
MEMOIRS OF THE COLLEGE OF SCIENCE, UNIVERSITY OF KYOTO, SERIES A
Vol. XXIX, Mathematics No. 1, 1955.

On cyclic points of group-spaces

By

Nobuo HORIE

(Received Nov. 6 1954)

In  the group-space S of a continuous group G,. of transforma-
tions, we have considered two kinds of repères 91(a) and at (a) at
every point a  in  one o f  th e  previous papers [1]. Though they
can be chosen so that they coincide at the  origin ao , they do  not
coincide at other points in general. Moreover, le t  Ca  b e  a  path
through a point a  in  S .  Through another point b  there exist two
paths CP- )  a n d  0 - )  which a re  ( +)-parallel and (—)-parallel to Ca

respectively. These paths are  also not coincident in general except
the case when G,. is abelian. In this paper we define that a point
b is a  cyclic point with respect to a point a when 0 4  a n d  0 - . )

are coincident with one another not only as curves but also point-
wisely. We shall show that a  necessary a n d  sufficient condition
for She existence of such cyclic points is that the relative position
between th e  two kinds o f  repères at a  p o in t  is coincident with
the one at another certa in  po in t. T he  no ta tions in  the  previous
papers ([1], [2]) will be used also here.

1. In  th e  group-space S  o f a  continuous group G,. of trans-
formations with r parameters a's, let a be a point whose coordi-
nates a re  (a', • , (I) and T a a transformation of G,. with parameters
al (a', •••, d). We denote by ao t h e  point which represents the
identical transformation G r .  When a point a  is transformed to b
by the transformation of the first parameter-group 6,.( +)  o f  G,. with
certain constant parameters y  (p ,  •  • , it) ,  we have

(1-1) T,,=TpT„

Similarly, if  h ' is a point transformed from a' by the same trans-
formation, we have

(1 . 2) T„.TpTa,
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Then if we have the relation

(1 . 3)
for any a and a', let us call the point p  a cyclic point of the group-
space w ith respect t o  the  origin a,. When G,. is  abelian, the
relation (1 .3 )  is always satisfied by any p .  Hereafter we say,
however, p  is a  cyclic point when and only when it is isolated,
that is, in a suitable neighbourhood of p  there exists no point
other than p  itself which satisfies the relation (1.3).

Now, we assume that the group-space under consideration
has a cyclic point p  with respect to a,. When a and a' are taken
so sufficiently near that there is only one path aa ' which passes
both of them, the path bb' is also determined uniquely by b and b'.
Since the vectors aa ' and bb' are equipollent of the first kind ([3],
cf. p. 4 ) from (1 .3), the two paths aa' and bb' are (+)-parallel to
each other. On the other hand from (1 .1 ) and (1-2) we obtain

7 Ï, 1T,,, =T V T a ,

This shows that the vectors a a ' and b b ' are equipollent of the
second kind. Let Ca  be a path which passes a point a ,  and 0+ )

and C,;- ) be the paths through b, being ( +)-parallel and (—)-parallel
to Ca  respectively. A s  a  result of the above we have :

THEOREM 1. Let p  be a certain point in the group-space, Ca be
any  path through an  arbitrary point a and b  be the point obtained
f rom  a  by  the transformation o f  the first parameter-group of G,.
w ith the parameters s. A  necessary and suf f icienrcondition that
there exists a  cyclic Point p  with respect to the origin is that 0+)
an d  0 - )  are  coincident with one another not only  as  curves but
also point-wisely.

2. Let -121*,(a ) 's  and A b (a)'s, where b=1, •••,r, be contravariant
vectors whose components are (./n(a), • • • , AT,(a)) and (Ak ( a ),

-Ag (a))  respectively. Moreover, let 91(a) and 91(a) be the repères
attached to a, the former being composed of the vertex a and r
vecters A, (a), •••, 421%.(a) and the latter the same vertex and r
vectors A ,(a), •••, A, ( a ) .  Since in general Ah(a 0 )  and A „(a„) for
each b=1, • ••, r are chosen so that they coincide; the repères 91(a 0)
and ai (a„) coincide. We shall show that 91(p) and N (p) coincide
when the group-space has a cyclic point p  with respect to a,.
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In  general p  is  n o t  s o  close t o  a ,  that there may be many
paths which connect the points a„ and p .  W e choose any one
o f them, and d e n o te  it  b y  D .  The vector A,, ( p )  is obtained
from Â,, (a0) by  ( + )  -parallel displacement, that is, after develop-
ping D  along itself by the (+)-connection on the tangent space at
a„, the image of :40 (p) is  ob ta ined  from  -44„(a„) by parallel dis-
placement from ao t o  the image of p .  Accordingly i f  C o i s  the
p a th  to  w h ic h  -A ,(a„) i s  tangent th en  A „(p) is  tangent to  G+).
Similarly ,40 (p )  i s  tangent to  q, - ) . Being p  i s  a  cyclic point,
ii,,(p) and 440(p) are determined by two adjacent points on C;,+)

and G - )  respectively corresponding to ao a n d  ao +d a  on
which determine the sense of il. „(ao) (=A h (ao) ) .  As q» and
are coincident not only as curves but also point-wisely, the senses
of 110 (p) and Ar, ( p )  also coincide. It follows that :

THEOREM 2. I f  there exists a cyclic p o in t  p  with respect to ao

in the group-space where N(a„) and 91(a„) are chosen so that they
coincide, then 91 ( p )  and 91(p) also coincide.

3. Conversely, we assume tha t 91 ( p )  coincides with DI (p )  at
a certain point p  o ther than  a„. W e sha ll show that from this
assumption p  becomes a cyclic point w ith  respect to  the origin.
The path C„0 is represented by

(3-1) dt
where en's are constants and t  i s  a parameter chosen suitablly.
They are also the differential equations of the p a th  C n , and by
the transformation of the second parameter-group w i t hwith para-
m ete rs  pc 's  any  point a ( t)  on C o is  t r a n s fo rm e d  to  a point
a( t)  on C ."  w hich corresponds to  the sam e value of t. Since

are independent, we can put

(3 . 2) A: (a) = (4 (a) A7, (a) ,
where p"; (a)'s are functions of a .  As N (a) and 91(a) coincide at
the points ao and p,

,(4(a0) =p(p)
I t  is known that these functions satisfy
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ph
4 — c et) • t4(a) A-(,(a),

aa4

where c/fs are the constants of structure of G,([4], cf. p. 3 0 ) .  At
any point a (t) on G o these , (a ) are expanded formally to the
series

(3.3) Pra) (a ( 0 )  8"; cry '',14" CCe
 b  " U f t

2  t i f t  a f a

+ C, C,..gtif i  Uf  tth

where u4  =eat (which are canonical parameters). A s  p a' (p) =8,,5
and q,+) is also represented by (3.1), the equations (3.3) are that
of f4(a) at a point on C,;+) , too.

I f  Ic:f l <...c  for all e ,f, b from 1 to r, and if we put u=f1u 4 1,
we have that the series on the right in  (3 .3 )  is less than the
series

1 1l+cu+ rcie+ reu3 + •••,
2! 3!

whose sum is (exp (rcu) —1)/r+1, and  consequently the series
(3 .3 ) have the meaning as the values of (4(a) so far as canonical
parameters u l's  exist on G o (o r  q » ) .  Since

(3.4) e4 = e 4  A:

for suitable constants e 's  ([4 ], cf. p. 200), (3 .1 ) are also repre-
sented by

(3.5) —
dt

They are the differential equations o f G o in the case where it is
regarded as a trajectory of one-parameter sub-group of the second
parameter-group IN - ) . F ro m  (3 .4 ) we have on G o ,

(3.6) eh =e 4 ,0:,' (a),

and par's have same values at corresponding points on C o and G ",
hence substituting ea in (3 .1 ) as the equations o f Ci»  by (3.6)
we can obtain (3 .5 ) again. This means that, when G + ) is re-
garded as a trajectory of one-parameter sub-group of 63,( +), G + ) is
also ( —)-parallel to G o,  that is, G+ ) and G - ) coincide as curves.
In  this case a point a (t) on c o r r e s p o n d s  to a point on C„
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having the same value of t.
Moreover, making use of (3 .1) and (3 .5 )  ao is expressed by

the series

a"--- + tea.A .a:+ ••• +  eal••.e.A ,„•-•A a  a : + •••,

where

A r, ( a ) = A af:( a )   ,
aaa

and

where

a",, a :+0 4 4 , ,a t+• • • + eal•••eam.A. ••• A  (0+ ••••a m  0 y

in!

A ( a ) = A ( a )
aa"

respectively. From (3 .4 )  and these two series we know that a
point a ( t )  o n  Cao a s  a  trajectory o f  a  sub-group o f  M+)  a n d  a
pointed a ( t )  on C,„ as a trajectory of a sub-group of 06,( - )  a re  coinci-
dent for every value of t. Accordingly Ci,-1 ) and Ci,- )  coincide not
only as curves but also point-wisely.

N ow , let a ,  be a point on  C  a n d  b ,  corresponding one on
G+) When b , is regarded as a  point on C i» , we have

(3.7)

o n  th e  other hand when it is regarded as a  p o in t on  C i» , we
have

(3.8)

Since similar relations are consistent for every such pair of a, and
b , as the pair of a, and b „ where a, may not be on  C.0,  we have

(3-9)

(3-10)

From (3 .7 ) and (3 .9 ), it follows that

T„,TV — T.,,T.7, 1 •

Moreover the relations of (3 -8 ) and  (3 .10 ) are  similar to those of
(1 .1 ) a n d  (1 .2 ), hence we have :

THEOREM 3. I f  9i ( a )  an d  9 1 (a)  coincide at a  point p  other
than the origin, the group-space has a  cyclic point p  w ith respect to
the origin.
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From Theorems 2, 3 we have :
THEOREM 4. A  necessary and  sufficient condition that there

exists a  cyclic point p  w ith respect to  the origin  is that the  two
kinds of repères . coincide at the origin and at p.

When there exists a cyclic point p  with respect to the origin,
the relative position of the two kinds of repères at a  is coincident
with the one at b which is transformed from a  by the transfor-
mation o f IX"' with parameters pOE's. This is evident since the
functions p"s at a  are equal to those at b. Let us call b a cyclic
Point w ith respect to  a. When there exists a cyclic point with
respect to the origin, there exists necessarily a  cyclic point for
every point in S .  Hence we say merely in  this case that the
group-space has a cycle.

We can choose any point in S  as an origin and determine
arbitrarily relative position of two kinds of repères at only one
point, hence we have :

THEOREM 5. A  necessary an d  sufficient condition th at the
group-space has a cycle is that the relative Position of , the two repères
at a Point coincides with the one at another certain point.

4 :  For an example let us consider the group of motions in
the euclidean plane defined by the equations

x "  al + xl cos a' — x2 sin a3 ,
a' + xl sin ce  x 2 cos

The coordinates of the origin a: in the group-space are given by
(0, 0, 0). The vectors A', and A„ are defined as follows :

A, 1 0 0
A.2 0 1 0
A, a2

— a' — 1
and

A, cos a3 —sin a3 0
sin a3 cos a' 0

0 0 —1

In the above matrices we have determined the vectors so that the
relation 91 (ao) (ao) follows. WI (a) and W (a) coincide at (a', a',
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a') = (0 , 0 , 2 n r )  w h ere  n=0, + 1 , + 2 , • • • . T h u s  a ll points of the
type (0 , 0 , 2n r) where n= +1, ±2, ••• are cyclic points with respect
to  th e  o rig in . Hence this group has a cycle.
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