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and b y  ch o o sin g  an a rb itra ry  cycle z ' which represents
a homology class Z ' of t h e  s-th Stiefel class C. o f R"' and the
s-th Whitney c lass 147 , of the normal sphere  bund le  over 11 -  are
expressed by the formulas

(15) ( — 1) 8 C, ,

(16) ( — 1) 8 W, Z 80 ' .

W riting the fo rm  0' and O s in detail, we get
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0 s is odd.

where

(19) 6)0 E ,
h=s+1

71 — $

(20) OV--= 0. ;,+ .
o=nr,+1

I t  is  h o w e v e r  possible to  show that the characteristic classes
of the  bundles over 11-  may be expressed, without using the forms
on tangent or normal bundles, but in term s of the form s //r_

by integrating over the suitable cycles in V .-1 . In the follow-
ing sections w e shall m ake clear the relations between the classes
of the bundles over R. "  and the f o r m s  /V ' on Vs- i.

3 . The characteristic classes of the normal bundles

Denoting by P e e + ,•••e„_, any element of the (p—s+1)-frame
bundle 0"+"- - 1  o v e r  R " and defining the natural projection p

+" by
p P e„,e„, + , - -e „ = P e „ , + ,•• • e „ _ .  E

the f o r m  I I " '  on is now  given by
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(21)
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and

(23) fl(,;;Y") • =  An +  5 1  ( 1 )  Ao ( I )  I? •
cr=na+1

Then, in view o f (12) and (20) it holds in 9i." that
711

(24) =  4 + "') — E(-4
For a cross-section 9 : L8 --, 918 and an oriented s-cell o- 8 o f Lm,

w e  have an oriented cell in  V .  T h e n  T 0 0 - 9 ,  which is
homeomorphic t o  the topological product of 0- 8 and the (m -1 ) -
sphere m a y  b e  r e g a r d e d  as an (s+ m-1)-chain in V+ - 1 .
Therefore, to an s-chain re  o f L"' w ith  in tegra l coefficients, an
(s+m-1)-chain T(Tire) in slie+e- 1 corresponds, by considering that
the correspondence T  is linear with respect to  the cells of L".

Since TO 0-s) depends on s local parameters of V  and m - 1
parameters u ,  the terms in the expressions of the forms f i r " - - i
vanish in T ( c r i )  except ones being 22_,<_s and involving the factor

= ( 0 8,81 »t1 . • • ti ) ne,n1-1 •

Hence, according to (10) w e have i n  To )0-8 )

(25) (s + m-2,1-1)1 c
a  2 " '

( s  — 2,1)! "Cci'i '4 32

t) ••• (Yi I). 0 2  

where u, =u,,,. On the exterior product of linear differential forms
O A R  possessing two indices, we shall introduce the following symbols:

A IQ ç f-• .4,2(2* " A  i Q =OA jA 2  A  Q( j )

and
0 .1 1 .11 i : Q ( j ) S4 B, B2  i rk ; il (k )  • • • O c i c 2 •  c i , ,N(i)

, 1, ',11.42• A j /ti 112 C 1 0 1 .  - ( •  Q U V 4 k )  • •••(1) •

The form  A " - ' (—  1 ) i. „ , _ , gives the surface element
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of the tangent ( ,n -1)-sphere  S " o f  R "  o v e r  a  po in t P E  I t '
described by the unit vectors P e „ , .  Expanding (25), w e have

111,+"'= (-1 ) - - ' (s + m -2 1;.- 1 ) !1 ; Y'

x t r , ) ( »I) 0
.. - 1 2A- 15 2À r 1 )2 (i)

I
I ' U 2

1 2 . • • 1 L I  n , A n t-1 .

It has been know n that if  u„ u 2, • ••, u„, denote the components of
unit vectors whose origins a re  a  fixed point in  a n  m-dimensional
Euclidean space, the  integral

.1=j u ,litcP2-•u„,`•••.4" - '

over the unit sphere S "- - '  is zero unless all exponents 1„1 2 , • - ,1„,
are  even, and in  the later case

1,!1,!•- •1„,!

2"4-1 )11- + ki!k2!• ••k,„!
2 /

where and k = k 1 +k 2 + • • • + 1 4 , .  Integrating the form over the
tangent sphere  S " a n d  employing a  re la t io n  o n  th e  Gamma
function

P(x2 )•P (I+21 ) - 2- (' - ') (x - 1)!irl

for a positive integer x ,  we obtain if s  is even

(26) ( - 1 )$ ' (-1 1 ! (s + m -2 ).-1 )!
2'÷ - " - ') A-9 A!1 '( 1 ,- ( s + 1))
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and if s is odd

(27)
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O n the other hand, expanding the expression of the fo rm  0 ' into
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which the relations (24) are substituted, we can easily see that the
righ t hand  side  o f  (2 6 ) coincides w ith — O s. Consequently it
follows that

(2g) —fs +  -  1  O S .

Taking into account that T ( j0 - ` )  is  homeomorphic to - -(-) 0-s X S " - 1 ,

w e get from  (16)

(29)( - 1 ) '  W s • Z ' 08= —1
7, (7z4)

Thus we have obtained the formula which expresses the Whitney
classes of the normal sphere bundle over l i !"  in terms of the forms

on

§  4 .  The Stiefel classes of a submanifold and some remarks

Similar consideration as in the preceding section may be applyed
to  the tangent bundle over W e shall only sketch its outline.
Any element of the (m — s+1) - frame bundle V+P - 1  is now denoted
by Pe,,,e 8 + ,•••e,,e„,,,, and the natural projection V  ' " - V  

I." is
defined by

itg
 P e ,

 +1 +2 • • • e m e /m+ I Pes+ I e s .1-2 . • • 1.'74 •

The form  /4 4 1 - 1  on V " ' is  n o w  g iv e n  b y

111" - 1 ----Y  E lA
(.4) 3

A 8+71-1

x !. ..1P + 0 ( 0 • • • (IS .
A 1.1 2 A 2X-1 A V , A  IIA+1 ." ' " A i+ P -1  m +1

with
717

1)(i + P )  - - + 0 )  f h R  .AB AR
h=s+1

Then it holds that
I L

01=1.1+1

in -V . Taking a cross-section y : L'—)32, w e have now  in N (y e )

(-1 )P - ' (s + p —22 — 1)! 1
(,) 1 1 +12 +

...„ v:n1+ , v1? I I " '

where vc,=-- v,,+1,., and the form A P - I  =  ( - 1 ) r - 1  »1+:2,m +3...n: m +1 (7)-1) gives
the surface element of the (p -1 )-s p h e re  S" - '  described by the
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normal vectors Pe„,.,, a t  a point P E B y a same calculation
as in the preceding section we get finally

(30)

and it follows that

(31) ( — 1) 8 C, . f (+ =  f
U'' s ( v z s )

W e  have thus obtained the formula which expresses the Stiefel
classes of a submanifold in terms of the form s //'— on V '.  W h e n
s = m ,  (3 1 )  coincides with Chern's formula." The case s= 1  is
trivial, since the class is zero.

It can be proved that the formula (30) and (31) also hold in
the case m=n — 1 w hich w as excepted in  our considerations :
that is, we can regard the formula (5) as special case of (30) when
m =n - 1 .  I n  fact, (5 )  may be rewritten as

(32) —  UP+ ( —1)' =SP- ( r  <  n ) .
On the o th e r hand, by changing  the orientation of the vector
Pe c,.+0,, the forms are transformed to --(04 ,(, , ) ,  and so
to  ( - - 1 ) r / r .  Hence, the form in the braces of the left hand side
o f (32) is nothing but the integrated form o f //8 ÷P- 1  o v e r  the 0-
sphere S" consisting o f tw o  normal vectors of a t  a point.
Furthermore the relation ( 4 )  c a n  b e  re g a rd e d  as the formula
(30) for m=n.

Consequently it has been made clear that the forms SP. ,  as and 0',
which represent the characteristic classes of various bundles induced
from the tangent sphere bundle over .1?", are systimatically derived
from the form s II w hich are essential to represent the deformation
cochains of frame fields in il".

At the end o f  the paper, the author w ishes to express his
sincere gratitude to Prof. J. Kanitani for h is  k in d  guidance and
encouragement throughout this work.

_f W A - P - 1  = Ns ,

,§r-1

4 )  S. S. Chern : O n the  curv atura integra in  a  R iem annian m anifold, Ann. of
Math., 46 (1945), p. 679.


