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In the same way as the concept of distributions by L. Schwartz
[11]" was introduced as an extended one of functions, we may define
stationary random distributions as an extension of stationary random
functions viz. stationary processes. Such consideration will enable
us to establish a unified theory of stationary processes, Brownian
motion processes, processes with stationary increments and other
similar ones, as is shown in this paper. We shall first introduce
some fundamental notions in § 1. In § 2 we shall define the covariance
distribution of stationary random distributions, which corresponds
to Khintchine’s covariance function[7]. In §3 and §4 we shall
prove the spectral decomposition theorems of covariance distribu-
tions and stationary random distributions respectively. In §5 we
shall discuss the derivatives of stationary distributions. In §6 we
shall show that any stationary distribution is identified with a k-th
derivative (in the sense of distributions) of a certain continuous
process with stationary k-th order increments for some k.

§ 1. Fundamental Notions and Notations

In this paper we shall restrict ourselves to complex-valued
random variables with mean 0 and finite variance. The totality of
such variables constitute a Hilbert space $ with the following de-
finition of inner product:

1-1) (X,Y)=8(X-Y); &: expectation.

We shall here consider only the strong topology on $. A continu-
ous random process X(f), — o <t< o0, is an $-valued continuous

1) The numbers in [ ] refer to those of the Bibliography at the end of this
paper.
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function defined on R=(— o, w). The set of all continuous pro-
cesses will be denoted by &(9).

Let © denote the space of all complex-valued C.-functions
defined on R whose carrier is compact. We shall introduce in
D the topology of Schwartz [11] (IIT, §1). An $-valued continuous
linear functional difined on 9 is called a random distribution. We
shall here denote with $’(9) the totality of random distributions,
while 9’ will denote the set of all complex-valued distributions
(continuous linear functionals) defined on . &($) may be con-
sidered as a sub-system of ’(9), since we may identify a continuous
random process X(f) with the following random distribution X(¢)
determined by it:

(1-2) X@ =[x $(» at;

the integral sign without bounds means the integral from — o to
o in this paper.

The following notations will be often used in the theory of
distributions. Let Fe 9’ or 9/($) and ¢ ¢ D.

v, (shift transformation) : ©,8(¢) =4¢(t+h), o F(§)=F (., 9)

D (Derivative) : Dé(t)=4'(t), DF(¢)=—F(D¢)
~ (Inversion) D d()=6(—1), F@) =_F(9;) ‘

- (Conjugate) : $()=4®), F)=F(@)

~ (=v=Y) : $(t)=9(=D), F@)=F@)

o (Fourier transform) : Jf ¢(2) =je'”" M 4(t) dt

The following relations should be noted.
(1:3) (Fx$)(0)=F@)=F@), F@=¢)=Hp-F¢, Fo=H¢

We shall call, following Khintchine, Xe¢ &($) weakly stationary
or merely stationary for the brevity if its covariance function is in-
variant under shift transformations viz. if we have, for any (¢,s),

1-4 (2 X)), = X() = (X(®, X(5)),

and to be strictly stationary if its probability law is invariant under
shift transformations viz. if the joint probability law of

(1-5) (@ X@), 0 X))

is independent of % for any » and any (¢, ---,¢,). Generalizing these
definitions onto random distributions, we shall call X ¢ 9/(9) weakly
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stationary or merely stationary for the brevity if we have, for any

4, ¢),

@1-4") o X(9), = X(¢))=(X(9), X))
and strictly stationary if the joint probability law of
(1-5) @ X (8y), -, 72 X(8.))

is independent of % for any # and (¢, -, 4,).
We shall adopt here the following notations :

S : the totality of stationary distributions,
&°: the totality of stationary processes,

& : the totality of strictly stationary distributions,

©°: the totality of strictly stationary processes.
Clearly we have

1-6) S&26Ve°, ©°26°.

- A random distribution X is called a complex normal (random)
distribution if X(¢), ¢ € D, constitute a complex normal system [5],
and to be a real normal (random) distribution if X is real viz. X=X
and X(¢), ¢ running over real functions in 9, constitute a (real)
normal system. This is an extention of normal processes or
Gaussian processes [3] (II, §3)®. A (complex as well as real)
normal distribution will be strictly stationary, if it is weakly
stationary. The corresponding fact is well-known regarding
stationary processes.

We shall here mention a typical example of real stationary
distributions which are not stationary processes. Let B(f) be a
(real) Brownian motion process [3] (p. 97). The derivative (in
the sense of distribution) of this process B'=DB is a random
distribution defined by

(1.7 B =—B(¢’)=j¢(t)dB(t) (Wiener integral) [4].
This is evidently real normal and stationary, since
(2 B'(8), 2 B'($))=(B'(c_1§), B'(z_a )
=([sa-maBw, [pa—napw)

=[pt—m ga=nyat=[o(t) iDat,

2) This definition of complex normal ones is somewhat different from that of
Doob, while both definitions are the same in the real case.
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which shows that B’ € &. The fact that B’ € ©° will be proved
in §2.

§ 2. Covariance Distribution

As is known, Khintchine’s covariance function [7] p(#) of X(t)
is defined by

@1 - p(t)=(X(®), X(0)) = (X(t+s), X(s)).
Then we have clearly

(X(8), X(¢))

Jxw 8 at, [x) ¢ as)
fxw, x) 6 775 atas
Jot=5) 8 9 atas

() [$(s—0) §(=0) do d:.

tribution € ', we may write the above

Il
) ey

Il

By considering p as a di
identity as

(2-2) (X (@), X(9))=p(@*¢).

This may suggest to us how to define the covariance distribution
of our stationary distributions.

THEOREM 2-1. Let X(4) be any stationary distribution. Then
there exists one and only one distribution p € D' satisfying (2-2).

DEFINITION. This distribution is called the covariance distri-
bution of X.

PROOF OF THEOREM. If we put

(2-4) Ty(p) = (X(@H), X(9)),
then we get a distribution Ty € 9’ for each ¢ ¢ P. Taking into
account the fact that Ty(¢?) is continuous in (4, ¢) € X x D and D
is a Montel space [11] (III, § 2), we shall easily see that ‘¢ — T’
is a continuous linear mapping from ¥ into $’.* Furthermore
this transformation commutes with the shift transformation ;

@ Te) () =T (za ) = (X(9), X (-1 $)) = (X(9), X (=2 ¢))
=(X(248), X($))=T:,6(¢).

Therefore T, is expressible as a convolution of a distribution T°
and ¢:

2]

3) Cf. [11] I, §3 as to the topology in 9’
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T,=T+¢,

by a theorem of Schwartz [11] (Vol. 2, VI, § 7, p..53, Amélioration
du théoréem X). Hence it follows that

(X(8), X($) =To(§) =(T +§) (§)=(T x ¢+ $) (0) =p (4 + §),
where ,n=1v‘.

The uniqueness of p follows at once from the fact that the set
of all elements of the form ¢ * ¢, ¢, ¢ € D, is dense in .

THEOREM 2-2. If X(9) is real stationary distribution, then its
covariance distribution is real, i.e. p=p.

_PrOOF. Let p be the covariance distribution of X. Then that
of X will become p; since we have

(X($), X&) =(X(®), X)) =X@B), X)) =p@ * )

=p($+$)=p(¢ * ¢).
Thus X=X implies p=p5.
ExAMPLE. The covariance distribution of B’ is Dirac’s d-dis-
tribution [11] (I, § 1), as
B @), B@)=[$0 90 at=[4() §(~p dt=+9) ©)
=0(d*¢).
Thus we see that B’ € °, because if B’ ¢ &° then the covariance

distribution would be induced by a continuous function which is
Khintchine’s covariance function.

§3. Spectral Decomposition of Covariance Function

Let X(f) be any stationary continuous random process with
covariance function p(f). A known theorem of Khintchine [7] shows
that p(?) is expressible in the form:

(3-1) o) = [em= dp(
in one and only one way, where ¢ is a non-negative measure on
R such that ;(R) < co. Therefore the distribution #(4) induced by
p(H) may be expressed as
(3-2) p@=[o( 6 at=[F $) dn(@).
Let us now consider any stationary distribution with the covar-
iance distribution p. Then we have
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(3-3) p($+9)=(X($), X($))=0,

which implies that p is a positive-definite distribution. By Schwartz’
- generalization of Bochner’s theorem [11] (VII, §9) we obtain the
following theorem.
THEOREM 3-1. p is expressible in the from (3-2) in one and
only way, where 1 is a non-negative measure satisfying

dp(3)
3.4 ol nd S
S j (1+2)*
Jor some integer k.
DEFINITION. We shall call (3-2) the spectral decomposition of

h and p spectral measure of p. When p satisfies (3-4), we say that
Xe¢S,. We have clearly ;

(3‘5) b 6_2__C_®—1g.60.g61g®2g_

Conversely we have

THEOREM 3:2. Any distribution of the above form is the
covariance distribution of a stationary distribution which is complex
normal.

ProoOF. Let p be a distribution of the above form. Put

r@ 9=p@+9),8,¢¢I.
Then I'(4, ¢) is positive-definite in (4, ¢), as we have

Mijl rge., ¢j) £ gj=‘n(0 * 5)20, 0—_—‘2 £, d,.

Therefore we can define a complex normal system X(¢),de D,
such that @X(§)=0and & (X($)-X(¢))=I"($, $)=p(d*¢) [5]. It
remains only to show that X(4) is a random distribution. From
the identity :

1X(c8) —cX($) 1= (X(ch), X(c6)) —c(X(8), X(c$))

| ~2(X(ch), X(9)) +E(X(9), X(9))
=p(ch * B) —co(g + cd) —ep(ch * ) +cep(d + §)
=@ *§)—ctpB*§)—cco@+$) +ccp@*9)
=0,

it follows that X(cd) =cX(d). By the same way we can see that
X(@+¢)=X(4) + X(¢). Therefore X(¢) is linear in 4. By the
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identity | X(8)[°=p(4 *4) we obtain the continuity of X. Thus our

theorem is completely proved. ‘
Next we shall discuss the case of real stationary distributions.

By Theorem 2-2 we see that p=p in this case. But we have

P8 =r(#) =[5 @) drn(y = [F9(~1) dn(2)

= [ an,

(#(E)=p(—E), E={t; —tecE}).
By the uniqueness of the spectral measure we shall obtain the
following

THEOREM 3-3. In the case of real stationary distribution the
spectral measure p is symmetric with respect to 0, viz. p(E)=p(—E).

Conversely we have

THEOREM 3-4. Any distribution of the form (3-2) with sym-
melvic measure p is the covariance function of a certain stationary
distribution which is real normal.

The proof is similar to that of Theorem 3-2; we use the
existence theorem of real normal systems instead of that of com-
plex normal ones.

ExXAMPLE. B’ is a real stationary distribution whose spectral
measure is the ordinary Lebesgue measure, because we have

3(9)=4(0) =jo1¢(x) di.

§4. Spectral Decomposition of Stationary Distribution

We shall first introduce a random measure. Let # be a non-
negative measure defined for all Borel sets in R=(— o, ) and
B* denote the system of all Borel sets with finite g-measure. An
H-valued function M(E) defined for E € B* is called a random
measure with respect to p if and only if

“-1) (M(E)), M(E,))=p(E,nE,), E,, E, ¢ B*.
We get, by the definition,

4-2) | M(E) IIF=p(E),

4-2") ME)IM(E,) if EnNE,=¢.
Making use of the additivity of ¢« we have
(42" M(E)=3 M(E,) ,
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where E,, E,, --- are disjoint to each other and belong to B* with
their sum E=3] E,; (4-2") will justify the term of random measure.

We can easilyniileﬁne the integral with respect to the measure [3]
(IX, §2)*:

(4:3) M(f) = | Ad) amn

for fe L*(R, pr). M(f) satisfies the following conditions :
4da) (M), MU =50 (=[A0) D dr@)),
(4-4-b) M(c,fi+cfy) =¢, M(S,) +¢ M(S).

Let X(¢) be any stationary continuous process with the spectral
measure g Then it is known [3] (XI, §4) that X(¢) may be ex-
pressed in one and only one way as

“5) X ()= [ e~ am(),

where M is a random measure with respect to z. This fact was
proved by many scholars, especially by A. Kolmogorov, H. Cramer
[2]and M. Loéve (See [9] Th. 27.2, p. 123). Therefore the stationary
distribution induced by X(t) may be expressed as

(4-6) X@) = [F6@) am =M F9).

We shall now show that this identity holds for any general stationary
distribution, i.e.

THEOREM 4-1. Let X be any stationary distribution with the
spectral measure 1. Then X(¢) will be expressible in the form (4-6)
in one and one way, M being a random measure with respect to p.
Conversely, any rvandom distribution of such form is a stationary
distribution.

DEFINITION. We shall call the identity (4-6) the spectral de-
composition of X and M the spectral random measure of X.

PROOF OF THEOREM. We shall first remark that F9 = {F¢;
de D} is dense in I*=I*(R,p). Let 4 denote the class of all
rapidly decreasing functions [11] (VII, §3). Then & will be a
homeomorphic mapping from 4 onto itself, where the topology on
4 is what is usually used in the theory of distributions. As 9
is dense in &, so is FP. In making use of the condition (3-5)
we shall easily see that 4 is included by Z* and that ‘¢, — ¢ in

4) J. L. Doob uses a process with orthogonal increments instead of our
random measure, but both concepts are equivalent.
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A’ implies ‘¢, — ¢ in L*’. Therefore FD is dense in & with
respect to the norm of L:. As #2329 and D is dense in 12, 4
is dense in L* and so F9 is dense in I

The uniqueness of the expression is clear as #9 is dense in
I*. In order to prove the possiblity of the expression, we shall
put

T(@)=X(@) for ¢=F¢.

Then T will be a mapping from F» (CL? into 9, which is
clearly linear and isometric on account of the identity :

IT@) 1= (X@), X$)=p@+§ = (19D du@ =191,

since F(¢*§)=|Fg|>. FD being dense in I?, we can extend T'(¢)
to a linear isometric mapping from L* into . As the characteristic
function x;(4) of a set E ¢ B* belongs to L?, we may define M(E)
as follows:

4-7) M(E)=T(xz).
Then we have

(4-8) (M(E), M(E,)) =\x5(4) x,(1) dp(A) =p(E\nE,),
since T is isometric. In addition to- this, we shall have

(4-9) M(f)=T(f) for f[fel
for this is evidently true for any simple function f in L* by the
definition and we shall easily see that it is also true for any fe L?
by taking into account the fact that both sides of (4-10) are iso-
metric in fand any f € L’ is expressed as the L>limit of a sequence
of simple functions. If we put f=c¢ in (4-9), we obtain (5-6)
at once. The last part of the theorem is clear by the definitions.

Making use of this theorem we can prove that the class of
stationary processes &° coincides with &, in (3-5), i.e.

THEOREM 4-2. 6°=6,.
PrOOF. As ©°C@, is clear by Khintchine’s decomposition

(3-1), we need only prove its inverse inclusion relation. Let X
be any element of &,, Then we have

(4-10)  X(9) =Id“’¢(i) dM(%), (M(E,), M(E,))=p(E,nE,),

where
(4-11) jdp (A) <co.
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Put
(4-12) Y@ =je-‘f«“ dM(D),

which may be defined, since the A-function e *** belongs to L®
by virtue of (4-11). Y (f) proves to be a stationary continuous
random process. Therefore we have, for 4 ¢ 9,

[r® s at=[s0 [ am@ at=[F3@ amty =x®),

which implies that X(¢) is induced by a process Y e &°,
By the same way as in Theorem 3.3 we shall obtain
THEOREM 4-:3. In case of real stationary distributions the
spectral random measure M is hermitian-symmetric i.e.

(4-3) M(E)=M(—E).

§ 5. Derivative of Stationary Random Distribution

Any random distribution has derivatives of any order, which
are also random distributions.

THEOREM 5-1. Let X be a stationary distvibution with spectral
measure i and spectral random measure M. Then X® (=D'*X)
is also a stationary distribution M whose spectral measure p, and
spectral random measure M, are given by

G- dm()=(2)* dp(d), dML2) = (i2z2)* dM(3).
PrROOF. We have, by the definition,
X (g) = (—D* X¢*) = (-1 [ F8® W am
;j(izx;.)* Fb() AM (), |
since we have, for d ¢ 9,
| FP (1) = (—1)* (22 0)* F(3).

Thus X proves to be a stationary distribution satisfying the above
conditions.

By this theorem we shall see that ‘ X e S,’ implies ‘ X® ¢ S,.,".
Therefore we shall have, by Theorem 4-2,

THEOREM 5-2.2 In order that X is a stationary continuous
process, it is necessary and sufficient that the spectral measure g
of X satisfies

5) Cf. [3] XI, §9 Example 1, p. 535.
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(5-2) jzn du(2) < oo

§ 6. Continuous Process with Stationary %-th Order Increments

Let Y(?) be a continuous random process, i.e. Y e €(9). The
k-th order increment of Y is defined by

6-1) 40 y()y =53 (B)(~1)> v(t4),

where 4 is an arbitrary real number. This is also a continuous
random process for any fixed 4. If 4%Y is a continuous random
process for any fixed 4, viz.

(6:2) (4PY(t+h), 4PY(s+h)) =(dPY (@), 49Y(s)),

then Y(¢) is called a process with stationary k-th order increments.
The totality of such processes will be here denoted with .. The
special case k=1 has already been discussed as a screw line in
Hilbert space by J. v. Neumann and I J. Schonberg [10] and A.
Kolmogorov [8].” Now we shall establish a close relation between
3. and &, which will give us a generalisation of the results ob-
tained by these scholars.

THEOREM 6:1. If Y€, then Y® € S, and conversely, if
X €S, then there exists Y € I, such that X=Y " ; Precisely speak-
ing, if
- (6-3) X(9)=|F$() aM@
then

k—1 e
68  YO=5rA-+|

— 427

“_'Llc()‘y t) )
(—i2n2)* aM(@),

(Lo =5 (—i2mity /Ly (A1), =0 (i[> 1))

1— g i2mra &

(6-5) APy (1) = je-"fﬂt( ) dM(3.

—i2ni
PrOOF. Suppose that Y e J:.. Then we have
dPY (1 9), d2Y (24 ¢))
=“(d"" Y(t), 49Y(s)) 6(t1+h) $(s+h) di ds
=J’j (AOY(t+h), A9V (s+h)) $(t+h) $(s+h) dtds

6) Cf. [3] XI, §11 and [6].
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= [[anrm, a9v) @ 96) dtas
=(49Y(9), 4°Y(9)).
Hence it follows that
(YO (zid), YP(2a ) =(Y®(), Y®(¢))

which implies Y® ¢ &. By yirture of Theorem 4-1, Y* is ex-
pressible in the following form:

(6-6) -Y""(¢)=j5‘¢'(i) dM(d), (M(E), M(E"))=m(ENE").

In order to show that Y% ¢ &,, we need only prove that

ap (4

N o,
(6 ) j|.\121 ik <
Put

- (68) V@) =[%:$() aM),
where

o e M _ L. (4 1)
9k¢(")—j (—i2n)* ¢ () dt.

Since we have

=210
9/¢<¢()‘)—Tmy for 14/>1,

and 74 is rapidly decreasing, _'9,,¢ belongs to L*(R, 1), so that the
above integral will be determined. Then we have
Y,®($)=(—1D*Y,(¢¥) = (—-D"f% ¢@ (1) dM(%)
=fo’¢¢(/l) dM(%)  (by partial integration)
=YY" () (by (6-6)),
which implies
(Y=Y)“(4) =0,

and so Y—Y, may be induced by a polynomial of ¢ with coefficients
in $ and the degree less than k:

(Y-Y)(@)=S_rA, A9, 0<v<k—1;
the proof of this fact is the same as that of the corresponding fact
in 9’ [11] (I, §4). Therefore we get
ARY(§) =dVY,(9) =Y., ((—4)¥¢)
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=[4u-n@sm am

_5( 1_e;’;“> F() dM(2)

and so

69  laoy@ir=[|1=C75 Mg dra

> ll—e-ﬂ«*ﬂ%lowu)l%i’j% (a=(2))-

A

Let ¢,.(f) be a non-negative function ¢ ® such that

‘ 1
$.(t) =0 (]t|2—n), jqi,,(t) di=1
Then we have

1 "
10'195,1(4)]2? for M<16

and in addition
149¥@I< | [40¥ 1) a0 at|| <[la0x )1 6u(t) a
=jl_/:|!4"‘>Y(t)I! é.(t) dtSlmgx 14DV () || (=cy(d))
Thus we obtain, putting ¢=4, in (6-9),

a(dyza [1—eemp g, L0
1A=
>0 G |1—gmizmrae QLA d/l()) .

4 n/162iA1=1

Integrating both sides in 0 < 4<1, we have

2> G j c(d) dll(l) , C(l):jlll—e_mﬂml”d‘d’ ci= j‘ c,(d)dd.

n/1e=!A1 =1

But it holds that

( )_lz—z_ljloﬁlll e_{A[ode > 41 j- Il e—m[nkdd ( > )

for |4|=>1, because if we determine a natural number % so that
n < |4 <#n+1, then we have

1 2nn .
c(A)=>—0v- 1—e*|*d4
W2 | e
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n 2% Ciare 1 27 iale
=" | |[1l—e®*dd>—-\ |1—e™|*dd.
27t(n+1)jo| e 4n§o[ |
Consequently we obtain

J ) < ek
ahe=taizt A (oY 4

which implies (6-7), as we see by letting #» tend to oo.
Now we put
e—f:?dn\l

—LOD am
(—i2ni)*

Y,(t) =j

this integral exists and is continuous in ¢ by virtue of (6-7). Then
we have

Y. =[$(®) YO dt=[$.4() dMD)=Y.®).
Thus Y,(¢) is defined by Y(#) and so we have
Y=Y+ rA,,

which implies (6-4) and accordingly (6-5).
Now we shall prove the second part of the theorem. Suppose
that X(4) € &, be expressed as (6-3). Put

_ e““"“‘—Lk(i., ) .
Y= [ aM G

as X(9) € S,, we see that this integral exists and is continuous in {.
Then we have

Y (8) = (—=1)* Y, (¢¥) = (— l)kjogk ¢® (1) dM(4)

| =[Fs@ am@ =x(9).
If Y®(4)=X($), then (Y—Y,)*®(4)=0 and so
Y =Y,()+ 54, AeD.
We have further
. ek _ Y e—f?ﬂAA —_ 1 %
A9V (t) =4 ’Yo(t)—je (_:_12”_)) dM(2)

which implies that 4*Y () is a continuous stationary process, viz.
Y e, since
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j‘ t e~tmr_q
—1i2n 4

2%k

dnr(?) <co

by virture of the assumption: X e &,.
By the same way as in Theorem 3-3 we have

THEOREM 6-2. 1In case of real processes € .. the above spectral

random measure satisfies M(E)=M(—E) and the above coefficients
A,, v=1,2, ---, k—1 are real.

Mathematics Department, Kyoto University.
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