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Introduction

In  the theory of connexions on differentiable principal bundles,
the term "Induced Connexion" may be used in  several different
significances. What we shall introduce in  th e  present paper is,
however, one of the essential generalizations of the classical process
of induction in the theory of subm anifolds. It can be shown that
a connexion is naturally induced on a  certa in  principal bundle,
whose bundle space and base  space a re  both associated bundles
of a  given principal bundle with connexion.

In  § 2, we give the definition and expositions of induced con-
nexion, and derive generalizations of the equations of Gauss-Codazzi-
Ricci. The structure of induced connexion appears not only in the
theory of submanifolds, but also in the theories of various categories,
for instance, canonical connexions on universal bundles, the Stiefel-
Whitney characteristic classes, and reductive Cartan connexions.
In  the last four sections, we describe their applications.

Survey o f tensor calculus

We denote by T ( M )  the tangent vector bundle over any C - -
manifold M , and by T ( M )  the tangent vector space at x€ M. L e t
T k (M ) denote the space o f  all ordered se ts  (t,,•••,tx ,) of tangent
vectors such that t , , • • • ,t„ eT ,(M ), x f M .  Then T k (M ) can be
regarded a s  a n  associated bundle o f  T ( M ) .  L e t  V be a  vector
space over the field of real numbers R .  A  V -valued k -form  on M
is, by definition, a  C - -map

: Tk(M)--> V,



106 Seizi Takizawa

such that 0(t„ • •• , E V  i s  multilinear a n d  skew-symmetric with
respect to  the variables t, , • • • , t E  T. (M).

Let U , V  and  W  be vector spaces. W e consider a  W-valued
bilinear function F(u , y ), u  E U ,  ye V, and take two forms on M

: P ( M )  U  a n d  i0 : T i(M ) V  .

Then, d and 99 may be substituted into F , and w e have a form
F(8, F) : T ' .(M) -->W  ,

which is defined as follows :  for t„ • • • , t„, E 7",.(M ), xE  M ,

F ( f l ,  o) (t1,•  6 , 1 )

> 2 1  F ( o )  F O ( to ( I )  ' • • I  t O (1 ) ) ( t  (k ' • to(k+ 1))),(k +1)! 0

where the sum m ation is extended over all permutations Œ  of the
s e t  {1, •••, k +1} , a n d  ( a )  denotes the sign  o f o-. Such substitu-
tion can be generalized for any multilinear function of vector spaces.
I n  th is  paper, any concrete s-linear function F(d „ ••-, d,), 1 s ,
into which forms 0, are  substituted will be understood in the above
sense, without any mention. For instance, if F(x , y) =xy , , x ,y E R ,
and if II, in a re  real-valued forms on  M, 050 expresses the exterior
product of d and io.

W e  suppose th a t  th e  exterior differentiation fo r  real-valued
forms is known in  usual w a y . L e t  V* b e  th e  dual space of V,
and let d be a  V-valued k-form on M .  The inner product (v*,
y *  V*, gives a  real-valued k-form, a n d  there exists a unique V .
valued (k+1)-form dd , called th e  exterior derivative o f  0 ,  such
that

d <v*, 0> --(y*, do>, for any V* E V * .

The operation d is an  antiderivation, that is, for a bilinear function
F ,  it holds that

dF(ll, sp) =F(d 0 , 92) + (-1)'F(0, (AO.

W e consider now a  differentiable principal bundle P(M , G)
over M  with group G. T h e  L ie  algebra of G and the linear ad-
joint group of G are  denoted by q a n d  ad (G ) respectively.

Let r : G— >GL(V ) b e  a  representation o f  G , w here  GL (V )
denotes the group of all automorphisms o f  a  vector space V .  A

1
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V-valued k-form on the bundle space P  is called a pseudo-tensorial
k-form of  ty pe  (r, V ), if (-) (g) =r (g - 1 )(i for any g E G , where 1)(g)
is the right translation of the bundle P(M , G ) and is considered
to operate on T 0 (P ) .  A  k-form H on P  is said to be horizontal
provided that if t, is a vertical vector of P (M , G ) then H(t„ • • •, tk )
= 0  . A horizontal pseudo-tensorial form is called a tensorial form.
A connexion f o rm  (0 on P(M , G ) is a  pseudo-tensorial 1-form of
type (ad, g ) and for every fundamental vector field A *, (0(A*)
= A(=const.) E  . Cf. [7], p. 26.

Taking a k-form o  on the base space M , w e  have a k-form
507r on the bundle space P ,  where 7r denotes the projection of the
bundle structure and is considered to operate on P ( P ) .  For
simplicity, we express the form 5077: on P  also as 59, and call it
merely a f orm  on the base space M.

PROPOSITION 1. Let P(M, G) be a differentiable Principal bundle
and  le t ( r o , V ) be a  triv ial representation o f  G , i. e. ro ( G )  ( 8 )
the unit elem ent. A  f orm  0 o n  P  reduces to a f o rm  on the base
space M, if  and  only  if  0  is a  tensorial form  o f  type (r o , V ) ;  in
other w ords, 0 is  a  horizontal form  w hich is inv ariant under the
right translations of  P(M , G).

This proposition can be easily proved, according to the following
lemma :  if  t„ t,ET (P ) are tangent vectors such that 711 -71 2 E T. (M),
then there exist uniquely  an element gE G and a vertical vector t o of
P(M , G ) such that

t2—,0(g)t1+t0 .

Assume that a connexion (o is defined on P(M , G ) .  Then,
each tangent space T (P ) , pE P , is decomposed in a direct sum :

T,,(P) =

where and 'Sz, denote respectively the horziontal space and the
vertical space at p .  Cf. [7], p. 2 5 .  Let us denote by

h :  Tp(P) ---> pE P,

the projection with respect to the decomposition. The covariant
derivative DO of a form H on P  is defined by DO= (c/(J)11.

PROPOSITION 2 .  For the connexion f orm  w , it ho lds that toh
=0; and  a f orm  0 on P  is  horizontal if  and only if  0 =Oh.
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This proposition is obvious by definition. Furthermore we
have :

PROPOSITION 3. I f  0  is  a  pseudo-tensorial k -form  of  ty pe (r,
V ), then

(i) 01" is a  tensorial k-form  of type ( r,  V ),
(ii) dt) is a pseudo-tensorial (k +1)-f orm  of type ( r,  V ) ,
(iii) DO is a  tensorial (k+1)-form  o f  type (r, V ).
Proof . The relation p(g )h=hp(g ) implies (i). Taking account

that a  right translation is a differentiable homeomorphism of P  and
that d  is a  linear operator, we have (ii). Moreover, (iii) follows
from ( i ) and (ii).

PROPOSITION 4. For the connexion form  w,
, 1 ,Dw = dw , 0)]

2
and  if  0  is a  tensorial form of type (r, V ),

DO=d0+r(w )0 ,

w h e re  : c:i g t(V ) is the  induced representation of  r,  a n d  qt(V )
denotes the L ie algebra of  all endomorphisms of V .

The form SI is called the curvature form of the connexion w,
and is a  tensorial 2-form of type (ad, g ) .  To prove these formulas,
it is sufficient to show that their right hand sides are horizontal
forms. By direct calculations we obtain them. Cf. [1], [12]. In
particular, we have :

PROPOSITION 5. I f  f i  is  a form  on the base space M ,

D0=d0 ;

and  if  0  is a  tensorial form of  type (ad, g),
Df1=dfl+[w , Ill.

These relations fo llow s from  0(q) = (0) and  ad(x )y -=[x, Y  ,
x ,y (q .

PROPOSITION 6. For the connexion f orm  w,

0  (the Bianchi identity);
and if  0  is a  tensorial form of type ( r,  V ),

IY  0 =r (9 )0  (the Ricci identity). Cf. [5,1, p. 30.

Pro o f . (d D (o )h = if lo ) , o d h = 0  , since (oh = 0  ; a n d  (dD 0)h -
Cr(dw)ti œr- (0))(10)h=r(Q),), since (d(o)h --(I and (1h =11.

(the equation of structure);
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PROPOSITION 7. For horiz ontal form s, D  is an antiderivation.
Since d  is an antiderivation and 0h = 0  for a horizontal form

0 , this proposition holds obvionsly.
A  finite sum of W-valued multilinear functions

E F ( 8 ,, • • • ,
8

2 ,  • • • , 8 2, • • • , fi • • • t) 8)

into which forms fi,  • • 8 ,  are substituted is called a  W-valued
polynomial of 0„ • • • , .

PROPOSITION 8 .  L et w  and ..(2 be a connexion f orm  and  its
curvature form respectively, and let (i=1 , • • • , s) be tensorial forms.
T he cov ariant derivative of  any polynomial of w, S2 , fi, , DO, is a
polynomial of S 2 , fl , Dti,.

Taking account of Proposition 6  and the relation w h=0 , we
have Proposition 8.

2 .  The induced connexions

Let P(M , G ) be a  differentiable principal bundle. We take
a closed subgroup H c  G , and assume that the homogeneous space
G /H  is reductive, that is, there exists a  canonical decomposition
of the Lie algebra q  :  g = b + f such that ad(H )f c  f , where 1) is the
Lie algebra of H .  The representation (ad, f )  of H  is called the
linear isotropy representation. Let us denote by a t) and a f respec-
tively the 1)- and f-components of an element a e g. Now we de-
compose H  by a direct product H =H 1 X H , .  In this case, H , may
reduce to the unit element (s )  alone, and so the assumption is
quite general. We have then a decomposition of q:

=f)i + f  +1)2
where 1),, 1), are the Lie algebras of H „ H , respectively.

By the natural projection 1,  : G/112--->
G /H  , we get a principal bundle G/H,

G -  - - -  P(G /H , H ,) . Let E „ E  be the associated - -

bundles o f P(M , G )  with fibres G/H2,
t EG /H  respectively. T h e n induces a Gi H2  - - - - - - - - - - - - - E

projection I/

,

i d *  : ,

and we get a principal bundle E,(E, H,).
When H2 =  ( 8 ) E,(E, 11,) coincides with
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P(E , H ) .  In  the above considerations, if  we exchange the groups
H , and H„ mutually, we get a  bundle E2(E, H2).

Consider now a connexion (7) o n  P(M  , G), a n d  denote by 72-

its curvature form.
PROPOSITION 9. Let (7) be a connexion on P(M  , G). Then the

form

(,),= (3)(1,

reduces to a f orm  on E„ and becomes a connexion on E,(E ,
We call w, th e  induced connexion o n  E,(E , H O  o f  th e  con-

nexion (7) on P(M , G).
Pro o f . Since any right translation f)(h), h €H, o f  P(E , H)

can be also regarded a s  a  right translation of P(M  , G), we have
(7,1),()(h) = ( (h) ),= (ad(h - 1 )(7)) 4-= ad (h - ')(7),) ;

and, since a  fundamental vector field A *, A E o f  P(E , H) can
be also regarded as a fundamental vector field of P(M , G), we have

(74) (A *)-07)(A *)) 4 --A b —A .
Hence, i  i s  a connexion on P(E , H). T h e  natural projection
p : H-->H1 given by H— H,X H, is an onto homomorphism, and so it
induces a  bundle homomorphism

p* : P(E , H) -->E,(E, H 1).
Consequently, the connexion (7)4 is mapped by p *  to a connexion
w* on E,(E , H,), whose horizontal vectors are given by the images
of horizontal vectors o f  P (E  , H ) . Since i-,;(  ( 7 %  is a  conne-
xion on E,(E  , H ,). This completes the  proof.

T h e  induced connexion depends o n  th e  choice o f  canonical
decomposition of the Lie algebra g.

Setting ib---(71 and 02 =i,̀ ,0 2 , we have :
PROPOSITION 1 0 . T he connexion 17) is decomposed as follows :

± 0 ±  to ?

where
(i) 0)1 i s  the induced connexion on E 1 (E, H 1),
(ii) V, i s  a tensorial f o r m  on P(E, H) of  type (ad, f),
(iii) (02 i s  the induced connexion on E,(E, H2),
(iv) w=w 2 +w, is  the induced connexion on P(E, H).
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Substituting this decomposition into the equation of structure
of (7):

1
um ,  —

2
(;)1+ iy

-
we obtain the following formula.

PROPOSITION 11.

S2, ±DO-P.Q 2 = - -1 [(fr, ,
2

where
(i) 121 i s  the curvature form of  (01 ,
(ii) DO is the covariant derivative of w ith respect to  0)=-

(0,-1--(02 ,
(iii) S22 i s  the curvature form of 0)2 ,
(iv) Q=12,+12 2  i s  the curvature form of  (0=(0,+(0 2 .
The forms 12„ DO, 9 2  have their values in f ,  f 1)2 respective-

ly, and so we get the equations.
PROPOSITION 12.

Q1-= — 1 - Lib, ç!'] ( t h e  Gauss equation),
2

D O  - 1 LO, (P]t+ Tit2

12 12— — [0, !'] + ,  (the Ricci equation).
2

Cf., for instance, [8].
When H , is discrete, the Ricci equation vanishes since (0 2 =0,

and the Gauss-Codazzi equation assumes the form
1 
2

If the homogeneous space G IH  is symmetric, i .  e . a d (H )fc  f
and [ f ,  f] c I), the Codazzi equation reduces to

DO

We take a local cross-section a of the bundle P (E „  H O  and
denote by Oa the dual image of any form (1 on P  by the map er.
Then ç !'  a local tensorial form on E 1 (E, H , )  of type (ad, f)
and o), reduce to a local b2-valued form on E .  The Codazzi equa-
tion takes now the form

(the Codazzi equation),
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DI Oa + [ ( " 2 , a  Oct] = 1
M c  Sbalf +1-442

where D , denotes the covariant differentiation with respect to w„
In the classical theory, the Codazzi equation was written as the
above form. Cf. [8], p. 278, or [5], p. 162.

§ 3. The deformation of a connexion

By a similar consideration to the preceding section, we can
introduce the deformation of a connexion. Let w be a connexion
on a principal bundle P (M , G ) and 9  be a tensorial 1-form on
P (M , G ) of type (ad, g). A  deformation of the connexion w is
defined by the 1-form

w, (0+ tyo , t  [0 , 1] : parameter.
Then w, is a connexion on P (M , G ) for each t E [0, 1]. For two
connexion w, w, on P (M , G), there exists a deformation w, which
joins w to w, ; precisely, it is furnished by w,=w+t(w, — w).

Let (0,— w d-t9 be a  deformation of w. T h e  curvature form
S2, of w„ t E [0, 1] , is given by

t2 = S2+ tD9 + [9, 9] ,
2

where S2 is the curvature form of (0= wo and D denotes the covari-
ant differentiation with respect to w. Denoting by D, the covariant
differentiation with respect to w, and by " dot "  the differentiation
by the parameter t ,  we have the formulas :

D t io----D50+t[o, 50].--!„ i.e. D ,,=  (D ,(0 ,) . ,

D, Q,  0 (the Bianchi identity).
Now we take a real-valued k-linear function F(x,, •••, xk),

•••, xEg, which is invariant under a d (G ) .  Since F(9 , 12„ • • • , 12,)
reduces to a form on the base space M , we have

dF(9 , 2„ • • • , S2,) = D,F(9,12„ •••, 2,)

=F (1 .2„ 12„ •••, 9,).

It is known that the form F(S2, • • • , 2 )  on M  represents a charac-
teristic class of the bundle structure P (M , G ) .  Cf. [2], p. 57.

§ 4. The induced Riemann connexion

Let Mm be an m-dimensional differentiable submanif old of a given
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Riemann manifold (M "'", g ), where g denotes the metric tensor
of M " ' .  The injection :  M " ' M " " "  induces a unique Riemann
metric g* of M'".

Let ro be the Riemann connexion on 1?— " determined by the
metric g. Then iT) is a connexion on the bundle P(M "'", 0 (m
+ n )) of all orthonormal tangent (m +n)-frames on M " ' ,  where
0 (m +n ) denotes the orthogonal group of degree m+n.

Let E, and E be the associated bundle of P  with fibres 0 (m
+n)/0(n) and 0(m  + n)/0(m ) x 0(n) respectively. Then E, is
the bundle of all orthonormal tangent m-frames on M "'" ,  and E
is the bundle of all tangent m-planes on M'"+". Since the homo-
geneous space 0 (m+n) /0 (m) x 0(n) is symmetric, there exists
a canonical decomposition of the Lie algebra of 0(m+n)

io(m+n).-----to(m) +f+fo(n).

Therefore, by the natural projections

we get an induced connexion = c■if ( n )  on the bundle E,(E, 0(m)).
To each point pEM", assigning the tangent space 7 ;  of M " at p.
we have a map T :  M"' - > E .  Then a  bundle structure P* (111- ,
0 (m )) and a connexion (1 )

* on  it are induced by T ,  from the
bundle E1 (E, 0 (m )) and the connexion (0 on it. It is notable that
P* (M"', 0(m)) becomes the bundle of all orthonormal tangent
frames on M " and 0)* gives the Riemann connexion determined
by the induced metric g*.

In this case, the Gauss-Codazzi-Ricci equations assume the well-
known forms. Cf., for instance, [51, p. 162.

§  5 .  The canonical connexions on universal bundles

Let G be a compact Lie group. We can suppose that G is a
subgroup o f a  special orthogonal group SO(m) for m sufficient
large. Setting

P0--=.50(m+n)/S0(n), M0 =S0(m+n)/GXS0(n), Gc SO(m),
by the natural projection : P 0 — >M 0 , w e  g e t  a principal bundle
Po (Mo , G), which is n-universal. Cf. [9].

The Grassmann manifold /17/= SO(m +n)/S0(ni)x SO(n) is
a  symmetric homogeneous space, and so w e have a canonical
decomposition of the Lie algebra of SO(m+n) :
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fo(m+n)=fo(m) +m+fo(n).

By the natural projection : 1) 0 —>111 , we get an n-universal bundle
Po (k , S O (rn)).

Let c5: T (SO (m + n)) —> jo (m + n) be the Maurer-Cartan form
of the group SO (m +n), that is, by regarding any element A E fo
(rn + n) as a left invariant vector field on SO (m +n), (0 (A ) =A
(= const) E f o (n t +n ). Then Th becomes a connexion on the trivial
bundle SO (m + n) X (x0 ) , and its equation of structure is given by

1 =   •2
Cf., for instance, [3], pp. 152 —155. Accordingly, by the natural
projections

SO (m + n) —>P0 — Â --  (x0),

we obtain an induced connexion mo = iLfo ( n ) o n  Po (/1-1 , SO (m)),
and have the decomposition

EL= w0 +  +

where 0= (7) and (0' = ( n ) . We call No the canonical connexion
on the universal bundle Po  S O  (m) ). The curvature form P,
of mo is given by the Gauss equation

1 flo = — [0, Shiro (m) •2

Let P 0 —> M0 —> M be the natural projections. Since the homo-
geneous space SO (m) / G is reductive, we have a canonical decom-
position of the Lie algebra fo (m)

f o (m) = +it.

Furthermore, a connexion g on Po (M0, G ) is induced, and is
called the canonical connexion on the universal bundle Po (M0 , G).

Setting r , we have the decomposition

wo =w-Fr ,

and get the Gauss-Codazzi equation
1120 =9 ± D r+ [7, 7],
2

where Q is the curvature form of co and D denotes the covariant
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differentiation with respect to (0. The form 7 is a tensorial form
on Po (M o , G ) of type (ad, n ) .  Setting Dr = T , we have

DT =[f2 , 7] and D S2 ,

which are respectively Ricci's and Bianchi's identities.
The canonical connexions on universal bundles may be employ-

ed in studies of characteristic classes. Cf. 12], pp. 59-64.

§ 6. The Stiefel-Whitney characteristic classes

Let P(M , S O (m )) be a differentiable principal bundle over a
compact manifold M  with structure group S O ( m ) .  We take its
associated bundle E ' (M , 1 7 k , S O(m )), whose fibre is the Stiefel
manifold

Y k = S 0 (m )/ S 0 (k ) ,  1 .< k < n i .

The obstruction class 14P. '  of the bundle El` is a (k +1)-dimensional
cohomology class o f M  with coefficients in the homotopy group
71-,(17 " ) ,  and is called the (k + 1 ) - t h  Stief el-Whitney characteristic
class of P(M , S O(m )).

We suppose that the group S O (q )  operates on a q-dimensional
vector space V". Denoting by

the exterior algebra generated by Vg, we have the identifications

il 2 = l o ( q )  and il = R  : the real numbers.

We take a il-valued k-linear function F defined by

F (x ,, • • •9 .;)= x ,,\  • •• A X, X 1 , •  •  •  ,  Xk E A

and set

•••, 0),

for any il-valued form II on a manifold.
Assume that a connexion w  is given on P(M , S O (m )) . By

the natural projections

—> M,

we get a bundle P(E q, S O (q)). Since r i  is reductive, there exists
a canonical decomposition
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fo(m)—fo (q )  + » ,

and we have an induced connexion w(q) =(,) f o ( 0  on P(E 7 , SO (q)) .
Let !2( '"  denote the curvature form of wm, and set

= c,(S2 ( 9 ) )q12 , if q  is even,

=0,i f  q  is odd,
where c„ ( — 1 )q 12/2g7rgi'(q/2)!. Then H9 reduces to a  real-valued
q-form on E .  Moreover, we consider the natural projections

Since (q — 1)-sphere SO (q) / SO (q —1) is symmetric, there exists a
canonical decomposition

fo(q) = jo (q —1) +b ,

where t i is a (q -1)-dimensional vector space. Taking the decom-
position

o ( ) a I
( q- l

) +0 51—(ou
we obtain the Gauss-Codazzi equations :

12 r0) (q ---1) =Q ( ' - ') +0/\

DO=.1.2r ,

where D denotes the covariant differentiation with respect to the
connexion (0(q-11 on P (E 7 - ', SO (q — 1 )). Now, we set

(q)=a,>.2,b1,04,,(q -1 )) k

k>.4,

where a9 = (— bk= (-1 ) k /k! P( (q —2k + 1)/2). Then
reduces to a  real-valued (q —1) -form on Eq - ', and we can

easily show that

taking account of the Bianchi identity for the connexion (0( 7 - 1 1 .
The obstruction cocycles of the bundles Eq - I can be expressed in
terms of the forms and //9 - '. Cf. [101, 1111.

§  7 .  The reductive Cartan connexion

We consider now a  differentiable fibre bundle E (M , F , G *)
satisfying the following conditions.
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(i) The f ibre F is a  reductive homogeneous space F=G* /G ,
G c G*, and dim F= dim M .

(ii) There exists a  differentiable cross-section a  :  M—>E .
W e take a canonical decomposition of the Lie algebra of G *:

g*=q-Ef •

Let (0* be a connexion on the associated principal bundle p*
(M, G *) of E (M , F , G *). Then, by the natural projections

w e have an induced connexion w,*=Wq*  on P* (E, G ) and the de-
composition

()*-=(,),*-1-0*, 0*—w f *.

Moreover, we have the Gauss-Codazzi equation
1 9 1* +DI * V(* = — 
2  

10* , Vf* i +-(2* ,

where 9*, 91* are curvature forms of w*, w,* respectively, and D,*
denotes the covariant differentiation with respect to  w,*. The in-
jection a  :  M E  induces a bundle structure P(M , G) over M from
the bundle P*(E , G ) .  Denoting by w, w„ 0 the restrictions on
P(M , G ) of w*, w,*, if,* respectively, we have

(i) = ( ) .

Properly, w, becomes a connexion on P(M , G), and 0 is a tensorial
form on P(M , G ) of type (ad, f). In the case that 0 maps T,,(P)
onto f for each p €P, 0 defines a soldered structure of E(M, F, G*)
and w* becomes a  reductive Cartan connexion. The form  0 1S
called the basic f orm  o f soldered structure
is given by the Codazzi equation :

1(1= D  ç" -= l 01f 4_
2

where !...1 i s  the restricted curvature form
the covariant differentiation with respect to
homogeneous space, (-1 coincides with Q.

•
 The torsion f o rm  N

QI ,

o f (0* and D , denotes
. If F is a symmetric

Cf. 14], 16], [12].
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