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Introduction

The present paper is the continuation of the previous one
[2 ]  and is devoted to the computation o f  r ( S " ) ,  the (n+i)-th
homotopy group of the n-sphere for i=21 and 22.

The 2-primary components o f  r n + ,(Sn), which we denote by
end-i, are determined in  [4 ]  for and in  [1 ]  for i=20.

The main results o f this paper a re  stated a s  follows by
making use of generators given in [4 ]  and [1].

Theorem A.

r̀223 = 17)201/0fio, )2201/0 , 780p706 161  a.= Z2 '0 Z2,

=  {)/0726.f17} Z ,

7C5E V ° 7 2 7 ° A , V 4 4 .7° 6 18, 4 ° 7 7 ° / 8 1 Z 2  0  Z 8  0  Z 2 ,

4  7= {a ,  v5.7/0 719} Z2  0  Z2 , a E E - 1 (i76°g7),

-  1284 7 Z2

7r72 8  =  7)7°4, °K 1 4  I L.=  Z 2  0  Z2,

74 9  =  {2 2 0 4 , E a'o K i,,  (4 ,  CI 8°  1 5 1 Z 2  0  Z 2  0  Z 4  e
7r3o { 729°gio, 0 9

°
16,Z 2  0  Z 2  0  Z 2 ,

7r1.3(1 { 7)10Cii, aio°K17, Z2 0 Z2 '0 Z2,

7713; - 2 llog i2 , u llo ffi8 , O i, e 'op .} Z 2  0  Z 2  0  2 2 0  Z 2 ,

7rg = b212°g13, 6 12°K19, a72, E 0'0 /124, 00/224 )
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Z2 (9 Z2 0 22 0  Z2 0  Z27

7434 - {1212.k14, 4 , Eeop25, 2 2  0  2 2  0  2 2  0  2 4,

= 72144 15, E 2 c 3 2 }  7=- ' 2 2  0  2 2  0  2 4,

77154 16f 4 , E2201,33 2 2  0  Z 2 e  2 2,

= {7210417, (46, E 3 202, 34, v1.6°v34}Z  G  2 2  0  2 2  0  2 2,

7:178 { 7)170 gi8, 0
47, 2)i702, 351 Z2 0  Z ,  0  2 2,

74 E9' - {72184 . 4, 1)18°V36 2 2  0  2 2  0  2 2,

71) - 27194 20, 4 , 14 °1)37, 0°7239 2 2  0  2 2  0  2 2  0  2 2,

7r24? - 1 , 220421, 4 , E0.7240, -'0724o1 Z 2  0  2 2  0  2 2  0  2 2,

7r242 = f>221.k22, 4 , 4 0 241 2 2  0  2 2  0  2 2,

7t1 { 4 c42, 7722423, 0121 Z  0  Z 2  e  2 2,

1r24 = )223°g24, 41 Z 2  G  2 2 ,

(G 2 1 :2) = k o g ,  (73 } 2 2  0  2 2.

Theorem B.
714 292°V°726°fi7

27L 63°K.11 I 22,

1118 = fs4 c i2 , 2)4°6-7 Z 2  0  2 8  0  2 2,

7737 = fe5oKi3, 2,50e8 -7 =  Z 2  G  2 2 22,

T 23[ r o a n , v60K14, e6cw 14, ver5.9 1  = -  2 4  0  2 2  0  Z 2  0  2 2,

7:29 - fa fo p io  17'7.K12, s70K15, 7001O} 2 8  0  2 2  0  2 2 0 Z2,

7 z io  -=  {E o f oP is , 1790 K19, 68° K16, Vs°5- 11, 0.8° P12 , 0.80 15}

Z 8  0  2 2  0  2 2  0  2 2  0  2 32 e

7r3i - {0-90p16, 0.90&6} ----- 2 16 10  2 2  0  2 2  0  2 2,

7132)f a 1 0 o p i 7 ,  1 0 0 K 1 8 ,  , , 100c12 1 7= Z. CD 2 2  0  2 2,

-  fanopis, 81 10K19, v11o0i4} 2 18  0  2 2 10 22 ,
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7424  =  (6  *  " ',  6 12°P22 ,  a120ff20, 1)12°6 12

Z 3 2  0  Z  4  0  Z 2  e  Z 2,

74 35  =  {P23.622, s13°K22, v13°C16 } Z 1 6  0  Z 2  0  Z 2 ,

7738 (7*If (0 140V30) 614° K22, V14°6- 17 I 5-=7. Z 1 6  0  Z 2  0  Z 2  0  Z 2 7

—  { 6 .  (015°1 )317 815° /C237 V15°6:18 Z 1 6  0  Z 2  e  Z 2  e Z27

7T *  f ,  0 ) 1 6 0 1 4 2 ,  S16°  2elf  V16°5-16

zlo z 1 6  o z2 e z,
71-119 6177 W17°14 3 , 817° K211 V17°5-20 } Z 1 6  0  Z 2  0  Z 2  0  Z 2 7

7r14(1 = al(37 $18 0K26, 18
°

211Z 1 6  0  Z 2  0  Z 2 7

n149]. { 6;`2, s12°K22, )
) 49°J122 7=' . Z 1 6  0  Z 2  0  Z 2 ,

n24g = {0 2 0 , s20°K22, V20°6-2 3 7  4 4 i  
+ 2 o 2 0

}Z 1 6  0  Z 2  0  Z 2  0  Z4,

7r2413 { 612, $22°K22, 7.121°J24 I Z 8  0  Z 2  0  Z 2 7

- =  {6 22, 822°K30, 1
)
2206-25 Z 4  CI) Z 2  0  Z 2 ,

n ig  =  { 0- 2*3, 623.K31, V23°(7 26 Z 2  0  Z 2  0  Z 2 7

21"24  =  {624°K32, V24°0 27 = 0  Z 2 ,

( G22 : 2) { 60x, vocil Z y  0  Z 2 .

The m ain tool o f th e  computation is the following exact
sequence : (Proposition 4.2 o f  [4])

H  4  E  H
(T) — > 7241

n
2

n++11n 1 -1 —÷

In appendix, we shall see a table of the groups r 2 1 ( S )  and
n + 2 2 ( S )  containing the odd components.

§  7 .  Computations of the 2- primary components of Irn ,  2 i(S n ).

First we have
_  72202./ o ft 6 , 77201/02260p700•16 Z 2  c) z,

b y  (5.2) o f [4 ]  a n d  [ 1 ] .  By Lemma 5.7 and Proposition 2.5
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of [4 ], we have

J(ve,128 )

(7.1) 4(1)2.ff11) = 7/201/0v6.K9 = 0,

4(2),oyhop,o0• 2 ) =  22 2 o/o)2 6 op 7 ocr1 5

and E7Z13 = 0.

It follows from the exactness of ( T )  th a t  H : --> 7114 maps
7t1 isomorphically onto the kernel of 4  :  r 4 — 7r2 2 which is onto
(see p.45 of [ 1 ] ) .  By Theorem 12.9 o f  [ 4 ]  and [1], 7r 4 and 2112

h a v e  1 6  a n d  8  elements respectively. Thus the kernel of
is isomorphic to Z .  B y  Proposition 2.2 and  (5.7) o f  [4 ]  we
have

116/.2760T 7) =  4 0/77

=  4 5b y  (7.14) of [4],

a n d  4 0  by Theorem 12.9 o f  [4]. Consequently we have
obtained that

(7.2) 7r24 = {1/01260/27} Z 2.

By (5.6) and Theorem 12.8 of [4],

74 5  = °727°Ti8) 1 ) 44 7 ° 6 18. V4°277° /-18 —2.2 Z 2  0  Z 8  0  Z 2 *

Consider the exact sequence

E  H
••• 27'2) 7 —* 7115 7- 4  7 46 — 4  71°L —3 • ,

where 7r2 Li 1 7 (4)-- 7  and 70, f a  n v  K= 9°
 A m y ,s ° i o  , — 8 — 2 =  I. 9°  16°

4 1 7 , 9 °  1 2  •  9 ,

772° P 1:1°6.19 I Z 2  C )  Z 2  0  Z 2  0  Z 2  by Theorems 12.8 and 12.7 of
[ 4 ] .  By (7.16) and (5.8) of [4]

J (0 .9 0 C 2 6 )  =  x (1406,- /oC i4 ) — ±- E s'oCi4

=  X 'Oda ° 7°0'20



Generalized Hopf homomorphism 305

for odd integers x ,  x ',  since we have
$ f °

C13 s'0{1,13, 8e., 2616}

=  — 8e161°2617

D  r1702o-i 7

= 2s3 014,00.1 7

0.

by the definition of C13

by Proposition 1.4 of [4 ]

4079.filo) = EV°727°T€8 by (5.8) of [4 ].

Thus .E715 = {1)5.)28.fi91 Z 2  and

(7 .3 ) H : 717 — › 7.47 i s  trivial.

By (7.16), (5.13) and (5.8) of [4 ],

J(0907216147) = ElAs7°P15+1, 4000221401215 Im  E,

4 0 0 =  E v 'o fi T ,

4 (722c71100(719) = E1)'0227.1280617

and these 4-images are independent [1 ]. So, w e  have an
exact sequence : O - - › Z , —> Z 2 .  By Lemma 6.1 o f [2 ] ,  there
exists an element a  in 7Cf 6  such that H (a )= 1 ) 9 0K1 2 and 2 a = 0 ,  whence
we have

7 26 {a, 1'50228°fis I Z 2  0  Z 2 .

It is seen in  (16.4) o f [ 1 ]  that 4 :  z r  --> is a monomor-
phism . So, E  induces an isomorphism o f 746/4W  onto 747. For
generators of 71

2
1,  we have, by use of (5.10) of [4 ],

(7 .4 ) 4 (0 1 1 0121 8 0121 9 ) 1)02,0090771,01217

= 1/ 5
0 ( E a ' 0)215 + 17 8 + S8) 0 )216° 1-2 17 by (7.4) of [4 ]

= 41) 50E0Joc„+1401217 +1)50ss02216
0p17

by (7.14) and Lemma 6.3 of [4 ]

= 2)5 0pee .70(71 9

= 40)54 806n) = 0 by (7.14) of [4 ],
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4(1711) = 1)5°1)80/719,

4 ( 1)11° K14) 2)5°728°I.VICl2 0 by (5.7) of [4].

It follows that 7z. 7{ E a } Z 2  where Ea=776 0g, since E 3 a

= E 2 (2260k,) mod E 2 (vgoig+743°K13)= 0 by Lemma 6.1 of [ 2 ]  and
74  is  a  monomorphism as is seen in the following.

Consider the exact sequence

E  H
... -4 7N -4 7r,1 7 -4 - 4  r g  - 4

where 7rg = 10'13'1,1201 =- Z 2  a n d  71-P3 = 613 Z2 0 Z2.

W e have seen in the computation o f 77727 [ 1 ]  that the last
homomorphism 4  h a s  the kernel generated by , which is the
H-image of u 'ox„. The order of CI ' 0 K 1 4  is  2 .  By Lemma 5.4 and
Proposition 12.20 of [4 ]

4 (0"13°P20) = 4  H(6 /°P14) — 0 •

This implies that the above E  is a  monomorphism and
(7.5)H :  7 7 729 ZIA is an  epimorphism.

The following result has been proved

7:728 = { 727°4, 61J .K141 "=-' Z2 10 Z2.

It follows immediately from (5.15) and Theorem 9 .1  of [4 ]
that

7r 9 —  { , 280k9, E afotc., 478 , 6 8° K15 Z 2  0  Z 2  e Z4 0 Z20

Consider the exact sequence

H J E H
---> 7r2i 7731 als =  0,

w h ere  7rri { 4 ,  K i 7 }  =  Z 2  0  Z 2 .  By (5.16) of [4],

(2a8—E').K15 = Eu tox15

and 4 4  = — Ea'.01).

Here we remark E  ' o o l =  0  .  For, the relation I-1(a' 0(4 4 ) , - )2130(44
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= (13+ si3).(721= 0 implies that a' o o i,  belongs to E747 = {)27. 4 }.  If
Ea'00- 5 ,  )280 4 ,  b y  the exactness of the above sequence, we have
th a t  2 c 4 = E ' c ' o u l s = ) 2 9 o x 1 0 #  O. But 26,- = 0 since 2 6 =0. T h is  is
a contradiction and we have proved the required relation.

It follows from the exactness of the above sequence that

=  729°g10, 6 9°K16, 2 2  0  2 2  0  2 2

and

(7.6) H  : 7rh —+ 7rN is  trivial.
7122 .7r2= 0  by Theorems 7 .1 2  an d  7 .13  of [ 4 ] .  Thus it is

clear from the exactness of ( T )  that
713? 7210°g11, 0.10°K179 =  2 2  0  2 2  0  2 2.

We have seen in  p .  5 0  o f [ 1 ]  that the kernel of the homo-
m orphism  4 : 7z-N  is isomorphic to 2 2  and generated by
4C21=)210P23. By Lemma 7 .5  of [ 4 ] ,  HO 'ote23, =72,10/123- From the
exactness of the sequence

E H
0=nt — › 7r13? ni j2 22 0,

we have

7L-1A {0 1 , 7 2 n o 1 i2 ,  O 1 1 0 K 1 8 ,
 efot€23 } 2 2  0  2 2  0  Z 2  0  2 2.

By Lemma 2.4,

423  =  GIH ( c * )  0  for 4  :  4 34 732.

Whence
( 7 .7 )  E : Irg is a  monomorphism.

Also we know that 4  :  7rN —5  771
31 is trivial b y  (1 6 .8 )  of [1 ] .

Therefore we have an exact sequence

E  H
0 --> 771A  - ›  7r2 --> 77N -> 0.

where 33 -  ) 223° P24 1 Z2.

In rE , we have an element Oop,, of order 2  which is mapped
to )2230p24 under H, by Lemma 7 .5  of [ 4 ] .  Thus
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7:1A {  0 ri2 , 7212° 1 13, 17120 K10, E 0 '° 1124, 0 0 1124

Z 2  0  Z 2  C )  Z 2  C )  Z 2  0  Z 2 .

Consider the following exact sequence

E  H
• • • 7:1g —> 7rE --> Tcr4 —› 7L154 —› 74i • —,

where ) 25°, 26 ,2 20 By the relation (7.30) of [4].

(7.8) 4 ( 226°1126) = E8'op24.

For the la s t  homomorphism 4  in the above sequence, by
(16.11) of [1 ], we know that its kernel is of order 2 and genera-
ted by 145 . Thus we have an exact sequence

H
0 --> —› 0.4 5 } —> 0,

w h e re  ErE {0.'„ 7? 1 ,, a  K Efi 1 7, z z  ( -A 7,..,°g14, is. 20, 24 , - 2 - 2 - 2 - 2.

B y (6.1) of [2 ], we have that

11(201)5 1 ) =  H (2 0 .v31) = 245.

B y Proposition 2.12 of [2 ], we have

2(20 01)0  E  {  0 13, VW, 21)23, V26 10 21)31 -  0 .130 f VW, 21)23, V26, 21)20

Lemma 7.1. For su f f i c i e n t ly  large n , i.e., f o r  n_16

fv„, 21)„,„ 21),9}i , m o d  a l  .

The proof is quite similar to the discussions in p .  40 of [1]
and we omit it.

Corollary. 2( ).2 °  3 1 , =  1 3 °  20 mod 0, and the o r d e r  o f  201)3 1 i s
fo u r .

For, we have 2( ).2 0°  31, 13° 20 mod o t  by Lemma 7.1. Since
R(201)3 1 2 0 01)30 = 0, 2(201) 30  2(20) 30 E 2.E7rE = 0. Corollary follows.

These discussions show

zr4 = f 0 ,  7)13 0k14, Eeop2 5 , 201)31 1 Z 2  (D Z 2  10  Z 2  e Z4.

It follows from (16.10) of [1 ] th at the homomorphism H  in
the following exact sequence is trivial :



Generalized Hopf homomorphism 309

E  H
77376  — * 7rN r ist 7rF5 —> • • •

w h ere  4 76 — { LI) P 2 7 1  7727° 6 28 Z 2  e Z 2  0  Z 2 .

We have

4 (11) =- 4 ( ,27).148 = 0

4 (P 2 7 )  = Eeop„

a n d  A( A(— 0227° 8 2 8 /  =  —  7727° 6 28 ±

cl(H(o-* "))

= 0 .

It follows that

by (10.21) o f  [4 ],

by (7.30) o f  [4 ]

by (2 ) of Lemma 6.2 o f  [2 ]

7r1 —  { 7914°K15, ER0v32} LI Z 2  (9  Z 2  0  Z 4

and
(7.9) the kernel of A  :  7r2

3
7,  — > 7 1334  is generated by  L I and n,27°6 28-

Next consider the  exact sequence

Z1 E H A
• • • ---* 7r23? 7r 2  — 4  7 4 g  — 3  4 6 77131 y

w h ere  7rN 7-= { c 2 9 , 8 29} Z 2  0  Z 2  and nig = {0'29}Z 1 6 .

Since Ja2 9 is  of order 1 6  [1 ], the  above H  is trivial.
Now consider E 3 (2.1)3 1 ). It follows from Lemma 12.18 o f  [4 ]

that

E 3 ( 2°1)31) 2 ) 4 0 ) 3 4  -  4 1 4 3

We have

214.1,34 E  { c io , 2 0 -2 3  1)3010 21)34

= 0.16° { 20.23, V30) 21) 33 }

D 2(7160{0' 23 , 1)307 2Y33

c —20 .4607P = 0.48.27rN

=0,

where th e  indeterminacy is 20-1607/-N+  cr
1 6 on-3 4 ov3 4 = 0

Thus we have
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(7.10). 21402)3 4 .  0 ,  E 3(2.v31 ) = 4143 and  2E 3(2.1., 3 1 ) =4(2143 )=0.

By (4 ) of Lemma 6.2 o f  [ 2 ] ,  40-
3 j =4 (H aL )=0 . Since 0-31 gene-

rates irn it follows from the  exactness of (T)

(7.11). E: 7-&—> ri,? is a m onom orphism  a n d  2E 2(2.2)0=0.

On the other hand 2E201., 32 0 , and this is a non-trivial kernel
o f  E  : n-131—> 7z.N. By (3 ) of Lemma 6.2 o f [2 ]

4(i)29-H29) = d H (6') -= 0.

S in ce  1729 and e29 generate r 237 Z 2  0  Z 2 ,  we have

(7.12) 2E2.1)32 = 421294 e 2 9

and

(7 .1 3 )  the kernel of : 4 - 4  r i g  is generated by 27 29+E29=H(6').

Consequently, we have obtained

7dg = Eir = {01,  72150g16, E2201,33J Z 2  e Z2 Z2.

From (7.11), we have an exact sequence

E  H
irN --> 41,

w h ere  7:3.1 = Z .  By Lemma (12.14) o f  [ 4 ] ,  we have
H(14,01)3 4 )i m o d  214,=0.

It follows from th e  first re la tion  of (7 .10) th e  above sequence
splits and

7r
10

{ 0 1 ,  2 2 , 6 0k 1 7 , E 3202)34, * 4 )3 4 } Z 2  0  Z 2  0  Z 2  C .) Z2.

Consider the exact sequence

H  J  E
• • • ---> 7479—> irN 74? —> --> 7rN =  0 ,

where n1 = {243} Z 2 .  By the second relation of (7.10) we have

7r378  = 14 ,  n io x ls ,  2 4 7 021351Z 2  0
 Z 2

 0  Z 2

and

(7.14) H  : 7L-Fg- - > r39 is trivial.
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From the exactness of = 7734 Trg rg 7rN = 0,

it follows immediately

7r39 =  (48y 7218°K 199 V113° V38 -7=-' 22 0 Z 2  10  Z 2 .

As is shown in p.53 o f [ 1 ] ,  the kernel o f d  : 7470 —* 7r1A is
generated by 41)„=7237 . By Lemma 16.4 of [1 ]  we have that

2([3.723 9 ) =  0  and H(j.223 9 ) = 7,A7 fo r  j  E  7rg.

Therefore the sequence
E  H

7r3,7
1 —) 7z1 —> 7r1.1 —) Z2 —) 0

splits and

=  tot, 2,19.2,37, 43.223912 2  0  22  0  22  0  Z 2 *

Next we prove

(7.15) enov3i o t  m od 0.130K20•

By the definition o f  en stated in  p .153  of [4 ],

$13° V31 E  6 13, V201 0.2 3  '1 ) 31

= 613° { V20) 6 231 1)30 }

(43m o d  (7130x2,

since f v a v aûr'' 
m o d

- 20/ - 23) 30 1n— - - 2 0  by Example 4  in  p .8 5  o f [4].
Hence by Corollary 12.25 o f  [4],

(7.16)4 3 9  =  0 4 0  $ 1 0 ° V37 VL°V37 - H 4 9  m o d  6 10° K26.

In the exact sequence

E  H
0 --> 474'2 —› 7r,2,? ---> Kernel 4 —± 0,

47r3A  is generated by the element of (7.16) and Kernel 4 is al-
ready known to be trivial as in p .5 4  o f [ 1 ] .  By Lemma 16.5
of [1 ]  we have

H(j307240) = 7A9 and 2 74,0724 0 =  O.
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Therefore we have

r 247. = { 4, 7)20.121, Ek.), j90243 } Z 2  0  Z 2 Z2 3 Z 2 .

By Lemma 16.4 o f [1 ], 47241 = E ,3  and Since
7241 and d  generate r t  and 7z-11 respectively and since E0 *0,

724; E 7 24°,. — 7221.g 32, E0.724j1 Z 2  0  Z 2  0  Z 2 .

In the exact sequence
I-1 4 E H 4

71.24 - 4  7 7 44 - 4  7r2 71-L 772 7r241,
r =  2243} .̀ ="" Z2 and 7t =  1 43 }"-=' Z . As is seen in [1 ], Zhu is of order
2, whence H 4  is generated by 2(43 . By Proposition 2.7 of [4 ],
2t43 = .±- H4( e45 )• We have

47243 ---- EW.2241

by Lemma 16.5 of [1 ]. T h us
7 243 = c2 , 2222° k23, 4 45 Z2 e Z3 0 z

It follws easily from the exactness of (T )

n-2
4

3
4 = 72230K241 Z 2  0  Z 2 ,

a n d  (G3 1 : 2 ) = 3 , 720k1 Z 2  0  Z 2  in stable range.

Finally we prove

Proposition 7.2. 22o 3 0 -130K 3 0 a n d  a„.K „,, = 0  f o r n>_15.

p r o o f .  Let n  be sufficiently large. As is well known there
exists an element Pi of 7r7(S0(n)) such that ,A131)=0*. E  7r.+7(S 7 )  for
Hopf-Whitehead J-homomorphism. W e have 0-.077.+7-- 4(131).Enx7=
A p i otc , ) ,  while p 1 oK7  E  r 24(S O (n ))=0  s in ce  21=5 (mod 8).

01,31 , i30K20,Assume that 22„ then 2) by Corollary6 13° K20 aj.3,
to Lem m a 7.1. B y  (7.10), coK +6,3 = 0  in  stab le  ran ge . Thus
o-3 = a 0 K = 0 , but this contradicts to the above result. Consequently
2202)31 =0.„0 20 a n d  0”15otc32 =  0  by (7.11). q. e. d.

§ 8 . Computations of the 2-primary components of 2r.+ 22(Sn).

By (5 .2 ) o f [ 4 ]  and by (7 .2 ), we obtain immediately
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=  1 772°1/ ° Pert7 Z2.

W e  have E (7 7 2 0 1 / 0 2 8 . f i 7 )= 0  b y  L e m m a  5.7 of [ 4 ] .  B y the exact-
ness o f (T ) ,  7z1  is isom orphic  to  H a t  w hich  is  {7.4ori l } Z 2  by
(7.1).

By Lemma 6.1 of [4 ], I -A s3 )= , s o  H(s3oKii)=1).oxii and

7r25 = 163°Kii -==. Z2.

By (5.6) and Theorem 12.9 of [4 ], we obtain immediately

7rL — fe40K12, 1 ) 4471  1 )4 0 07}Z 2  0  Z 8  0  Z 2 .

Consider the exact sequence

J E H t l
••• 7Z287 .4 1 ,  — >  7 4 7 —> 7L- 7 —> 7t --> • • •

w h e re  7rL = 691 -= Z 2  0  Z 2 .

By the definition o f  C, and the relation 1./4 6=0,

1/0&.,  E  V o  g o, 8 4 7 ,  2 6 17}

=  {V, Cs, 8c17}.20-18 by  Proposition 1.4 of [4]

c n i s
 o  20.18

=  0 by Theorem 10.5 of [4].

Therefore we have, by  use of (5.8) of [4],

±(2v4— E11)47

±21)447.

By the definition of d, and the relation v'ov6=0,

) ) 106", E of0,s9+17o, U r}

va, so + 1;;A ° 0 .18 by Proposition 1.4 of [4]

=  I 1 61 7790 6 101 04718

D V 6 ,  7991 ° 0 1 by Poposition 1.3 of [4]

c =  { o }  =  0 by Lemma 10.7 of [4].
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Therefore we have

1/0.6-
60  mod v'07r6,80,718+ rio°721o°01 = 0,

and SI, = = 0.

By (7.3), the homomorphism H  in the above exact sequence
is trivial. It follows that

7 4 7  =  $ 3 °K 1 3 , V g8 y  V 6 ° J.8 ..*= . Z 2  0  Z 2  0  Z 2 .

Consider the exact sequence

E
--> 748 7r21 - ›  746 • ../

where 7L-121
9 is generated by n 12, e' and A'. By (5.10) of [4 ]

4(211./42) -= 1, 5°7kil10

= 4v 5o 8b y  L e m m a  12.4 of [4 ]

=0.

By Proposition 2.7 of [4 ]  we have

H4(22) = H4(E 2 2') = 22',

whence H4(2) 2' mod {)21ott12, 2e', 421.

So, 42' 0 mod {42e'}=0 .

Similarly de' 0 mod {42e1 =O.

Therefore 4 : 7r7 is trivial. By (7.4) the kernel of 4:
7:12-1 — › 7rL is isomorphic to Z 2 C ) Z 2 and generated by
and 7) K_ 11°  1 4 . We have

an°7)18°Pis

V11
°

K 1 4  =  H ( c 8 ) o K 14

=  H ( 1 7 0 . i c i4 )

0.11
0 7218

0
P 1 9  =  7711°0- 12° P19

H (pm)otti2

11(pm .p .)

by Lemma 6.2 of [4 ]

by Proposition 2.2 of [4 ],

by Lemma 6.4 of [4 ]

by (10.12) of [4 ]

by Proposition 2.2 of [4].
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Moreover

2(2) 11
°
K14) 1)1142 K1.4)  —  0.

By the definition of Co, we have

V64 9 E  Vs° f C9, 8 ‘20, 2 0 20 1 5

C { V6 0 C9, 8 c50, 2 ( 7 20 } 5

{20-06„, 20.20)5

c  feoc i 3 ,  16c2 0 , 20.2015

D  26".{a 53 , 16e a  1_20, - 20 , 5

by Proposition 1.2 of [4 ]

by (10.7) of [4 ]

by Proposition 1.2 of [4 ]

by Proposition 1.2 of [4 ]

by Lemma 10.9 of [4 ]

= 0 ,

where the indeteminacy i s  p" .20.2,-, 2pmorr,i . Thus

v6.C9 = 2n(Pm °0-21) for n 0 or 1.

But we know that E : i  — > 4 8 is  a monomorphism and i6°C9

since 4  :  27 1
9" 7r.7 is trivial. This implies that n=1, i. e.,

(8.1) v60C9 2pf ".(721.

We have obtained

7rL = sooKi4, 1, 60(5•91 Z 4  0  Z 2  C )  Z 2  0  Z 2 .

Next consider the homomorphism

: —*  248,

w here 7.c'J fLs.3, 613°20.Pzi, 1)i30016,/-1131 f= Z 2  0  Z 2 Z 2  C )  Z 2 .

By Example 5.12 of [2 ], we have

4($r3) = 4  .11(6 '0(0 1 4 )  - =  0.

We choose an element 7' from the secondary composition f p" ,

8c22,
 

2 2 2 } ,  then

H(z-') E  H{p", 8c22, 20221
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{H (p ''), 8
‘2 2 y  

20'22} by Proposition 2 .3  o f  [ 4 ]

=  {tin, 8122, 2 6
22 }

D 2 c 3 3 , 8 0 - 22 }

D  fin by th e  definition of Ten.

Thus fl H ( r') m o d  tei3°7r d—ir2.20 .22=--- {s13.P2i, 30P21 l

whence 4,FL1 3 z l H ( r ' )  m o d  I At A( )1■en°1-23 1 / , - ‘
1)33°P31 , = 0

and 4,a13 = 0 .

Furthermore

4 (6 13°222011 20 (4 1 0 ° 0 18°1l19 =  0

and J(1)13°K16) = (4 7)13)0K14 = ±2 60K,, = 0.

Thus the  hom om orphism  4  i s  trivial, and we have an exact
sequence

E  H
0 ---> 748i r 7

2 9 --> ---> 0,

b y  u s e  o f  (7 .5), where = t i  1 Z- 13°, 20, "= " —  2. Consider the elements
p".0.22 and op, in  7L-' 9.

TAP I f ° C-22) P13°622

721 3 oP 1 4

H(olopi4

H(0- ' 040 14).

It follows

by (1 0 .1 2 ) o f  [ 4 ]

by Proposition 1 2 .2 0  o f  [ 4 ]

by Lemma 5 .1 4  o f  [ 4 ]

pf ' .622 = (i'°P14 m o d  E rL  =  { E p " 0 0 .22, 17OJCj5, 7)706101,

and 20-'op14 2p".0.22 m o d  2Ep'''00.22

= E(p"'.621).

S o ,  20.' op,, = (2n +1)E(p' or 1''°- 21, for some integer n.
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In any way the order o f  a ' ° , 0 1 4
 i s  8, and we have

27729{ o ' 0 p 14, 1 5, 67CW15, 2.'70 010}Z 8  0  Z 2  0  Z 9  0  Z 2 .

It is easily verified by use of (5.15) of [4 ]  that

74o — { Ea fop,4,  f 80K „ ,  e t or „, 2,80(11 j ,  ( •e p., 0 .8 0e1 5 1

Z 8 0  Z 2  0  Z 2  0  Z 9  C i )  Z 3 2  0  Z 2 *

Lemma 8.1. 22700.80K1 5 =0.
Proof. it6 8 =  6 11° 18 = .11°1:726 by Proposition 3.1 of [4 ]

E  { 6 n , 2 c is ,  1491°0'26

s i l o { 2 C19 f V197 (7 25 } by Proposition 1.4 of [4].

In the stable range, we have

720<2t, 2.,2 , =  <72, 2e, v2 >  oo-  by (3.5) of [4 ]

s ou b y  (6.1) of [4 ]

=  0 by Theorem 14.1 of [4].

Since 2 7 0 K =  0  and 27ou2 =0 , we obtain

<2e, v 2 , > 0  m od a2 .

It follows from this relation that

611.0'26 0  m od s110019 ,

where 611001 = 0 by Lemma 10.7 of [ 4 ] .  That is

11
°0.

26 611°E18 0 .

The exactness o f  0 --> 72 — >  r g  implies that

10° 6 29 = 0-10°17 = O.

By Lemma 10.7 of [4],

-=  ( 6 9° 2716 +  1. 9 + &9) ° aT7 = O.

Since 77B is generated by and ri p, we have

(8.2) (19°.16 E  Ker(E: 714A) 47rn  =  {4K i9 } .
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Here we h a v e  0-9
,z 1 6 t  0 ,  as the kernel of

nerated by

(8.3) zip, =  ± (2 6 8 — Eo lo p „ by (5.16) of [4 ]

and t is „ = ± (2 (1 8 — E 0 - ').15

= q o 1 5  = by (10.3) of [4 ]

=  ( 280 0 9 ±  0 8+ 68)°K16 by (7.5) of [4 ].

Hence

E : 7110 — >  41 is ge-

(8.4) 4 K1.9 = 61.9° .È-16.

On the other hand

ZIK19 r =  ( 6 02113 + 179 + 89) ° K17

= (79°Eis + 1:9°K17 + €8°K17

by (7.1) of [4 ]

by (10.23) of [4 ].

So, 7290(7100K17 = 1:9° €17 S9°K17 = by Lemma 6.4 of [4 ],

whence (1)84-€8)°K16 K er (E : r 0  --> 7:1) = 47rY2,

i.e., (278+68).K16=- -±- 4 (a  P17-1- b for some integers a, b

2a 0 .8 ° 1 3 1 5 —  E(a Cr ' ° P14 b ( 777°C ie15± 17,70 K15 £ 7 0 €15))•

So, 2a -=  0  mod 32

Or a = 1 6  a '  for some integer a'.

Since 16(4p17) 0  a n d  (L,8-1-$8)0K, t 0, we have

(8.5)4 1 7  =  ( 7)8 ±  e8 ) ° K16.

On the other hand 47'17 72800.9°K16 + (€8 ± 0 8)°K16, we have then
)28 0 6 90K1 6  =  0,

and by use of th e  monomorphism E  : 7r7
7,9 —> we obtain the

required relation 77 7 00-8 .K1 5 =0. q . e . d.
By (7.6) we have the following exact sequence

E
• • • -- > — > 71 0 — >  7r31 0,

where 713; {p , s 1 7 } .
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It follows from (8.3) and (8.5) that

— {0'9.P18, 1,90t712, 4:7 9° -&6 I Z 1 6  0  Z 2  0  Z 2  e Z 2 .

Consider the following exact sequence

E
—> 7r131 7rE = 0,.

w here 7714  = Z 2  0  Z 2 .

By (8.2) and (8.4) we have

7d92 — fulooP17, 6 10° K18, V10 1 3 " '-='  Z 1 6  0  Z 2  0  Z 2 .

It is verified from the resu lts 7rN=n11, 0  that

{ anopis, e11.K19, } Z 1 6  0  Z 2  0  Z 2 .

By (7.7), we have an exact sequence

E  H
0= rri --> —> 7z-13i --> 7r231 —÷

w here 7rN -= {C231 ""=-' Z8.

The element 0-*"  i n  Lemma 6 .2  o f [ 2 ]  has the properties
H(o-*"')= C2, and 80*"'= . 4o. n12° , 19  m o d  {80- n- 12° , 19 whence th e  order
of a * " ' is 32.

By an easy calculation we have

7 124  = * 111 , 6 1 2 ° P 1 9
 2 0 . * 1 1 1 , 8 12

0
K20, 2)12° 0 15 Z 3 2  0  Z 4  0  Z 2  0  Z 2 .

We have

2p'00.24C rg ,  1 6 c 3 6 )  C H )  °  2 6 24 by the definition of p'

= - - 0 9 .{16c 1 6 , o-„, 20.23 } by Proposition 1.4 of [4 ]

— 2690,016 d 2  -I- f 2 A  1
mod 0 ' 9 07r, t 0_ 624 (33 „

since it is verified that <16e, C I ,  2 6 >  contains 2p in  [4 ].

27z-r4 =  0  a n d  26904c33 = 2[0- 9,  o-9 ]  = 2 4 4 . 4  =  O. Thus

(8.6) 2p'oo.24 =  —20- 90pi o .

Applying E4
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(8.7) 4,0120628 = 20. 130p20 a n d  8 p 1 3 0 0 -28 -=  + 8 E a * " ' .

Consider the exact sequence

d E  H
74g Z324 —* ri3g 455

where 74,1 f 1 7 7z-! ti.25., — 8, ,25°,26, —4 •  • 2'2 and H is trivial
by (7.8).

By Proposition 3.2 of [ 4 ]  we have that
4(Emokit11)0E21ti) E21piv0E190.8+E40.80E14pIV

j. e., 44 25 = 4 ( 7A5° P27)

- 12° , 19=  8 E 3t9'06,27 +  1 6 0  0

8612opig by (8 .7 ) and 16712.p19 = O.

Thus 42 5 is of order 8.

Also, by Proposition 2.7 of [4 ],

H4(C25) — ±2C23

H (2 a * ) .

So, ±  4 2 5  2a* " '  M od E rg,

whence ±  4 2 5 =  20 - *"+xa12op19--FYs12oK20+zv12.5- „  for some integers
x ,  y and z.

Since 4 2,  is of order 8, we have

0  =  8 4 2 5  =  1 6 0 * " '  + 8 X 0  012° , 19

=  8 (X  ± )612°P19 by Lemma 6.2 of [2 ],

whence x 1  mod 2.

Thus 4C25 2 a * " '+  (2 n - 1)"2 0 p 1 9  m od {s120K2o, v12071 }
for some integer n .  An easy computation shows

ri3g {01300-22, e13° K21, 1)13°5.16 } Z io  0 z 2  e Z2.

Consider the exact sequence

E  H
7rN rFa 7r13,3t —3
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where U, t i  1 Z27° , 28 , — and the image of H  i s  f l A  y )  s• - 27°  -28 Z 2

0  Z 2  by (7 .9). We have

H(0744011) -= 747 by Lemma 12.15 of [4 ],

H (G .*  )  = 1.47 -1- 7727.s28 by Lemma 6.2 of [2 ].

By Proposition 3.2. of [4 ],

4 (2 7 ° s28) -= 840130628 +861304020

24p4,00.28 by (8.7)

= 8p,300.28 O.

Then we have obtained an exact sequence

0 —* Enig —> Hilag —* 0,

where E 77g = f o x 7 . ) 1. 7  (-7 )-  7 Z14° 6 29, 1 4 ° - 22, 1 4 °  17 , 8 — 2 — 2.

Obviously

20)44074 = (0140(274) = O.

As we have the relation

P14.629 2 a * "  m od 0- 440Enig+27rgoa29 = {2,014.o- 291=

by Lemma 6.2 of [ 2 ] .  we see that the order of ce" i s  16. Thus

r 1346 6 .  H y (1)14°14 0 , 6 14° K22, 2 14°5- 17 -:•=72--  Z 1 0  0  Z 2  0  Z 2  0  Z 2 .

By (7.13), we have an exact sequence

LI E  H
•• • —4 74-N —+ 7rg —> --> Z , 0,

w h ere  7r!2 f s 7  6-n- 7  r n -  7- =  - 4 29°  30l — 2 — — 2 and the last Z ,  is
generated by D 2 9 + S 2 9  M a ").  By Lemme 6.2 of [2 ],

EG * " 2 u * ' m od  ,015°630-=, 2EG* "

By Proposition 3.2 of [4 ],

4 (E 1 6 11(p").E 2 3 c45 )  = EY poE2bo8+ Ee 0 -8 0 E l 4 o" ,

whence ( 11 2 9 ) 4P 1 4 ° 2 ± 4 6 14 ° P 21
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=  1  2 P14°1729

4 P14° C129

= 8c*" * 0

Therefore

b y  (8.7)

by Lemma 6.2 o f  [2].

(8.8) 8 E o - " "  =  4 33O1333 0  =  0 , and  the  o rd e r o f  u*  i s  16.
By (10.10) o f  [4 ], we have

J ( 2 2 9 °6:30 )  -  4 0140 $ 2 8  -  0

and J(142) = 4(4401:28 = O.

These discussions imply

=  { o ', 6 15°4723 , 1)15°3 ' 18 I Z 1 0  ( I )  Z 2  C )  Z 2  10  Z 2 .

Next, 7 rt  is isomorphic to Z2 Ci Z2
 and generated by I- .

and By Proposition 3.2 o f [4 ]

4 , 31+  sal) E 3 ( 12°7730)° E 30V4 E 11 v e E 6 (E12.2230)

— 1507233°2)34+1)12.E18.7230

= 2$15°7233°L)34

= 0,

whenced z l o .  =  ZIE„

Choose a n  element
10-16, 20-23, f;3011, then

-
1)33 from the  secendary composition

H ( 4 )  E  H { 0-1 6 , 2 6 23, 1- 30 )1

— 4- '(20-,g)0E 217 22 by Proposition 2.6 o f  [4 ]

=  1731.

Therefore 4 s .  =  4531  =  4H( =  0 .

So, we have an exact sequence

E  H
0  - 4 - . 4 — ›

By Lemma 6.2 o f  [2 ], H (016)= 0 - 31 mod 20.. 0.3 i  generates 7:- .Z.16.
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T h e  order of c is 16 since 160-,1—= {0... 212 3, 1- 23, - 30
1°  „G ss = (7,6C,

{20-2 3 , 0-3 0 , 16 c37 } —  cr„.(2p,3 )=0 mod 167N=0 by (8.7) and (8.8).
Thus the above sequence splits :

714 — { o ,  E u ,  0) 16 4 2 ,  6 16° K24/ 2 )1 6
°

u19 }Z 1 6  0  Z 1 6  e Z 2  0  Z 2  e Z 2 .

Consider the exact sequence

E  H
734Ô — p - - >

where 74.34 Ô  = {633}Z 1 6 a n d  4 { 143} .= Z2. B y (7 .10 ), 4  =
E 3 (2.7., 3 1 ) # 0 .  Thus the above E is an epimorphism.

By Lemma 6.2 of [2],

20. 6 =  E a '  m od { 16°  3 1 ,  1 6 33 } •

However we have, by Proposition 2.4 of [4],

H4(0-33 ) = +.203 , = ±

whence 4633 ±2 m o d  E .
Thus +40 3 32 0 - A — E o - *' mod {p 1 6003 1 ).

It follows

7:137g -E7N =  fa 1"7, W17°14 3 ,  617° K25, V17°5'20 Z16 Z 2  e Z 2  0  Z 2 .

In the exact sequence

E  H
Tcg —> 7cYo

3 —> 7ZIP =  0

-= {145}--= " Z 2 . By the relation 41)35 =0)17ov33 in  p.170 o f  [4], 4145

=0)17°143.

Thus

Tziô —
160K26) V18°3.21 Z 16 10  Z 2  0  Z 2 *

Lemma 8.2. In  th e  s tab le  ran g e  a.p = p.a = 0  a n d  a  =  0.
Pro o f . There exists an element 132a r 1 5 ( .5 0 ( n ) )  such that J (132)

=p m  w h e re  n  is sufficiently la rg e . 2° 153 E r 2 2 ,(  S O (n ) )= 0  since, 
22--6 (mod 8). Thus poa=aop=E7( 152.a15 ) = O.

Next consider a* E  <6, 2u, a > .  By (3.10) of [4],
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<0-, 2u, u >  = 2a, 2u> = 2<u, 2a, a >

m o d  { go2ox, aopl= ta.720K}. co  = 0  by Lemma 8 .1 .  Thus
<a, 20., a >  = 0 , a n d  e  =  O. q . e . d.

Lemma 8.3. 80.2*0 — 441)41,

4c;32*1  —  1) 24 3

20.2462  =  4 7245

and 6 ;3  =  4 e47.

Proof. Obviously 247) 45 =241) 3 =O. 2 4 ( 4 7 = ±-41/(e49 )=0. T m
E n {41)411 = 04 1)411 s in c e  H(41)41)= ±21)37 i s  o f  order 4. These
elements 4 c4 7 , 445, Z 1i4 3 a n d  441,4 1 generate the kernel o f  E —

( G22 ; 2 ) , which is at most 1 6  elements. O n the other hand
0.'s is  of order 1 6  a n d  vanishes in  the  stab le  range by Lemma
8 .2 .  Then Lemma 8.3 follows immediatelely. q . e . d.
Consider the exact sequences

H
n+22n I t  — *  n t i -23 —* 4+21

fo r n 1 8 .  T he above discussions clarify the  kernels of E .  We
also  see i n  § 7  that d  are monomorphisms except the  case  n=
1 9 .  F o r n = 1 9  th e  kernel of 21 is generated by 21) 37 =± H(41)4 1 ).H(41)41 ).
Therefore the  following results are  verified easily

7r1491-= 90K37, 1)190g22) Z 16 Z 2  0  Z2,

— {(724'0, 41)4 1 + 2 g ,  s290K29, 1)205 -23 Z16 0 Z4 CD Z 2  0  Z2,

7r2413. —  { 6 241, 6 21°K29,1 ) 21°a241 Z8  0  Z2  0  Z2

7 24,24=  1 6 ;2, 822° K30,1 ) 2205.251 Z4 0  Z2  0  Z2 ,

7i:241 ( c l 2 3 , 23.K31,1) 230 1 —2:: Z2 0  Z2  0  Z2 ,

r 24t —  {624 °K 32 , 1"24° 1 27 Z2 e Z2

and (G 22 : 2) =  { ok-, Igo} Z2 0  Z 2 .

Appendix. Table of n-n + 2 1 ( S h ) and 2 t . + 2 2 ( S " ) .
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For the completeness o f this paper we quote from [5 ]  the
odd primary components of r „ (S n )

The results are the followings:

odd component of r2.422(S 2 "' + 1 ) ---'

and 7r n i( g  ) .  

0 m =1 and m 5 ,

Z, m=2, 3, 4,

Z105 n/-= 1 7

odd component o f
27,„ m + 2 3 ( s 2m+i ) „ ,

Z45

Z9

m=2,

m=3, 4,

Z., m=5,

0 m>_6.

By Serre's isomorphism
p ) 7 , „ , ( s 4 m - i  p ) 7 . ,i( s 2 m  p , , •)  p  :  odd prime,

we can compute easily rn+21(Sn: p) and ;z..+22(Sn: p )  for even n.
In the following table, an integer n  indicates a  cyclic group

Z ,  of order n ,  the symbol "00" an  infinite cyclic group Z , the
symbol " + "  the d irect sum  o f groups and  (2),  ind icates the
direct sum of k-copies of Z2.

T able of 7r.+ 2 , (S n )  and 21n +2 2 (S '2 ) .

n = 1 2 3 4 5 6 7

rn-F27(S 4 ) 0 (2) 2 24+(2) 2 6+2 6 6+2

zn+22(Sn) 0 2 210 9240+6+2 90+(2) 2 180+(2) 3 72±(2) 3

n = 8 9 10 11

7r.+21(Sn ) -L= 12+ (2) 6+(2) 6-F(2)2 (2)4

rn+22(Sn)=1" 1440+24±(2) 4 144+(2) 144+6+2 48+(2)2
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n = 12 13 14 15

7r.+21(Sn)"=" 6+(2) 4-1-(2)3 4+(2)2 (2)3

7r.+22(Sn)L- 2016+12+(2) 2 16+(2) 2 16+(2) 2 16-f(2) 3

n= 16 17 18 19

7 . +21(Sn)
, . . . . ,

(2)4 (2)3 (2)2 (2)4

7 .  + 2 2 (S n ) L- 240 +16 H-(2) 3 16+(2) 3 16+(2) 2 16+(2)2

n = 20 21 22 23 n 24

7.+21(S")::' (2)4 (2) 0 0  H-(2)2 (2) 2 (2)2

7r.+22(Sn):-=' 48+4+(2)2 8 + ( 2 ) 2 4+(2)2 (2) 3 (2)2

Kyoto University
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