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The purpose o f th is  note i s  to  show the converse of Theorem 3

in  [3 ], th at is,

Theorem . L e t R  be a  complete discrete valuation ring  o f  unequal

characteristic w ith a prim e elem ent u and w ith a coef f icient ring P. L et
K  an d  K *  be quotient f ie lds o f  R  and P, respectively. If  the N eggers'
number 4K I K .(u )<1 , there  ex is ts  a co e f f ic ien t rin g  P o f  R  such that
S2Rip is not isomorphic to Ship.

In  th is  p ap er w e  use the same notations and terminology as in

[3 ]. T h en , together w ith  resu lts in  [1 ] and [ 3 ] ,  we obtain various
characterizations of the property that ziK /K .(u )  1 :

Corollary. The follow ing conditions are equivalent.

(1) z Kac•(u) f o r a  choice o f  P and  u .

(2) 4K /K .(u )  1 f o r every  choice of  P and u.

(3) E v ery  deriv ation  i n  Der (R , R )  induces a  deriva tion  in
Der (R /m ,R /m ).

(4) Every  derivation i n  Der (R /m , R /m ) is induced by  a  deriva-
tion in  Der (R , R).

( 5 )  1 2 / p  is determ ined independently  of  th e  choice o f  P ,  up to
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isomorphisms.
( 6 )  'ii(f i (u )) is determ ined independently  of  the choice of  P  and u.

Lem m a. L et v  be a  com plete discrete valuation. L et S  be its ring
and let Vi be its ideal. L e t  M  be a f ree m odule w ith a  f ree base
Let M *  be the completion o f  M . L et s and I be elem ents in M*.-
W e ex press as s= E aint, ( 1) a n d  t =  E g 1 nt 0  w i t h  c (i)E  I, a , 81 ES

1=1 1=1
such  that bo th  sequences (a1 ) a n d  ( 8 , )  c o n v e rg e  to  z e ro  in  9i-adic

topology  (see, Part I  o f  [2 1). A ssum e th at  w e  h av e  a canonical iso-
m orphism  betw een t h e  çR-adic com pletions (M*/ S s)*  o f  M*/ S s  and
(M*/ S t)*  o f  M*/ St. T h e n  ive hav e v(a i ) = v (8 1)  f o r a l l  i =1 , 2, ....

P r o o f .  W e  p u t  N= (M* / Ss)* (M */  S t)* . T h e n  w e  have

N/9"in_N±f M*/Ss +  s i r M *  M*/St + Vi."M* for n = 1, 2, .... Therefore
S s+ W"M* = St +  V M * .  Our assertion follows from it easily.

P r o o f  o f  T h eo rem . Since 2 R i p R / ( f ( u ) ) ,  w e  have 9R/p
RAO , where / = v ( f ( u ) ) .  In  o ur case, Ict,1„14-0 by L em m a in

[4]. Case (1) : Assume th a t  zIK/K*(u) < O . Let v (3i)= min v (8i)•
T here ex ists un iquely  a coefficient ring P  o f  R , containing la,1,,,t,,a )

and a ( i ) + u .  Let J (U )  be a minimal monic polynomial of u  over P.
L e t p  be an R-isomorphism : ROp,S21,' RdU— > R  IED R d U  such
that p (10dpa,)=10dpa, for e  \  t(1 ), p (dU )=  dU  a n d  p(10dpa, ( ) )
=1® d p (a ,( ) -h —  d U  p  induces a commutative diagram :

I? Op S2'11.̀  ED d U— P-5 R AT, ..TPEL) R d U
\ \ \\ I /

s21̀
where 2  and i t  are canonical homomorphisms, th a t is , homomorphisms
satisfying : (10dpa,)= dR a,(t E I ) ,  2(dU)=dRu, te(10d-pa,)= dRa,
(t \  t(i)), ,a (1® dp(a,6 ) + u ))=  dR (a ,(7 )±u ) a n d  it (dU)= dRu.
The image of the expression E 8, (10 dpa, ( 0 )+ f ' (u) dU o f (d p f)(u )

i =
+ ft (u ) d U  in  R O p S n  R d

1

U  under p  i s  s = i(1 Ø  dpa,(0)+
i #T
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dii(a ( i ) + u)) + ( f' (u) — 37) d U .  Let t =  the expression of (dp f )(u )

+ P (u ) dU in  R Op R d U . Then, through ,et we have a canonical

isomorphism between the completion o f (R OT S 4 ) R d U /  R s and the

completion o f  (R Op..QP,)E1) R d U / R t. Then we can apply our lemma

and comparing coefficients of d U  in  s  and  t, we get : (r ( u ) )
= 7.) (ft (u)-- 131). W e  h ave  y ( f(u )—  8D= y < y  (  ( u ) ) ,  because

y O D = v ( f  '(u ))+  lc ix . ( u ) .  Hence y (1' '(u))<  y (f  ( u ) )  and 2 R i p

S2Rai. Case (2) : W e  assume that JK / K *(u)-= O. W i t h  i a s  above,

w e  pu t / =  (3y) =  v ( f (u )). W e can  w rite  as = (8 + g  u i  and

(a)= (a+ cu) a 1, where 8  a n d  a  a r e  units in  P .  L e t  P  b e  a

uniquely determined coefficient ring o f R , containing 1(0 , OEi„,L, ( I ) and

a,a ) + u .  Let h (U )  be a  polynomial in P[1/1 such that  — h (u).

Let 7 ( u )  b e  a minimal monic polynomial of u  over P .  Let p be an

R-isomorphism as in  case (1), except that p (10  df, a, ( 1) ) = 1 c/23(a, ( i )

ce+---
 

u)— u ((dph)(u)+ hf(u) dU) — d u .  By the same reasoning as

in case (1), we have:

y ( r(u ))= v  V (u )— i9 —  yuht(u))

((a + au)u z — + a u)u é — (3  +  u )h '(u )u t " )
3

= v @c-e — a •—d-- +  u )h '(u ))u 1 +1 ) > l  +  1.

Hence we have S2R/P /
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