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In his paper [1], E. Kunz introduced the concept of differential
constant fields of algebraic varieties or localities over a field of prime
characteristics. According to his definition, it does not depend on the
choice o f differential constant field whether the module of differentials
o f locality is free or not. He proved that the freeness of the module
o f differentials is equivalent to the regularity of the locality. (I also
proved it in a rather analytical way in  [3] ). It is also independ of
the choice o f a  differential constant field whether the module of
differentials o f a  locality has torsion or not. In the present paper,
we prove mainly that the torsionfreeness of the module of differentials
is equivalent to the normality of the locality, in case where it is a
complete intersection. This result can be extended easily to the same
assertion on an affine ring. The case where the field of definition is
o f characteristic zero is treated at the same time.

T h e  general case, where a  locality or an affine ring is not
necessarily a  complete intersection, is  more complicated. We give
an example of a normal affine ring whose module of differential has
torsion. It seems to me very likely to be true that the module of
differentials o f a  locality which is not normal has torsion. However,
I  have no proof o f it in this general case.

W e refer m ain ly to Kunz [1 ]. So we use the same notations
and terminology apeared in it  fo r th e  convenience o f th e  readers,
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althoughweusedothernotationsinmyformerpapersthanthose

usedbyhim.

Iwouldliketoexpressmy to M.

N乱gata forhissuggestionsonthiswork.

手間盟盟 aries: LetAニん [Xl ， •• , XnJ ana伍ne ringover

a 五eld k characteristicp,withquotient ラ which isaresidue

classringofapolynomialring Bニん， .., respectto

aprimeideal~ ofheightr. If~ isgenerated r elements, we
callA acompleteintersection. Let k* ん itself incase

pニ o oradifferεntial constantfieldofAincasep>O. LetZl , \

Zt ap-independentbaseofk over ん* in lattercase. We

Bdenotebyd the11aturalderivationmapofB into KI ⑧

If,p isaprime ofB whichcontains

多 and むこわ/~， thenwe that isafreeA骨ll10dule

ーフ dzl ,withafreebase , '.'， ηin casepニ o or

"dZtin casep>O.

IffleX) , •• , fm(X) isasetofpolynomialsinB which gene 崎

ratestheideal in , then

==A的会)/かみ

Hereafterweassume k*isaspecial ofdifferentialconsant

五eld suchthat islinearlydisjointoverkP withthe 五eld whichis

byadjoiningallthecoe 茄cients of tokPincaseρ>0.

1"'henifweexpressthe as ofdXl , "',

or .., ，ラ..ラ dZt ・ The matrix of these coefficients

J(f し…ラ fm: が) is JacobianmatrixorthemixedJacobianmatrix

J(fl'"', fm: k*)modulo~フ hence weseethat isaregularlocal

ringifandonlyifrank (J(fl ラ@勺ん: k*) modulo め ==r.

LetR bealocalityoverthe 五eld k. WecallR acompleteinｭ

tersectionifthefollowingconditionsaresatisfied. B , Aラ久，p and ,p
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asabovecanb~ chosensuchasR:::::::A~ and ~Bp isgeneratedbyr

polynomialsofB. ThisisequivalenttosaythatRisaresidueclass

ringofaregularlocalityoverkwithrespecttoa primeidealof

heightrandgeneratedbyrelements.

2. 斑ai 盟 results: LetRbealocalityoverthe 五eld ん which is

acompleteintersectionandtakek* , B , ~， .p, A , .pandfl"ｷｷ'fr(r ニ

height~) asabove.

: R isn…O…rm仰α刈 M 叫ザ刊M川(与引) …dωm刈Oω吋7ぺが析ψ1ザ約ρfρ介r舟

Proof. WeproveheretheassertiononlyincaseP>O"because

thecasep-==Ocanbeprovedinaquiteanalogousway.

FirstweshallprovetheonlyifpartandweassumethatR is

normal. Wehaveonlytoprovethatifthereisarelation

ん(会 αtdX i + 必j) ニ詰 lkみ ゅ ( 1)

where the 九 αi ラ bj and lkare elementsofRand h=f=.0, then

itholdsthat すER forev何日 2ラ ， r. SinceRistheinter 圃

sectionofallquotientringsofR withrespecttoitsprimeidealsof

height1, wehaveonlytoprovethatifqisaprimeidealofR of

一_..;， a!k(X) -y,
height1, thenevery ごと belongs toR q • Sinec.dj よ-==~一一一 ~dXi

t=l aX;

+土。 !k( ゅん (1) meansasetoflinear 的tions
j=l (JZj

~ a!k(X) -==ai (i ニ 1 フ 2，… ， n) )
ん~~~ ,- v ~，-， , IV/ I

乱 r凶:

￡ ム 0ザ払机fλμhバ(ω￡め) =斗bj (iニLト , tの) Ik:1 h aZ
j

V'J '-J ~， -, , V/ ,)

SinceRqisaregularlocalit 匂y， wehaverank(Jλ(j五i ラ'..，ラ fr: んk*) moduloO

• r. H臨恥e印nee ω 出吋plies

iおs notnormal. Letcbetheconductorofthederivednormalring

RofRandletqbeanassociatedprimeidealofc. ThenRqisnot



474 S atoshi S uz uk i

normal, hence it is not regular and ran k  ( J ( f i , •••, f , . : k * )  modulo
q )< r .  Therefore there exist r elements c11 , • • • , a,. o f  R , some of which

are not contained in q , s a y  aiEr el, s u c h  th a t  E  akdfk-=-0 modulo
k = 1

qR(DBM (  
 B   )

. W e put c' =c: q . T h en  th e re  ex is ts  an element gk*
o f IT, satisfying the conditions: g E c ' ï  and g Er R q (the existence is
obvious, because cR ( R_q ) is  the conductor o f R (R _q ) w ith respect to R q ).

W e express g  in the form  e  w i t h  h , e E R .  Thenh

ga i cTfi + ga2df2+ • • • +ga,.df ,. gq (R O O / k
13

,

c cR  (RO B M   i
k
3

* )) ROD/V/

Hence we have an expression

ga i i-1:71+ ga2c1f- 2+ • •• + ga,c7f,.= E c id X ,-  +  E di c-rzi  w h ere  c • d•ERi=1 J=1
Hence

Ii(I eioci+ ±  d ,d z ,)=e ( 0  modulo R clf1 + • •• + R 7 , .i-1 i=1 k = 1

Hence if E c, IX, +E caz., 0 0 modulo Rdfi+ • • • +Ra7f„ then this

is  a torsion element of M
( 1 : * )

Otherwise, there are r  elements /1,

•••, /,ER such that E + E /,,cTick. Then E• (eak—hlk)d-fk
k = 1 k  1

= 0 .  Since the d f k a re  linearly independent over R, w e  s e e  th a t

ea i —hl i = O. H e n c e  g = 11h= E R I because a i  q .  This is  a con-a i

tradiction.

The following Corollaries 1  and 2  are direct consequences of

Theorem, seeing that MO  )  i s  a direct summand o f  M ( R )  for

an arbitrary differential constant field k , of R.

Corollary 1. In  case  p>O, R  is  n o rm al if  an d  o n ly  if  M (R )
is torsionfree.

Corollary 2 .  In  case  p> 0 , R  is n o rm al if  an d  o n ly  if  M
( R

ko
is torsio lf ree  f o r  an  arb itrary  d if f e re n tial c o n s tan t f ie ld  k , o f  R .
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C oro llary  3 .  L e t A  b e  an affine  - rin g  o v e r k ,  such  as every

loca l rin g  in  S p e c  ( A )  is  a  com plete intersection (especially , it is so
if  A  itse lf  is  a com plete intersection). T hen in case p = 0 , A  is normal

if and o n ly  if  M(  A  i s  torsionfree, and  in case p > 0 ,  A is  normalk
i f  and on ly  i f  M (A ) is  torsionfree or, equiv alen tly , if a n d  only  if

M  A
k o i s  torsionfree f o r  a n  arb itary  d if f e ren tial constan t f ie ld

ko o f  A.
This follows from the fact that M ( ) ' )  M ( A )k k  

= A p A M (A ) and M ( A P )— A p0 A /11(  A
  )  for any prime ideal 1) of A.kok o

3 .  E x a m p le :  L et k  b e  a  perfect f ie ld  a n d  le t  x  a n d  y  be
independent v ariab les . L et A  be an  affine r in g  k[x°, .x 2 y , xy 2 , y 3 ].
This is  the residue class ring of the polynom ial ring k [X , Y, Z , U]
w ith  respect to  th e  p r im e  ideal w h ic h  is  g e n e r a t e d  b y  th r e e
polynomials

f 1 =Y 2 — X Z , f 2 =Z 2 — UY , fo=Y Z — X U.

It is easily seen  that A  is  a  normal r in g .  W e have

= — x y 2 cTX + 2x 2 y7lY  — x' c7Z, ii:f2= — y' cTy+2xy 2 6TZ — x' ycTU ,

d f 3= —y° IX + xy 2 cTY + x' y c7Z — x'cTU.
P u t  nz= —y 3 clX +2x y 2 dY — x 2 y d Z .  m  is not contained in

A df i + A l f 2 + A d f ,  b u t  xsm = x 2df , .
Hence

M (
—
A

) = A c7X + (A cTY  + A a+ .1.7U)/ (A lf i+ A c7f2 + AcTf2)k
has torsion.
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