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In the present paper, w e stu d y  the structure of modules of high
order differentials o f  topological rings, especially  w e show the formal
projectivity of the module of g -th  order differentials 2 1 4  o f  a  formally
smooth k-algebra A  under the assumption that A  is  preadmissible and

the g + 1 - th  powers of all open ideals are open in A  (see, Theorem 2).

In  m any cases, we follow A .  Grothendieck's terminology in  [2 ].

A s  preparation , w e study th e  relationship betw een th e  formal
projectivity  of modules and the formal smoothness o f their symmetric
algebras in Proposition 1 , Proposition 2  and Proposition 3. We see how

the form al projectivity  and the fa c t th a t topologies are induced ones,
are preserved by form ally bimorphic homomorphisms in  Lemma 5. In

proposition 4 , w e show that the above mentioned condition "the 0-1-th
powers o f a l l  open ideals are open", furnishes Sa k  w ith  the induced
topology. This i s  an extension of G rothendieck's Lem m a (20 .4 .4 ) in

C2 1.
In  Theorem 1 , we find the relationship between the module of g-th

order differentials of a  ring and that o f its com pletion . Th e proof is
natural.

The formal projectivity of D T k  was shown by Grothendieck in [21,
without setting any assumption on the topology o f A .  A lso , it is not
very difficult to show the formal projectivity o f Sak  in  restricted forms
as extensions of the author's results, Theorem 3  and Theorem 4  in [5 ] ,

that is, sim ply speaking, to discuss our assertion in case of unramified
regu lar local rings, if w e  use the sim ilar technique as used  in the
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proofs o f cited theorems. However, the author met a difficulty to prove

the formal projectivity o f Sa k without setting any topological assump-

tion on A , and so  fa r we have proved it in  the form o f Theorem 2.

T o  do that, we use Grothendieck's Theorem (19.5.3) in [ 2 ]  (see, Propo-

s i t io n  5 ) ,  which has compelled us t o  set an  assumption that A  is
preadm issib le . A lso , it is  the reason why we discussed on  the sym-

metric algebra at the beginning o f  this paper. And we will find that,

in the technique used in our proof, the assumption on D li k  having the

induced topology is essential.

1. A ll rings are assumed to be commutative rings with identity,

all topological rings and modules are assumed to have linear topology,

that is, there exist fundamental systems o f neighbourhoods o f (0) formed

o f ideals or submodules, respectively.

Definition 1. (Grothendieck [2 1). L e t A  b e  a  topological ring

and let M  be a  topological A-module. M  is called a  formally projective

A-module, if the following condition is satisfied. F o r  e v e ry  open ideal

I  o f  A , every couple of discrete A /T m o d u le  P , Q , every surjective

A-homomorphism u: P — *Q  and every continuous A -hom om orphism  :

M —> Q, there exists a  continuous A-homomorphism w : M — >P such that

v =uow.

Definition 2. (Grothendieck [2 1). L e t A  b e  a  topological ring

and let B  be a  topological A-algebra. B  is called a  formally smooth

A-algebra, if  th e  following condition is satisfied. F or every discrete

A-algebra C and every nilpotent ideal /  o f  C, every continuous A-

homomorphism  u : B--->C/I is decomposed as B - C- C/I, where v

is a  continuous A-homomorphism and go is the canonical homomorphism.

In  definition 2 ,  it is enough to assume that 1 2 = (0).

Let C be a  topological ring and let V  be a  topological C-module.

L e t  SL( V )-=  S 76( V )  b e  th e  symmetric algebra. T h e  topology in

SL( V ) having the universality, is defined by a set of ideals of the form

( V ) ±  USL( V ), where t  ( r e s p . U) runs over a  fundamental system
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of open ideals (resp . open submodules) o f  C  (resp . V ) .  If th e  given

topology o f  V  is less fine than that induced by the topology in  C, it is
enough to take the couple (A., U )  such that AVC U  and w e  have

AS- c ( V)+ US .c (V) =A/c + U .S "(V ). The following proposition may be

known but is not stated explicitly in the literature.

Proposition 1. L e t  C  be a  topological ring and let V  be a to-

pological C-module. Then, V  is a  formally projective C-module, if and

only i f  5- c ( V ) is a  formally smooth C-algebra.

P ro o f. Assume that V  is formally projective. Let E be a discrete

C-algebra with structure homomorphism s: E .  Let I  be an ideal of

E with 12 = ( 0 ) .  Let u : S c* ( V )-* E/ I  he a continuous C-homomorphism
and let yo : E--+E/1 be the canonical hom om orphism . u induces on  V
a  continuous C-module homomorphism u v , because the given topology

in  V  is finer than that induced from the topology in S (  V). T h e

kernel o f  s  is  an open ideal and E  is annihilated by A and so is

E/ I. Therefore, by our assumption, u v  is decomposed as uv :

- - - E / I , w h e re  v v  is  a  continuous C-module homomorphism. vv  is

extended to a continuous C-algebra homomorphism : V )-± E . Then,

we have u =yo•v , as was asserted. Conversely, let A. be an open ideal

o f  C , and let P  and Q  be discrete C/A-modules. Let f :  P - - * Q  be

a surjective C-homomorphism and let w v : V - > Q be a  continuous C-
homomorphism. P u t  C' C/A.. Then , th e ringfications D c4Q ) and

Dc , ( P )  are regarded as C-algebras. f  can be extended to a surjective

homomorphism J :  D c
, (P)--* D c

, (Q) in the canonical way and the kernel

of J  is contained in  P  which is a  nilpotent ideal. w v  can be extended

to  a  continuous C-algebra homomorphism w: ( V )  Dc , ( Q ) .  Hence

by our assumption w is decomposed as w: D c'(P) -
7  D c V ) .

Let hv  b e  the restriction of h  t o  V .  Since f oh(V)= w(V)=wv (V )

CQ, hv(V) CP and we have the decomposition w v =fohv -

Lemma 1 .  L e t  C  b e  a  r in g . L e t  V  be a projective C-module.
Then S'6( V ) are projective C-modules for n = 0, 1, 2,
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P ro o f. The assertion is  tru e  for n  =0, 1. Hence, there exists a

free C-module F  and C-homomorphism ço : F —> V  and 0 : V  F  with

ço00 id .  T h ese  in d u ce  C-algebra homomorphisms, preserving grades :
S (  V)  S'c(V ), w h e re  w e  h ave  S L (0 °S e (0 )=  idsz.(v ) .

Our assertion follows from this, because  S ( F )  i s  a polynomial ring

over C.

Proposition 2 .  L e t  C  b e a  r in g  with discrete topology and let

V be a C-module. Then, the following three statements are equivalent.

(1) Sa V ) is  a formally smooth C-algebra.

(2) V is  a projective C-module.

(3) S ( V ) are projective C-modules for n = 0, 1, 2 .....

P ro o f. This follows from Proposition 1 and Lemma 1.

Lemma 2 .  L e t  C  b e  a  r in g ,  le t  V  b e  a C-module and let

%  b e  an  id ea l o f C . P u t  C  _= C/1 and V' -= V /1.VV. T h e n  S '( V ')

S"c ( V)/KS*c (V).

P ro o f. S in c e  w e  h a v e  a  n atu ra l C-homomorphism o f  V ' into

V)/%S&( V), w e have a canonical homomorphism : S'c , ( V') —> SL( V)
/K.Sc* ( V ) .  C learly, w e have an inverse homomorphism of it.

Proposition 3 .  L e t  C  b e  a  topological r in g .  L e t  V  b e  a  C-
module with the induced topology. Then the following four statements

are equivalent.

S&( V ) is  a  formally smooth C-algebra.

V is  a formally projective C-module.

V ) are formally projective C-modules fo r n =0, 1, 2,

For every open ideal o f  C, Sc* V ') i s  a  formally smooth
C'-module, where C' = 01 . and V '=  V M.V

P ro o f. By Lemma 2, w e have Sc , ( Sc( V)/I-Sc( V ). H ence,
our proposition follows from Proposition 2.

L e t  A  b e  a  topological r in g . L e t  M  and N  be topological A-
m odules. A  continuous A-homomorphism u  M  AT is called formally
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epimorphic, i f  u (M ) is  d en se  in  N .  u is called form ally monomorphic,

if  th e  topology in  M  is  th e  reciprocal im a g e  o f  th e  topology i n  N .  u
is called form ally bimorphic, i f  it  is  fo rm a lly  epimorphic a n d  formally

monomorphic. (Grothendieck [2 1). T h ese  n o tio n s  can  be app lied  to

r in g  homomorphisms, because i f  go : A — >B  is  a  continuous r in g  homo-

morphism, B  can be regarded as an  A -m odule through v.

L e t B  b e a  topological r in g  a n d  le t  I  b e  a n  ideal o f  B .  A s the

topology i n  g r 7 ( B ) =  /  I ,  w e  tak e  t h e  topology induced from B,
th a t i s ,  first w e consider t h e  topology i n  I "  a s  a  subspace o f  B  and

th en  take  th e  q u o tie n t topology modulo I '  o r  equivalently, we first

ta k e  th e  q u o tie n t  topology in B / P '  a n d  th en  take  t h e  induced to-
pology i n  P O '. T h e  fo llo w in g  L e m m a  3 w ill n o t b e  u sed  i n  this

paper.

Lemma 3 .  L e t B  a n d  B ' be topological r i n g s .  L e t  I  a n d  I ' be
ideals in  B and  B ', respectively. L e t v  be a  continuous homomorphism :

B-->B' such that v ( / )  T .  Assume that v  induces formal epimorphisms

gr"(ço): gry(B)— gry , (B 1)  for n = 0, 1, • • , q. T hen v  induces formal

epimorphisms :  B/P ' 1 —* B Y T "  a n d  go 1,7 : //P+ 1 --> /1/1 1 .

P r o o f .  W e use  the  induc tion  on  q. F o r  q = 0, our assertions are

trivial. A s s u m e  th a t go,- 1 ,  go and
 g r ( v )

 a r e  form al epimorphisms.

W e have  only to  prove that f o r  a  given  o p e n  ideal s43' of B ' / P ' ,  it
h o ld s  th a t  v q (B //q +1 ) +  -= B '/I 1 a n d  v ,( // /q + +  I'/r4+ 1 .

By our assum ption, we h a v e  v q (B / Ia ')+ Ia / P + 1 -08' -=B i / P + 1  a n d

v q (I/P+ 1) + P / P +1 + T / P + 1 . Since
 g r ( ç )

 is  fo rm a lly  epimor-

phic, w e  h a v e  v g (P / P - 1 ) -0 8 ' fq / P + 1 . T herefore, it ho lds that
v a (B /  Ig ')+ 0 1 = B 7  I '"  a n d  v q ( I / Iq +1 )+5 1 3 ')  

I ' / I '

Lem ma 4 .  L e t  A  b e  a  topological r i n g .  L e t  M  a n d  N  be
topological A -m o d u les . L e t v : M.—>N be a  continuous homomorphism.

T h en , v  is form ally monomorphic, if  a n d  only i f  (1 ) v  is  an  o p en  map
o f  M  to  t h e  subspace v (M )  o f  N  a n d  (2 ) K er (v ) is contained in
every open neighbourhood o f  (0 ) in  M.
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P ro o f. Assume that ç o  is formally m onom orphic . L e t  U  be an

open submodule of M, then there exists an open submodule V in N  such

that Up v - 1 ( V ) .  Hence, (2 )  U contains Ker (ço ) and p ( U ) j  Vnço(M),
hence (1) ço( U ) is  an open submodule o f  k M ) .  Conversely, assume

that (1 ) and (2 )  are true. Let U be an open submodule o f M .  Then,

ç9 (U ) is  an open subm odule in ço (M ), hence there exists an open set

V in N, such that ço( U )  V n  v ( M ) .  Since Up Ker (ço), U-= U+ Ker (ço)
= g 0

 U)) -= ço (  V ), which proves our assertion.

Lem m a 5. L e t  A  b e  a  topological ring. Let ç : M—> N b e  a

formally bimorphic homomorphism o f topological A-modules. Then we

have :

(1) M  is formally projective if and only i f  N  is formally projec-

tive, and

(2) i f  ço  is surjective and M  has the induced topology, N  has the

induced topology.

P ro o f. ( 1 )  L e t A  b e  an open ideal o f  A .  Let f :  P Q  b e  a

surjective homomorphism o f  discrete AM-modules. First, assume that

M  is formally projective and there exists a continuous A -homomorphism

u: N—>Q. Then, there exists a continuous A -hom om orph ism  : M—>P
such that fo v = u 0 ç o  and an open submodule M ' on which y  vanishes.

Since ç o  is formally monomorphic, we may choose M ' so small that

there exists an open submodule N ' o f N  such that M i = v - 1 (N /) ,  more-

over, we m ay assume that u  vanishes on N '.  From the definition of

formal bim orphism s, it is easy to see that ço induces an isomorphism :

M/M' N / N '.  Hence, y  induces a  continuous A-homomorphism :

N—>P such that u = f o u . N e x t ,  assume that N  is formally projective
and there exists a  continuous A -homomorphism w :  M — *Q . Then, as

above, there exists an open subm odule N "  such that w  vanishes on

r ' ( N " ) .  And ço induces an isomorphism M A o '(N " ) - ' ', N / N " .  Hence
w is decomposed as M P -*N — !--Q , where 1 is a  continuous A-homo-

m o rp h ism . Then there exists a  continuous A-homomorphism ut: N—>P
such that l -,---foin. Hence, w -= /0 ço 0 ço). Hence, M  is formally
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projective. (2 )  By Lemma 4 , (1 ) , ço(:) t.M )= % N  is  an open set in N.
Let V be an open neighbourhood o f (0 ) in N .  Then, by our assumption

there exists an open ideal o f  A ,  such that ço - 1 ( V)D Hence

VD ( M) = N, which proves our assertion.

2. Let K  be a  topological r in g . Let A  be a topological k-algebra.
Let J i  and j 2 :  A—> A O /A  be the two canonical k-homomorphisms such

that ji (a) =  a 0 1  and j 2 (a )= 1Ø a  fo r  a E A .  L e t p : A O k A—> A  be

the canonical k-homomorphism such that p (a 0 b )= a b . I f  we furnish

the tensor product topology in  AO k A, J i ,  J., and p  are continuous. Let

I A i k  be the kernel of P .  Denote by 2 (,r k the module of high differentials

o f  order q . T h e n , S22;k =-IA i k/PA
-44  and the canonical derivations (PA  k

is  J2 — J1  m od u lo  / V  (Osborn [ 4 ] ,  N a k a i  [3 1). We consider the

topology in  S221k a s  that induced from the topology in  A 0 k A . We

regard 2 2 j
)
k a s  a  topological A-module through J .

 A  similar technique

used in  (20.4.5) o f [ 2 ]  can be used to prove the following.

Proposition 4 .  The topology o f S22/) k is less fine than the topology

induced from that o f A .  If in  A  the 0-1 -th  powers o f all open ideals

are open, these two topologies coincide to each other.

P r o o f .  The first assertion is  trivial. To prove the second asser-

tion, it is enough to show that i f  St is an open ideal in  A , we have

(ka ' 1 0 A  -I-- AORI ' 1) n  TERI+ 1
,  where ./ =- fA ik .  First, w e prove,

by induction on q, that i f  xi E (i =1, 2, • • 1) and w E A , it holds

that x  • x ,_  1 0w— E R 1 +  P ' W e have

X i ( X2 • • • X y i- -1) 0 1V - IV O X I ( X 2 . • • X a + 1 )

= .171 ® 1 4 ( X 2 •  •  •  X  q 1 ) ® 1 4 )  WO( X 2 • * 1 ) )

X 1 W 0 X 2 - • WO. t l ( X 2 . • q + 1 )

X 1 0 1 * ( X 2 • q ± l O W  W O X 2 ' "  X  q + 1 )

W ® i • ( X 2• • • :k7 — 1 ®  X  i (X  2  •  •  •X g . f  1 ) )
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= 0 1 . (X 2' • • X q 1 0 11}X  2 '  •  •  X  q + 1 )

+  tv 0 1 .( i r i ( 5 1 — 1 0  T 0 .1 0 -1 7 2 -  •  X q +

= x 1 ® 1 *(-1, 2 - • .: 17 ,2 I O W -  10:j) X •

+ x 2 .. xg _i w®1(x 1 01-1®

-  i l i ® 1 • ( X 1 0 1  - 1®  X 1 ) . (X 2 q ,-1 0 1 - 1 0  2 -  q ± 1 ) •

The first and the second terms belong to n1 and since the last com-

ponent of the last term belongs to ST I+ I" by our induction assumption,

the last term belongs to Al+ P . . Therefore, we prove our assertion.

Now, elements in  (St" - 'OA  + AOR" ' 1 ) {  /  are of the form

Ea i g t v i + Eu.,;(gazi ,  where a i ,  a  E an d  E ai 1Vi E w -= 0.

Then,

Ect i Owi E  ay.; cga E a i giv i + E a ; Ow', + (w10a.", — a", giv5)

E ow, — wi 01) +  EaA0 (i o w l;  —  01 )

+ E (w", oa.; ct .; ® w ;) .

The first and the second terms belong to PH, and the last term

belongs to g l +  P 1 b y  the above argument. Hence, we prove our

proposition.

L e t A  be a  topological ring. A  is called preadm issible, i f  there

exists an open ideal J  o f  A  (which is called an  ideal o f  definition)

such that for every open neighbourhood V  o f  ( 0 )  in  A  there exists

an integer n >0 such that J" V. (G rothendieck [1]).

T h e o r e m  1. L e t  k  b e  a  topological ring. L e t  A  and A ' be

topological k -a lg eb ra s . Let 0 : A —  A ' be a  formally bimorphic k-homo-

m orph ism . Then, 0  induces a  formally bimorphic A-module homomor-

phism /1: SPA"/
), S21)1 k (q  =1 , 2, • • •).
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P ro o f. L e t  'A ' b e  a n  o p e n  id e a l o f  A '. W e  r e m a r k  th a t  the

id e a ls  o f  t h e  fo rm  ‘̀) L'OA '+ A'(gt,l' fo rm  a  fundam ental system  of

neighbourhoods of (0) in A 'O k A ' a n d  b y  o u r  a s su m p tio n  the

id e a ls  o f  t h e  fo rm  0 - 1 (2!)(gA + A go -  i021.') fo rm  th a t  in AO k A.
S in ce  A/Sb - 1 (a')® k A /0 '(`A') A ' /ANOk,411", w e  have 10)1:)(53A
+ A 0 0  1 ( 1') = (000) -  i (̀ ,1'0A + A ®1!).

W e h a v e  th e  diagram :

//(0 - 1 (srf:)0 A

+ A 00 - ( W)) n /-+AgA/(0 - 1 ( ,.)1!) A + A 00 - 1  (1!)) — ). A/ (I!) 0

0 --+ / ( T ' O A

A 0') r) 1" ® /',)1 1 A  + 0

It follows that

//(0 - 1 (1')OA  + A 00 - 1  (A'))n J [ ' / ( V ®  A' + Atcgs,T)n

Therefore,

P+ 1 ( 0 - 1 020®A + A ®  ' (1 '))r(A'))n /+ /a

//P ' 1

/(0 - 1 (a )0A+ A00 - 1 (`X))n.//(0 - '(A ')ØA+ A00 - '(,,T))n P+ 1

//(0 - 1 .(A ')0A+ A00 -  (',)(:))n /

//a' 1 /(0 - 1 (?1,')®A+ A00 - -1 (,1'))n  + 1

1/(0 - 1 (A ')®A + A®0 - 1  (11)) n

/(//0 - '(2V)0,4+ A g o  (%)n _Oa' 1

I'/ '® A  +  A10%/n /1 /(T/tTOA'+ A'®%'n T Y '

(:),COA'+ + '
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This shows th a t  A : S24 ?, - - I ' 122 _17 P .  is formally bimor-

phic.

Corollary. L e t k  b e  a  topological r in g . L e t R  b e  a  topological
k -a lgeb ra . Assume that there exists an ideal i n  o f R  with finite gener-
ators and m ' (n= 0, 1 , 2 , •••) form a fundamental system o f neighbour-

hoods o f  ( 0 )  in  R  ( th a t  is, R  i s  a n  in-adic r in g  in  th e  classical

term inology). L e t 1?*  b e  a  completion o f  R .  Then S2 CIA, and SlA k

are formally bimorphic.

P ro o f. In our case, R  and R * be formally bimorphic. Hence our

assertion follows from Theorem 1.

Grothendieck proves the following.

Proposition 5. ( [ 2 1 ] ,  T heorem  (19 .5 .3 )). Let A  be a  topological

ring. Let B  be a  topological A-algebra. Let I  b e  an ideal in  B .  Put

C = B / / .  Assume th a t  C  is  a  form ally sm ooth A-algebra. Then we

have,

(1) I f  B  is  a  formally smooth A-algebra, 111 2 i s  a formally pro-
jective C-module.

(2) Assume th a t B  i s  a  formally smooth A-algebra and is pre-

admissible.
W e  put the canonical surjections v :  5"c (I/ I ') g r( B )  and yo„:

S ( / / / 2 ) —› p,-ej(B) (n=0, 1, 2, • • •). T h e n ,  th e  yon  a r e  formally

bimorphic.

Lemma 6. L e t k  b e  a  topological r in g . L e t A  be a  topological
k-algebra. A ssum e that the topology in  A  is preadm issib le. Then, the

topology in  B = A ® k A  is preadmissible.

P ro o f. L et J  be an ideal o f definition o f A .  W e put f  =JO A
A O ,T . W e prove that f  is  an ideal o f definition o f B .  Let St and

be open ideals o f A .  Then, by our assumption there exists an inte-
ger n such that J" C St and J" C_s-8. Then, J' 2 " J  " 0  A + A 0J" C f t® A

A ® ',13. S ince ideals of the form SIOA A&-13 form a  fundamental
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system o f neighbourhoods o f (0 )  in  B , we prove our assertion.

Theorem  2. Let k  be a topological ring and let A  be a  formally

smooth k -a lg e b ra . Assume that A  is a  preadmissible ring and that the

0 - 1 - t h  powers o f  all open ideals are open in  A .  Then, S21;k i s  a

formally projective A-module.

P roo f. Put B =A ® k A .  Then B  is a  formally smooth A-algebra

by (1 9 .3 .5 ), ( iii)  in [ 2 ] .  By Lemma 6 ,  B  is preadm issib le. Therefore,

Proposition 5  is true i f  w e  put k  and C= A .  W e  note that by

Proposition 4  / 0 - ' 1 h a ve  th e  topology induced from that in  A  for

n = 0 , 1 , q. Especially, VP has an  induced topology and so does

S .:4 (// / 2 ). Therefore, by Proposition 5 , (1 )  and Proposition 3 .S 7,11 ( /// 2 )
are formally projective A-modules and by Proposition 5 , (2 )  and Lemma

5 . (1 ) , ge l(B ) are formally projective A-modules, for n = 0 ,  1 ,  2 ,  .  By

Lemma 5 , (2 ) , the g r ( B )  have induced topology. We shall prove that

V P  + 1 a r e  formally projective A-modules for /< q ,  by induction on 1.
Our assertion is true for 1= 1 .  Assume that 1< a  and 1 1/ 1 is formally

projective. W e have on ly to show that fo r  every open ideal o f A  of

A , the A/A-module /// i V P  ' 1 + :4 1  is  projective. Since

%/ 1// 1 ' 1 i s  an  open  set in  O P  ' 1 and 1 1/11 1  i s  a  subspace of

/// 1+1 , there exists an  open  ideal o f  A  such that 513 E A  and
52/////iiDt\v/1_I ( 11/I1 that is , A P +  /1 ' 1 D . 1 i i n P .  W e  have

the exact sequence o f At/3-modules :

Since 0 1 t V  is a projective A/'-/-module, we have a decomposition :

1/I 1 +1
- P131- :::=- (I/1 1 +)31)ff)(I i +W /1 1 ' 1 +'al) .

Taking residues modulo A, we have:

/// 1" 1 + A L--7=:(/// 1 4 - a o s v i i

(VP +al)ED(PA I,
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(0 1+%I)E3(il/P+ 1+%P-F ( InP))

( I / I 1+%1)6)(P/PH -1 -OAP).

T h e  la s t  tw o  te rm s  are projective A/:lt-modules by our assumption.

Therefore /1/ 1 + 1 + V I  is  a projective A/A-module.
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