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The relation between stationary and periodic
solutions of the Navier-Stokes equations in two
or three dimensional channels

By

Teppei KOBAYASHI

Abstract
In this paper we will consider whether there exists a time periodic
solution of the Navier-Stokes equations for infinite channels in R"(n =
2,3). H. Beirdo da Veiga [4] treated such a problem. This paper is the
special case of his paper and we argue the relation between the existence
of stationary and time periodic solutions of the Navier-Stokes equations.

1. Introduction

In a bounded domain D C R™(n = 2,3) we consider the Navier-Stokes
eqautions

(1.1) %—1: —vAu+(u-V)u+Vp=f in (0,7)xD,
(1.2) divu=0 in (0,T)x D,
(1.3) u=06 on (0,T)x0D.

Then the boundary condition 3 must satisfy

(1.4) B(t) -mdo =0 (vt e (0,T)),
oD

where n is the unit outward to dD. We call the condition (1.4) “General
Out flow Condition”, (GOC). Let v;(1 < j < L) be boundary components of
D. If 3 satisfies

(1.5) / B(t)-mdoe =0 (Ve (0,T), 0<j<L),

J

the condition (1.5) is called “Stringent Outflow Condition”, (SOC).
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H. Fujita [6] proved the existence of stationary solutions of the Navier-
Stokes equations with the Dirichlet boundary condition satistfying (SOC). V. L.
Yudovié¢ [21] proved that there exists a time periodic solutions of the Navier-
Stokes equations with the Dirichlet boundary condition satisfying (SOC). H.
Fujita [7] ensured that in a certain symmetric bounded domain there exists
symmetric stationary solutions of the Navier-Stokes equations with the sym-
metric Dirichlet boundary condition satisfying (GOC). H. Morimoto [15] and
T-P. Kobayashi [11] proved that there exists symmetric time periodic solu-
tions of the Navier-Stokes equations with the symmetric Dirichlet boundary
condition satisfying (GOC'). We appreciate that in some situations there exist
stationary solutions and time periodic solutions of the Navier-Stokes equations
under the same condition. We know that there exists statioary solutions of the
Navier-Stokes equations with the nonhomogeneous boundary condition satis-
fying (GOC) besides H. Fujita [6], [7]. For example, see W. Borchers and
K. Pileckas [5], G. P. Galdi [9], H. Fujita and H. Morimoto [8]. In this paper
we will prove that for two and three dimensional unbounded channels there
exists time periodic solutions of the Navier-Stokes equations under the same
condition as the existence of stationary solutions of the Navier-Stokes equations
with the Poiseuille velocities investigated by C. J. Amick [2]. The condition of
the existence of stationary solutions of the Navier-Stokes equations is stated in
the Section 4.

2. Problem

Let w; be an infinite channel which is centered on the z;-axis with the
radius aq, that is to say,

(n=2) w ={reR%—a; <xp<ay},
(n=3) w ={zeR%@}+22)7 <a}.

Let ws be an infinite channel which is centered on a certain line with the radius
ay. Without loss of generality, the center line of wy is the z}-axis, that is to
say, for a fixed y € R? or R3

(n=2) wy= {2 =0r+yzeR?—ay<ah<as},
(n=3) wy={e' =0z +y;zecR((xh)?+ (24)%)* < as},

where O is an appropriate matrix. The Poiseuille velocities
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are the basic flows in wy or ws respectively with a flux a. We suppose that

wio = {z € wi;z1 <0},
woo = {a’ = Ox + y; & € we, x} > 0}.

Let © be a smooth and unbounded domain in R"(n = 2,3) and 90 be a
boundary of the domain 2. We suppose 2 Nwig = wig and Q Nwsg = wayg. Let
wo be Q\ (w19 Uwsyp). The domain wy is bounded but not smooth. The domain
wo has multiple boundary components.

The domain €2 is filled with an incompressible viscous fluid. Here let
u = u(t,z), p=p(t,x) and be the unknown velocity and pressure of the fluid
in € respectively. Let v be the kinematic viscosity. Then in the domain 2 we
consider the nonstationary Navier-Stokes equations

(2.1) (?)_1; —vAu+ (u-V)u+Vp=f in (0,7) xQ,
(2.2) diveu=0 in (0,7)xQ
with the boundary condition

(2.3) u=0 on (0,7) x 09,

(2.4) u—VF as |z —oo in wyp (i=1,2)

9

and the time periodic condition
(2.5) u(0) =u(T) in Q,

where f is the prescribed external force. We know that there exists a smooth
vector function V' which satisfies

(2.6) divv?=0 in Q,
(2.7) vP=0 on 0,
(2.8) VP=Vvl in wo (i=1,2).

See C. J. Amick [2]. Let us call V¥ “the extended Poiseuille velocity”. Set
v=u— VP, then we obtain

(2.9) %: —vAv+ (v- Vv + (v-V)VE + (VP . V)v + Vp

=f-—vAVP (VP V) VP in (0,T) x 9,

(2.10) dive =0 in (0,7) x 9,
(2.11) v=0 on (0,7) x 09,
(2.12) v—0 as |z| — oo,
(2.13) v(0) = v(T) in Q.

In more genaralized infinite channels (than treated in this paper) H. Beirao
da Veiga [4] proved that there exists the time periodic solutions of the Navier-
Stokes equations with a small time periodic fulx. S. Kaniel and M. Shinbrot
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[10] studied the uniqueness of time periodic solutions of the Navier-Stokes equa-
tions in three dimensional bounded domains. J. L. Lions [13] considered time
priodic problems for the Navier-Stokes equations with the homogeneous bound-
ary condition. A. Takeshita [18] studied the existence and uniquness of time
periodic solutions of the Navier-Stokes equations in two dimensional bounded
domains. H. Morimoto [15] proved that in a two dimensional bounded symmet-
ric domain there exists symmetric time periodic solutions of the Navier-Stokes
equations with the time-independent symmetric Dirichlet boundary condition
satisfying (GOC). T-P. Kobayashi [11] treated similar problems to H. Mo-
rimoto [15] with the time-dependent symmetric Dirichlet boundary condition
satisfying (GOC).

3. Preliminary

Before we state our results, we introduce some function spaces.

C5e () is the set of all real smooth vector functions with compact support
in Q. C§5,(©2) is the set of all C§°(2) functions ¢ with dive = 0. V(Q)
and H () are the completion of C§%,(2) with respect to the usual H'(£2) and
L2(£2) norm respectively. HJ(Q) is the completion of C5°(2) with respect to
the H'(Q) norm. || - ||2.0 and (-, -)q denotes the L? norm and inner product on
Q respectively. We often omit 2 from || - |2, and (-, -)o. H}(Q) and V() are
the Hilbert spaces with respect to the inner product ((u,v))q = (Vu, Vv)q.
We usually omit Q. Let (V(Q)) and (H(92))’ be the dual spaces of V() and
H () respectively. Then we obtain inclusions

V(Q) Cc HQ) = (H (%)) c (V(Q)),

where the inclusions are dense and the injections are continuous.

Let X be a Banach space. L?((0,7); X) is the set of all the measurable
functions w(t) with values in X satisfying fOT lw(t)||%dt < oco. L>=((0,T); X)
is the set of all the measurable functions w(t) with value in X satisfying

esssupPe (0,7 [lu(t)||x < oo.
In this paper we use following Lemmas. These Lemmas are used in various
situations except the last Lemma.

Lemma 3.1 (The Poincaré inequality).
The inequality

ulla < CQ)|Vaulls  (u € Hy(2))
holds true, where the constant C () depends on ().

Lemma 3.2 (R. Temam [19]).
For all u € H}(Q), the inequalities

1
(n=2) |lulfsq) < 27[lul2lVull,
1 3
(n=3) |lulfsq) <2lull3 Va3

hold.
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For any vector function u, v and w, we define
2 v;
Vv, w) = i—Lw,dz.
((u- V)v,w) /Q Z u (‘3xiw] x
1,7=1
Then a following Lemma holds.

Lemma 3.3 (R. Temam [19]).
The inequality

[(w- V)v,w)| < C|Vul2|| Vo2 Vwlz  (u, v, w € Hy(2))
and the equalities

(w-V)v,w) = —((u-V)w,v) (uecV(Q), v, wecH(Q)),
((w-V)v,v)=0 (w e V(Q), veH (Q)).

hold.

Lemma 3.4 (K. Masuda [14], Lemma 2.5).

For any ¢ > 0 and wz € C([0,T];L™(R)) (n = 2,3), there exist a con-
stant M, an integer N and functions 1, € L2(Q)(j = 1,...,N) such that the
inequality

T T
| 1w Vywawldr < e [ (1901 + [Tl + [ o e )i
0 0

N T
M )2d
4 ;/ (w1, )Pt

holds for all wy, wy € L((0,T); V(Q)).

We define a functional 7 from
(3.1) € V(Q) = u(TVF, V) + (VP - T)VF ),
where V' is defined in (2.6), (2.7) (2.8).

Lemma 3.5 (C. J. Amick [2], p. 490-p. 491).
The map 7 is linear and continuous functional on V().

Therefore r € (V(Q2))’ satisfies

vy (reve =v(VVE Vo) + (VI -VIVP, ¢) (peV(Q)).

4. Main Theorem

Firstly we define the weak and time periodic solution of the Navier-Stokes
equations (2.1), (2.2), (2.3), (2.4), (2.5).
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Definition 4.1.

A measurable function w = u(t,x) on (0,T) x Q is called a weak solution
of the Navier-Stokes equations (2.1), (2.2), ( 3), (2.4), (2.5), if and only if
v:=u — V¥ belongs to L>®((0,T); H(Q)) N L2((0,T); V(Q)) and v satisfies

/0 (0,0 + (0, 9)) + (- Vv, )
(4.1) +((v-V)VT, @) + (VT - V)v, ) }ydt

T
:/0 @) (F,p)vodt (¢ € V(Q), ¥ € C57(0,T)),

where F' equals to f — r. Moreover the weak solution w is time periodic, if v
is a weakly continuous function from [0, 7] to L?(2) and satisfies

(4.2) v(0) =v(T) in L*Q).
We call u “a time periodic weak solution”.

Hereafter (-,-) represents (v (qy) (-, -)v(Q)-
Secondly we define a constant concerned with the Poiseuille velocity.

Definition 4.2.

We set
(4.3) ;= sup (e V)o. Vi), (1=1,2)
peviw) Vel
and
(4.4) o = max{oy,02}.
Remark 1. The constant ¢; does not depend on the domain 2. The

constant o; depends only on the channel w; and the flux of the Poiseuille ve-
locity. C. J. Amick [2] defined the constant (4.3) in two and three dimensional
infinite channels. In two dimensional infinite channels H. Morimoto and H. Fu-
jita [16] and H. Morimoto [17] used the symmetric version of o.

We know that in two dimensional channels the following Proposition holds
true.

Proposition 4.1 (C. J. Amick [2], H. Morimoto and H. Fujita [16]).
If n = 2, the constant o; is positive and

01 =02

holds true.
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For the proof of Proposition 4.1, see H. Morimoto and H. Fujita [16], p.461,
Lemma 2. In the two dimensional channels, the constants o7 and o depend
only on the flux «, that is to say,

o =01(= 09).

holds true.
But in the three dimensional channels the above Proposition does not hold
true. We obtain the following Proposition.

Proposition 4.2.
If n = 3, the constant o; is not negative and

101 = 202
holds true.

Therefore in the three dimensional channels w; and ws, the constants o
and oy depend not only on the flux o but also on the radii a; and as of the
channels w; and ws respectively. If a; < ag holds true, we obtain o1 > o5. For
the proof, see the last section.

Remark 2. Inthe two and three dimensional channels the explicit value
of the constants o7 and oy are shown in the paper of C. J. Amick [3].

Remark 3 (Stationary results).

Supposing ¢ < v (kinematic viscosity), C. J. Amick [2] proved that there
exists weak solutions of the stationary Navier-Stokes equations in the two and
three dimensional infinite channels. In a two dimensional symmetric semi infi-
nite channel H. Morimoto and H. Fujita [16] proved that there exists symmetric
weak solutions of the stationary Navier-Stokes equations with a certain symmet-
ric Dirichlet boundary condition satisfying (GOC') using the symmetric version
of 0. Supposing o < v (where o is the symmetric version), in a two dimen-
sional symmetric infinite channel H. Morimoto [17] obtained symmetric weak
solutions of the stationary Navier-Stokes equations with a certain symmetric
Dirichlet boundary condition satisfying (GOC).

Using the constant o, we obtain the following result.

Theorem 4.1.

Suppose that f belongs to L*((0,T); (V(Q))') and o < v.

Then there exists a time periodic weak solution of the Navier-Stokes equa-
tions (2.1), (2.2), (2.3), (2.4), (2.5).

Remark 4. We understand that in the unbounded channels there exists
stationary solutions and time periodic solutions of the Navier-Stokes equations
under the same condition o < v.
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5. Proof of Theorem 4.1

5.1. Auxiliary Proposition

In this section we argue the proof of Theorem 4.1 for three dimensional
domains. But in two dimensional domains the principle of the proof is similar to
three dimensional domains. Before we state the proof, we present the following
Propositions. For the proofs of these Propositions, see C. J. Amick [2].

Proposition 5.1 (C. J. Amick [2], p. 495-p. 496).
We suppose § € C(R) satisfies 0 < 0 < 1, 6(t) =1 (t < —1) and
0=0(t>0). Forall§ >0, we set

9((5371) (3’5 S u)lo)
95(1') = 9(—5$/1) (Z‘/ S wgo)
0 otherwise.

Then for all € > 0, there exists an s € C§°,(Q) and a constant Cy such

that
((90 : V)‘P» VP) < (("P : V)% 5) + ((‘P : V)‘P» Vpeg)mewzo
+(e+Cod)lIVels (v V(D)
holds true.
Proposition 5.2 (C. J. Amick [2], Theorem 4.3).
) P2
lim sup ((‘P v)‘Pv \4 Zé)wloUwzo —
=0 pev(Q) Vell3
holds true.

5.2. Time periodic solutions in bounded domains

We suppose that {Q"} is a sequence of a smooth bounded domain of Q2 and
satisfies 7 C Q"1 and U,,enQ™ = Q. Let 9Q" be a boundary of Q™. We may
assume that Q' containes the support of s € C§%, () of Proposition 5.1. In the
bounded domain Q™ we consider time periodic solutions of the Navier-Stokes
equations

8—ufz/Au+(u~V)u+Vp:f in (0,

T
ot 0
divu =0 in (0,7) x Q"
u=V?Y on (0,T)x0Q",
u(0)=u(T) in Q"

) x

Let I} (j =0,1,---,J) be conneted components of 9Q2". Then VT satisfies

VP ndS=0 (j=0,1,---,J),

r»
J
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where 7 is the unit outward to dQ", that is to say, V' satisfies (SOC) on Q™.
Therefore there exists a smooth vector function ij € in Q" satisfying

vPe=v? on o00n,
(51) Pe 2 n
[((v-V)v, V3 )a, | <elVollgn  (veV(Q)).

For the proof, see H. Fujita [6] or R. Temam [19], Lemma 1.8 in Chapter 2.
Consequently we obtain u,, satisfying

u, € L*((0,7); Ho (27) N L((0, T); L2 (Q")),
w, is continuous on [0,T] in the weak topology of L*(Q")

and

d

g3 W @lar +V(Vtn, Vo)ar + ((un - V)un, @)an = (f, ¢)n (¢ € V(Q")),
u, =VFY on (0,T)x 09,

u,(0) = u,(T) in L2(Q"),

where (-,-),, denotes the duality of (V(Q™)) and V(2™). For the proof, see
J. L. Lions [13], Section 6.2. We set

o — u, — VP in Qn
m 0 in otherwise.

We obtain

d
2 O @)+ (00 V)

(W VIV 0) + (VP Vo, 9) = (F,p) (9 € V™),
where ¢ € V(2") are extended as a 0 function to Q and F = f —r.

We will prove that ||v,,(0)||2 is a bounded sequence with respect to n. Now
we set ¢ = v, in the equation (5.2). We obtain

ldl
2dt

Using Proposition 5.1, we obtain

(5:3) a3 +vIIVoal3 + (vn - VIV, 0,) = (Fv,).

(vn - V)vg, VP) < (v - V)vn, 8) + (vn - V)vn, Vpeg)wloUwzo
+ (e + Ooa)HanH%.

Using Proposition 5.2, for small enough § > 0 we have
(05 - V)vn, VIO3) < (0 +2)|| Vo3

Therefore

1d

5 gl1vnlls + (v — 0 =32 = Cod)[IVonll3 < ((vn - V)vn, 5) + CI Iy,
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holds true, where the constant C' is dependent on € and we choose € and § such
that v — o — 4e — Cyd is greater than 0. It is easy to obtain from (5.2) the
inequality

d
2 (008) = V(00 5)

- ((’Un ! V)va 8) - ((VP : V)’Un, S) + <F’ 8>

(vn - V)vg,s) =

d
< — 2 (00, 8) + ¢l Voul3 + C(IVs[3 + |1 FIy).),

where the constant C' is dependent on . We set

Kq(t) = C(IVsll3 + 1 FO)1Fy))-

Using the Poincaré inequality, we have

||vn||2+u||vn||2< —2 t(vn’8)+2K1(t),

d

where

v—o—4s — Cyd
c)?

p=2
For ¢ > 0 (smaller than ) multiplying by e(*~€)?, then the inequality
_en d _
O o3 + e o 3

< —Qe(ﬂ—f)ti(vn’ S) + 2K, (t)e(u—f)t
(5.4) p dt
_25{(%, s)e(u—f)t} +2(pn— g)e(u—i)t(vm s) + 2K, (t)e(”—i)t

d . B )
—25{(’07“3)6(‘ f)t}—i—fe(” 5)t||vn|\§+0(|\s||§+K1(t))e(“ ot

holds true, where the constant C' depends only on p and £. Setting
K (t) = C(|lsl3 + Ky (¢))e* 9",
it follows from (5.4) that

d

d
e(n=8t _9 7 (n=8)t
SO o, 2) < —2 (v, 8)e0 O + Kot

(5.5)

Integrating (5.5) on [0, 7], then we have

lon(T)[3e%~9T < 02 (0)5 = 2(0a(T), 8)e™ ™97 4 2(v,(0), 8) + K,

K= /0 " Ky(ndi
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Since v,, is time periodic, for all > 0 the inequality

[0 (0) 3%~ 9T < [l0n(0)[13 + (llva(0)II3 + ClIs|[3)e T
+llva(0)[3 + Clls3 + K

holds true, where C depend only on 7. We set

H = Ke 097 4 Cls|B(e 0T 4 1),
y=1-n—(14n)e WO,
Choosing 1 > 0 such that - is greater than 0, we fainally reach

H
v 2 <=
(5.6) [on(0)]2 < -

Therefore {v,,(0)},, is a bounded sequence of L?(2).

5.3. Weak limit
For the equation (5.3), we obtain

1d
(5.7) §@|Ivn||§ + (v = &)|Vunll3 < [((vn - VIV, 00)| + ClIF Iy

The inequality
(5.8) (v - V)V, 0,)| < C(VE)|wnll3

holds true, where the constant C'(V¥') depends only on the extended Poiseuille
velocity VP, Using (5.8) and the Gronwall inequality and intergarating (5.7)
from 0 to ¢ (< T'), we obtain

H T
(5.9) Joa () < VT 1 0 / VI B2, dt.

We define L; as the right hand side of (5.9). Intergarating (5.7) on [0,T7], we
see that

T 1 T
(5.10) / ||an||§cztgy—E C(VP)TL1+C/ I1F |2y dt
0 - 0

holds true.
For any ¢ € C§,(92), there exists an N € N (depending on the support of
) such that (v, (¢), ¢)n>n is uniformly bounded and equicontinuous on [0, T
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with respect to n because a culculation

[(0n(t), ) = (vn(s), )

[ i), pyir

S/”|((vn780))|+|((vn-V)vm<P)|Jrl((vn~V)VP,<f))|
+ (VP V)ou, )| + [(F,¢)ldr

t
1 1 3
< / Va2 + 22 |02 [ Vn 13
S

+C(QCV)[Voullz + | Fllvy) Vel 2dr
< (Lot — 8| + La|t — /1) [|Vep|l2,

yields, where the constant Lo depends on the right hand side of (5.9), (5.10)
and F' and the constant Ls depends only on the right hand side of (5.9) and
(5.10).

Since we know that the time periodic solution {v,} is a bounded sequence
in L>((0,T); H(Q))NL3((0,7); V(Q)) with respect to n, therefore there exists
a subsequence {v, } of {v,, } and some v € L>((0,T); H(Q))NL((0,7); V(Q))
such that

L>((0,T); H(Q)) weak star
'V

(5.11) Vpp — U in { £2((0,7): V(Q)) weakly (k — o).

For any ¢ € C§, (), there exists a subsequence {vn;} of {v,x} such that
(5.12) Jim (vnri; 0) = (v, )

holds true by using the Ascoli-Arzela Theorem. Let us prove (5.12) for any
¢ € L2(Q). Since we know L2(Q) = H(Q) @ (H(Q))*, we have ¢ = ¢, +
e, (¢, € H), @, € (H(Q))*). For any § > 0 there exists a o) € C5,(2)
such that

les = @oll2 <8
holds true because C§5,(£2) is dence in H (£2). We have

T L T e U]
| <2115+ (0 — v o)),

because v,, is bounded in L>((0,7); H*(2)). We can choose a subsequence

{vni }k of {v,}n such that the second term of the right hand side of (5.13) goes

to 0. For any ¢ € L%(Q) there exists a subsequence {v,,;} such that (v,x, )

converges to (v, ¢) uniformly on [0, 7.
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5.4. Time periodic solution

Let ¢ be C§5, (). Then there exists an N € N (depending on the support
of ¢) such that (5.2) holds true for ¢ and n > N. Mulitiplying (5.2) by
¢ € C§°(0,T) and integrating on [0, T], we obtain

/0 —(Vn, )¢ + {V((vn, @) + (v - V)i, )
(5.14) + (0 - VI)VE @) + (VP - V)i, @) bodt

= /OT<F7¢>¢dt-

We know that there exists a subsequence {v,;} such that the the left hand side
of (5.14) except the nonliner term converges to

T
/0 —(v,9)¢' +v{((v,9)) + ((v- V)V, ) + (VI - V)w, o)} gt

using (5.11). We will prove

T T
615) [ (e Dot — [ (- Vv isdt (ko).
Since
/((vnk'v)'vnkvﬂo)(bdt—/ (v-V)v, p)odt
(5.16) 0 0

T

T
= / ((vnk - ’U) - Vo, ‘P)(bdt - / (’U ' VSO, Unk — ’U)gZSdt.
0 0
We consider the first term of the right hand side of (5.16). By Lemma 3.4, for

any § > 0 there exist a constant M, an integer N and ¢, € L>(Q)(I=1,...,N)
such that the inequality

T
/ (Ot — ©) - Vo, dip)dt
0

T
(5.17) < 5/ (IVvnr = Vo3 + [[VOnkll3 + [lvnk — vll2l|Vonkll2)dt
0

N T
3 / (o — v, 10, .
=1

holds true. Since the time periodic solution {v,x} is a bounded sequence in
L*((0,7); H(R)) N L2((0,T); V(Q)) with respect to n, there exists a constant
M independent of n such that

T
5 / (190 — Vo2 + [ V0nill2 + [0k — ]2 Vongll)dt < My
0
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holds true. Next we turn to estimate the first term of the right hand side of
(5.16). Since we know that ¢v - Ve belongs to L2((0,T);L?(2)), we obtain the
decomposition

d(t)o(t) Vo = Bo(t) + (1) (Po(t) € H(Q), ®p(t) € (H(Q)T).

It is easy to see that @, belongs to L2((0,T); H(f2)) and the equality

T T
/ (v -V, v, — v)odt = / (®y, Vpg, — v)dt.
0 0
holds true. Consequently it follows from (5.16) that

T T
/ ((vnk ’ V)'Unka QO)QSdt - / (('U : V)’U, QD)d)dt

0 0

(5.18)

N T T
§M16+Z/ (v — v, ;) 2t + / (@, v — v)dt
=170 0

As k goes to infinity, the thrid term of the right hand side of (5.18) converges
to zero. We choose a subsequence {vnj;}ien such that the second term of the
right hand side of (5.18) converges to zero. Therefore we obtain (5.15) for the
subsequence {vnk;}ien. We know that (5.14) holds true for the subsequence
{Vnki}ien. Therefore v satisfies

/0 —(,0)¢ + (U, 9) + (v VIv, )
(0 VIVE @)+ (VP - V), @)}t

:/0 (F,p)pdt (¢ € CF,(Q),0 € C32(0,T)).

Since C§%,(€2) is dence in V/(£2), we obtain

/0 —(0,9)¢' + {v(v,9)) + (v V)v, )
(5.19) + (v-VYVT @)+ (VP - V)v, ) edt

T
- [ tFopedt (e viR)oe 0.1,

Namely if we set u =v + VT, then u is a weak solution.

Lastly we make sure that the weak solution u is time periodic. Since it is
obvious that for any ¢ € L2(2) there exists a subsequence {v,}x such that
(5.12) holds true with respect to ¢, therefore we obtain

(v(0) = v(T),¢) = (v(0) = vux(0), @) + (Vnr(T) —v(T), ) = 0 (k — 00).
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Consequently, we see that u is certainly time periodic. O

6. Proof of Proposition 4.2

In this section we prove Proposition 4.2.

Firstly, we prove o; is not negative. Without loss of generality, we may
prove it in the channel w;. Let ¢ be V(wy). Set €(z) = ¢(—=z). Then £ belongs
to V(w1). We obtain

(- V), Vi) (€ V)&V ),

”v@”]%?(wl) T Hvﬁ”%ﬂ(uﬁ)

by a direct calculation. Therefore we get the inequality

—0, < ((£ i V)£7 Vf)un

<—=i5—— <o01.
Ve,

Therefore o7 is not a negative number.
Secondly, we prove ajo; = agos. Without loss of generality, we may
assume that the channels w; and wy are centered on the xj-axis. Let ¢ be

V(wy). We set
_a, (o
wlo) = 2o (L),

Then % belongs to V (ws) and we obtain the equations

2
((‘P : V)S": V{D)Lﬂ = %((dj : V)¢7 Vg)tdm
ag

IVellE2 ) = a—ll\V¢IIEZ(w2)-

Therefore the equation

(- V)@, V1), (- V)Y, V).,

ai = az
||V‘PH]%2(W2) ||v'¢'||1%2(w1)

holds true. This proves ai101 = ag0s. O
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