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On a result of H. Fujimoto

By

Xiaotian Ba1, Qi HAN and Ang CHEN*

Abstract

Let P(w) be a uniqueness polynomial of degree ¢ without multiple
zeros whose derivative has mutually distinct k zeros d; with multiplicities
q for 1 =1, 2, ..., k respectively, and let S := {a1, a2, -+, aq} be the
zero set of P(w). Under the assumption that P(d;,) # P(di,) (1 <ls <
l: < k), we give some sufficient conditions for the set S to be a unique
range set with some weak value-sharing hypothesis, namely, to satisfy
the condition that 3°7_, I/;fmo) =X, l/sfmo) (mo € Z* U{oo}) implies
f = g for any two nonconstant meromorphic or entire functions f and
g on C, which improve a result of H. Fujimoto. Also, we discuss some
other related topics.

1. Introduction and main results

In this paper, by a meromorphic function we mean a meromorphic function
in the complex plane C, and by a divisor we mean a map v : C — Z whose
support {z|v(z) # 0} is discrete. For a divisor v, we set v(z) := min{r(z),1}.
For a nonconstant meromorphic function f and a value a € C, we define the
divisor v : C — Z by

vy {0 ) #a,
AN m if f(z) —a = 0 with multiplicity m;

and set v7° = VY s We call a discrete subset S C C a unique range set for
meromorphic (resp. entire) functions counting multiplicities, i.e., URSM (resp.
URSE) if for any two nonconstant meromorphic (resp. entire) functions f and
g, the condition that ) ¢ v = Y acs vy implies f = g; and a unique range set
for meromorphic (resp. entire) functions ignoring multiplicities, i.e., URSM-IM
(resp. URSE-IM) if it has the analogous property for which the condition that

Daes Vi = Daes Vg is replaced by >° oV = > gV, Particularly, if S
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consists of only one element, these definitions coincide with those of CM or IM
shared values.

In 1982, F. Gross and C. C. Yang showed that the set S := {w € Clw+e* =
0} is a URSE. Afterwards, many efforts were made to seek unique range sets
that their cardinality are as small as possible (¢f. S. Bartels [1], G. Frank-M.
Reinders [2], H. Fujimoto [3, 4], P. Li-C. C. Yang [6, 7], E. Mues-M. Reinders
[8], Y. Xu [9] and H. X. Yi [11-13]).

Now, we turn to some necessary terminologies and notations. It is assumed
that the readers are familiar with those standard ones such as the characteris-
tic function T'(r, f), the proximity function m(r, f) and the counting function
N(r, f) of poles for a meromorphic function f, and the fundamental results in
Nevanlinna’s value distribution theory of meromorphic functions (¢f. W. K.
Hayman [5], L. Yang [10]). Also, we use S(r, f) to denote a term satisfy-
ing S(r, f) = o(T'(r, f)) as r tends to infinity outside a subset E C R* with
S dr < +oo.

The counting function of a divisor v : C — Z is defined as

N(r,v) ::/ Z v(z) @+y(0)logr.
0 \o<|z|<t t

Under this notation, N(r, f) could be rewritten as N (r,v7°).
H. Fujimoto [3, 4] gave his definition of uniqueness polynomials in a broad
sense and uniqueness polynomials as follows

Definition 1.1.  Let P(w) be a nonconstant monic polynomial. We call
P(w) a uniqueness polynomial in a broad sense if P(f) = P(g) implies f = g for
any two nonconstant meromorphic functions f and g; while a uniqueness poly-
nomial if P(f) = ¢P(g) implies f = ¢ for any two nonconstant meromorphic
functions f and g, and any nonzero constant ¢ € C.

For a discrete subset S := {a1, ag, - -+, ag} C C, we consider its generated
polynomial with the following form

(1.1) Pw):=(w—a1)(w—az) - (w—aq).

Assume that the derivative of P(w) has mutually distinct k zeros di, da, - - -
dj, with multiplicities q1, q2, - - -, qx, respectively. Under the assumption that

(1.2) Pldi,) # P(di,) (1<l <ly <k),

?

H. Fujimoto [3, 4] proved the following two theorems that enable us to find out
many uniqueness polynomials in a broad sense and uniqueness polynomials.

Theorem 1.2 ([4, p. 35]).  Let P(w) be a polynomial of the form (1.1)
satisfying the condition (1.2). Then, P(w) is a uniqueness polynomial in a
broad sense if and only if

k
(1.3) > aa > )

1<l,<l; <k ls=1
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In particular, (1.3) is always satisfied whenever k > 4. Also, (1.3) holds when-
ever max{qi, g2, qs} > 2 for the case k = 3, and whenever min{q;, g2} > 2
and g1 + q2 > 5 for the case k = 2.

Moreover, he gave an example to show that any polynomial can not be a
uniqueness polynomial in a broad sense for the case k =1 (¢f. [3, p. 1183]) and
hence, the conclusions of Theorem 1.2 is beat possible.

Theorem 1.3 ([3, p. 1192] or [4, pp. 34, 35 and 44]).  Under the same
situation as in Theorem 1.2, we assume furthermore that P(dy)+ P(da)+---+
P(dy) # 0 for the cases k > 4; that P(d;,) £ P(d;,) # 0 with 1 <1y <l; <3,
and P?(d;,) # P(d;.)P(dy,) with {l,,1s,1;} = {1,2,3} for the case k = 3; and
that g1 < qo with g1 > 2 and g2 > q1 + 3 or with ¢1 > 3 and P(dy) + P(d3) #0
for the case k = 2. Then, P(w) is a uniqueness polynomial.

Moreover, he investigated the relationship between a uniqueness polyno-
mial and its zero set as a unique range set, and obtained the following unique-
ness theorem that generalized the main results of S. Bartels [1] and G. Frank-M.
Reinders [2].

Theorem 1.4 ([3, p. 1177]).  Suppose that P(w) is a uniqueness poly-
nomial of form (1.1) satisfying condition (1.2), and that k > 3, or k = 2 and
min{qi, g2} > 2. Then, S is a URSM (resp. URSE) whenever ¢ > 2k + 6
(resp. g > 2k+2), while a URSM-IM (resp. URSE-IM) whenever q > 2k +12
(resp. q > 2k +5).

For the sake of convenience, we introduce the following notation. For a
divisor v, we define the mo-truncated divisor v,y generated by v as

if v(z) < my;
otherwise.

(1.4) Vg (2) 1= { (V)(z)

The purpose of this paper is to give some sufficient conditions for the set
S to be a unique range set, which improve and extend Theorem 1.4 through
weaker value-sharing hypothesis or smaller lower bounds for g.

Theorem 1.5. Under the same situation as in Theorem 1.4, we assume
furthermore that mg > 3 is a positive integer or infinity, and that q > 2k +
6 (resp. q > 2k + 2). Then, to satisfy the condition that 2521 vy

fimo) T
q a;

=14 mo) implies | = g for any two nonconstant meromorphic (resp. entire)
functions f and g.

Remark. The condition that 25:1 min{V;j (2),mo} =

4 min{vg’ (2), me} in [3, p. 1195] implies that 1, vy = Y1_, 7y,

i a; a; a;

i I/}Lmeil) = D1 Vymy 1y @nd 25 v = 371 vy’ = mo whenever

min{v}’(z), vg’(2)} > mg for some i, j € {1, 2, ..., ¢} and a positive in-

teger mo; while >7_, 1/}” =37, vy’ implies > V;fm) =37, I/;foo) for

mg = 00. S0, the value-sharing assumption in Theorem 1.5 is weaker than that
in Theorem 1.4 for cases of URSM (resp. URSE).
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Theorem 1.6. Under the same situation as in Theorem 1.4, we assume
furthermore that the union of the sets of the double aj-points of f for j =1,
2, ..., q is the same as that of g. Then, S is a URSM-IM (resp. URSE-IM)
whenever g > 2k + 9 (resp. q > 2k + %)

2. Preliminary lemmas

The following the first lemma plays quite an important role in studying
the relationship between a uniqueness polynomial and its zero set as a unique
range set, while the second one is used for controlling the growth of zeros of
the derivative of a meromorphic function by that of its own zeros and poles.

Lemma 2.1 ([3, p. 1200]).  Under the same situation as in Theorem
1.2, we assume furthermore that ¢ > 5 and there are two meromorphic function
f and g such that, and that
1 Co
(2.1) —— =
P(f)  Pl(g
for any two constants co(# 0) and ¢1. If k > 3 orif k = 2 and min{q1, ¢2} > 2,
then, c; = 0.

+c

~—

Lemma 2.2 ([13, p. 379]).  For any nonconstant meromorphic function

(2.2) N(r, VJQ,) < N(nyjq)—i—N(nD;o)—i—S(r,f).

3. Proof of Theorem 1.5

Proof. Set F':= P(f) and G := P(g); then the condition Z;’:l fomo) =
25:1 V;l;j?'ﬂo) implies V%mo) = V%}mo). By Lemma 1 in [9, p. 1490], T'(r, F) =
qL(r, f)+0(1) and T(r,G) = qT(r,g) +O(1), and hence S(r, F') = S(r, f) and
S(r,G) = S(r,g), since F and f, and G and g have the same growth estimates,
respectively.

Define the function H as
F// F/ G// G’/
H=|—=-2=)-(5 2=
(% 2%) (&%)
Suppose that H # 0. By the lemma on logarithmic derivative (cf. [5, p. 36-42]),

m(r,H) = S(r)(:: S(r, f) —l—S(r,g)).

For any common simple zero zy of F and G, by the local Laurent expansions
of F' and G around zg, we have H(zp) = 0, and hence

N(r,vpyy) = N(r, g 1y) < N(r,vfy) +O(1)

(3.1) <T(r,H)+O(1) < N(r,vg) + S(r),
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since all the poles of H are simple.

By our assumption, we know that F' = q(f—d1)?(f—d)® -+ (f—dy)® [’
and G' = q(g — d1)® (g — d2)® -+ (g — di)%¢'. From the expression of H and
the fact that V%’mo) = l/g,’mo), we have

(3.2)
k
Z )+ N(r,75)) + N, 78 (g 1) + N 78 (1mg11)

—&—N(nz/f )+ N(r,v%) + N(r, Vf/)+N(7‘ V )+ 0(1),

where v, ., denotes the subtraction of the two divisors vp — 13+ and

DY, = l/f/h—[q ma) Ty (f—di) 0 20 V& (mot1 and Py, are similarly defined.

Obviously, a; #d; (j=1,2,...,¢;1=1,2, ..., k) since all the a;’s are

distinct for j = 1, 2, ..., ¢. Then, applying the second main theorem to the
functions f, g and the values a1, as, - -+, aq, di, da, - - -, di, 00, respectively to
conclude

(3.3)

(q+k—1)T(r)(:=T(r, f) +T(r,g)) < N(r,v5°) + N(r,v;°) + N(r, vp.)

k
N(r,v2) Z 7“,17?’ +N(r,l7§l’))—N(r,19;3/)—N(r1//)—|—S( )

M=

= N(r, o) + N(r,7;°) + > _(N(r,7§") + N(r, 7)) + N(r, 71y
=1

+ N(r,o%) + N(r,5%) — N(r, 92,1)) — N(r, 19}),) — N(r, ﬁg,) +S(r).
Noting that Vlo7,m0) = Vg‘,mo)’ we have the following

(3.4)
N(Tv 172‘) + N(Tv 172;) + N(Tv 17107,(m0+1) + N(Tv ﬁ%,(mg—i—l) - N(T VIO7 1))
_ _ 1 _ _ _
< N(T, %) + N(T, V%,(mo-‘,—l) - §N(7’, V%,l)) + N(Tv Vg) + N(T, VG,(mo—o—l)
1 1 1
= SN P y) < SN vR) + 5N vg) +0(1) <

: T(r) +0(1)

N [

if mg > 3 is a positive integer or infinity.
Substituting (3.1), (3.2) into (3.3) and noting (3.4), we have

(g+k—1)T(r) < 2(N(r vy) + N(r, 17900))

(3.5) + 22 (r,7f) + N 7)) + 3T(0) + S(r),

k
which implies that (¢ — 2k —6)T(r) < S(r),since 2 > (N(r, l/f D+ N(r,udh)) <
=1



636 Xiaotian Bai, Qi Han and Ang Chen

2kT(r) and 2(N(r,3°) 4+ N(r,73°)) < 2T(r). This is a contradiction against
the assumption that ¢ > 2k + 6, and hence H = 0.
Integrating the equation H = 0 twice, we have

1 1
fECOE—FCl (co #0,c1 € C),
that is,
L:C L_’_c
P(f) ~ "Plg "

Now, applying Lemma 2.1 to the above equality and noting the assumption
that P(w) is a uniqueness polynomial, we have f = g.
In particular, in the case where f and g are entire, if H # 0, (3.5) becomes

k
(3.6) (q+k—1)T Z (r,7") + N(r, ’d’))+2T()+S(r),

which yields (¢ — 2k — 2)T'(r) < S(r). This contradicts the assumption ¢ >
2k + 2. |

4. Some further results concerning Theorem 1.5

Just as the discussions of H. Fujimoto in [3, p. 1196-1202], we could com-
pute the relationship between ¢ and k£ more precisely if we assume mg = 2

or mg = 1 with the weaker value-sharing hypothesis that Zq_l ;Jm(,) =
q a;
Jj=1 ngmo) ’
Theorem 4.1. Under the same situation as in Theorem 1.4, we assume

furthermore that mg = 2, and that ¢ > 2k + 7 (resp. q > 2k + 2). Then, the
condition that ZJ 1 ;JQ) = 23:1 1/;7"2) implies f = g for any two nonconstant
meromorphic (resp. entire) functions f and g.

Proof. Similar to the proof of Theorem 1.5, if we assume H # 0, then
(3.1), (3.2) and (3.3) hold.
By Lemma 2.2 and noting the fact that V%’z) = 1/?3’2)7 we have

N(r,u%( ) <

N(r,7,) < N(r, 7% ) + O(1)

I

<
Il
—

IN
N = N =

NG+ 0(1) < 570, ) + G N(r,5°) + 5(r, ),

N~

T(r,9) + SN(r,75%) + S(r, g);

and N(r, Dg}(?)) < 5
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therefore,

(4.1)
N(T,D%)—&-N(T,f/g)+N(7“,l7%,(3)+N(7“ 17%(3) —N(’I“ E%l))

_ 1 _ 1
< N(r,vp) + §N(T7 Uy Fi(3) ~ QN(T VFl)) + 2N(T VF(3)

N 78) + 5N 7 ) — NG 5% 1) + 5N (58 o)
< SN wR) + 170 ) + TN 7F)

N v) + 2T ) + TN 7°) + 5(7)
< %(N(r, vp) + N(r,vg)) + %(N(r, )+ N(r, ng))%T(r) +5(r)
< {(NG o) + N, p‘;><>))+2q4+ 1T(r) +S(r).

(g+k—-1T(r) < %(N(r, v3°) + N(r, 17°°))

2g+1
+22 (r,7f") + N(r, 7)) + ==—=T(r) + S(r),

which implies (¢ — 2k — 7)T'(r) < S(r). This contradicts the assumption g >
2k + 7.
If f and g are entire, (4.2) becomes

k
2q+1
(43) (¢+k—DT(r) <23 (N(r,o®) + N(r,v)) + q4 T(r) + S(r),
I=1
which gives (¢ — 2k — 2)T(r) < S(r). Noting g is a natural number, This is a
contradiction to the assumption ¢ > 2k + 2.
Both cases imply H = 0, and hence f = g by Lemma 2.1. O

Theorem 4.2. Under the same situation as in Theorem 1.4, we assume
furthermore that my = 1 and that ¢ > 2k + 10 (resp. q > 2k +4). Then, the
condition that Z - f 1) = Z;’:l V;fl) implies f = g for any two nonconstant
meromorphic (resp entire) functions f and g.

Proof. Similar to the proof of Theorem 4.1, for the situation H # 0,
noting that v/, = v ;) and by Lemma 2.2, we have

q
NG e) < YN Ffa) < N o3) <TG 0)+ N (o) + 50

and N(r, uG7(2) <T(r,9) + N(r,v,°) + S(r, 9);
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hence,

(4.4)
N(T7 D%) + N(T7 Dg‘) + N(T, 52‘,(2) + N(T, ﬁg,(Z) - N(T7 D%,l))

1 1
< N(T, ﬂ%) - §N(T, ﬁ%,l)) + N(T7 D%,(Z) + N(T7 Dg‘) - §N(T7 Dg,l)) + N(rv 17(%,(2)

IA

NG 0) + T(r, f) + N(r,57) + 5 N(r, ) + T(r,9) + N(r,55°) + S(r)

IN
| = DN =

(N(r7 V%) 4+ N(r, yg)) + N(r,v7) + N(r,v;°) +T(r) + S(r)

< NG + N o) + T2200) + 50,

Combining (3.1), (3.2) and (3.3) with (4.4) yields
(q+k—1T(r) <3(N(r, o) + N(r,75°))

4.5 k
o Z (r. 7§ (’d’))+¥T()+S(r),

which shows (¢ — 2k — 10)T'(r) < S(r). This contradicts the assumption ¢ >
2k + 10.

If f and g are entire, (4.5) becomes
k
(4.6) (¢+k—-1)T(r) < 22( (r, uf Y+ N(r,7ih) + TQT( )+ S(r),
1=

which implies (¢ — 2k — 4)T'(r) < S(r). This contradicts the assumption g >
2k + 4.
Both cases imply H = 0, and hence f = g by Lemma 2.1. U

5. Proof of Theorem 1.6

Set F':= P(f) and G := P(g). Then the condition Zgzl 17}” = Z;’ L Vg’
implies 7% = 17%. Similarly, we know that any common simple zero of F' and G
is a zero of H if H # 0, where H is the same one as that defined in Section 3.

For two divisors vy and vy satisfying vy = vs, define

Vip(z) = { vi(2), if vi(2) > vj(z) with {4, 5} = {1,2};

0, otherwise.
- [ n(z), ifni(z) = ()
for i =1, 2 and vig2,c(z) = { 0, otherwise.

Then, if H # 0, we have

k
(5.1) N(r,v§7) Z (r, Z/f )+ N(r, Vd‘)) + N(r, Z/FD) + N(r, Z/G D)

+N('r,1/f )+ N(r,v°) + N(r, z/f,)JrN(rz/ )+ O(1).
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Applying the second main theorem to the functions f, g and the values
ay, az, -+, Gq, dy, da, -+, di, 00, respectively to conclude that
(5.2)
(g+k—-1T(r) < N(r 17f )+ N(r, vy )+ N(r, Z/F)+N(r VG)

+ Z (r,70') + N(r,vg)) = N(r,0%,) = N(r,09,) + S(r).

Noting that the intersection of the support of the divisors D%&G .2 and
Dg’D is empty. A simple computation leads to

N(’I“, D%&G,Q(?) + N(T7 D?;}D) + N(T7 Dg) < N(n Vg) < T(T, G)

Since 7% = v, we could derive that

vp = Dg’&ac,n + Dg’&ac,(z + 17%,@ + 172:,97
and we could further obtain
N(r,vp) + N(r,7¢) = N(r, Vpgg.eny) + N Vpgg e o)
(5-3) +N(r,vpp) + N(r,vgp) + N(r,vg) = N(r,Vpecen)
+ N(r, ﬁ%,p) +T(r,G) < N(r, D%&G,C,l)) + N(r, 17%,1)) +4qT(r, 9).

Substituting (5.1) and (5.3) into (5.2), noting the fact that N(r, E%&G,C )
< N(r,v%) by similar reasonings as those to (3.1), we could derive

(q+k—1T(r) <2(N(r,v¥) + N(r,vy°) —l—ZZ r,Vf +N(ru M)

+2N(r, 17%,9) + N(r, VG,D) + qT(r, g) +S(r).

Interchanging the positions between f and g, we obtain

(q+k—1)T(r) <2(N(r,v5°) + N(r,75°) —l—ZZ +N(7‘V M)

+ N(r, ’7%@) + 2N (r, VG,D) + qT(r, f)+S(r).
Summing up the above two inequalities, we get

(5.4)
(¢+ 2k —2)T(r) < 4(N(r,v5°) + N(r,7,° +4Z (r,78") + N(r, 7))

+ 3(N(r7 D%)D) + N(r, Z/GD)) + S(r).

Since we assume that the union of the sets of the double a;-points of f for
j=1,2,..., qis the same as that of g, then I/%,D(Z) > 3 if it does not vanish
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at point z, and analogous property holds for Vg,D. Similar to the methods
employed in the proof of Theorem 4.1, we can obtain

N(r,o8:p) < N(r,#h ) < 5T ) + 5N 75°) + S, )

1 1
and N(rvﬂg,D) < N(T7Dg,(3) < ET(T,Q)-F EN( 7D§o)+5(7"»9)~

Hence, (5.4) becomes

(g + 2k —2)T(r) <
(5.5) k

which means (¢ — 2k — 9)T(r) < S(r). This contradicts the assumption ¢ >
2k + 9.
In particular, in the case where f and g are entire, (5.5) becomes

k
(5.6)  (q+2k—2)T Z (r,7%) + N(r,51)) + gT(r) + S0,

which implies (g — 2k — 2)T(r) < S(r). This contradicts the assumption ¢ >
2 + 1.
Both cases imply H = 0, and hence f = g by Lemma 2.1. O

Remark. The polynomial given by G. Frank and M. Reinders in [2]

PFR(y) = qu —q(qg—2)w?t + (]((]2771)@172 —¢o (ep#0,1)
is a uniqueness polynomial in a broad sense for the case k = 2 by Theorem 1.2
whenever ¢ > 5. Also, according to their original argument in [2, p. 191, CASE
2], we know that PFE(f) = cPIE(g) implies PFE(f) = PFf(g) whenever
g > 7 (resp. ¢ > 6) for any two nonconstant meromorphic (resp. entire)
functions f and g. Hence, if we denote its zero set by ST, there exists an
unique range set. That is ST with the weaker value-sharing condition that
i V;f'rng) =31, 1/5%0) (aj € SFE j=1,2, ..., q) consists of 11, 12 and
15 (resp. 7, 7 and 9) elements for any two nonconstant meromorphic (resp.
entire) functions for cases mg > 3 or mg = 0o, mg = 2 and my = 1; and an
URSM-IM (resp. URSE-IM), i.e., SF'E together with the condition that the
union of the sets of the double a;-points of f for j =1, 2, ..., ¢ is the same as
that of g, consisting of 14 (resp. 8) elements.

6. Some applications

It is interesting to know that, for any two nonconstant meromorphic func-
tions f and g with N(r,v3°) = (r f) and N(r,v2°) = S(r, g), the conclusions
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of our results for the cases of entire functions hold. Hence, the differences be-
tween the lower bounds of ¢’s for cases of meromorphic functions and those for
cases of entire functions derive from the two quantities N (r, v$°) and N (r, v7°).
In the following, we shall make a research on the influences of these two terms
on the lower bounds of ¢’s for cases of meromorphic functions more accurately,
and the natural instrument for our research is the quantity © ;(co) defined as

0(00) = 1 i N(r,v3)
©):=1— limsup ———
! r—+oo,r€Rt T(T f)

Obviously, 0 < © f(oo) < 1. Moreover, Nevanlinna’s second main theorem
with counting functions of reduced form says that ZaE(CU{oo} ©f(a) < 2 for
any nonconstant meromorphic function f, and the upper bound 2 is attained
by the exponent function e* since O, (0) = O, (0c0) = 1.

Theorem 6.1. Under the same situation as in Theorem 1.4, we as-
sume furthermore that ©y(c0) + O4(00) > 3 +k — 1 for the cases mg > 3 or
my = 00; that Of(00) + Og(c0) > m for the case mog = 2; and that
Of(oc0 )+ ©4(00) > M for the case mg = 1. Then, the condition that
Zj 1 fmo) Z] 1 I/g o) implies f = g for any two nonconstant meromor-
phic functions f and g.

Proof. Similar to the proof of Theorem 1.5, if we assume that H # 0,
then (3.5) holds for the cases mg > 3 or mg = co. For any given £ > 0, noting

that 2 Xk:( N(r, 17?’) + N(r,vg")) < 2kT(r), we have
61
(2k—q+2)T(r)+4(1-0O(c0)+e)T(r, f) +4(1 —O4(00)+€)T(r,g)+S(r) > 0
Set To(r) := max{T(r, f), T(r,g)}. Then, T(r) < 2Ty(r). With this
notation and noting that 0 < ©;(co0) <1, (6.1) becomes
(4k — 2+ 12 — 4(Of(00) + O4(00) — 2¢)) T (r) + S(r) >0

which derives a contradiction since we may take € as small as we like.

For the cases mg = 2 or my = 1, analogous analysis as above with (4.2) or
(4.5) respectively would still yields contradictions if we assume H # 0. Thus
H =0 and by Lemma 2.1, we have f = g. U

Theorem 6.2. In the same situation as in Theorem 1.4, we assume
furthermore that © f(c0) 4+ O4(c0) > w. Then, S is a URSM-IM.

Proof. Similarly as in the proof of Theorem 1.6, if H # 0, (5.4) holds.

Generally speaking, v p(z) > 2 if V%D(z) # 0, and 1/2;7D (2) > 2 if
1/2;7D (2) # 0. Similar to the methods employed in the proof of Theorem 4.2, we
can get

and N(r,vgp) <
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Hence, (5.4) becomes
(q+2k =2)T(r) <T(N(r,v) + N(r,5%)) + (4k + 3)T'(r) + S(r),
and then we have
(6.2) (4k — 2+ 24 — 7(©f(00) + O4(00) — 2¢)) T (r) + S(r) > 0.
This is a contradiction against our assumption follows immediately. 1

Concluding remark. Now, we turn back to PFf(w) for illustration
again. From the argument in [2, p. 191, CASE 2], we know that PFE(f) =
cPFE(g) implies PFE(f) = PFE(g) whenever ¢ > 6 for any two nonconstant
meromorphic functions f and g if either ©¢(co) > 0 or ©4(c0) > 0. Hence,
we know that there exists an unique range set, say, S¥%, it consists 7 elements
for any two nonconstant meromorphic functions f and g, with the assumptions
that >35_, v} =31, y;fho) and Oy (00) + O4(00) > 2 (resp. Of(oc0) +
Oy(c0) > L) for the cases mo > 3 or my = oo (resp. for the case mo = 2).
While an URSM-IM, say, S% consists 10 elements with the assumption that
O (00) +Oy(c0) > 2, where 7 and 10 are the best-known lower bounds of the
numbers of elements of any URSE and URSE-IM, respectively. A special case
of these results with mo = co was obtained by Y. Xu in [9] as below

Corollary 6.3 (]9, p. 1490]).  Let f and g be any two nonconstant mero-
morphic functions such that © s (00)+©,(c0) > 3. Then, there exists an URSM,
i.e., STR consisting of 7 elements. In particular, there exists an URSM con-

sisting of 7 elements whenever ©f(00) > 3 and Og4(c0) > 3.
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