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It is well known that the surfaces of degree 3 in a projective
3-space contain straight lines, while some of the surfaces of degree
4 do, and some do not, contain straight lines. In  view o f this
fact, we are led  to  the following question :  Let a  differentiable
family cV , M of compact complex analytic manifolds and an ana-
lytic submanifold W o f  V, be given. ( V, denotes the member of
CV corresponding to t G M .)  Then under what condition does there
exist a submanifold W  of CV, which forms a  family o f complex
manifolds { W,It E M}, W, being a submanifold of V, and W0 = W?

In the case where W is of co-dimension 1 in  Vo , the problem
is divided into two parts : extension of the line bundle [W ] defined
over V, to a family o f bundles over c12, and the extension of the
cross section of [TV] defining the divisor W to a family of cross
sections.

As for the first part, Kodaira and Spencer gave a condition in
§13 . We shall give here another condition, which may be

called the differentiated form o f theirs.

§ 1. operation of Freihlicher and Nijenhuis

In [1 ]  and En  Friihlicher and Nijenhuis defined a  kind of
multiplication between a scalar differential form and a vector dif-
ferential form, and studied its properties.

Let X be a differentiable manifold and co, L be scalar and vector
differential forms o f  degrees q  and 1 respectively, then co T L  is a
scalar form o f degree (q + 1 -1 ) defined by
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(1.1)c f ) , • • • , Qg /- i)

(q —1)!1! -
1 E sgn(OE) co(L(uc,» • •• , 140-( , ) ) ,  t i e 1-E1» • • •  ,

where u„ •• • , u„ are variable tangent vectors to X  a t the point
under consideration, and E  ranges o v e r  a ll permutations OE on
suffixes 1, ••• , q + 1 —1.

In  the case where X  has a  complex analytic structure, the
tangent vector bundle is the W hitney sum o f holomorphic and
anti-holomorphic tangent bundles, and a differential form decom-
poses into a sum of terms of various typ e s . We consider a  scalar
form co of type (r, s ) with r > 1 ,  and a holomorphic vector form L
of type (0, 1) 1 ). Then co T L  is the scalar form of type ( r - 1 ,  s + / )
given by

(1. 2) co T L (u, , •• • , ur-1, •• • , vs+r)
1 E  sgn (OE) sgn (T)

(r —1)!(s + 1)! aE e,_,
r E e s + r

X  cea ( r) 1 ) , '• ' Urrci), t i e r  - 1 ) ,  
1
" , ( 1 + 1 )  . . . )  •

(The meaning of E is  c lea r .) F o r a  holomorphic vector form M
which has the expression M== (Alm), where

M 'M  1 
— 

r! s !
adi ...-„sd e t  A  • •• A  d e r  A  d e l l A  • • • A d e s

with respect to local parameters (z 1 , ••• , z") and to the b a s is  
az'

of holomorphic tangent space and with r>1, we define

(1.3)S ( M )  — 1  E
(r — 1)!s!

s d z o i  A  • • • A  d e r -1 A

d e l  A  A  d e s .

S(M) is a scalar form on X .  In the case of (1. 2), we easily verify

(1.4)c o  L = (-1)g+'±'S(co A  L) (q = r + s) .

(The meaning of co A L  is  c lea r .) It is also easy to see

1 )  Here, a holomorphic vector form means a  (C ° ° - )  differential form with values
in the holomorphic tangent bundle.
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(1.5)a s ( m )  =  S ( m ) .
Hence we obtain

(1.6) - (co TL) =  -- -& 0TL+ ( - 1)q - lco7ça -

This shows that (holomorphic) vector valued Dolbeault cohomo-
logy group of type (0, 1) operaties on scalar Dolbeault group o f X.
In other words there is a natural bilinear mapping

1-18 (X, sa,r)xl-P(X, 0) --> 12r1  (r 1),

induced by T .  (Here nr  denotes the sheaf of germs o f holomor-
phic r-forms on X  and 0  the sheaf o f  germ s o f  holomorphic
tangent vector fields on X.)

§  2 .  Family o f line bundles

Let C V  M  b e a  differentiable family o f  complex line
bundles over a family cV of compact Kdhler manifolds parametrized
by M . (For the definition, see Kodaira-Spencer [3]. Generally we
follow these authors in terminology and notation.)
Since we concern ourselves with structures sufficiently near a par-
ticular one, we can assume that M  is covered by a single coordinate
neighborhood and CV is covered by coordinate neighborhoods CUJ I
such that -cr(Q71) = M .  In  ci_7;  w e  have local coordinates (z .1, ••• ,

t', • , r), where ( t )  i s  a  system o f  coordinates on M  and
(21, ••• ,z3) form, for each fixed ( t) , a  system of complex analytic
local coordinates on  V „  the complex structure corresponding to
(t)E M.

We can also assume that cy  is diffeomorphic to V, x M , where
V,= 1 (0).- 1 (0). In  term s of loca l coordinates, th e diffeomorphism
c- V-=- V, x M  can be expressed as

(2. 1)
5 z, f l(t" , t)

= tx
(a = 1, ••• ,n ;X  = 1, ••• ,m ),

where ( - i )  denotes a system of local coordinates on V „ and f c ; is
C-  in t" and t. We can assume 0 ) = r .  The equations (2. 1)
can be solved as
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(2. 2)
= t)

I  tx tÀ

Replacing M  by a smaller neighborhood of (0 ) if necessary,
we can assume det (af 0,s/a-13) ID and define gill o  by

afT —  E  t).a-1 ao
Then (p= {p i } ,  with (pi  =t(q,"1- , ••• , (1)7) and (pYi = E  pï o dt .1, is a 0 0-
valued differential form of type (0, 1), which satisfies the relation

aoP

and which characterizes the fam ily (-V  o f  complex structures.
(a, denotes the exterior differentiation with respect to anti-holomor-
phic coordinate in the structure V i ).

(2. 3)

determines an element o f Hi( Vo , HO, which is nothing else than
(a )

po (Kodaira-Spencer [4]).at ,

Now we shall consider the Chern classes of the bundles B .
As cohomology classes E H 2 (X , Z ) (X = the underlying differentiable
manifold of V i ), these Chern classes are all the same. Hence its
image in H 2 (X , C ) is represented by a differential form

(2. 4) (Dal .\/' — 1  cl) a-A ld r  A d ,

which is real, closed and of type (1, 1) with respect to the struc-
ture 1/0 , and has periods which are integers.

Since we concern ourselves with a family of Knler manifolds,
we may assume that we have a family of K5hler metrics on {1/1 }.
depending differentiably on t. Denote by 7t (t r ' "  and H , the opera-
tors of projection of differential forms to the part of type (r, s)
and to  the harmonic part in the K5hler structure of  V . T h e n
the condition that (1) represents the Chern class o f B , implies that

(2. 5) Hf7r,2'"c13 = 0 f o r  t E M .

Proposition 1. Notations being as above, we have
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(2. 6) H {(H s Irs " ."(F)  n}  =  0

f o r any  sE M  an d  f o r those 0,-v alued a 3 -closed dif ferential forms
27 which determine cohomology classes in p s (TM ).

P ro o f . We consider the case s= O. W e can take cl) to be harmonic
and we have

cID = Y  —1 E (13 (0 d r  A d =  Y  - 1 E (1)„,l (g(z , t))dg A de.
Hence

= Y  - 1 E (13.( e z , t ) ) ag"1 ag ° ck° A  d ,a2P ae
and

(2. 7) 11,1 ' — 1 E .43,j (g (z, t)) 
ag ° a g's de A del = o.ae

Since e=p(g(z , t), t), we have

ag'Y   ag--1 _  E  a fa  ( agY
 + E p li

 ag8 — 0 ,E  +Eae ae \ae ae
and

agi ag8+ E  — 0 .de ae
Putting this into the expression (2. 7) and taking the value of its
derivative at (t)= (0) with respect to tx , we obtain

aH 0 ((F n x ) — tx 7r, ( °•2 )(13) = 0 ,a t=0
where

This argument holds good for general value of s. We have
only to observe that H 1 .1 (1) must be the harmonic form represent-
ing the C hern  class of B .

§ 3 .  Sufficiency

Suppose w e have a differentiable family (V 5r, M  o f compact
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K iihler surfaces, and suppose a complex line bundle B , over Vo =
t- - (0) i s  g iv e n . Let (I) be the harmonic form of type (1, 1), which
represents (the image of) the Chern class of B o . Our purpose is to
prove

Proposition 2. Under the situations of this paragraph, and making
use of previous notation, let the condition (2. 6) hold fo r  sE M  near
enough to 0 , and for belonging to ps (T m ), then there ex ists an
open neighborhood U  o f 0  on M  such that B , can be ex tended to a
f am ily  o f line bundles g3 over CV U.

For the proof, we first note that Prop. 13. 2 of Kodaira-Spencer
[3 ] can  be app lied  to  our case, since dim H 2(V„ n e)  i s  constant
b ecau se  V , are  K âh ler. T h erefo re , w e h ave  o n ly  to  p ro ve
H 0irs "' 2 (1)=0  for s  near enough to O.

W e take a differentiable family 4, (1 )( , t), ••• , (P)( ,t)  of bases
o f H°07 ,, S 4 .  Such a  fam ily exists since dim  H°(V„ s27) is in-
dependent of t. W e set

(3. 1) u ( t )  = T' r ) (z, t) A  (130(e z ,  t))
vt

and try to proveU r ( t ) =O (r = 1, .•. p) •
For the purpose w e consider (au r /at x), , .  S in c e  w e  f ix  X

throughout, we omit X . W e w rite  k , '= f ; ' ( , ,  s ) .  Then ( i a) i s  a
system of analytic local parameters on V .  We have -13 = g."(e , s).
W e put

(3.2)t  ;  s )  =  f  ( g ( 3 , s), t)

then ( )  and (z )= (h(z , t ; s)) are in the same relationship a s  ( )
and (z ) in § 2. (O nly Vs ta k e s  the place of K.)

Define +1  =E t ; s )d P by

aha ate(3.3)—    y t  ; s ) ,

then +=(+1 ) has the same meaning as y  in § 2, with respect to  s.
Thus 4)(s) = 0 and (a—) _ i s  the .

s -closed Hs -valued form which

represents p 0 (— Omitting the suffix r  for simplicity, we haveat
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u (t) kIf„(h(, t ;  s), t) , (a%1 1 1 de + A  (a
d +

=

A x,N,, cl)À17.(e ,

17, E Nvi,(13xg

S))(4,a

ah'

± dEP )

ah.

A  ( aaf: de.  - Ha
ar )

A 42de A de A
ae
ah2

ae
ah2 9h2 ah2

ae
ae

ae2
ae

ae
ae
ae
ath

42
ag x

agi'
ae 42

arae ae
det (a

ap  1( a
af; — a

ag ; ) ( : : —

— (a
af2x —  E a

a
g
ex

 , P0(a
ar — a

ar:Y7)} de  A  de A  4 ' A  d 2 .

Hence we obtain

(3. 4) (au(t))j a k Y , 2 ( z ,  t) + akv12
a t it=s ivst at azP at

a ah.+4, 1 2 — (log det ) ) }  de A  d e  A  7rsap
'
2)(1)

at t ,

GI) A  ( '14) 91).
vs

Now  w e have cI)=H.,(1)+dX and X —E1+E , where E ,  is of
type (1, 0) and E  of type (0, 1). Hence

rts(2,0)cp H s z 8 (2 , 0 0  a s a i

C1,14 )1 . ,7 r s (1 ,1 )0 + 3sa i

7 r , (0,24 , H , 7 (0,2)4 ,

As we easily verify, the relation

'■If A  (q) 97) — (NY n )  A  (ti

holds. Hence we have



190 Shigeo Nakano

qf A  ( 7, s (1,14 ,  97) T  A  (H5vso,o(1) i ) ( ' P  y n) A  as s
V5

v s

a k if  2 ))  A  E ,

because of our assumption 'PA  ( l i 5 ir3 "• 14T97)= O.
Vs

On the other hand, we have ah.lae=a; for t=s . Hence

[

—a log det 
(a/2a\ ]

[  3
2h'a 2 h 2

at L atae atael-s'

E
 a, v12 ± z  aTi 2 ahP ± ,. aat

 V  (log det( a
a
h:0 ))1 , de A  de

L at P azP at

—[aNl'i2 __
at

+z—a (1,
12

a— n ]  den de. 2)
P  a at f-,

Now

J vs

raT  4_v a  (

ae \
ahP)]

1 2 atL at de A de A a's s
t,

(T„ a
d
hA t  s de A de} E

= aae ( 11 12 al o
h
a
P
t )t s d e A d e A d P A  E .

S in c e  
a2hp = P   this integral is equal to

as (qf Ei
vs

Putting these into (3. 4), and showing the su ffx  r  explicitly, we
obtain

aur(s)_ raw2) ± z a  ( 4 ,„,ahPA d e  A  d e  A
as J vs L at P  aEP \ at f=s

( ahPThe harmonic part of [  12 ± - ) - - ) 1  de A  d e  is equal to
at P ae at t=s

z a rg (s)vg)(,  ), where arq (s) a re  differentiable functions o f  s.

Hence {ur(s)} satisfy the system of differential equations

2 )  T his expression is a  well defined differential form on V .
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au,(s) _  E  a „(s)u,(s) .

Since u(0)=O , we see that u,(s)=0 in  a  neighborhood of O.
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