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Introduction

The present paper is the continuation of the previous one
[2] and is devoted to the computation of =,,,(S"), the (#4:)-th
homotopy group of the #n-sphere for ;=21 and 22.

The 2-primary components of =,,,(S™), which we denote by
7., are determined in [4] for /<19 and in [1] for /=20.

The main results of this paper are stated as follows by
making use of gemerators given in [4] and [1].

Theorem A.
w3y = {maov'olls, uov'oneopooe} = Zy, @ Z,
mh = {Voneolts} = Z,,
mhs = { Ev'onolly, vol00:s, vionellyy = Z, @ Zy @ Z,
5 = {a, Q507780A?9.} =27, D Z, acE (pek),
= {1e:) = Z,
Tl = {neoke, oom) = Zo @ Z,
78 = {neoky, Ec'orys, 0by ook} =2, ® Z, D Z, D Z,
73 = { ek, ks, 03} = Z, D Z, @ Z,,
7 = {pekn, G100k, 0%} = Z, ® Z, D Z,,
T = {puokis, Onoky, 0, Ooput =2, ® Z, D Z, D Z,,

12 = 3 ’
33 = {7]12"’513, 019°Ky9, O1gy E0°,U24, 0"/124}
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;Z2@Zz®zz®22®z2’
ﬂ'.ﬁ = {7713°/El4, O':ixaa Eﬁ°#25y 2°”31} = Zz @ Zz @ Zz 6‘) Z4,
Ty = {nuoky, 03 Elovpl =272, ® Z, ® Z,,
71';3 = {7]15°,Elﬁy 0'?5, E22°V33} = Zz @ Zz @ Zz,
Tf.l.g = {7716°IE17) 0'?3, E32°U34, ”1*6°V34} = Zz @ Zz @ Zz @ Zzy
77:;; = {7]17°/518, 0'?7, v1*7°1-’35} = Zz C‘B Zz @ Zz>
71'%3 = {7718°’519y Ufsy Vl*swas} = Zz @ Zz C‘B Zz;
71‘18 = {019°/Ezo, 0'?9, V19%Va7, B°7739} = Zz @ Zz @ Zz @ Zm
753[1) = {7720°/521, 0;’0, EB"’?«» E‘”)Ao} = Zz @ Zz (‘D Zz (‘D Zz,
71'2% = {7721°/522, 0'%1, E§°7741} = Zz @ Zz (‘D Zzy
7532 = {4545, 7722°'523; ng} =7 @ Z2 (‘B Zzy
T = {7723"/324, 033} = Zz @ Zz;

(Gu2)y={nk, =2, D Z,.

Theorem B.

Toa = {mov'oneelly} = Z,,

T = {eorn} = Z,,

T = {0k, volr, vo0,} = Z, @ Zy @ Z,,

7 = {eokys, vole, V05l = Z, D Zy @ Z,,

75 = {000y, Teoky, €k, vele) = Z, D Z, ® Z, D Z,,

Ty = {07001, Trokss, ki, v1o0y) = Zy D Z, ® Z, @ Z,,

73 = {E06'0p15, Dgoks, €°K1s, Vo011, OP1s, Os€15)
=ZiDZ. DL D Z D Zn ® Z,,

T = {00015, €Ok, Vo0 1y Ot} = 2y B Zy B Zy @ Z,,

T = {0190, €woks, Vi) = 2y D Zy D Zs,

7 = {01008, Enoky, V1o0u} = Z1g D Z, D Z,,
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mh = {6*"", 010010+ 20*""", €0k95, V150015}
=2 D Z, D Z, P Z,
oy = {0159028, 815°Kn, Vi3o01} = Zyw D Z, @ Z,, -
T = {0, @1V, €10ky, violyn} =2 D Z, D Z, D Z,,
T = {0, 0V, ek, Viel} =2 D Z, D Z, D Z,,
T = {05, Ec*’, gV, &1k, Y16°010}
=ZePZPD Z, D Z, D Z,,
my = {of, 0oy, ok, vuoln} = Ziw @ Z, D Z, D2,
ng = {Uﬁa, €18%K 26, U18°621} = Zle @ Zz C‘D Zzy
7 = {0, ek, vieln} = Ziy @ Z, D Z,,
i = {05, exoky, Vuola, dvu+200} =2, O Z, ® Z, ® Z,
75 = {03, €nok, vuolu} = Zs @ Zy @ Z,,
ms = {05, enoky, Vnoluy} = Z,® Z, D Z,
75 = {05, exokn, vuolu} =2, @ Z, @ Z,,
i = { &k, vuoln) = Zy @ Zo,
(Gp:2) = {eok, o6} = Z, @ Z..

The main tool of the computation is the following exact
sequence : (Proposition 4.2 of [4])

E H 4 E H

(T ool St oA ol oAt

In appendix, we shall see a table of the gfoups Toen(S™) and
T.+2(S™) containing the odd components.
§ 7. Computations of the 2-primary components of =,,.;(S").
First we have
Ty = {maovofls, meov'opeppet = Z, @ Z,
by (5.2) of [4] and [1]. By Lemma 5.7 and Proposition 2.5
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of [4], we have
A(vsolty) = myov'olls,

(T.1)  Aiorn) = meov/ovger, = 0,
A(ybovsoﬂ?oals) = o one o0,
and Ery = 0.

It follows from the exactness of (7") that H : =z}, — =}, maps
73, isomorphically onto the kernel of 4 : z3,— 3 which is onto
(see p.45 of [1]). By Theorem 12.9 of [4] and [1], =} and =3,
have 16 and 8 elements respectively. Thus the kernel of 4
is isomorphic to Z, By Proposition 2.2 and (5.7) of [4] we
have

H(”’°7}6°/17) = 77=2s°/77
= 4&, by (7.14) of [4],

and 4&,#0 by Theorem 12.9 of [4]. Consequently we have
obtained that

(7.2) my = {Vopeolly} = Z,.
By (5.6) and Theorem 12.8 of [4],
whs = {EVonofls, volioays, viopollyl = Z, @ Zs @ Z..
Consider the exact sequence

4 E H 4

9 ;
© o Ty > Ty T Mg —> Mg —> Tay — R

where =}, = {o5°Lss, 779°/710} =7 @ Z, and =} = {0'9°7716°/117y VyoK 19, flg,
Peotho0w} = Zy D Zy, ® Z, ® Z, by Theorems 12.8 and 12.7 of
[4]. By (7.16) and (5.8) of [4]

A(0'9°‘:16) = x(”4°UI°Cl4) =+ E5'°C14

= Z'(volo0)
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for odd integers x, x’, since we have
e'oli; & &o{vy, 8ue 201} by the definition of {;
= —{¢&, vis, 8t}o2ay; by Proposition 1.4 of [4]
D 7holoy
= {2epvioon}
=0.
A(ppllyy) = Ev'onofly by (5.8) of [4].
Thus Exrjs = {vsoneelly} = Z, and
(7.3) H: ny — =y is trivial.
By (7.16), (5.13) and (5.8) of [4],
Aoenehr) = Ev'ospps+voea'oneoms & Im E,
A(4g) = Ev'of,,
A(nemeeoin) = Ev'opopes

and these 4-images are independent [1]. So, we have an
exact sequence : 0 » Z, — 3, — Z,. By Lemma 6.1 of [2], there

exists an element « in #; such that H(a)=vser,, and 2a=0, whence
we have

T = {a, V5°ﬂs°/79} = Z, D Z,.

It is seen in (16.4) of [1] that 4 : zll >zl is a monomor-
phism. So, E induces an isomorphism of z3/4(z}) onto z%. For
generators of i we have, by use of (5.10) of [4],

(7-4) 4(0'11°7718°/v519) = V597800 ¢°N16° 17
= ”5°(E0' I°7715+’- s+€8)°7716°#17 by (7.4) of [4]

= 4”5°E0' I°C15 + ”é°ﬂ17 + V508800)16° Lh17
by (7.14) and Lemma 6.3 of [4]
= U5°.Us°77%7°0'19

= 4(vselooyy) = 0 by (7.14) of [4],
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A( /) = vsongolly,
A(vy10K14) = v5engveery; = 0 by (5.7) of [4].
It follows that =% = {Ea} = Z, where Ea=nok, since Ea
=E%(yef;) mod E*(viorii+alor;)=0 by Lemma 6.1 of [2] and
E?: %, — 73 is a monomorphism as is seen in the following.
Consider the exact sequence

4 E H 4
o Ty o Ty o Ty > T > e,

where j = {0'13"/120} =Z, and w33 = {01, 8l = Z, D Z..

We have seen in the computation of =%, [1] that the last
homomorphism 4 has the kernel generated by &, which is the
H-image of o'k, The order of ¢'or, is 2. By Lemma 5.4 and
Proposition 12.20 of [4]

A(0'13°ll20) =4 H(o’op“) = 0.

This implies that the above E is a monomorphism and
(7.5) H : 7y — =} is an epimorphism.
The following result has been proved :

o = {yoks, 0’0y} = Zy, D Z,.

It follows immediately from (5.15) and Theorem 9.1 of [4]
that

71'39 = {7730/39, E0'/°’515, ‘73, 0'8°"715} = Zz @ Zz @ Z4 (‘D Zz-
Consider the exact sequence :

H 4 E H

s T o m o T — 7w — oy =0,
where i = {6}, tu} = Z, @ Z,. By (5.16) of [4],
diy; = (205— Eo’)ory; = Ed'orys
and Aoty = + (205 — Eg'oc3;).

Here we remark FEo's},=0. For, the relation H(e¢'o6},)= 5005
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= (f3tew)oon=0 implies that ¢'es}, belongs to Ern}={neoks}. If
Eq'oc}, =7k, by the exactness of the above sequence, we have
that 2¢}=E’%’o0},=ner,#0. But 2¢i=0 since 203%=0. This is
a contradiction and we have proved the required relation.

It follows from the exactness of the above sequence that

71'20 = {7)9°’Em, TgOk16, 0'3} = Zz @ Zz @ Zz
and
(7.6) H : =3, — =il s trivial.
mp=n3=0 by Theorems 7.12 and 7.13 of [4]. Thus it is
clear from the exactness of (7T') that
Tfyl) = {771o°’5uy G10°K17, 0':{'0} = Zz @ Zz (‘B Zzo

We have seen in p. 50 of [1] that the kernel of the homo-
morphism 4 : 7% — 73y is isomorphic to Z, and generated by
A0, =nnots. By Lemma 7.5 of [4], H(0'ops)=nhops. From the
exactness of the sequence :

E H

O=r3 — m — 7 — Z, — 0,
we have
i = {6}, Puoku, ouoky, Oopst =2, D Z, D Z, @ Z,.
By Lemma 2.4,
48y = 4H(6*"") =0 for 4 : % — m.
Whence
(7.7 E : 7y — nh is a monomorphism.

Also we know that 4 : z3} — =i is trivial by (16.8) of [17.
Therefore we have an exact sequence

E H
0 - w3 — 73 — 73 — 0.
where 73 = {yuopn} = Z..
In =33, we have an element @ou, of order 2 which is mapped
to yuopty under H, by Lemma 7.5 of [4]. Thus
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12 _ [ 3 = ’
= {oh, N12°K13, 012°K 1, E¢ o4, 0°#24}

=7Z,® Z.® Z, ® Z. DZ..
Consider the following exact sequence :

4 E H 4

25 12 13 25 12
sre > Ty > Wy3 —> Mgy —> Mgy —> Tz —> **,

where 7% = {guopm)} = Z,. By the relation (7.30) of [4].
(7-8) 4(7725°/126) = E0I°#24-

For the last homomorphism 4 in the above sequence, by
(16.11) of [1], we know that its kernel is of order 2 and genera-
ted by 4. Thus we have an exact sequence :

H

0 — Emji— mi— v} —0,

where FErj; = {Uisy 130K 14y 139K, E0°#24} = Z, @ Z, @ Z, @ Z2~
By (6.1) of [2], we have that

H(Aoyy) = H(20vy) = vis.
By Proposition 2.12 of [2], we have

2(2ovs) € {01, Vo, 2va, Vis}oluy = 0150{va, 2vas, vag, Zvy).
Lemma 7.1. For sufficiently large n, i.e., for n=16

(Vi 2V0ss, Yass, 2Vnge} =k, mod o) .

The proof is quite similar to the discussions in p. 40 of [1]
and we omit it.

Corollary. 2(Zovy) = 01085 mMod 6%, and the ovder of iovy is
Sfour.

For, we have 2(1ovy)=00k mod ¢}y by Lemma 7.1. Since
H(Zovyy— A0v5) =0,  2(2ovg)—2(Aevy)E2E753=0. Corollary follows.

These discussions show

mh = {o%, Mok, Ebopys, Zovy} = Z,®Z, D Z, P Z.

It follows from (16.10) of [1] that the homomorphism H in
the following exact sequence is trivial :
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4 E H

1 27
- > Ty T Ty —> Tgg —> **°,

where =3} = {vi, Hors 7727°528} =72, P Z, D Z.

We have
A(v%) = d(var)ovis = 0 by (10.21) of [4],
() = Eopns by (7.30) of [4]
and  d(yxoss) = A(qa0en+vh)
= A(H(c*")) by (2) of Lemma 6.2 of [2]
=0.

It follows that
77;?: = {0'?0 7]14°’315, E/Z°1"32} = Zz @ Zz @ Z4

and
(7.9)  the kernel of 4 : iy — =3 is generated by vy and nyoes.
Next consider the exact sequence

4 E H 4

2 1 1
L W Wy > Wy T —> Ty > e

Where ﬂgg = {1:29, 529} = Zz @ Zz al’ld W?;g = {029} = ZIG°

Since 4oy, is of order 16 [1], the above H is trivial.

Now consider E*dovy). It follows from Lemma 12.18 of [4]
that

E?¥(Rovs)) — 2u50v5, = A3,
We have
2uisovyy € {016, 2043, Vi }o2vy
= —0'160{20'23, Y30y 2”33}
-] —20‘160{023, Vs, 2V}
C — 2010078 = 010275
=0,

where the indeterminacy is 2¢%pers+ oyomiovs=0.
Thus we have
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(7.10). 2wy =0, E(Aovy)=4dvz; and 2E3(Aovy)=4(2v3)=0.

By (4) of Lemma 6.2 of [2], do,=4(Ho};)=0. Since g, gene-
rates =3 it follows from the exactness of (7°)

(7.11). E: mi— =3 iS a monomorphism and 2E*(Aov;)=0.

On the other hand 2FEZ4ov;,+0, and this is a non-trivial kernel
of E : mji— =i By (3) of Lemma 6.2 of [2]

(599 +&5) = 4 H(0*') = 0.
Since 1y and e, generate 7% = Z, @ Z, we have
(7.12) 2E 20y, = Aoy = dey
and
(7.13) the kernel of 4: niy— =it is generated by Ty+cyy=H(c*').
Consequently, we have obtained
my = Emii = {03, nisok, E'vg} =Z, ® Z, @ Z,.
From (7.11), we have an exact sequence

E H

15 16 31
0 — m— 7 — 73,

where 7z} = {13} = Z,. By Lemma (12.14) of [4], we have
H(vfovs,) = v mod 2% =0.

It follows from the first relation of (7.10) the above sequence

splits and

77-':}xg = {0:‘1’0, 7]16°/El7, E32°V34, ”ﬁs°”34} = Zz @ Zz @ Zz @ Zzo
Consider the exact sequence

H 4 E

o Ao Al Al af— ali=0,
where 73 = {4} = Z,. By the second relation of (7.10) we have
Ty = {0?77 1ok g, ”1*7°”35} =27, @ Zz @ Z,
and

(7.14) H : mi— = s trivial.
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E
From the exactness of 0=7z%— i — ms — me=0,

it follows immediately
T = {O':i‘s, 718K 19, ”ﬁswas} = Zz @ Z, ® Z,.

As is shown in p.53 of [1], the kernel of 4 : zf{— =3 is
generated by 4vy=7%. By Lemma 16.4 of [1] we have that

2Boy) =0 and H(Bops) = 1% for B € =i
Therefore the sequence
E H

O=rf> > 79— Z,— 0
splits and
7 = {0k, mok, Vievw, Bonw) =2, @ Z, ® Z. D Z..
Next we prove
(7.15) Epovy = 035 mod 050k,
By the definition of &, stated in $.153 of [4],
E13ov5 € {013, Vay, Gs}ovy
= —015°{Vn, Gs3, Yo}
= o mod ;50K

since {vi, 01, vo} =03 mod &y, by Example 4 in p.85 of [4]. -
Hence by Corollary 12.25 of [4],
(7.16) Avgg = (’)1";)_,_519)0”37 = V;Z;OV37+0'3119 mOd G19°K 96,

In the exact sequence

E H

0 — 4= — 7 — =3 — Kernel 4 — 0,

A4n3 is generated by the element of (7.16) and Kernel 4 is al-
ready known to be trivial as in p.54 of [1]. By Lemma 16.5
of [1] we have

H(§°774o) = 7]%9 and 2 §°7)4o = 0.
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Therefore we have
71'32 = {Ugm 7]20°/521, EE°7]40) .§°7]4o} = Zz @ Zz @ Zz (‘Bmzzo

By Lemma 16.4 of [1], 4yy=ER and dy}=EBoy, Since
na and 7%, generate zf} and =¥} respectively and since EB+0,

773; = Eﬂ'ig = {0'31, 7}21"’322, E§°W41} = Zz @ Zz @ Zz-

In the exact sequence
H 4 E H 4

Th— T Th > T —> T — T,
mhi={9s}=Z, and i={c,}=Z. As is seen in [1], 4y is of order
2, whence H=% is generated by 2¢, By Proposition 2.7 of [4],
2¢3=+H(¢;;). We have
47743 = EB°7741
by Lemma 16.5 of [1]. Thus
xﬁ% = {032, ﬂ22°/323, 4445} = Zz @ Z2 @ Z.
It follws easily from the exactness of (7))
71'33 = {023, 7723°/324} = Zz @ Zzy
and (Gy : 2) = {0 pk} = Z, @ Z, in stable range.
Finally we prove
Proposition 7.2. 2oy = o106y and 6,06, = 0 for n=15.

proof. Let n be sufficiently large. As is well known there
exists an element B, of #(SO(n)) such that J(8,))=0, € 7,4«(S") for
Hopf-Whitehead J-homomorphism. We have 6,09.4:=J(B)E"x;=
J(Biox;), while Bk, € m,(SO(n))=0 since 21=5 (mod 8).

Assume that 2oy, #00ry, then 2oy, =o0x,0+ 0%, by Corollary
to Lemma 7.1. By (7.10), ¢ox+6°=0 in stable range. Thus
a*=cgor=0, but this contradicts to the above result. Consequently
20y =008y and opek,=0 by (7.11). q.e.d.

§8. Computations of the 2-primary components of =, 2(S™).

By (5.2) of [4] and by (7.2), we obtain immediately
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w3 = {moviopel} = Z,.

We have E(pov'opefi;)=0 by Lemma 5.7 of [4]. By the exact-
ness of (T), =3 is isomorphic to H=r}, which is {vier,}=Z, by
(7.1).

By Lemma 6.1 of [4], H(e)=13 so H(epry)=viox;,;, and

= {epry} = Z,.
By (5.6) and Theorem 12.9 of [4], we obtain immediately
e = {eoky, vl vol0} = Z, ® Zy @ Z,.
Consider the exact sequence

4 E H 4

> T > T > Ty Wi e
where 73 = (&, 05} = Z, D Z..
By the definition of ¢&; and the relation v'o€;=0,
Ve, € vo[l, 8ty 204)
= {v, &, 8u}o2ay by Proposition 1.4 of [4]
C 7o 20
=0 by Theorem 10.5 of [4].
Therefore we have, by use of (5.8) of [4],
4%, =  +(2,—Ev)L,
= +208,.
By the definition of ¢; and the relation v'oys=0,
VieGy &€ Vo{y,, &+, o)
= {v, vs, &+Dy}o0s by Proposition 1.4 of [4]
= {v, ve, 750010}o05
D {Y', v, polooh by Poposition 1.3 of [4]
C niool = {epoh} =0 by Lemma 10.7 of [4].
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Therefore we have
veGs =0 mod vl°7'l'fs°0m+7ffo°7710°0'31 = O,
and 46, = +(2v,— Ev')ed, = 0.

By (7.3), the homomorphism H in the above exact sequence
is trivial. It follows that

Ty = {55°’€13, ”5°58’ V5°0-'s} = Zz (‘B Zz @ Zs.
Consider the exact sequence

4 EFE H 4

O T T Ty T —> T —> v,
where w33 is generated by puofy,, & and 2. By (5.10) of [4]
A(nuefn) = viomgeling
= 4yl by Lemma 12.4 of [4]
= 0.
By Proposition 2.7 of [4] we have
HA(22) = HAE™) = 2%,

Whel‘lce HA(Z) = 2’ mOd {7)110[!12, 2&’, 42,}.
So, 41 = mod {42¢'}=0.
Similarly 48 = mod {42§'}=0.

Therefore 4 : =iy — =% is trivial. By (7.4) the kernel of 4:
7t — w18 isomorphic to Z, @ Z, and generated by auonsop,
and v,or,. We have

vk = H(ge)ory, by Lemma 6.2 of [4]
= H(ceor,,) by Proposition 2.2 of [4],
LRy = T11°0150Lhg by Lemma 6.4 of [4]
= H(p"" )otno by (10.12) of [4]

= H(p'" o) by Proposition 2.2 of [4].
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Moreover
2(vyor1s) = vuo(2k) = 0.
By the definition of &, we have
veoly € vp{ly, 8ta, 205)s
C {veels, 8, 205}s by Proposition 1.2 of [4]
= {26"00y5, 8tx, 20%}s by (10.7) of [4]
C {0"00y, 160y, 205}s by Proposition 1.2 of [4]
D 20"0{0y, 164y, ox}s by Proposition 1.2 of [4]
> 46"0p,; by Lemma 10.9 of [4]
= 0,
where the indeteminacy is p""'o26,=2p""06,. Thus
vely = 2n(p"00,)  for n=0 or 1.

But we know that E : % — n% is a monomorphism and yg€,
#0, since 4 : zi}y — =, is trivial. This implies that n=1, i.e.,
8.1) vely = 2000y,

We have obtained

7% = {000y, Tk, &0k, VO3 =2, @ Z, D Z, @ Z,.

Next consider the homomorphism

4 mi— wl,
where i3 = {&f, Ouonuotta, Yok lus} =2y D Z, D Z, @ Z,.
By Example 5.12 of [2], we have
A(els) = 4 H(o"owy) = 0.

We choose an element 7z’ from the secondary composition {p”,
8[22, 20'22}, then

H(T') e H{P", 8l22, 2022}
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c {H(p"), 8tn, 20} by Proposition 2.3 of [4]
= {tts, 8, 205}
{tts, 20, 803}
7 by the definition of ;.

Thus /iy = H(z') mod pperi+n50205,= {ewopt, Drsoftn }
whence  4i,; = 4H(') mod {4(eoptm), d(oroptn)} =0
and di, = 0.

Furthermore

Maronuepn) = (dny)oosepny = 0

and A(visor16) = (dvig)ory, = +280k,, = 0.

Thus the homomorphism 4 is trivial, and we have an exact
sequence

E H

6 7 13
0 — a%y— m— m— 0,

by use of (7.5), where 73} = {oyopn} = Z,. Consider the elements
p”00'22 and O'/OPM iIl Tf;g.

H(p"005) = 11065 by (10.12) of [4]
= 010t
= 715°0u by Proposition 12.20 of [4]
= H(c")opy by Lemma 5.14 of [4]
= H(d'p,,).
It follows

p"'o0y = 6'opy, mod Enly = {Ep"o0m, Tk, &0k, voly},
and 20'0pss = 2000 mod 2Ep"oa,
= E(p""o0y,).

So, 26%p, = (2n+1)E(p'"°0,,) for some integer n.
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In any way the order of op,, is 8, and we have
oy = {070Pus, Trokys, €Ky, vio0y) = Zs D Z, B Z, D Z..
It is easily verified by use of (5.15) of [4] that '
750 = {E60py, Teoks, &oKis, Y6011, 059015 05Eis}
=72, DZ. PDZ, DZ, D Zy D Z.

Ilemma 8.1. 7]7008°K15:0°
Proof. o4& = 01985 = E11°04 by Proposition 3.1 of [4]

€ {en, 200, Vie}oos
= ,0{2t10, V19, O35} by Proposition 1.4 of [4].
In the stable range, we have
<2, ¥V, 6> = <, 2(,v">00 by (3.5) of [4]
= eo0 by (6.1) of [4]
=0 by Theorem 14.1 of [4].
Since yor=E&%#0 and 0*=0, we obtain
<2, ¢> =0 mod o
It follows from this relation that
Euoos =0 mod  e00%,
where ¢yo0% =0 by Lemma 10.7 of [4]. That is

8110035 = 0110815 = 0.

E
The exactness of 0 = 73 — 7l — =ii implies that

810000 = G1ofr; = O.
By Lemma 10.7 of [4],
Aoty = (ogomi5+1Le+85)00s = 0.
Since =¥ is generated by ¢%, and r, we have

(8.2) o8, € Ker(E: nj— 7)) = dryy = {dky,}.
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Here we have o48,,#0, as the kernel of E:z5,— =z is ge-

nerated by
(8.3) 4oy = +(205— Eo")opy; by (5.16) of [4]
and dey; = F+(205— Eo')oEys

= Eg'e&;; = Eo'opyoryg by (10.3) of [4]

= (95009 + g+ &)ty by (7.5) of [4].
Hence
(8.4) Ay = 05085

On the other hand
Aryy = (09154 D9+ &)ok 1 by (7.1) of [4]
= 0¢°€15+ Dgoryr + &0k by (10.23) of [4].

So,  peoweky = Dk ek =0 by Lemma 6.4 of [4],
whence (st+ep)ors € Ker (E:nly— 13) = drli,

ie., (Dgtes)or, = +4(a py+b &;)  for some integers a, b
= 2a owpy,— E(@ 6'0p1+b(n0050k5+ 0ok 15+ e0ky5)).
So, 2¢ =0 mod 32
or a =16 @' for some integer «'.
Since 16(dpy;) =0 and (5g+&)or; + 0, we have
(8.5) Loy = (5g--85)ors.

On the other hand  4&; = nwoers+ (e5+0g)ors, We have then

7g°0¢°K15 = 0,

and by use of the monomorphism FE : z},— =}, we obtain the
required relation e, =0. q. e. d.
By (7.6) we have the following exact sequence :

4 E

e — why — 75— 0,

Where ﬂ;; - {pu, 517}.
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It follows from (8.3) and (8.5) that
Ty = {0'9°P16, €017, YgoU13, 0'9°§m} =Zs @ Zz (‘B Zz @ Z,.
Consider the following exact sequence :

4 E

T — TH — T — =0,
where 7} = {o%, i} = Z, @ Z,.
By (8.2) and (8.4) we have
T = {01901, €100k, Viodn) = Ziy D Z, D Z..
It is verified from the results =zi=r%=0 that
mh = {01901, €10k, Y1o0u} =2y B Z, B Z..
By (7.7), we have an exact sequence

E H

O=n3 — 73— m —> 75— 0,
where 72 = {{s} = Z,.

The element ¢*”” in Lemma 6.2 of [2] has the properties

H(o*'"")={; and 80*"’540120p19 mod {80‘120‘019}, whence the order
of ¢*'" is 32.

By an easy calculation we have
T2 = {0, 010019 20""", ok, vi0o0ys} =2y D Z, D Z, D Z..
We have
2000, € {0y, 16016, 015}0 205 by the definition of p’
= —0{16¢, 015, 2023} by Proposition 1.4 of [4]
= —20p00, MOd  6omy020y+ {20404e5},
since it is verified that <«16¢, ¢, 26> contains 2p in [4].
278 =0 and 2004y = 2[0y, 0y] = 24epa}; = 0. Thus
(8.6) 20'00,, = — 20005
Applying E*
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(8.7) 4p12°0'23 = — 20'13°‘020 and 8‘01300'23 ES i 8E0'* ,N.
Consider the exact sequence

4 E H

2 2 1 2
v T — T > T — T e,

Where ﬂgg = {ng,} = Zg, ﬂgg = {v%oﬂgg} > ke = Zz al’ld HiS tl‘iVial
by (7.8).

By Proposition 3.2 of [4] we have that
A(E (giepn)o EPty5) = E"p"VoEYgy+ Eto EYp"
i.e, 448y = A(nhopear)
= 8E?*0"00y,+160,:00;
= 8a00,y, by (8.7) and 16g,,00,,=0.

Thus 4, is of order 8.
Also, by Proposition 2.7 of [4],

HA(C%) = i'ZCza
— H(Zo‘*’").
So, 4+ 48y = 26*"" mod Erl,

whence =+ 48y, = 26" 4 X0150019+ Yerokay+2v1005,; for some integers
x, ¥y and z.
Since 4¢,; is of order 8, we have

0 = 84{25 = 160*’/’+8$0120p19
= 8(x+1)oopy, by Lemma 6.2 of [2],

whence x=1 mod 2.
ThuS AC25 = 20* n + (2” — l)auoplg mOd {61201520, U12°5'15}
for some integer n. An easy computation shows

T = {P13°Uzsy €13°K a1, ”1a°516} =Zys @ Z, @ Z,.
Consider the exact sequence
4 E H 4

1 14 27 13
e TR > Ty > Mg > Map—> Tag—> e,
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where z¥={nmoms}=7Z, and the image of H is {v}, nuoex} = Z,
@ Z, by (7.9). We have
H(w,0v%) = v by Lemma 12.15 of [4],
H(o*"") = v+ nuoes by Lemma 6.2 of [2].
By Proposition 3.2. of [4],
A(nzoer) = 8p130025+8015°02
= 2405003 by (8.7)
= 8py005 # 0.
Then we have obtained an exact sequence
0 - Enji— mit— Hrii— 0,
where Ez}} = {01002, 610K, vioTn} = Zy @ Z, D Z..
Obviously
201,003 = w0(2v3) = 0.
As we have the relation

* /1

P10y = 20 mod oo Exl+2mieoy = {20.100}

by Lemma 6.2 of [2]. we see that the order of ¢*” is 16. Thus
W%&‘s = {0'”’, w14°”§0, €140K 23, ”u°717} = Zm @ Zz (’B Zz (‘B Zz-
By (7.13), we have an exact sequence

4 E H

2 1 1
e R T — T — Z,— 0,

where n'§§ = {Vgg, Llogy 7]29°530} = 22 @ Zz ('B Zz and the last Zg is
generated by Dy+ey = H(s*'). By Lemme 6.2 of [2],

Eq*" = 26" mod pyea=2Ec"".
By Proposition 3.2 of [4],
A(E“H(p" Yo E®5) = E"p"oE* a3+ E°0cp Ep",
whence A ptag) = 40140025+ 40100n
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= 120,005 by (8.7)
= 4P14°0'29
=8 £ 0 by Lemma 6.2 of [2].

Therefore

(8.8) 8FEc*" = 4pyooy, = 0, and the order of o' 1is 16.
By (10.10) of [4], we have

A(%sﬁsso) = 4olps =0
and A(v3) = 4630y = 0.
These discussions imply
T3 = {6, wyovh, €k, VioT) = Zy® Z, ® Z, D Z..

Next, =3 is isomorphic to Z, @ Z, and generated by ry
and ¢;. By Proposition 3.2 of [4]

Aoy +e3) = E*(Er0ms)o E* v+ EMy 0 E%(&150m)
= £150733%34 + V1508150736
= 2£107oVss
=0,

whence4 Aoy = Ay
Choose an element 53 from the secendary composition
{0'16, 204, Ty} 1, then

H(s3) € H{oy, 205, tuhi
= — 4720 ) K%y by Proposition 2.6 of [4]

= la.

Therefore de;, = 45y = 4H(s3) = 0.
So, we have an exact sequence

E H

15 16 31
0 — mf — w3 — 7T

By Lemma 6.2 of [2], H(so};)=0y mod 20;,. oy generates mis=Z,.
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The order of o5 is 16 since 160={01. 20:, 0s5}o16t5=—01°
{20'23, 030, 16[37}5_0160(2p23):0 mOd 1671‘;3:0 by (8.7) and (8.8).
Thus the above sequence splits:

”;g = {0'1*6, EU*,, wle°”§z, €16°K 24, ”16°719} = Zm @ le @ Zz (‘B Zz @ Zz-

Consider the exact sequence

4 E H

33 6 17 33 16
Ty —> Ty —> Ty —> Ty9 —> Tg7

where 78 = {03} = Zs and = = {vs} = Z,. By (7.10), 4} =
E?*ovy)#0. Thus the above E is an epimorphism.
By Lemma 6.2 of [2],

20‘1*6 = E(T*, mOd {p]50031, 40‘33}.
However we have, by Proposition 2.4 of [4],

HA(O'ss) = iz“al = H(iZCTfé),

whence Aoy, = +207; mod Exi.
Thus +doy = 2055—Es*’ mod {pye0s}.
It follows

71';; = Eﬂ';g = {01*7, (D17°V§3, €17%K 95 917°520} = Zm @ Zz @ Zz @ Zz-
In the exact sequence

4 E H

T — my— 7 — 7i=0,
ﬁ'ii’ = {Ug;,} = Zz. By the relation AU35:(017°V33 ll’l p.170 Of [4], AV§5
= 0oV

Thus
m = {04, €k, VieoTn} = Zis @D Z; D Z,.

Lemma 8.2. In the stable range oop = p0 =0 and o¢*=0.

Proof. There exists an element g,&x,(SOn)) such that J(5,)
=p,, where n is sufficiently large. Bpeo,;Em(SO(n))=0 since
22=6 (mod 8). Thus pooc=aop=E"](Byas;;)=0.

Next consider ¢*€ <g, 20, 6>. By (3.10) of [4],
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<o, 20, 6> = <o, 20, 26> = 2<0, 20, 6>
mod {oeyox, oop}={oonor}. k=0 by Lemma 8.1. Thus

<o, 20, 6> =0, and ¢*= 0. q. e. d.
Lemma 8.3. 80‘2*0 - 4Av“,
40'2*1 = A’?an
205 = A’]m
dnd 0'2’;:; = AQ'].

Proof. Obviously 24y,=24743=0. 2deq==+4H(¢,)=0. Im
En{dv,}={44v,} since H(dv,)=+2v; is of order 4. These
elements 4y, Ay, 47k and 44v,, generate the kernel of E* :
mi— (Gy;2), which is at most 16 elements. On the other hand
o5 i1s of order 16 and vanishes in the stable range by Lemma
8.2. Then Lemma 8.3 follows immediatelely. g. e. d.
Consider the exact sequences

E H 4

n n+1 210+1 n
Tntoe = Tpios —> Tpio3 > Tpyn

for n =18. The above discussions clarify the kernels of E. We
also see in §7 that 4 are monomorphisms except the case n=
19. For n=19 the kernel of 4 is generated by 2v;,==+ H(dv,).
Therefore the following results are verified easily :

”}g = {Uﬂ;, €19°K 27, ”19°5n} = Zm @ Zz @ Z2»

7w = {00, dva+203, exorsy, vaodn) = Zis® Z, D Z: D Z,,
T = {04, enokzg, Violy} = Zs® Z, D Z,,

7w = {02, enoky, Yoy} = Z,DZ,® Z,

7 = {02, exoky, VaoTyu} = Z,DZ, D Z,,

T = {euoks, vaodn) = Z, @D Z,

and (Gy: 2) = {eor, vo5} = Z, D Z,.

Appendix. Table of x,.:,(S") and m,,2:(S").
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For the completeness of this paper we quote from [5] the
odd primary components of z,,,(S") and z,,.(S").

The results are the followings :

0

odd component of Tympn(S* )=

odd component of mom,u(S" )=

By Serre’s isomorphism
7o (S™THp) D w (ST p) = (S p), P
we can compute easily 7,,(S": p) and 7,,.(S": p) for even n.

In the following table, an integer » indicates a cyclic group

Z, of order n, the symbol “co

”

m=1 and m=5,

m=2,3,4,

m=1,

m=2,

m=3,4,

m=>5,

m=6.

2 odd prime,

an infinite cyclic group Z, the

symbol “4” the direct sum of groups and (2)° indicates the
direct sum of k-copies of Z,.

Table of 7,.,4(S™) and =,,»(S™).

n= | 1|23 4 5 6 7
Ton(SH=| 0 |@7] 2 | 244@2 | 6+2 6 6-+2
Taan(SN=| 0 | 2 210(92404+642 90+(2) | 180+(2) | 72+(2)
n= 8 9 10 11
ton(SY=|  124Q2F | 6+@F | 6+(2) )t
Tusn(S™)=| 1440+24+(2)* | 144+(2)° | 144+6+2| 48+(2)
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n= 12 13 14 15

Tren(S™) = 6+(2)* 4+(2) 4+(2) @2y
Toe(S™)=| 2016 4+-124+(2) | 164+(27 | 16+(2) | 16+(2)

n= 16 17 18 19
Tasn(S™) = 2) @y @y @
Tapa(S™)=| 240+164(2)* | 164(2)* | 164(2)* | 16+(2)

n= 20 21 22 23 =24
Tarn(S") = 2) @y o +(2) | (2) @y
ma(S)Z [8H4+(Q2)) 8+QF | 4+@ | @ | (@

Kyoto University
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