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The purpose of this note is to show the converse of Theorem 3
in [ 3], that is,

Theorem. Let R be a complete discrete valuation ring of unequal
characteristic with a prime element w and with a coefficient ring P. Let
K and K* be quotient fields of R and P, respectively. If the Neggers’
number dgg-(W)<1, there exists a coefficient ring P of R such that

Lr/p s not isomorphic to Lgp.

In this paper we use the same notations and terminology as in
[3]. Then, together with results in [1] and [3], we obtain various
characterizations of the property that dg g«(u)=1:

Corollary. The following conditions are equivalent.

(1) dgx-(w)y=1 Sfor a choice of P and u.

2) dgig(w)y=1 for every choice of P and wu.

(3) Ewvery derivation in Der(R, R) induces a derivation in
Der (R/m, R/m).

(4) Every derivation in Der (R/m, R/m) is induced by a deriva-
tion in Der (R, R).

(5) Lgp is determined independently of the choice of P, up to
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isomorphisms.

(6) W(f'(w) is determined independently of the choice of P and u.

Lemma. Let v be a complete discrete valuation. Let S be its ring
and let I be its ideal. Let M be a f/ ee module with a free base {m.} </
Let M* be the V- a(lzc completion of M Let s and t be elements in M*.
We express as S—ZCK,III,(,) and t—Zﬁ,m @ with ¢()el, a;, i€ S
such that both sequmces (ee;) and (B) converge to zero in N-adic
topology (see, Part I of [2]). Assume that we have a canonical iso-
morphism between the Vi-adic completions (M*/Ss)* of M*/Ss and
(M*/St)* of M*/St. Then we have v(c;)=v(B;) for all i=1,2,....

Proof. We put N=(M*/Ss)*~(M*/St)*. Then we have
N/SPN=M*/Ss+IN"M* ~M*/St+R"M* for n=1, 2, .... Therefore
Ss+I"M*=St+I"M*. Our assertion follows from it easily.

Proof of Theorem. Since 82zp=R/(f'(w)), we have Lzp
~ R/(u'), where I=v(f'(w)). In our case, {a,},e/%¢ by Lemma in
[4]. Case (1): Assume that dgie+(w) <0.  Let v(B3)=minv(B)).
There exists uniquely a coefficient ring P of R, containing ia,}#,(;)
and a,;+u. Let f(U) be a minimal monic polynomial of u over P.
Let p be an R-isomorphism: RQr2% @RdU—»R@PQ*@RdU such
that 0 (1Qdpa,)=1Qdpa, for ¢2¢¢(i), p(dU)=dU and 0(1Qdpa,;)
=1Qdp(a,+u)—dU. p induces a commutative diagram:

RRpR3PdU—-LRRp RED RAU
A »

2%

where 4 and s are canonical homomorphisms, that is, homomorphisms
satisfying: A(1Qdpa,)=dra,(¢€ 1), A(dU)=dru, #(1Qdpa,)=dra,
(cel, (i), ,u(1®dp(a,(7)+u))=dR(al(;)—l—u) and x(dU)=dzu.
The image of the expression Z Bi(1&Q dpa.iy) + f'(w) dU of (dpf)(u)
+f'(w)dU in RQpL% EBRdU under o is s—ZB(l@dPa,(,))-I-B (1
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Rdpla,+u)+(f (u)—F7;)dU. Let t= the expression of (dpf) (u)
+f(u)dU in RQp25@ RAU. Then, through 1 we have a canonical
isomorphism between the completion of (R Q7 2%) & RdU/Rs and the
completion of (RQpR%)P RdU/Rt. Then we can apply our lemma
and comparing coefficients of dU in s and ¢, we get: v(f'(u))
=v(f'(w)—B7). We have v(f'(uv)—RB7)=v(B;)<v(f'(u)), because
v(B7)=v(f'(u))+ dkx+(u). Hence v(f'(w)<v(f'(u)) and Lgp#
Lrp. Case (2): We assume that dg;g-(u)=0. With { as above,
we put l=v(fy)=v(f(w)). We can write as F;=(f+Fu)u’ and
f(w)=(@+au)u', where f and « are units in P. Let P be a
uniquely determined coefficient ring of R, containing {a.}.es, .4 and
av,(;)+% u. Let h(U) be a polynomial in I’ U] such that %Zh(u).
Let f(U) be a minimal monic polynomial of u over P. Let p be an
R-isomorphism as in case (1), except that p(1&dpa. ;) =1Rdp(a
+% w)—u((dph)(w)+h'(w) (,[U)——% dU. By the same reasoning as

in case (1), we have:
v (J)=o(f (W)=-5 8= Fruh'(w)
= y<(a+d’u)u’——%— (B4 Buw)u'—(B+ Bu)h/ (w)u'" 1>

—o((@= 35—+ B ) ') > 141,
s

Hence we have £z p# 2r5.
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