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— %, and by choosing an arbitrary cycle 2z° which represents
a homology class Z' of B™, the s-th Stiefel class C, of RB" and the
s-th Whitney class W, of the normal sphere bundle over R™ are
expressed by the formulas
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Writing the form 6* and ¢° in detail, we get
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It is however possible to show that the characteristic classes
of the bundles over K™ may be expressed, without using the forms
on tangent or normal bundles, but in terms of the forms //"' on
B! by integrating over the suvitable cycles in ¥"7'. In the follow-
ing sections we shall make clear the relations between the classes
of the bundles over R™ and the forms //"~' on B .

§ 3. The characteristic classes of the normal bundles

Denoting by Pe,e,,.,---e,_, any element of the (p—s+1)-frame
bundle B**™"' over K" and defining the natural projection p: B+~
%94';:; by .

/“Pem CopprC u—-s:P"’m+l Cy Q‘H-m

the form //**"~' on B**™~' is now given by
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Then, in view of (12) and (20) it holds in N° that
(24) VR=25"— 3 0o .

For a cross-section 7:L'—N* and an oriented s-cell o* of L™,
we have an oriented cell go* in 9. Then T (ys*), which is
homeomorphic to the topological product of o* and the (m—1)-
sphere S™~', may be regarded as an (s+m—1)-chain in 8+,
Therefore, to an s-chain y* of L™ with integral coefficients, an
(s+m—1)-chain T'(7;*) in B*"' corresponds, by considering that
the correspondence T is linear with respect to the cells of L™

Since T(go*) depends on s local parameters of 9%° and m—1
parameters #u,,;, the terms in the expressions of the forms /7{*"!
vanish in T(§¢*) except ones being 2/<_s and involving the factor

Am_l =W Wyt (')m,m-l .
Hence, according to (10) we have in T(ga*)
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where #, =u,,;. On the exterior product of linear differential forms
¢ 4 possessing two indices, we shall introduce the following symbols:
‘/)AI’H['AW"'SI’AjQ:‘/}AM'z“'/‘ji’z(j)
and
‘/’,»1,;(:_. -u(j:()(j)5{'31132-”]}‘,;R(Ic\"'s('(,'](,'g TR0
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The form A" '=(—1)" "o mei:mmn gives the surface element
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of the tangent (m—1)-sphere S“' of R" over a point Pe R"
described by the unit vectors Pe,. Expanding (25), we have
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It has been known that if u,, ., ---, #,, denote the components of
unit vectors whose origins are a fixed point in an m-dimensional
Euclidean space, the integral

I:S ulllunlﬁ...um[mA’"“'

S m—1

over the unit sphere S™' is zero unless all exponents L, I, ---, I,,
are even, and in the later case
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where [;=2k, and k=k,+ k,+--- +k,. Integrating the form over the
tangent sphere S”' and employing a relation on the Gamma
function

)

for a positive integer x, we obtain if s is even
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and if s is odd
(27) | 0.
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On the other hand, expanding the expression of the form ¢* into
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which the ‘relations (24) are substituted, we can easily see that the
right hand side of (26) .coincides with —@°. Consequently it
follows that

(28) _ e = e,

sm—1

Taking into account that T'(Ho') is homeomorphic to Fo*xS™,
we get from (16)
(29) (__1)nW3.Zs ;j (],s=_j ”a+m—l.
gzs (2%
Thus we have obtained the formula which expresses the Whitney
classes of the normal sphere bundle over ™ in terms of the forms

11" on B,

§4. The Stiefel classes of a submanifold and some rér‘n'qus

Similar consideration as in the preceding section may be applyed
to the tangent bundle over R". We shall only sketch its outline.
Any element of the (m—s+1)-frame bundle ¥**~' is now denoted
by Pe,. e+, e,., and the natural projection p:B***~' -8 is
defined by

#P(s+les+. ‘ m(’nrl-l"’P’s-{-l()s%" ,m .
The form /757" on V+~' is now given by
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Then it holds that
09 = 05— 3 0,0,

a=m+1

in ". Taking a cross-section 7:L*—Z*, we have now in N(yo*)
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where v,=0,,11 «, and the form A”"'=(—1)""" 012150 mt10-1 EIVES
the surface element of the (p—1)-sphere S?~ described by the
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normal vectors Pe,,., at a point P ¢ R™. By a same calculation
as in the preceding section we get finally
(30) —| [Isri=6,

sr-1

and it follows that

(31) (-0 Cozz| == 1o
gz N(g2®)
We have thus obtained the formula which expresses the Stiefel
classes of a submanifold in terms of the forms //™' on ¥"~'. When
s=m, (31) coincides with Chern's formula.” The case s=1 is
trivial, since the class is zero.

It can be proved that the formula (30) and (31) also hold in
the case m=n—1 which was excepted in our considerations:
that is, we can regard the formula (5) as special case of (30) when
m=n—1. In fact, (5) may be rewritten as

(32) — I+ (=D =2 (r<n).

On the other hand, by changing the orientation of the vector
Peg..yy, the forms wg,,.y are transformed to —wy4, .+, and so /I~
to (—1)"//". Hence, the form in the braces of the left hand side
of (32) is nothing but the integrated form of //***~' over the 0-
sphere S" consisting of two normal vectors of R™ at a point.
Furthermore the relation (4) can be regarded as the formula
(30) for m=mn.

Consequently it has been made clear that the forms £7, & and ¢,
which represent the characteristic classes of various bundles induced
from the tangent sphere bundle over ER*, are systimatically derived
from the forms //” which are essential to represent the deformation
cochains of frame ficlds in R™

At the end of the paper, the author wishes to express his
sincere gratitude to Prof. J. Kanitani for his kind guidance and
encouragement throughout this work.

4) S. S. Chern: On the curvatura integra in a Ricmannian manifold, Ann. of
Math., 46 (1945), p. 679.



