and (4.1), we can see that Fy(r —1/2,1/2) in Lemma 2.2 (ii) is
bounded, so that we have

(4.2) S%P<t> [A™7/2 (e, u) | +/ OIA™ w3t < 22 Fo.
Ry

By (4.1), (4.2), and Lemma 2.4 for (o, ) = (r — 1/2,1/2), we have
/ <t> ”AT_QT]"zdt < CQgFQ.
Ry

Here, the constants ca1, ¢a2, and ca3 do not depend on w for (0, w,0) € B;s(0).
By the arguments similar to the one on the temporal regularities in the
proof of Lemma 3.3, we have for k = 1,2,
(t)'/%n € H*(Rys H'~17/2(T2)),
<t>1/2Ar72k71/2u e Hk(R+,L2(Q))

Hence by (2.3), we have (t)'/2n ¢ HC=UD/4(R; L?(T?)), as well as
(4.3) )% e HA=D/YR . L2(Q)).

We shall next estimate the vertical regularities of (u,q). By Lemma 2.2 (iii)
for (6,7) = ((2r —1)/4,1/2), we have

(4.4) )2 € HF=3/4R,; HY(Q)).
Also by the same discussion as (3.24), we obtain (t)%/2u € L*>(Ry; H"'/2(Q))
and (t)1/2Vq € L*(Ry; H=%/2(Q)).

(i) We shall next discuss the decay estimates of order t~1, but all the

discussion given here is similar to the one given in (i). By Lemma 2.2 (i) for
(a,v) = (r—1,1), we have

sup (172w + [ (0PI Pl oyt < canFo,

R

Since Fy(r —1,1) given in Lemma 2.2 (ii) is bounded, we have

| P syt - sup 1A o w)P < canFi,
R
and by Lemma 2.4 for (a,y) = (r—1, 1), we have fR+ (t)2|AT=5/2q)2dt < co3Fy.

As in the previous discussion on the temporal regularities, we have (t)n €
H=D/2(R,; L2(T?)) and (t)u € HTD/2(Ry; L*(Q)).
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Concerning the vertical regularities of (u, ¢), by Lemma 2.2 (iii) for (3,v) =
((r—1)/2,1), we have (tyu € H"/>~1(Ry; H'(Q)). Also by Lemma 2.1, we have
(4.5)  [(OuelTzm, sy + [OV@lT2m, -5y <

< cao(I(t) (uer — ft)||2L2(]R+;HT—5(Q)) + 1A w72 g, 12 0))s
4.6) IO ultz@, w10y T KOVal2@, sy <
< eao(I(t) (we — )2, mr-sa)) + IOA w2, 120)))-
By virtue of (4.5), (4.6) and the fact
(tyw € HOD2 (R, 12() 0 B2 (R, 5 () € HA Ry HY5(Q),

we obtain (t)u € L2(Ry; H™1(Q2)) and (t)Vq € L*(Ry; H"3(Q)). We thus
complete the proof of Theorem 1.3.

5. Nonlinear problem

In this section, we discuss the full nonlinear problem (1.1)—(1.6). Following
[3], we begin by giving the compatibility conditions on the initial data ny and
vo = *(vo1,v02, v03), though their linear versions are already given in (3.1) and
(3.2). We require

(5.1) / nodm’:/ n()l)dac / néQ)dmle
T2 T2

(5.2) Vove=0, V-o’=0 inQ0)
3
(5.3) Z (Vok,z; + Vo, )05 Toik =0 on I'(0), i =1,2
j.k=1
3
(5A) Y ok, + Vojm) (08 Toik + m0j 7o)+
j.k=1

(1) .
+ Z UOk ; +Uoj xk)noﬂom =0 onTI(0),i=1,2

7,k=1
(5.5) vy = 0, vél) =0 on Sp.
Here
To1 = (1707770,;81)’ To2 = (07 1a770,a:2)7 T(()ll) - (O O ’r]él) )

1 1 1 1
T((]Z) - (070777((),22)3 no = (*770,11,*770@2, 1)7 ny = (777((),9)“7 77(() :3:270)3

using the functions 77(()1), 77(()2) and vél), which we shall determine from now. As

n (3.3), 770 is determined as 77( ) = —vy - V'no +wvo3 on I'(0). As in (3.4),
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setting

3
Apy = — Z Vjay Vk,z; 0 Q(0)
jik=1
Po,zs = VAU()g on SB
3
Po =V Z (V0j,zx + Vok,z,; )10 N0k + 9o on I'(0)
J,k=1

at t = 0, and vél) = vAwvy — (vo - V)vg — Vpg, we have Vpy € H"~3(Q(0))
and vél) € H™3(22(0)). We set 77(()2) € H™7/2(T?) as 77(()2) = —('uél) -V'no +
vg - V’m()l)) + v(()? on I'(0). We should note that pg,nél),n((f) and 'vél), are
determined by 79 and wvg alone, and we do not need further compatibility
conditions, since we work for r < 11/2.

We next transform the problem (1.1)—(1.6) to the one on the equilibrium

domain using the unknown function 7(t). For that purpose, we extend the
domain of n(t,-) € H"=Y/2(T?) with [, n(t,®') dz’ =0 to T? x R_ as

(5.6) n(ty ys) = [T]71 Y ¥ &elélus / n(t, e € da,
¢'ez? T2

to satisfy 7(t,y’,0) = n(t,y’) and 7(t,-) € H"(T? x R_). We define a mapping
@[t] : T x (_17 ) > (ylvaay3) = (.731,3327583) € {_1 <r3 < n(t7wl)} as

(57) e[t](ylay27y3) - (y17y27ﬁ(y7t) + y3(1 +ﬁ(y7t)))7

which stretches or compresses on vertical line segment. We also define the
velocity u and the pressure ¢ in the equilibrium domain 2 by the composition
with O[t] asu =v00, ¢ =po®. The inverse O~ [t] : {—1 < x5 < n(t,z')} —
T? x (—1,0) and its spatial Jacobian matrix O~ = 9(©~1)/d(x):

1 0 0
do~! = 0 1 0
7@371}1(]71 *@37y2<]71 Jil

are also well-defined provided that the Jacobian J = 1+7+7,, (1+ys3) does not
vanish. Utilizing this transformation ©~!, we rewrite the problem (1.1)-(1.6)
on the equilibrium domain as

(5.8) ne +w-Vyn — ug +]£77V; cudy’ = fo(n,u) onT

(5.9) uy —vAyu+ Vyg = f(n,u,q) inQ

(5.10) Vy-u=oc(nu) in Q

(511) _V(Ui,yz =+ uS,yi) = fi+3(7laU7Q) on Fa 1= 17 2
(5.12) —2vugy, +q—gn = fe(n,u) onT

(5.13) u=20 on Sp

(514) (773 ’U,) = (770,’11,0) at t = 07
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where I' = {(y,0) : y’ € T?} and ug = vo 0 O[0]. The functions fo, f, f; (4 <
j < 6) and o are quadratic or higher terms with respect to the unknown
functions given as

(5.15)

fo :][ nVy - udy'
I
f=—(u-dO7 'V )u+ (I —'d0 ")V, q+ J 103 u,,+
—v(A, - (*dO7'V,) - ({dO7'V,))u
o=V, u—J'do 'V, u
"(fa f5, fo) = v{("dO 'V )u + (("dO7'V)u) }n—
— {Vyu +"(Vyu)} (0,0,1) = (g = gn) " (=1ys, —11y2, 0),

where V, denotes the gradient in y, and n = *(—n,,,—n,,,1) the normal.
Since the initial data (19, v) satisfies the compatibility conditions (5.1)—(5.5),
the transformed initial data ug together with 7o satisfies (3.1)—(3.2).

For given (0,w,0) € X", we shall introduce a linear operator L]w]:

ne—uz+w-Vin+ fonV, -wdy onT

uy — vAyu 4 Vyq in Q

Llw](z) =<V, -u in Q
—v(Uj gy + U3 y;) onl, i=1,2
—2vu3,y, +q— gn on I,

where z = (n,u,q) € X".
Lemma 5.1.  The extension Zg = (7o, Wo, go) constructed in Lemma 3.1

satisfies Llw](Zo) € Y7, .
Proof. 1t is easy to see that the conditions Zg € X" and Zg(t) = 0 for
t > 1 assure L[w](Zg) € Y. In fact, we can check w- V75 € L'(Ry; H™~1(T'))
by (2.2) and Lemma 3.1 as
lw- Vil @, a1y < clwlrz@, ;e )| VyTol e @, mr-1(r2)) +
lwlrew ;w1 Vol sz (r2))
< (0w, 0)[xrlnoll gr--172(r2)-
Other terms can be checked in a similar manner. O

Setting Lo[w] to be the restriction of L{w] on X{j, we obtain

Lemma 5.2.  The linear operator Lo[w] continuously maps X{ to Y;;’_Ol.
Moreover there exists 6 > 0 so that for w € X" with |(0,w,0)|x~ < 4§, the

operator Lo[w)] has a continuous inverse Ly ' [w] : YZ o — X§ satisfying

15 wll v x5 < €50

Here the constant cs does not depend on w.
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Proof.  Since Lo[w] is in B(Xg,YE’;T&) for g € (0,1/2), we shall discuss
the continuity of L’al[w]. For given F' = (fo, f, 0, f1, f5, fs) € YZ, o, we begin
by eliminating o, f4 and f5 following [2, Theorem 4.1 and Lemma 4.2]. For that

purpose, we set a function w to satisfy (t)727¢0q@ € K"~72 for v = 0,3/2 and

Vy-w=o0o in
—V(’LlN)i’y3 + Ujg’yi) = fi+3 on F, = ].72
w=20 on Sg

[0 W] e < c(I8) 2700 prcr—a + [{8) 27 figsl gerasr2).

By virtue of the condition €3 > 0, the trace of w3 on I' belongs to the same
space as fo; in fact, (t)72T<0wg € K"~ for 75 € [0,3/2] implies ()" ws|r €
LYRy; H =170y n WHY(Ry; H7=3770) for 4y € [0,1]. We obtain such a
function w by setting w = Vy¢ + V, x d, where Ay¢p = o in Q, ¢p =
0, ¢yslsy =0, andd =d,, =0, —vd,,,, = (f5,—f1,0)on T, d=0, dy, =
(=¢yss Py, 0) on Sp. For the former, we have |V¢|r2q) < clof,z-1q) ([2,
Theorem 4.1]). And for the latter, |(¢)7270V, d| k- < c(|{¢)72750 fi1s| gs—s/2 +
[(t)72T20V¢] k=) holds for s > 3/2 ([2, Lemma 4.2]). Hence we have

[:0[’11}](0,’&7,0) = (-1[}37 (8t - VAy)ﬁ’70-7 f47 f57 _21/1:[)3,1/3) = Fv

and the estimate | F vo ot o] x; < ¢c](0,0,0, fi, f5,0)]

Theorem 1.3 for F—F = (fo+s, f — (0, —vA,)W,0,0,0, fo+2vibs ,) € Y2 ,,

the solution of Lo[w](2) = F — F exists and satisfies 1Zlx; < c|F — Fly-
0,

50,0.
Setting z = 2 + (0,w, 0), the function z satisfies Lo[w](2z) = F and |z|x; <
c| F

Y2 o since g > 0. By

.
YEQ,O

We shall next discuss the nonlinear terms.

Lemma 5.3.  Let Bs(0) be a §-neighborhood of 0 in X". For z € Bs(0),
the nonlinear terms F(z) = (fo, f,0, fa, f5, f6)(2) given in (5.15) satisfy

IF(2)lyz < cslzl--
Here cs depends only on § > 0.

Proof. We give estimates only for o(z) and the term v(A, — (*d®~'V,) -
(*d®~'V,))u in f(z), because in the former estimate, we need the condi-
tion r > 5 for the product estimates in Sobolev spaces of negative order,
and in the latter one, we can see why we need the condition (t)~'/%n ¢
LRy HV/2(T2)).

We have from (5.15),

a(mu) = (1= J)(u1,y, +u2,y,) + O3y, u1,y; + O3,,U2,y,,

which can be written in a form (co4V,7 + c257)Vyu, yielding (¢)727¢00 €
L*(Ry; H1772(Q)) (72 € [0,3/2]). So, we shall show (£)¥°92(V,7V,u) €
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HU=D2(R 5 0HH(Q)) and (8)3/2F0(V,7)Vyu, € H27THRy; 0H Q).
As for the former, by Proposition 6.2 (ii) and Remark 6.4, we have for so > 3/2
and s1 > 1/2,

1O (VM Vyus] go—o2@ om—1 ) < N oy mreot1/2(m2y) ¥

X "u||HT/2(R+;L2(Q)) + | <t>8077”H(T—4)/2+51(R+;H30+1/2(’JI‘2))||u"H2(R+;L2(Q)))'
Recalling that n € H™/2~Y (R, ; H(T?)) and (t)"/?u € H"/>7Y(Ry; H/2(Q)),
we have by Proposition 6.2 (iii) and Proposition 6.3,
[ (V) Vyuel go-o2m,0m-1)) < cnlae—2r2@,;m3/4r2)) X

X [ wue| gor msm5/a)) + 10l gor ey w32 Ol o272, 1574 0)))-

Also by Proposition 6.2 (i) and Remark 6.4, we have for s9 > 3/2 and 51 > 1/2,
IOV, Vyulgo—o2@,0m-10) < U] gor @, mo0+1(0)) %

X |l zrr2 @ s2r2yy + Imel z2 @y p2 o)) KO wl go-o/240 ®,  mo0t1 (@)
We thus have ()07 (VyqVyu)lge-s2@, om-10)) < clz|%-. Concerning

the estimate for (t)3/2+20(V, 7))V, u, € H/27T4(R;0H1(Q)), we have

I <t>3/2+60 (vyﬁ)vy“t||HT/2*7/4(R+;0H*1(Q)) =
< IO 20l o gm0 rr/2 oy [V 1 2-3/ (2, 20y T
+ ||<t>€°+1/277||H7~/2—7/4(R+;Hso+1/2(1r2))||<t>u||H51+1(R+;L2(Q))}~
For €9 € (0,1/2) and r > 5, we can choose s¢ > 3/2 such that

L2(Rys HY2740(T2) 0 HU V220 /2(R 3 L3(T) €
C HT/2—7/4(R+; HSO+1/2(T2)).

Hence ”<t>€0+1/2n”Hr/2—7/4(R+;H1/2+50)(’H‘2) is bounded if 7 > 5.
We next turn to the estimation of (A, —(*d®~'V,)-(*dO~'V,))u in f(z),
whose m-th component is written as

(5.16) >0, (0, dO )0y um + Y (Oke — dO O, ) Dy, Dyt

3okl 3.kl
It is easy to see that

(5.17) "d@l;jl(aykd(a;jl)ayzum||K"*2 < C§("Viﬁvyu”H*/%l(R+;L2(Q))+
VIVl 2w, s mr—2(0)) + VeIV ] gr—2).
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Concerning the first term in (5.17), we have by Proposition 6.3 for sg > 3/2
and s; > 1/2,

IVomY yulma-s@ ra@) < UVl o, 2@ IVyulm @ @)+
F VTl e @2 @) [Vyul -2y oo @)
IVnV gt g2, o)) < VT2, 0020 [Vl o o +

HIVTl o @2 @) I Vytel g2 @)-
We have for the second term in (5.17),
IVaVyul 2@ cmr—2()) < ) 20l oo (rysprm-1/2(72)) X
X OV ul 2@ areo @)y + 10l ooy smreorarz roy [l L2 @y sre-1(2))s

so that we have the bounds for K" 2-norm of the first term in (5.16). Other
estimates can be done similarly, so we obtain |(fo, f, o, f4,f5,f6)(z)||y;6 <

c|z|%- for z € Bs(0) and r € (5,11/2). O
We now define a sequence {z"}, = {(n",u",¢")}, C X§ by 2° =0 and
Llu™ + 1) (z" T + 29) = F(2" + Zp).

Then, it holds F'(2" +%g) — L[u" +g)(Z0) € Y, o so that the sequence {2"},
is well-defined in X§. Therefore by combining Lemma 5.2 and 5.3, we obtain

Lemma 5.4.  There exists § > 0 so that for Zg € X" with |Zg|x- < 6,
it holds |2"|xy; < 9.

Remark 5.5. If we do not invoke the term f.7V; - wdz’ in (1.8), the
compatibility relation as in Remark 1.2 requires

/Fd(ﬁ”,u")dy’:/Fu"~V;n”“dy’.

So invoking additional terms f. 7" 'V, - u"dy’ in the left hand side of (1.8)
and fr n"V; -u"dy’ in the right helps to preserve the compatibility relation at
each iteration step.

We now proceed our main theorem.

Theorem 5.6.  There exists 6 > 0 so that if (no, ug) satisfies

[0l 17212y + ol zre-1(0) < 6

and if (o, ugo© 1) satisfies (5.1)—(5.5), then the initial boundary value problem
(5.8)~(5.15) has a unique solution z = (n,u,q) in Bs(0) C X".
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Proof. 'We begin by showing that the approximate sequence {z"},, C X{
converges strongly in X ~1. In fact, we have

E[un +u—0](z7l+1 _ Zn) _ F(Zn +Z_0) _F(Zn—l +Z_O) _,'_Iz(zrz7er—1)7
where R(z",z""1) € Y/~ is given by

(w-l )+ T+ 0 = ) 6+ ) 0,0,0,0, o) .
N

By Lemma 5.7 we have

|F(=" +%5) — F(=""" + %) + R(=", 2" V)|

ngb—l < 05||Zn — zn—1"X571.

Choosing ¢ > 0 so small, we have {z"},, converges to z strongly in Xgil.
We next show that the sequence {z"},, converges weakly in X{j. Since the
sequence {z"}, is uniformly bounded by Lemma 5.4, we have

(t)"°u™ — (t)7°u weakly in K"~ (R4 x Q),
and for almost every t € Ry,
(&)1 (t) = ()~ %n(t) weakly in H"'/2(T?),

so we obtain (t)~1/2n € L®(R,; H"~/2(T?)). To improve this to (t)~1/2n €
B(R,; H™=Y2(T?)), we are suffice to check that [9() =172 (72) is a continuous
function of ¢. Such arguments are found in [17, Prop. 5.1D], so we will skip
them here. Other convergences can be also obtained in similar discussions. [

Lemma 5.7.  Let Bs(0) be a §-neighborhood of 0 in X", then we have
(5.18) |F(z) — F(2)] yz-1 < ooz - 2| xr-1,
(5.19) |R(z, z’)||YETO_1 <cdl|z — 2| xr

for z, 2" € Bs(0). Here ¢ does not depend on § > 0.

We omit this proof because it is similar to the one of Lemma 5.3.

We now wish to obtain the solution in the physical domain by reversing our
steps. We first extend the functions (u,q) defined in the equilibrium domain
to T2 x R in a standard way preserving the regularities and the decay rates.
Then, the velocity and the pressure in the physical domain are the restriction
of uo®7! and o O~ to {O[t](y) : y € Q}. Since n is in CO(Ry; H ~1(T?)),
its extension 7 is in CO(R,;C*(T? x R)) so that © is a C!-diffeomorphism
provided that n is small in its norm. The following proposition ensures the
regularities of the composition of mapping © and its inverse © ! on T? x R.

Proposition 5.8.  Let (0,v,p) and (0,u,q) belong to X". With © as
(5.7), the compositions of (0,v,p) and O, or (0,u,q) and O~ are bounded:

||(O,’U,p) o GHXT < C”(O,’U,p)"xr, ”(07u>q) o 6_1”XT < c||(07u>q)||XT7

where the constant ¢ depends on |(n,0,0)|x- and is bounded provided that n is
small in its norm.
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Proof. We begin by showing |u o O 2w,z (12 xR)) < clw]L2®;m (12 xR))-
It is easy to see

Juo @”%2(@2 xR) = ||J71||L°°(T2xR) ||“||%2(1r2 xR)

[0 ©lF (r2wzy < 1T = (r2 i) (1 + 1Oy o0 (p2 syl i (2 ey -

Since the mapping u + 1 0© is bounded linear on L?(T? x R) and on H*(T? x
R), and the complex interpolation between them is exact ([5, Theorem 4.1.2.]),
we have for s € (0,1)

(5:20) w0 Ol (r2ury < 1T |z (r2ry (1 + [O0y1. (12 )" Tl o 12 -

If we expand V7 (uo6) (j = 4,5), and plug them into (5.20), we obtain for
Yo € [O, 1]

)0 © Ol e, srre—0) < el 0l g, aae—m).

As for temporal regularities, differentiating uo® in t, we have |uo®| i, ;12) <
clulg2i,(j = 0,1,2) and |u o Ofgr+sm, .12y < clufgea+s for s € (0,1) by
interpolation. We also obtain [0;(u 0 ©)]g1+s(r,;r2) < c|ufg2c+s. Weighted
estimates and estimates of compositions with ©~1 can be also obtained in a
similar manner. O

6. Appendix

In this section, we give propositions and a lemma which are not given
before the previous section. We begin with the following lemma concerning
complex interpolation results. For the definition of complex interpolation, we
refer to [5, Chapter 4] or [20, 1.6.6].

Lemma 6.1. Lets; >0 (j=0,1), 8 €(0,1), and s = (1 —0)sg + 0s1.

(i) The complex interpolation [K*° (R xQ), K**(Ry xQ)]p = K5(R4 xQ)
holds.

(ii) Let rj € R (j = 0,1). Then it holds [(t)"OK*°, (t)" K*']g = (t)"K* for
r=(1-0)ro+06ry.

Proof. (i) We give a proof replacing {2 by T? x R because we can easily
rewrite its counterpart for €2 by extending and restricting arguments. By set-
ting w(X, &', &) = [y dt [; dwg [, T Su(t, x)da’ for Re A < 0 and &€ =
(¢',&3) € Z2xR, we assume the function space K* (R4 x (T?xR)) to be equipped
with the norm [u|. = [75 dX [p d&s Y erepe (14 €2+ M) [N, €, &3)[?. For

—100

a Banach couple (Ao, A1), a strip S = {z € C : Re z € [0,1]} and an open
strip So = {z € C : Re z € (0,1)}, we define

F(Ap, A1) :={f : bounded continuous function on S, analytic in Sy,
f(7+1i) € C(R;A;) and f(j +it) — 0as |[t| — o0 (j =0,1)}.
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Then A(6) := (1 4 |€]> + [A])~00 =9 =519 is an isometry isomorphism from
F(KY KY) onto F(K*®, K*1). Hence we obtain
[K%0, K% = AO)[L*(Ry x T? x R), L*(R; x T? x R)]y = K*.

(ii) A(6) in (i) is also an isometry isomorphism from F({t)"0 K9, (t)" K°)
onto F((t)T0 Ko (t)" K*1). Since [(t)"° K" ()" K%y = (t)"K", we have the
desired result. O

We next give two propositions concerning product estimates.

Proposition 6.2.  Let s > 3/2.
(i) Let Vv € H*(Q). We set n(x',x3) = > ercge e el€lEsf(el) for n €
H'/2(T?). Then
IV Vol m-1@) < el 2@ [Volas @)
(ii) For Vij € H*(Q) and v € ¢H' () = {u € H'(Q) : w=0 on Sp}, we have
(V) Vol 1) < clValus@lvlr o)
(iii) For Vij € HY4(Q) and Vv € H4(Q), we have
[V Vol m-10) < el VTl s VO 14

Proof. For (i), regarding multiplication by Vv on oH ~1(Q) as the adjoint
multiplication on °H'(Q), we are enough to show |V7|,x-10) < ¢|7lL2(q)-
Since V7] € L?(€), we have for any vector function ¢ € *H'(Q),

(Vi 0)om ) = (V7,0) 12
= @', 1€']) - D)2z L2(-1,0))
< |l 2 lelomr @)
This gives (i). For (ii), if we regard multiplication by V7 on oH () as
the adjoint multiplication on °H'(Q), it can be verified by |(V7)¢@lom () <

|Vl as @)l @llo (). The proof for (iii) is easy since the compact embeddings
OHY(Q) C L5(Q) and HY4(Q) C L'*/°(Q) hold. O

Proposition 6.3.  Let s € (0,1). Assume that X; (i = 0,1,2) are B-
spaces having a property: |fglx, < c|flx,lglx, for all f € X1(Q) and g €
X2(Q2). Then, the inequality

1 f9lms®yix0) < U flas @y xolglmr @y xo) + 1@y xol9lms @, x))-
holds forr > 1/2, f € H*(Ry; X1), and g € H*°(Ry; X5) with sp = max(s,r).

Proof. After replacing Ry by R by standard extension-restriction argu-
ments, we define a norm of H*(R; Xy) by

If9(r) — Fa(®)13
193 x0) = 1903 x0) + / T
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The second term is bounded by

2 lg(r) —9(®)I% |/() - F(OI% 2
||f||L°°(R;x1>/RQ W‘f At | T e Tl @ x)

< ||f||Lo<>(]R;X1)||g||§{s(]R;X2) + ||f||?qs(]1e;X1)||9||2LM(R;X2)7
which completes the proof. 1

Remark 6.4. By the same arguments, we have

I falmsmy s x0) < U flasmysxolgler @y xa) + 1 f 2@ xolglms+ @ ;x2))s

for r > 1/2, because

||g 9|3
JRICES |28+1X2d i <
lg(7) 1% dr
<c sup —2/ f dt/
<{('r,t)eR2r;ét} |7'_t|2(6+8) | ”Xl |r—t|<1 |T_t|1 2=t

lg(7) 1% dr
+ sup —2/ )13 dt/
((rt)er2| rt} |7 —t[2(572) X [r—t|>1 [ —¢[i+2e

< c||f||%2(R;X1)||g|

2
Cste(R; Xa)"
O
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