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Introduction

The stable homotopy classes of maps: E t+ n x _ ,E " Y  will be denot-

ed  b y  7r. 7(X ; Y ) .  When X= Y, a' * (X )= t ( X ) ,  saft (X )=  7-41(X ; X )
forms a  graded r in g  w ith  the composition as the multiplication. p

denotes an odd prime and M = S "Uen + 1  a M oore space of type (Z p , n).
We call a space X a Zp -space if d ( X )  is an algebra over Z p  or equiva-

lently M A X  is  the same homotopy type of E"X V E" 1X  (n : large).

Then  7* M A X ; M A Y )  is decomposed into  7 t1 + 1 (X ; Y )e in l(X ; Y)
e rc l( X ; Y)ED7i1_ 1 (X ; Y ) .  F o r  given yE 7r7(X ; Y), the smash product

lm A r  is decomposed to e (r) e r e r eo, and we have a linear map

0 : n l(X ; Y ) - -÷ q , 1 (X ; Y )

This 0  is a derivation:

O (r r') = 0 (2'). r' + (-1) d eg" re (r')
and if the spaces satisfy a  sort o f associativity then 0  is a  differential

0 0 =0  (Theorem 2.2).
O n  th e  o ther h a n d , fo r  a  g iv en  E E i (M )  th e  decomposition

EA1x Ax(E) (other terms) defines a  linear map

sit(M ) - - sit+i(X ).

The basic property o f  this operation is the following commutation
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low (Theorem 2.4) :

Ay (E)r —(-1) ( ' " k rAx(e)= (-1 )" 0 (r) Ax (SE) —  1y($6) O(r)

where r E 7.11(X ; Y), EE s i t (M )  and  (7 is  a  generator o f sf _ 1 (M )  Z p

given by a  smashing m ap . N ote th a t  2 ( )  = 1  and (1m) = O.

W e shall show how these operations a re  applied to determine mul-

tiplicative structure of d ( M )  and d (  V (1 ) ) ,  w h ere  V(k), <k  <3 ,
i s  a  Zp -space (spectrum ) given in  [1 4 1 . F o r  V (0 )=M  w e  have the
equality (Theorem 2.6), 0 = D  fo r  D  in  [31,

Am (E) = 0(E ), E sit(m),

from which several relations in ..51 * (M ) fo llow . For example, a  generator
a  of si ,(M ), q (p — 1), whose mapping cone is V(1), satisfies 0 (a)
= 0  a n d  (as —  Oa) $ =

(  i ) d e g

E (ad — O a ), i n  particular Yamamoto's
relation a 2 6 —  2 a d a  Oa' = 0 follows.

In  the sections 3  an d  4  w e shall determ ine the structure of the
algebra si * ( V(1)) for degree less than (p 2

 — 1) q — 5, where we assume
p > 5  s in ce  w e  n eed  th e  e x is te n c e  o f  a  generator 3 E ,safp , + ,( V(1))

whose mapping cone is V (2 ).  Let : V ( 1 )  and V (1)-->Eq' 1M
be the natural m aps and  put 8(, ) =  3 3 E  si(sp -1)0-1(M). For the
above range o f degrees, th e  algebra d (  V (1 ) )  is generated by seven
elements 00= i i r1 E (31 =- t 1 7 r 1  E d— a--15 a" E sda _2, =  i l v ( i ) (0a0)

E _ 1 ,  =  2 v (1 )  0 8 (1 ) E 3  an d  g" E d ( ± 2 ) q _ 3 ,  w here 0 (6 13)
=  a i ,  6 1 (a") = c e ,  (3")= 3ce" — a" 3  an d  0 (0 1) = 61 (0 = 0 ( 91) = 6/ (g)
= 0 .  An additive basis for d (  V (1 ) )  is given in  Theorem 3.6. In the

section 4 we determ ine a  generating system  of relations, among them

the following a re  useful and analogy of the Yarnamoto's relation :

3261 2 136 1 6  ± 61 2 0 ,  8 2 a / z  2 3a" 3 + a" 8 2 0 ,

3 3 60 —  3 92 60 i9 +  3360 3 2 —60 33 =0.

In  th e  f irs t h a lf  of the section 5, we reprove Yamamoto's result

on .21* (M ) and generalize his relations (Theorems 5.1, 5.2). L et i : S"

— ).M  and 7r: 11/- -  Sn +1 b e  the natural maps and put (0 =
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a r = rrar i E Grq - i a n d  8,-=-7r8( , ) i E G(sp+s-i) q -2.

a ,  is  d e te c te d  b y  Adams invariant, and recen tly  L . Smith has
proved the non-trivialtiy of 8, for general F o r  the elements 8,,
w e have the equality

t (r+ s— t) 8 r  8 s= rs8 t 8 r+ s-- t

k -1and hence every  m onom ia l 1-18 ,, i s  a multiple 8pt, Rt3 or

82 81 -
2 (Theorem  5.3).

In  th e  s e co n d  h a l f  o f th e  s e c t io n  5, w e  c o n s id e r  a  class

711] E dp2,_1( V(1)) whose m apping cone is
1  

V (2  
2  

)/ v (1 )  and put

T ( i ) —  7rir [1] i i  E d ( 2 i ) q 2(M) and ri =Trr(i)i E G(p2_1)2 -3.
(Theorem 5.5)

r(1)—(8(1) + 69 ( 1) )P (mod 8( _1 ) 6a)

and this implies (Theorem 5.8)

8 , g  = 0  and 1 31; + ' = 0 for s >  2.

Then we have

The non-triviality o f r  (a multiple of a i j3b _ i )  is  an open question, we

have however

ai8p-18,-= 0 for s > 3  if

The section 6 is  a deep discussion for the case p = 3, whence V(2)

and 8 do not exist, M  and V(1) are not associative and the products
a"  a" , a ' a "  are non-trivial (trivial if p >  5 ) .  S o  the structures of

d (  V (1 ) )  and d ( M )  are quite different from the case 5. Some
o f Yamamoto's relations in [151 f a i l  for the case p = 3, and the cor-
rected values w ill be g iven  in Theorem 6.8.

In  th e la s t  section w e shall p rove g"g"  /  0 for p = 5 (g"8"= 0
for p > 7 ) ,  the only particular property of the case p= 5.

1 .  Smash Products in  Stable Homotopy.

In  th is  paper, all spaces, m aps and homotopies are base pointed.
EX, Y1 denote the set of the homotopy classes of the maps f: X---4 Y,
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in  which we use the same symbol f  E [X ,  Y ] fo r  th e  homotopy class

of f . X A X '=-X x  X '/X V  X ' and f  A  XAX'—>Y  A Y' are the smash

products of spaces and maps. Denote by

T = X A X'—>X' A X

and

1= l x : X—> X

the map switching the facto rs and  the identity m ap  respectively . .S"
denotes th e  u n it  n-sphere w ith  the identification Sr' A S n -=  S n '.  We
write simply

Tx ,n= Tn,x= Ts  n  x , T „, , n = T s  s

T he n-fold iterated suspensions of a space X  an d  a  map f  are  defined
by

E n X = S "A X  a n d  E nf = lnAf.

W e identify S ° A X  and XA S ° w ith  X  naturally. Whenever consider-
ing  triple smash products (XA X l ) A X " and XA (X' A X "), two of the
spaces X ,  X ',  X "  are  co m p act, an d  th e  tr ip le  sm ash  products are
identified. T h e  composition of maps f: X—> Y  and g: Y — >Z is denoted
b y  g f : X— > Z. Then the following equalities hold.

l y f = - f l x =f , h (g f )=(h g ) f ,

10 A f  f  A l o = f , ( f A r ) A r = f A ( f  A f" ),

(g f )  A (g' f ')— (g A g ') ( f A f ') ,

E m (E n f )= E "" f ,  E n i(g f )= (E m g )(E 77 ),

Ty ,r( f  A f ') = ( f 1 A  f )T x ,x ,

and T .,„=-(-1 )" '"  in  [S " " ,

Apparently, the composition, the smash product and  E n  a re  com-
patible with the homotopy, and (1.1) holds for the homotopy classes of
the maps.
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For each integer k  we define th e  k - th  stable honzotopy  groups of
the spaces X , Y  by

71(x; 17 ) —iim[E" " x, E" (n +k , n > 0 )

where th e  lim it is  taken  over th e  suspension E .  rcf (X ; Y )  is  an

abelian g ro u p . We define t-suspension isomorphism

(1.2) Et: q a ; q ( E t X ; Y)

by associating to each f  E 
LE n + k

171=ISn-" AX, S n A Y ]  the
class

(T i,„A ly )E i f ( T„+k,t A ix ) E  rE " k (E t X ), E "(E t Y)1,

that is

E(1.2)' E V } I f f  for the classes {  }  of  the same f  E L
E n+tx i .

Sometimes we u se  th e  same notation f  E  74 (X ; Y ) fo r th e  limit

{f} of f  E [X ; Y ], e.g., TX,Y E n- g(XA Y ; YA X), lx E rg (X ; Y).

The product (composition)

74(Y ; Z )07t),3  (X; Y )—> 7-d,.. k (X ; Y )

is defined by

{s} {f}. = ig(Em+ h - uf)}

for gE EE'n+h Y , E "iZ], fE [E " X , E "Y ],  m + h > n .

This product is well-defined, bilinear, associative and has th e  units

1 x .  We write

rc,sk ( X ; Y ) =7 1 - (X ; Y ),

.21* ( X ) =.z i f  k (X ), sal k (X )= rcZ (X ; Y).

Then at * (X )  is a  graded ring and 4 ,(X ; Y ) is a  left .321* ( Y)-right
.saf* (X ) module.

The homomorphisms
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g =  I9 : n g a ; 74-4-1a ;

and

f * : 7z1(Y; Z)—> nl, h (X ; Z)

are  defined by 3 * (a) -= a* (8) -= a  for 3 = { g }  and a = { f}.
Next we shall define a  smash product.

A: 74(X; Y )Ortg(X ' ; Y ')-- q + k (X AX' ; Y AY 1).

Let fE EE " X ,  E 1 171 and f E LE "i+ k r ,  E " Y'l be representatives of

aE 74 (X ; Y ) and  a' E ; Y ')  and put

P f 1 =(11 A Ty A l r )  f  A f  (11+h A T,n+k,x A ix')

" (X A X ')=  S i
'  

h A S i"A X A S m 'A X '

—> Si A YA SmA r—> S 1A S m  A YA Y'=E i + m ( YA Y').

Then aA a ' is the class 1( —1)mh ( f* f ') } .

Theorem 1 .1 . The smash product A  is well defined and bilinear.
The following formulas hold.

(1.3) (i9a) A (i9'a') = ( — 1)d e g a d e g '9 '(3 A (a A d ),

(1.4) Ty ,y
, (a A a') = ( — 1) (1" " d e g "'(a' A a) Tx,x , ,

(1.5) 11 Aa= E ta,

(1.6) Aa') Aa"=aA (a' Aa").

P ro o f. B y  (1.1), w e  h a v e  (E f ) , 1 1 '.= E (p r)  a n d  f*(E  f ')
= ( TLIA 1)E (f*fi)(T(+ h , i A i ) = ( — 1) h E ( p i ' ) .  Thus th e  definition

of a A a ' is compatible with the suspension, and the sm ash product is

well defined. Next the equalities

(g(E hf))* (g'(E V '))= (vg')((E hf)* (E V '))
(T i ,. A Ty , r ) ( f * f ' ) = ( f i *.f)(T1+h,m+k A T x ,r )

and
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(Pf ')*.f"=.1'*(f i*.f")

are  verified without difficulties. T h e n  (1.3), (1.4) and (1.6) follow.
(1.5) follows from the definition o f Et.

As a  corollary we have the following.

(1.7) a A a '= (a A  ly , )(1x Ace)=( 
— o d e g a d e g a ' a y

( a A

(1.8) (E 'a )A a '= E t (aAce), E(j3a) = (E`8) (E i a).

Also we remark

(1.9) lo A a = a A lo = a  a n d  T o ,x = T x ,o = lx .

Let I= [0 , 1 ] be the unit interval w ith the base point (1), and let

:

be a  mapping o f degree 1 which identify (0) and (1 ) to  the base point.

The cone over X  is defined by CX= /A X .  Consider the mapping cone
o f a  map f  E EX, Y] : Cf= YUfCX; and consider the cofibering

where rc is induced by OA lx : CX—> E X .  Then there exists a  homeo-

morphism

h : E" Cf --+CE v

such that the diagram

E"17 E"Cf r oE" .1- 1X= S" AS 1 AX
(1.10)J 1 1 J 1 T , , i A 1 x

E" C f E " 4 - 1 X =  S 1 A S  AX

commutes. For 1 = 1 z  w e can identify Cf A Z  w ith  CfAi
a cofibering

then w e have

X A Z C f A l = C f A Z L E YA Z.

Consider a  representative f  E CE""x, E" Y ]  o f  a n  element
a  E 74 (X ;  Y ), a n d  th e  mapping cone C f =E "  Y  fC E"1- kx  and the

cofibering E"Y Cf
 ' . -0E " + k - F l x. Then
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i E 7r ( Y ; C 1 ) a n d  it E ; X ),

and we have the following two sequences.

(1.11) W; X ) :2 - 1 -') 74+k(W ; fn( W; C1) -Lr-= • •

(1.11)* ( Y ; Z ) q+k(X; Tcg_n_1(C f ; Z) • •

As is well known

(1 .12 ) the above sequences (1.11) and (1.11)* are exact if  each spaces
are finite CW -complexes.

L e t  .3/=-- Mp = S l U p e2 b e  a  M oore space o f ty p e  (4 ,  1 ), i.e. a

mapping cone o f  a  map p=p•l i E do(S ° ) ,  where p  is  a  prim e. We

have a cofibering sequence

S S IM p  -=--› S 2•  •  -

where E 7r,s. (S
°
 ; 11110, ir E n'.!2(Mp;

Lemma 1.2. The following four conditions are equivalent.

(i) p • l x  = 0 in d o (X ).

(ii) * (X ) is  an algebra over the f ield Z .
(iii) 7r ( x ;  Y) and n l(Y ; X ) a re  Zn -modules fo r  any  Y .

(iv) T here  ex is ts  e lem en ts E ir ( M p  A X ;  X )  a n d  Sox
E nI(X; M A X ) w h ich  satis f y  the following

Pxsox =0, ax(i A lx) =(ir A lx) sox = lx

(1.13) and

(i A lx)ax + sox(z A lx) = lmAx•

P ro o f. Since 1x is the unit, (i), (ii) and (iii) are equivalent. (iv)

implies p • lx  (i A lx),ax = ( (p i)  A ix) /ix = 0  and (i). Assume that

(i) holds, then for sufficiently large n , p •l:
E n + 1  

X  E n+ 1 X  is homotopic
to  zero. B y  use o f the homotopy w e  have a  homotopy equivalence
h f : c p . i _En+l x u p . i c En+1+ ,- __+A  Co = E n - F I X V E " 2X  su ch  th a t the
diagram
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homotopy commutes. M A X  is  a  mapping cone of f = p • l z x ,  then p.1

" f  and we have a homeomorphism h: "(Mp A X)--+ C p . o f (1.10).

P u t ho h t h ,  th e n  w e  h a v e  th e  follow ing homotopy commutative

diagram

E"(m pA x ) r '(7 rA 1 x ) E  n+2 x

En-0 x ii n + ix  y 42 X Ett+2x,

where th e  lower sequence is th e  natural cofibering. We also have

another natural cofibering

E n  + 2  X E n + 1 X V E n + l x ,

then the equalities (in  homotopy classes)

n i i i = 7 r 2 i 2 =  E n+2 1.7c, i gr2 = 1

hold. For a homotopy inverse ho o f ho, put p = g i h o  and 4  = ( - 1) n hoi2.

Then g1i2 = 0 and the above equalities imply

= 0, A i x)= n(71. A ix) ço z n+ 2 1x
and

n(i A lx) -HoE"(7r A i x ) =1.

L e t ,ax and çox b e  t h e  limits o f  je  and yo respectively, then (1.13)

holds. Q.E.D.

The condition ( i )  is to say that the stable order o f  X  is p  (or

possibly 1 ) in  the sense o f  [ 9 ] .  It is well known that p.121,/, = 0 i f

p >  2 .  In  the following we always assume that p  is  an  odd prime.

Put

=  E  _ 1 (M p ) .

Lem ma 1 . 3 .  Let M = M  a n d  T = T m ,m  E  0(M A M ), th e n  the
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follow ing relations hold [21.

(i) —(i A l i ti) pm + vm(rc A 1-m)+ çam atem,

lm A  =  —  A 1/0 +  gom O, l m A7r=7cAlm+Opm,

(iii) — tM, Tçom = 403f.

Proof: S ince p  is  a n  odd prime, di (Mp) = 0 and d o (M Z p
is generated by 1 = lm. Then p Tv = 0, p T (i A l )  x•1  and (r A l) Ty9

= p l  for some x, y E Z . U s in g  (1.7), (1.4), (1.9), (1.13),

x. i = p T (i A l ) (10 A i) = P  T ( i =  — p(i A i) T0,0

= — A l) (10 A i) =  — j.

a n d  similarly y • n = (rc Arc) Tço =(r A 7r) v = rt. Th u s x = —1, y = 1 ,
an d  pT (i A l)-= (71" A 1) Tço = 1 .  Then —  It = (i A l) p =  p T  and

= go(n A l ) -= T v  by (1.13), and (iii) is proved. Next

c A l-)T (i A  .=(ir A 1) (1 A i)To,m= (10Ai)(7r A 10 ) =in  =a.

Then we have (i) :

T = {(i A l) p+  v(rr A l ) }  T {(i A l) p+ v(7t A l ) }

= (iA 1)//  T (iA 1)/e+  g rr  A l)T (iA l)p+  go(rc A  1 )T grc A l )

= —(i A 1)// -I- O p  -HoOr

an d  (ii): 1  A  =  A  To ,m -= T(i A 1)

= 1—  (i A1)-Eçoalp(iA 1)+ço(iriA 1)

=1A7r—=( i (A7rAl )  + '1)TV6-=7rAl+dp. Q.E.D.

Remark 1 . 4 .  L e t  (11x, çc'x) a n d  (P'x, So /x )  b o th  satis f y  (1.13).
Then f ix  -=• P ix  i f f  vx=v'x.

F or, i f  p x = te 'x  then  yo:v = l(i A l ) P x +  x(n A lx)} 40 'x = Sox, and

conversely.
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2 .  Operations 6 and Ax  in  Zr - Spaces.

Definition. A  s p a c e  X  w h ic h  i s  e q u ip p e d  t w o  classes ,a x
E  i (Mp A X; X )  an d  çox E c 2s (X ; M A X ) sa tis fy in g  th e  equalities

o f (1.13) is  ca lled  as a Z p -space. A  m ap (class) r E 7tZ(X; Y )  is called

a  Z p -map i f  it satisfies

( - 1 ) k rpx =,ay(lm A r )  a n d  çoyr = (1m A r)Sox.

A  Zp -space (X, p x , v x )  is  ca lled  associative if

itx(lm A t lx )=  — fix(itmA lx ), (1m A  çox)Sox = (Son/ A lx) Sox.

F o r  the examples o f Z n-spaces in  th is  paper, the elem ents i t x  and

Sox w ill b e  unique b y  the following

Proposition 2 .1 . L et (X , ,ax, 40x) be a  Z fi -space such that X  is

a  finite 0V-complex. I f  a' i (X )= 0  then /Ix an d  V x  are  unique and

there exists uniquely an  element axEs1 2 ( X )  such that

itx(1m Ailx) - Hax(tem A ix )  =ax(71' A n A ix)

and

(Im A vx) çox — (V'm A ix) ç x = (i A i A lx )a x .

In particular, X  is associative if ..d 1 (X )=J1/2(X )=0.

P ro o f. Consider the exact sequence (1.11)* for the case X = Y=Z,

n = i,  c e = p • l x ,  th e n  the condition .211 (X ) = 0 im p lie s  th a t  (i A lx ) *

7t !! (M p A X ; X ) (x ) is a  monomorphism. S in c e  f i x  satisfies

(i A 1x) * Px = /Ix (i A lx )= 1 x ,  it  fo llo w s  the uniqueness of ,ax. T h e

uniqueness o f çox  is proved sim ilarly .

B y L em m a 1.3, (ii),

tix ( i mA/tx) (i A  A  lx ) = flx ( l mAtex) (i A im A  lx ) (i A lx )

= iix (1m A iix ) ( - 1mA i A  l x  çom OA l x ) ( i A  lx)
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= ttx (lm A /Ix ) (çonrOi A 1 x )= —1x

and

Px(amA l x ) ( i AiA lx ) -= tix ( ilm( i A 1m) A lx )(i A lx ) =1x.

Thus f ix a m itx(iim A l x )  is  in the kernel of

(i A 1x) * (i A lm A lx ) * : Tz- 2 (MAMAX; X ) - ± TcM M AX; X ) — >si o (X ).

A s  ab o ve  (i A 1x) *  i s  a  m onom orphism . A lso  K er(i A lm A 1 x) *

=(7rA  lm A lx ) * nô(Mp A X; X ) and (7t A lx ) * : s1 2 (X ) - 74(M pA X ; X)
i s  an ep im orph ism . Thus there exists an element a x E s i2 ( X )  such

that

f ix(1mA ttx)+,61x(tim  A 1x )=ax (7rA  lx )( 7rA lm A lx ) =-ax(7r A 7rA

Since (n A Tc A1x)(Vm A lx )gox = lx , ax(r A n'A l x ) = a ix(7r A rcA lx)
implies a x = a .  T h u s  a x  is  unique.

Next by use of (1.13) and Lemma 1.3,

(i A i A1x) ax(lr A r Aix)

= (i A lmA1x) (i A lx ) f ix ( 1 m  A iix-Ham A 1x)

=(i A 1mA lx) (1m A —  Sax(TrA lx)) am A / ix  +,am A ix )

=(-1m AiAlx+vm 6A1x)(1m Afix)+(iA lm )//m Alx

- A vx)(71" A ilx+TriimA ix)

=-1 m A (1 m A lx -4 0 x (T rA lx ))+4 0 m6 A f ix

+(lm A lm — V m (rA 1m ))A lx — OA Soxfix - 6,11mAçox

, ---1mA ç2x(2V A lx)-Fgom6A ilx — Som(2VAlm)Alx

—6 A vx  dux — 6,1em A sox

and

(1mAyox — ÇomA1 x)Çox( 2V An'A lx)

= (1m A 9 x  —  A lx )(1m  A lx— (i A lx ) P x ) (7r A  l m A lx )

= (1m A (ox) (lm A r A lx —6,11m A lx)— (i A v x ) (7rA Px )
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—ç9mOrA 1M) A lx + (ço m iA ix ) (7r A Itx)

=1m A ç9x (r A lx ) — dgm A çox-6 A (ox ,ax — Som(7rAlm) A ix

+ som a A fix

= (i A i Al x)cex(7r A 7r A ix).

Since (7rAgA1x)(ÇomA1x)40x=1x, w e h av e  ( 1 m A  —  çamA lx)Ç9x

=(i A i A ix) ax.
T h e  following (2.2) is directly verified from Theorem 1.1 and

(1.9).

(2 .2 ) L et (X , Itg, 4 x ) be a Z n -space and let X ' be an  arbitrary  compact

space, then

(XA = /Ix A 49xAx, = Sox A

(X ' A X , PrA x =( 1 x , A ,ax)(Tm,x ,  A ix ),

g9x-Ax =( Tx , ,m A lx) (lx , A 9x))

and

( E f x, ti E tx=E 'fix (Tm ,i A  lx ) ,  SpEtx = ( Tim A  1 x )E t 49x)

are  Z p -spaces.

We have easily

(2 .3 ) L e t  aE n I ( X ; Y )  be  a  Z p -m ap  an d  le t  a' E7c),s (X ' ; Y ')  be  an

arbitrary  elem ent, then by  u se  o f  the  above Zr structures, w e have that

a Aa', a ' A a a n d  E ta  are  Z p -m ap s . In  p art ic u lar, a ' A i x  i s  a

Z r  map.

Let X  an d  Y  be Zp -spaces, then we define a  homomorphism

0: ri(X ; Y )— -4 , 1(X ; Y )

by the formula

ityam A r)(ox for r E 74 (X ; Y ).

This operation has the following property
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Theorem 2.2.

(i) 0  is  d e r iv a t iv e : 0(7. 0 = 6 1(r)r' +(-1)deg7 TO(r ' ).

(ii) 0(r)=0  i f  r  i s  a  Z p -map.
(iii) A r) —( - 1 )d eg s  A 0 ( r ) ,  in  Particular, O(E t T)= E t e(r).
(iv) I f  X  and Y  are associativ e th en  00(r)-=0.

Proof. Using Theorem 1 .1 , (1 .13 ) and (1 .9 ) we have the follow-

ing.

o (r r') = ziy(1m A rri)çow = ity(lm Ar)(im Ar')çow

= /13, ( 1 m A 7") i(i A  x) fix  +40x(TrA lx)} (im A 71 cow

( - 1 ) d e g ",ciy(i A  1 ) ( i 0 Ar) 0(0 + 0(r) (10 Ar') (7r A 1 )  (9w

-=-0 (r)r' +(-1 ) d " " r e ( r ) .

61(r)=- tly(i.m. A 7") Sox =PI' ÇOY = 0  f o r  a  Zy m ap  r ,  an d  conversely

i f  OW = 0  then

/Vim A r) = ity(lm A r ) { v x ( r  A ix) + (i A lx) fix}

=0(r) (7r A 1x) — 1 )d e g 7 PY(i A i ) (i 3 A r) Px

=( -
1 )d e g 7  f i x

and

(1 3 / A r)V x = {coy(7rxAiy)+ (i A iY ),Y }(1M A r) cox
=  r •

e(8 A r)=1,1rAY(lm A  A r) 0 x 'A x

-=(1 y , A  /0  (T M x ,  A  ly ) (1m  A  A r)(T x , ,m Al x) (1 If' A O

=(1 y A  gy) (8 A lm A r) (1 x' A Vx)

= ( — 1) d e g s  A o(r).
By the associativity of X  and Y,

eo(r)= fly(1m A ity)(1m Ar) (1m A cox) çox

ity(pm Aly)(1M Aim Ai. ) (som A ix ) x
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= — /IY(Pm çom A r) x -= O. q.e.d.

Remark that

(2.4) 1/if A r  ( i  A 10 771x + r Or A 1 x )  ( i  A ly) 0 (T) (7r A ix ) ho lds
and this characterizes ow.

The following lemma may be used to show the triviality of the

derivation O.

Lemma 2 .3 . L e t X  an d  Y  be finite C 1V-complexes  and Zp-spaces
and  le t C = C f=  EnYu f  cE n' k X  be a  m apping cone o f  a representative
f EIEn+k x ,  E n " , , - /j  o f  r E 7rg (X ; Y ),  then

p•l c  =  i0 (r )r  in sio(Cf).

T hus C f i s  a Z p -space i f  0 ( y ) =0 . F u rth e r assum e 7r% ( Y; x) = al (x)
=.sze1 ( Y )= 0 , then 0(y )-=0 if f  C f is  a Zp-space.

P ro o f. First assume that n  is sufficiently large so that there

exist m aps pw E [Mp A fv, E W ]  and vw E [E 2 W-, M A W ] f o r  W
=E n Y, E " x  satisfying (1 .13 ). For s E l -, w E E W, we represent by

(s, 1,v) th e  corresponding points of CE W =1 - A E  W  and of M A W

Prup.icE W , in  la tte r  ca se  (0, w) (p A 1w) (w). T h en  (s,
firv(s, iv ) defines a  null homotopy

rtw: /xEW—+ W

of p A lw =p• 1 z w .  As we define a  map

T :  E 2 w7—›NipA W

by putting (s), = (2s —1, W) f o r  s>  2
1  a n d  vY,(Ø(s),

-=,aw(1 — 2 s , E  E W (M pA  W, then it is easily seen that in homotopy
classes (7rA1w)(0W =1w and ,uwço(4,= O. B y  (1.13)

çor7= {(i A 1w ),aw  Vw(71" A 1w)}(0iv=

Thus i 0 ( r ) r  is represented by E ifiy, (13/ A f)çoix'Ez ECEC cfl,
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where X '=
 E  

n + k

N ext consider a
given by the formulas

n+1

homotopy g t : CEj—> cE f  _ E n + ly u  E f  E n + k + l x

( t ,  SE I, x  E E n+k+lx =  x t ,  y  e  E n+1 y -__ n

gt(y)=121-(t, y)

rty , (t — 2s, E f (x )), o Gs < t / 2 ,

( E f )A x '( 2 s— t, x ), t / 2 < s < t ,

((s — t), x )), t <s <1.

Then g t is well defined (e.g., g i ( t/2 , x )  = (p A ly) Ef (x )= E f(p  A lx , )),

go=h(p A 1 c )11- 1  fo r th e  homeomorphism h: E  C f — ) . CEt. an d  g i=
ca t. E n+k+ix .(1m A f ) ( — v x , ) n  for the natural maps By

the commutativity o f (1 .10 ) it follows p lc (  =p A  1 c )  =  ipy , (1m A f )
g9x-E7t=ie(r)r in  d o (C f).

W hen n  is sm aller, consider E 2N f for sufficiently la rge  N  then
w e have the same relation.

N ext assume n k (Y ; X )= s l1 (X )= s i1 (Y )= 0  and  th a t  C f  i s  a
Zp-sp ace . Then OW  Tc= p 1 c  = 0 , and OW  is  a  kernel of

7114-1(X ; Y ) — >7rn(Cf; Y ) — >do(Cf ).

B y  th e exactness o f (1.11), Ker i *  i s  an  im age of 7z. „_k (Cf ; X ) .  By
(1.11)*, Tr'n-k (Cf  ; X ) - - >r% (Y ; X )  and  .QI1( Y) --> Ker Tc* —>
a re  ex ac t. It follows that Keri *  = Kerr *= 0 and e(y) E Ker (i * r *) O.

q.e.d.

As an analogy of 0 , for each Zp-space X  we define a  linear map

2- - Ax : d t(M p )--d t,i(X )

by the formula

x(e) = tix(E A lx) Vx for E di(M p)•

Recall E at- i(Mp). Obviously

g t(s , x

(2.5) Oi= 776 =6(7=-0.
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Theorem 2.4.

Ax(E$1)--= x (e) x (Or) 2x (E6) 2x (E').
(ii) A x ,Ax(E) =1x , A 2x (e), in  p a r t icu la r  7127,, x (e)= E t  x($).

(Hi) For r E 7r,l(X ; Y ) and  e' E .saf/ (M p ),

2Y($)7" 217(0 ) 0 ( r) = l )  1 ) k  x ( E )  ( - 1 ) "  6 1(r) 2 ,v(6 0 .

(iv) 2x (666)=(re i) A l x , 4 (à')=1 x  an d  ,ix (1m )=0.

(v) 0(2 x(e)) -=- x( 0 (E)) =0 i f  X  i s  associative.

P ro o f .  By u se  o f  (1.13), Theorem 1.1 a n d  (1.9) we have

2(e =  ,a ( e  A l)  l(i A l)  ,a+ (0(7r A 1)1 ($' A 1) ço

= (E i A 1) Or Al) (02 (E') - F 2(0 P(i A1) (7 $ 1 A 1 ) So

= 2(0) A (V ) E'),

A x(f)= (1 x A P) (T m  A l) (E Al x , A l) (T  ,m  A l) (1 x ,

-= (1 x , A It) (lx , A  A l) (lx , A ço) =1 x , A 2W ,

AY(e)r + 2 y (0 )  0(y )

ily(E A  lY )  V Y T  11Y (eir A 1 )401 7  11 1, (lm  AT) Sox

=t1Y(e A 1Y) SoY(lo AT) (7r A 1x) Sox

+ PM  A  1v) (i A 1Y),11Y(1m A r) 0 x

= A 1v) {SoY(71" A l y ) +  A lY ) (1Nt AT) çox

= A ly ) (1mA r) s x = (— i)tk fiy(1m A  r ) (Ç A lx) Sox

= —1.Miy(1m A r ){(i A l x ) P x +  x(7r A l a  ( E A  1 x) Sox

=(— 1) ( t + l ) k ity(i A ly) (1 o A r) /UM

▪ (— 1) tk g x ( i  A lx) (rE A lx) sox

= ( — 1) ( t±uk rax($)-i- (— 1) 1 0 (r ) AW E ),

2x(6$6)= A x(in- V g) = Px (i A lx )  (7r$ i A 1 x ) (Tr Aix) Sox

= 7rei A 1 x
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2x(6) =,ax (i A 1x) (n A 1 x) çox = 1 x,

2x (1m )=f ix (1m A  lx )(ax =tix  4.9x= 0,

and b y  the associativ ity  and by use of nex t T heorem  2.6,

0(2x(E))=Px(1-ni A f ix ) Om Ae . A lx)(1m A (0x) Sox

= — Px(iim A 1x) (1m A$ A 1x) ( M A  1x) (ox

= — 2x (e(M  =2x ( ,1m($))

=11x (itm A lx )($ A lm  A lx )(V m  A lx )(0x

px (lm A itx )(e  A lm  A lx )(1 m A g 9 x )x

=lix ($  A Iix40x)49x=0. q.e.d.

Corollary. 2 .5 . I f  0 ( r) = 0  o r  i f  $ 0 =6 $ =-0  (e.g. $ =6 - 0 )  then

the f ollow ing commutativity holds:

2Y ($)r=( - - 1 ) ( d e . ' + 1 )d c .7 r2x (e).

In the rem aining part of th is  section w e consider the case X =M p

( p : odd prime). M p  i s  a  Zp -space and both  o f 0  and 2m are defined on

dr(M p), and o u r  0  coincides w ith D  o f  [ 3 ].

Theorem 2 .6 . Fo r Ç E szli (M p )  w e have

2m(E )= -0 (E ).

P ro o f. B y L em m a 1.3, (iii),

2m(E) -= A 1m) Sam = — IinfT(E A 1m) Tçom

=  /im (1 m A E)çom= — 0($).

Corollary 2 .7 . Let $ E s i i (M p )  and rj E d ( M )  then the follow ing

equalities hold.

(2.6) 0(6), — 1,
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(2.7) 2/14(6$6) = (7rEl) A lm =$6 ( —1) t 6$ + 6 0(E)6,

(2.8) 2m (($)=E +60(E), 2 m (E 6 )=(-1 ) t E 0(E)6,

(2.9) 0(E) ( — 1) t + 1  $007) + 0(E)60(v)

= ( - 1 ) ' ' '  IOW  E + ( - 1) g  " VO(E) + 0(v)ao(Œ)} ,

(2.10) $v — ( — 1)" v$

= (-1)"00($)—  60(E) -,j ( — 1) t 6E0( ) — E00(v)-60(E)60(77)

= —  0(E)677 + (-1)"' t +l v 0 (E )6  +(-1 )" 's  0 (0 E 6

+ (— 1)" + ' + 1  0(v ) 6E +(-1)" 0(060(06.

(2.11) $6v — ( — 1) t (Sev — ( — v$6 ( — 1)" + ' va$

= ( — 1)s t  + s vS0($) 6 —à'0(E) 6v.

P r o o f .  0(6) -= — 231 (6)= — 1.

27,1 (6e0)=. — 0(6$6)= — 0(6) e6 + 60(E)6 + (-1) t 6$0(6)

= $0 — (— 1) t 6$ +W O O ,

2111(6 E)= —0(6E)= — 0(6) + 60(0= $ +60(E),

2m (E6)= — 0(E6)= —0($)6 + (— 1) i E

(2.9) follows from (iii) o f Theorem 2.4 of the case r--, 77. Similarly

the formulas of (2.10) and (2.11) are obtained by replacing $ by 6E,
E6 and SO respectively. More discussions can be seen in [ 3 ].

3. Z ,, - Spectrum V (k).

T h e  spectra handled in  th is  p ap er w ill b e  suspension spectra

X = {X„, j n : Exn-->xn+1} satisfying

(3.1) f or suf f iciently  large n, X  =  E xn, 1  a n d  X „ are  ( n -
connected finite CW-complexes.

Then for sufficiently large n

E :  71 ( X „ ;  -17 ) —*74(Xn 1; Y n+1)
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is an isomorphism, and we put

nk(X ; Y )= Iin 1 7 1(Xn; Yn).

Notations in the section 1  such as 7r*, ,511„ a * a re  used also for

spectra. The composition product in  7r induces a  product

Trk(Y; Z)07rk(X; — >7rni k(X; Z)

by virtue o f (1.8), and the new product is bilinear, associative and has

the units 1x the limit o f lx„-
A  Zp -spectrum X  is  a  spectrum satisfying (3 .1) and having Zp -

spaces (Xn, texn , Sox„) in  which i tx , ,  =i1Ex„, Sox„ 1=g0Ex„ as in (2.2).

Then the operations

0: rk (X ; Y ) — >Trk+I(X; Y )

and

2 x  : .5z/ i(M ) — * .2( t+ i(X )

are defined as the limits o f  0  in  71 and 2 x ,, by virtue o f  Theorem

2.2, (iii) and Theorem 2.4, (ii). Apparently

(3.2) The formulas in the previous section valid fo r  spectra if A  and

E t are not contained.

S= {S n , j„= 1 }  is the sphere spectrum. We denote

7rk(X)= 74(S; X )  a n d  G k = r k ( S ) .

M -= { 1 M 1,, j „ = 1 (n > 1 ) }  is  the Moore spectrum which is a

Zn -spectrum ( p :  odd prim e). We may identify

s it (M )= d r (M p ) .

Now  consider spectra V (k )=  {V (k )n }  g iv e n  i n  [ 1 4 1  having

H*(V (k) ; Z p ) E (Q 0, Q ,  • • • , Q k). V ( 0 )  M  and V (k) is , if it exists,

given by a  mapping cone o f a n  element in  si2 n k_2(V(k —1)),

The existence of V  (k) is assured [14; Theorem 1.11 for k=1 , p>3 ,

for k = 2 , p > 5  and for k= 3, p > 7 .
Until the end of section 5, we assume p so V(1), V (2 ) exist.
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The case  p = 3  will be discussed in section 6. For sufficiently la rge  n

we have the following cofiberings :

Eqv(o)„-L'-› v(o)„-Li- 0-1 v(o)„ •

EPq+qV(1)„--* v ( i ) ni z , v (2) ,

w h ere  q  =  2 (p -1 ). A s the limits of these maps we have

i E r o ( M ) ,  Tr E n _ i (M ;  S ) ,  a E .safq (M ),

E 7r0(M, V(1)), E r-q-1( V( 1), M ),

E .sztpq + q ( V (1 )), i2  E  g0 (V ( 1) ,  V ( 2 ) )

and

7r2 E g_p g _ q _1( V(2), V (1).

The following relations are obvious.

(3.3) i = 0,

i1 a = 7tii1=a7r1=0,

i213  T r2  i2  =  197r2 = 0.

Theorem 4.4 of [141 shows

(3 .4 ). V (1 ) an d  V (2 )  are  Z p -spectra.

T h e above cofiberings induce exact sequence o f th e  typ e s  (1.11)

and (1.11)* and they a re  translated to exact sequences in  spectra :

(3.5) 0 -> G k O Z p -.  Trk(M) (Gk_i, Zp) -*0

(3.5)* 0 -* 7 r k + I ( X ) 0 4 , 2  r k ( M ;  X ) Tor Or k (X ), Zp)---± 0

(3.6) c'+74(1V ;M ).-- 7 4 (T V ;V (1 )) '-rj:-.' nk -q-1(W ; •••

(3.6) * a '--L4 rk+q+i(M ; 7-4(V  (1); gk(M ; •••

F o r  example, 7rk(M) =  0  fo r  k<q - 1  and k 0, a n d  w e  have

(M ) = d 1(  (  )  )  
7r 1 (M ; V (1) )=7 t_ ,(V (1 ); M )= 0. Thus it fo llow s

from Lemma 2.3
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(3.7) 0(a) =0(3)=0(i i ) =-0(n 1 ) =- O.

Put

8(,)=7r113' ii E d ( p ,+s - 1 ) q - 1 ( M )

then since 0  is derivative

(3.7)' 063(0)=0.

B y (2.7)

(3.8) 2m (S a6) ce6 — 6a a n d  2 m(ô13 (s) 6 ) = d3 (s) 6  6 19 (s)

and by Corollary 2.5,

(3 .8 )' f o r  a n y  $ E a/ (M ) ,  ( a  — 6 a) $  (-1 ) t $(ce6 — 6a) a n d  (3 ( 5 ) 6

+ 6 8()) = $(3( , )63 + 6 )3 (0).
In  particular

(3.8)" a26+6a2=2a6a.

From now we shall compute d (  V ( 1 ) )  up to som e r a n g e . We

ce1 =n ai E Gq-15

s  -= • (3( 5 ) i E G(sp+ s - 1 ) q - 2 )

a'=217(1)(6aa) (=a 1 A 1v0)) E dq - 1(V( 1))

(3'=- 2170.013(1)a) (= 31 A lv(i)) E sl fr,_ 2 ( V(1)).

Then the following commutativity follows from Corollary 2.5, (3.8)

and (1.7), (1.9).

(3.9) d e  = ( - 1) t Ça' d'$ -- --$3' fo r  a n y  EE s i t ( V(1)),

a '$ '=  (  —  1)' $1(ce6 — 6a), 8'$'=$'(3(1)6+63(l))

f o r any e`E n't( M ;  V(1))

put

and

and
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a ' " = ( —  1)`E"a 1, 8'$"=$"8 1f o r  any  r  E 2r1(V( 1 )).

Lemma 3 .1 . There ex ists an elem ent a" of  d 0 _2 ( V (1)) such that
a "  = d i i  d.

P ro o f. First we show

(3.10) aa6a=a6a6.

1 1For, da6a— 6(a 2 6 + 6a
2

 )—  2  ( a
2

 + 6 a 2 )6=a6ad by ( 3 .8 ) " .  Then,

by (3 .9 ) and  2(3.3)

a*(a' i i 6) = a' i i aa = i i (a6 — 6a) 6a= i 1Oada=i 1 ada6 =0.

By the exactness of (3 .6 )* , the existence of a " is proved.

W e use the following notations :

io = iii E  7r0 ( V(1)), n o =  Trn'i E 7r- 0 -2 (V M ; S),

61= iirri E d0-1( V( 1 )), 6o= io7ro = E V(1)).

Theorem 3 .2 . For deg <p 2q— 3

Tr*(V (1 ))=P (8 , a"/9i0, 6 0ie2 i0, 608 2a /10

P ro o f. By Theorem 5 .2  of [1 4 1 , for deg <p 2y — 3

Tc*( 17 (1 ))=- ---P(8)0A ® P(81),

where A  is spanned by non-zero elements e E r 0 , al E 7r 0 _ r1, - pq - i ,

go E 7 (P+2)q-2, /32E 7r(2p+ 1)a -2  a n d  2a1. Here 9 is just same a s  our g,
491=43 ( 1 ) i  and 8 1 is  sa m e  as  o u rs  up to  non-zero coefficient by (5.4)

of [ 1 4 1 .  e corresponds to  10 o r  i o .  al is detected by /4(9 1) ,  and it
coincides with ours up to  non-zero coefficient since th e  mapping cone

of a i = n a i is  V(  1   ) / s  in  which g i   /  0. We shall show
2

( * )  a" Oi o  a n d  6032 i0 are non-triv ial.

Then we m ay take A = {io, i 0a 1 , il/9(I)i, a"8i0 , 6032 4, 608 2 i0a1} . By
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( 3 .9 ), $81-= 19'E fo r  any E, 60 io al =60 8 2 a'i0  and i 1 19(1) 1

= i =61 ig io . Thus it is sufficient to prove (*).

A ssum e that a u 8i 0 = 0 . T h e n  a  representative a ": V ( 1 ) , 0 _ 2 - ) .

V (1 ), o f  a "  can be extended over a  map A : C szo =  V  ( 1 )n+ (1-2 U  e " + ( P + 2 ) q

V(1 ),, where Co iô is th e  n  + (p + 2 )q  skeleton o f  V (2 ) , 0_2. Consider

a  mapping cone CA = V (1 ) , U e " -1 u e n+q u e n+2q u e n+2a +l u e nicp+2)q  o f

A ,  t h e n  . 9 1 ' , 9 1 e " " =
-rje-fq-i_Q2en+a-i=en ( p  F2)(1 b y  t h e  coho-

mology s tru c tu re  o f  V (2 ) .  Next V (1)„Ue' 4 1 U e " "  is  t h e  mapping

cone o f a " i i  an d  a" i 1 = a l i 1d =i 16 (a6— aa)=i 1aad =i 0a 1n  by Lemma

3.1 and (3 .9 ). Since a l is detected by g le " =e " - la . Thus .9 1%9 1-9 1 e"

-=en + ( P4 2 ) 4   I  0 in  C A . B u t  this contradicts to Adem relation YP 1.,9 1

=.9 1(2 P.91 —.9P +1 )  since there is n o  cell o f d im en sio n  n +( p +1 ) q .
Thus a"19i0*0.

603 2 io  I  0 is proved similarly by assuming ( 6 0 M 19 i 0 ) = 0  a n d  by

constructing a  complex

V  (1 ) n U  e n + P q -1  e n+pa u  e n+(P+1)qu e n+(P+1)q+lu e n+(2p+1)q

i n  which .9 P  g l  .9 P  e" *  0 contradicting to Adem  re la t io n  ..9 P  .9 1 ,9P
_ .9 2 p g 1 + 1 2 p . q.e.d.

Since r * ( V  (1)) is  a  Zp -module (Lem m a 1.2), (3.5)* im plies a

splitting

O -->7.rk „(V (1))--TL7k(M ; T7 ( 1 )) 7rk(V ( 1 )) - 0 .

Obviously i*O2i1)=vi o a n d  e i * ( e ) = 0 ,  so we have

Corollary 3 .3 . For degree <p 2 q— 4

7r* (M ; V (1))=P(3 , 3)0 fi,,, a"/9i1,

808 2 a'id .O E (a).

Lemma 3.4. 43'i° =. 6ogio and 8'i1-----608i1+6119i16.

P roo f. B y  u se  o f  (3.9)
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= iorodS'io =6138i0

and

=ii(i3(1)6 61300=

= (718ii(7 + 60136..

Lemma 3 .5 . There exists a n  element 3" 0
that d"i1=a"fil1a.

d ( P-F 2) q - 3 (  V(1)) such

F o r , i t :  d(p-i-2)0 _3(V(1))-7r(p i 2),_3(M; V(1)) i s  a n  epimorphism

since 7r(p 3),,_3(M; V(1))=0 by Corollary 3.3.

Finally we compute d * ( V(1)).

Theorem  3.6. ( p > 5). For degree G (p 2 — 1) q — 5

* (r7  (1 ) )= P  (t9 , ) 0  { 1 ,  a', 6iie, a"8 , a082 , 6032 a10E(60)

+PC9, 8 ')® { 6 1, a", 61i361, 6013, a"4361, 13", 60■32 61, 603 2 a l .

P r o o f .  Consider the exact sequence (3.6)* for X =  V(1), then we

m ay forget P (3 , 3 ')  and it is  su ffic ien t to  p rove th e  following rela-

tions.

a*(77i16)-=vii6a=—vceii
for v= 1 , 60 3 2 ,

ii(v a")=  va"ii -=

ii(8 " )= a"8 i1 6 ,

i i (e )=
for E =1, a', 613, a u i3, 60 2 , 60 32 d ,

6)= $60

for 77=1, 61i3, a u  13, 602.n i(V ii) = e l  

The second, the th ird  an d  th e  fourth relations follow from Lemmas
3.1, 3.5 and 3.4. The first formula follows from th e  following (3.11)
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and the remaining formulas are obvious.

(3.11) ce' — i i a ce

For, cei1=i1(a6-6a)= — i 1 6a by (3.9) and (3.3).

4 .  Multiplicative Structure of .3V( V (1)).

Theorem 3.6 shows that d * ( V(1)) is multiplicatively generated by

(50, 61, a", a ', g ', g , g " fo r degree < (p 2 —1)q — 5 . The purpose o f this

section is to give a  complete generating system of relations for degree
< (p 2- 1 ) 9, 5 .

First we recall (3.9).

(4.1). g'Œ=E8' an d  a'E =(-1 ) d eg ece', in  particu lar cr'd = 0 .

N ext th e  following trivialities hold because o f  th e  triviality of
.sz(k(V (1 )) for the corresponding degrees.

(4.2) aid; =0 (i, j =0, 1),

a"d o = 6 0 a" =a/61 =0,

=0,

irdo= dog" = = =a' .= 0,

ce"i3a" =0,

and

8"8"-= 0 if p> 5.

By Lemmas 3.1, 3.4 and 3.5 we have

(4.3) cedi=d6o,

60860=8'6o,

60g6i = 8 /6i — Olga°
and

3"61—a"860.

We shall determine the derivation 0  for the generators.
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Theorem  4.1. 0 ( 6 ) =  — si, 0 (6 1 )= 0 , 0 ( a " ) = a ' ,  0 (a')= 0 (In
= 0 (3)= 0  and  0 (8") = 3ce" ---ct"

P r o o f .  B y  (3.7) and (2.6), 0 (60)= 0 -= — di, O (6 )
=- 0 = O. 0 (a ") E =  {a } b y  Th eorem  3.6. P ut 0 (cx")= xa'
th en  xce'6 0 = 0 (a")6 0 = 0 (a" 0 ) —  a" 0 (6 0= a" = a' a 0 b y  ( 4 .2 )  and
(4.3). Thus x =  1  a n d  0 ( a " )= a ' .  By Theorem  2 .4 ,  ( v )  a n d  (3.7)
0(a')=0(f f )=0(i9)= O . 0 (g" ) E 2)q -2 = Oa", a",91 by Theorem 3.6.
P u t  0 (8") = x3ce" + ya" 3. B y  (4 .3 ) , 0 (3"61)= 0 (a"g6o)= 0 (a ") 860
+ a" 30 (6 0) = a'1360 — a" g6i = ga l  60 —a"i361, a n d  0 (8"61)=  0 (i3")61
=  x8a"61+  ya"g61=  xga'60+  y a " g 6 i .  Thus x =1 , y = —1 and 0(8")
=13a" —a"/9. q . e . d .

(4.4) 61 a"= a'60 .

For 0 -= 0(6 o a" )=  —6 1 a"-E6 o ce1 = —d i a"+ a'6 0 b y  (4.3) and (4.2).

In  order to prove more relations we prepare the following theorem.

For the simplicity we write /Iv= 21, - (1)•

Theorem 4 . 2 .  L et T E s it (  V(1)) and put T (1)= 7r1 yi 1 E q-1(111))
then

ilv(r (1) 6 ) = T i  (— 1Y IT +
and

2 17(6 7" (i)d) = ( - 1)t ra 0 + (-1)  o r +

for e, a' satisfy ing

a7 i=(-1 )` is=610(r)do

and

a'61= di Tao+ do 0 ( r ) 6 0 ,  die =60 rol + —1160 0(0 do.

In  particular, av(g (1)6) = 861 —  618.

P r o o f .  Put e Av(r(i) —  7'6 (— 1) t 61 r ,  then by Corollary 2.5,
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(3 .7 )  and (2.8)

661= 2 17 (r(1) 6 ) iini + (— 6101

= ii2m(r(1))  Tri + ( - 1)1 ir61

= ( 0(ririi)67r1-1-(-1 )t 6101

iin ie(r) = M (r ) do

and

60=6.71'14(7m  6) —  dir6i

=- ( -1 ) +1 i1Am(T (1)6) Tri — iTôi = — 1) 1 + 1 610(7)60•

Similarly by putting a' -= 217(67" (1) 6 ) — ( - 1 ) T 6  o— ( - 1 -) 6 or

e'61.= iiAm(6 (1)6) ni — ( - 1)' 6orOi

=11(1(1)6 — ( - 1) + 1 4(1)+60(r(i))6)171 — ( - 1 )' 6or6i

= 6 1r6 o +  o0(r) o

and

616'=( —  1) t il2m(6r(i)(3) r 1 — ( - 1) diT6o

(— 1) i ii(r(i)(3 —  H  1 ) 1 + 1 arm+ 60(r(1))6) Tri —  ( - 1) 61r6o

=60'61+ — 1Y60O(1)ô'0.

For the case r = 3 ,  E dp q - 1( V( 1 ))= 19ô1}. P u t  a= .2c6 i , + y g6
then x611361= y61861 = 0  since 0 ( i3 ) = 0 .  Thus x  =  y= 0  and 2170 (1 )6 )

=861 - 613. q.e.d.

Theorem 4 . 3 .  T h e  follow ing form ulas h o ld .

(4.5) (i) 6 1 8 2 =2■361■3-0 2 61,

(ii) a"3 2 = 28a"g — (3 2 a",

(iii) 60 8a" = tra" — a"8 6 o,

( i v )  618a" ---a"861,

( N )  a /6 0 8 =  O'd ■fx/(70 + 2a",361,



Algebra of stable homotopy of  Zp-spaces and applications 225

(vi) 8"8=8i3",

(vii) 61,3"= 13'a" — a"g60.

P ro o f. B y  C o ro lla ry  2 .5 , (3 .7 )  a n d  T heorem  4 .2 , (80 1 — 61 8)

8=13(361-61,3), an d  (i)  follows.

Consider 60[3a" E sl(p+1)q - 4 =  {a"860, ,31ce"} and put d o8 a " =  x•ce1360
y gice". Apply 0 1 f ro m  th e  le f t  and  from the r igh t, th en  w e  have

by (4 .2 ), (4 .4 ), (4 .3 ), (4 .1 )

0 =61608a"= x•ce'6060-1- yffaice" = (x y) R'cao

and

43' a'60 608a'a = OoRce"di= x•O+ yffa"Oi= y13'a'60.

T h u s  y= 1 , x = —  y= — 1 an d  (iii) follows.

Consider a"192  E d (2 P + 3 )4 -2
=  {8 2a", Ra"81 and  pu t a" 8 2 = x 8 2 a"

yiS'atig. Then by Theorem 4.1 and (4.1)

(32a '-= a ',32  O(a" 8 2 ) = x 3 2 a' + y iga ig= (x +  y ) 82d,

and

6082 d60= a id0g2 6 o= i(a" 3 2 )60

= x61■32 •0+ y618(19' a" —60 3a")

= y(61060+601360 8a" —  ya1i36 0 8a"

=  Y  60(8 2 61+61/3 2 )a" = Y  60132a'602 2

by (4.1) •-•-• (4.4) a n d  ( i i i ) .  Thus y = 2  a n d  x =1 —  y=  —1, an d  (ii) is
proved.

N ext consider 01 E si(m- 1)(2_3= {a"86 1 , 19te'60} and put
diga"= xa"361+  yg'a t + zfia'60. A pply 860 to  e a c h  te rm  f ro m  the
right, then

618a"860 —  2
1 d i(g 2a"+ a"i3 2)do 2

1 a'603 260 = 2
1 6,382a'ao,



226 Hirosi Toda

and

1 1 
a"gOidgdo= a"(8261+6182)6o= a/608260=-2 2

8 ta i 3ao=13 13a /do

1
2

6 o82 d 6 o,

d3a/606o=8ct l igi do=trga'do.

Since 60 8 2 a'6 0  a n d  373a/60 a r e  independent we have x = 1  and  y+ z
= 0 .  Apply 60 fro m  the right, then

0 = 6 1 8ce"60 = x • 0+ y8ta'6 0 + z • 0 = yi3 ta t Oo•

T hus y = z = 0  an d  (iv ) is proved.
Apply Theorem 2.4, (iii) to  r = a "  and E=13( 1 ) 6, then by Theorems

4.1, 4.2 and b y  217(63(1)6)-=81 w e  have

(g 6 1- 6 18) a" = a"(4361 — 6 13) +
Then (v ) follows by (4.3), (4.4) and (iv).

Consider 19"i9 E Si(2p+  3)q- 3 =  Ig8"1, p u t  8"g=x88" and  apply 0,
then (ga" —a" d) 8 = x8(8a"— a"8), i.e ., a"d 2 = (1 +  x) /9a" —  x3 2 a".
Comparing with (ii), w e have x = 1  and (vi).

Finally , by (4.2) and Theorem 4.1,

0=0(doi3")= — 61■3"+60(3a" — a " ) =  — i9 " +  60 8a"

Then (v ii) follows from (iii).

Lem m a 4.2'. 21/(19(2)6)=3 2 60 — 23603+608 2 + 288'.

P roof. A pp ly  T heo rem  4.2 for r = 3 2 ,  then r(1)=3(2), 0(3 2 ) = 0

and A 1 7 ( 6 8 ( 2 ) 6 ) = 4 3 2 6 0 + 6 0 8 2 + 6 '  f o r  some E ' satisfying ard1=6113 2 60 and
6 1 =  6 0  0 2 di. S i n c e  a' E .s4/(2p+  i) q  =  { 8 2 6 0 ,  360 3, 60 8 2 , 8 8 '} , p u t  s'
= x8 2 60 + y860 3+ z60 8 2 + w88', then

s'O1 = 618 2 60=2(8613 —  2  6 1) 6 0 = 2 8 6 18 6 0

and

s'o i = yg(8/01.-01300)+ za03261+ 08/a,
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= —  061860+ (y+ 3'61+ zao8 2 (71.

T hus y=  — 2, w  —  y=  2 and z = O. A ls o  w e  have

00 8 2 S i =O i e=  x0 1 8 2 So + 2(8 161 — 6 186o)rg

= 2.061800 + 260618

=2.0Si/36o +60 2  6 1.

Thus x  0  and the lemma is proved.

Theorem 4 .4 . The following f orm ula holds.

(4.6) 60=336o-3132 0 0 + 3 80 0 82.

P ro o f :  B y C oro llary  2 .5 , 2v(68(2) =  82 00 28603 + 608 2 + 288 '
commutes w ith  8 .  Then the formula follows since 8 8 '=8 '8 . q.e.d.

Theorem 4 .5 . u p  t o  non-zero coefficient, the follow ing form ula
holds.

(4.7) 8" R"=(8') 2 61801 if  1) = 5 .

The proof w ill be given in  the last section.

Theorem 4.6. F o r degree <(p 2 —1)q— 5  the m ultiplicativ e rela-
tions in  .s1 * ( V  (1)) are  generated by  the relations (4.1) (4.7).

P ro o f. It  is sufficient to prove that th e  product o f  a  monomial
in  Theorem 3.6 with seven generators S o , 61 , a", a ', 8', 8, 8", from the
r ig h t, c an  b e  w ritten  i n  a  linear combination o f  th e  monomials in
Theorem 3.6 by use o f (4 .1 )  ( 4 . 7 ) .  T h i s  is obvious fo r [3' by (4 .1).
Also the product with a '  can be reduced to products with other gener-
ators by (4 .1 ). T hen  w e forget the term  P(8, 8') in  Theorem 3.6 and
consider twenty monomials there and check the product with S o , 61 , a",
8 ,  8 " .  Except the relations (4.1) (4 .7 )  a n d  r e la t io n s  directly follow
from them, the products in question are the following :
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(4.8) ( j ) 61860=8'618 — 2
1 6o8 2 61,

(ii) 618618=861861

(iii) a"8608=8 /a"8 —

(iv) ce8618

21 ao82a",

12  5.08 2a ,+ 8 a ,7361 _ (32a ud i,

(y )  6 0 6 0 8 = 8 6 0 8 2 6o— 8 2 6060 +8'608 2 ,

(Yi) 6 0 8 2 618= 28 2 61860+ 28608 2 61— 28 2 8'61,

(vii) _ 3 6 0 8 2d a o  _ 8 28 ,a ,6 0 +  8 ,6 0 8 2a ,,

(viii) 60 ,32 a",3=213 2 a"/360 2 136082 a" — 282 8'a",

(ix) 6082 a73=48 3 60ce —3132 43'd— 68 2 a"i361+ 386082a',

(x) 618613"=- 8'a"da 1— 1  60(3 2 a /60,2

(xi) a id r=   2
1 o o 8 2a",

(xii) a"8618" =0,

(xiii) 6 0 8 2 6i 9" = 8 160 3 2 a".

For example, (i) follows from (4.3) and (4.5), (i). The details are left
to the readers.

Proposition 4.7. The f ollow ing relations hold:

( 4 . 9 ) ( 0  8 r 6 18.9 s 618+(1—s)8r+sdi

— 6 3 6 i
n r + s

-
i

p + (1 —06 18r÷s,

( i i ) 8 rco 9 s _s8r+s-iair (1— s)0"scx"

= r f ic e 9 s - l -F(1—r)a"8" - s,

8r 6o8s =-( s  2 1 ) 8 r  6 0—  S(.5 2 ) 8 "  ÷ s - 1 6 0■3  (
S

)  8r+s-26082
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= ( r
 2

 1 )  Oog r " — r(r — 2) gdo r + ,  -1 ++ (T )

P ro o f. We prove the first equality of ( i i i ) ,  the others a re  proved

sim ilarly. By induction on s , we have using (4.6)

r o o gs +1 ( S - 1 ) + s o o i g  s ( s 2 )  8 r  -Fs-10 0 /92
2

( s2 )  r  s - 2 (38608' —38 2 603 + ■33 60)

( s2 )  r  +8  + 1 6 ° 0(S )— (3 -2  1 ) )  r – s 6 ° 3

+  ( 3 0 ) —  s(s —  2 )) ir  s – 16  0 2

=
( s

) I3 r  s  + 1 6 0 —  (S + 1 )(S  — 1) i3r+ so Q  _L (S+  1) Q r+ s-10 0 82 .
° 2

q.e.d.

As is easily seen the relations (4.1) ( 4 . 7 )  are symmetric. Since

every polynomial on the seven generators a re  written in  th e  form of
Theorem 3 .6 , the same is true for the symmetric form :

Proposition 4 . 8 .  For degree <(p 2 — 1) — 5

a'*( V (1))=E(60)0 {1, a', Hal, Ha", H2 60, a/H2 6 0}0P(H, 8')

+ {61, a", di H6 1, H00, 618a", 8 i8 2 60, a"8 2 6010P(8 , 8 ').

5 .  Applications to d ( M )  and G*

First recall the following elements :

= i7r E  _1 (M ), a E JI M )

and

H(s) -= E tsi  ( q s  +  s - 1 ) q - 1 ( M ) , (s >1 ) .

The following relations contain the relations in [ 1 5 ]  for p > 5 .
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Theorem 5 .1 . (p The following relations hold:

(5.1) (i) ed=a13 ( , ) =19 (s ) a=0 ,

(ii) esia 2 =2 ad a— a 2 ti,

(iii) ad8 ( , ) =19 (s ) da,

(iv) i f  r+s  I 0 (modp), then 3(r)8(s) —

(y )  if  r + s  1  (modp), then

13(r)6 8(s) rs 8 ( r+s - 1 ) 6 g 0 ) ,r + s - 1

if  r+s  I 0, 2 (modp), then

8 0 1 6 8 ( . 0 _ rs
r + s 2  P ( r+s - 2 ) 6 8(2)•

(vi) 8 ( r+s ) E  -± {8 (,), a, 8(01.

(vii) if  r+s-,L  0 (modp), r
 P (r+ ) E ±- (r), (s),r+s a},

8 ( r  s ) E la , 8(s), 8(01- •r+s

P r o o f .  B y  (3 .3 ), 66 =irc  ir =0, a3 ( 0 =arc i ies 0  a n d  8 (5 ) a
= O. A p p ly  (3 .8 )' f o r  $ -=-a, 8 ( s ) , then we h a v e  (ii), (iii).

By (4.9), (i) 19 r 51 8 5  = - S 8 r + s - 1  6 1 8 + (1 — s)  8 r + s  S i  a n d  S18r + s=( r+s )
1 9 r + s - 1 6 1

3  + (1 — r —  s) 8r +sd 1. It follows

(5.2) (r + d o s  _ +s + r 8 r+, 6 1 .

I f  r+s  /0  then 14, ( r ) , ( s ) - 7 1 . 13 r 6 13 s i l  -=- 0 since zridi =.61ii =O. Similar-
ly, from th e  first formula o f  (4.9), (iii) an d  th e  corresponding formula

fo r 60 3 5 , we have

(5.3) ( i )  ( r  s ) ( r+s - 1)19r ao8

=s ( s - 1 ) 6 08 ' — r( s - 1 ) ( r+ s - 1)8 r + 5  6 0

+rs ( r+s )8 r + s - 1  6085
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(ii) ( r (r s —  2) g r d o  s

=s(s—  2)6 0gr +8
 — r(S — 2)(r+ s — 2 ) 3 ' s

+rs(r+s)  8 r - 2  60 g2 .

T h e n  (y )  fo llo w s  e a s ily . U p  to  sign, z u r  is  an extension of 3 ( r ) and

s i i  is  a  coextension o f  8( s ). T h e n  (v i) and (vii) fo llow s from  3(r+ s)

=(n13 r )(i3 s i1), ( r+s )8 0 - P ri3 s ) =r8(r+s)ii and ( r+s ) (g 5 ii)8(0=r7r18(r -hs)

b y  use of theorem s in C hapter 1 of [101. q.e.d.

Th e fo llow ing supplem entary  results are a lso  ob ta ined  by  sim ila r

discussions and b y  the exactness of (3.6), (3.6)*.

(5 .4 )  (i) In  general, (r).- (s)
=

S1
3 (r+s-1 )8 (1 )

=
r [3 (1)8(r+ s-1) and 13 0 1 6 (,)

, s= — s(s — 2 )3 (r s - l )  0 ( 1 )  
-
1
-
 (2 )  P ( r i  s - 1 )  

6 8(2 ) — — r(r —  2)8 ( 1 ) 6 8 ( r+ s - 1 )

+ 3 (2 )
"  

( r  s  -1 ) •

(ii) 8 ( p t )  and 8(r)3(5) are  divisible by a  f rom  the both sides, i.e.,

they  are  e lem en ts  o f  f o rm s a = a.
For (ii),  i i  19 (P1) = 61 I3 P t  771 = ir1 = 0  b y  (5.2) and i 1  I9( ) J9 ( )(s )

= di8 r 6113s =  g s Olg r al7r 1 = 0 b y  the following

(5.5) 618"6119s =

This i s  t r u e  for r = 1  s in c e  s i goi commutes w ith  g  b y  (4.8), (ii).

T h e n  b y  ( 4 .9), (i), 018 r 6i 8s =
r g r - 1 6 1 3 6 1 8 5  r g s 0 1 4 3 6 1 1 3 r - 1 _  s a i g r o l .

The structure o f  th e  algebra d ( M )  fo r  degree < p 2 q — 4 was

determ ined  in  [1 5 1 .  W e  sh a ll c o m p u te  th is  f ro m  C o ro lla ry  3.3, so

h e re  w e  n e e d  n o t use the resu lts on G .

Theorem  5.2 . For degree< p 2q —  4,

d (M )= P (a )® E (6 , ad — da)

E (6)0 { 13 (,)}  OP(0 ( 1 ) )0 E ( 0 ,  ad — da).

P r o o f .  L e t  A = 11, a', 618, a"9, do 13 2 3 o 432 .  Then Corollary

3.3. s ta te s  7r* (111; v(0)—  p(9, g')®A i,gE(6). By (3.9) 7 * (M; V(1))
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P (8)0 A ii(g)P (8 (1)6 + d (1))0E(6). Now consider the exact sequence
(3.6):

and compute satk(M ) b y  induction on k. Then it is sufficient to check
the correspondence between basic elem ents. For degree < pq —  3, Tc* (M;
V(1)) = E (a')O lid  OE (a) =  1 } OE(6 , a —  Oa) b y  (3.9). Since P(a)

P (a) is a  s h o r t  e x a c t  sequence, t h e  f i r s t  p a r t  P (a )
®E(6, a(7— Oa) of d ( M )  and E(a 1) 0 1 0 0 E (6 )  form  a  sub exact
sequence and w e  m a y  om it them  and  consider th e  rem aining parts.
Here we need

(5.6) 7r =  — aôr 1 a n d  7r i oe"= —  Sa6n.  1 .

For 7r i d= —(a6— ace)rr i = —  a O r  b y  (3.9) and (3.3). Apply the
above result on „saf* (M ) for deg<pq —3 to  the exact sequence (3.6)*,
t h e n  w e  h a v e  that 7 _ 2 ( V ( 1 ) ; Z p ^ e ,  n_ 3 ( V( 1 ) ;
-={6ad r l b  Put r i cx" x6a67r 1 , then — aar i = r =718(a")= — 0(7 - ri ce)
= x 0(6aO rr i ) = x(aOn i — Oar 1) = xaag i . T h u s x  — 1  an d  (5 .6) is
proved.

Now in d ( M )  w e  c a n  replace P(ô'/ ( i ) )  b y P(8 ( 1) 6+6,3 (1) )  since

8(,)(80)6+M(1)) k =g(s)(6i3(1)) k  b y  T h eo rem  5.1 ( s < p ) .  For the sake
of simplicity we put B=8(1)6+6g(i) and also we forget the term E(6).
B y  (5.1), (i), ( s ) (ad —  6 a)= — 13( s )  Oce. W e check the exact sequence
replacing Jai' * (M )  b y  E (6 )0 {3 (s ) }0 {1 , 6 0 0 P ( B )  and  7r* (M ; V( 1))
b y  P (8)0 {i1, i i , di a"8i1, 603' i 1, 608 2 cei1 } 0 P(B ) —  {i1,
The correspondence of basic elements are given as follows (t > 0 ):

1*(13s ii B t ) =7r18 (s)Bi (s >1 ) ,

7r1 * (gs a' ) = 8 ( , ) (as— Oct)Bt = —  ( s ) daBi (s >1 ) ,

zi*((s+ 1) 8sa" i9i B t ) = c s a ut3s41 8 .+1.co

= — saaa (s+i) -13` + (s+1)6a6 Bt

—s6a68(s+ i)g  (mod Im Os') (p —  1> s> 0) ,
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a * (d8 (s ) b")=a679 (s) Bt =  (s) 6ag ,

( s )  B r) =  o i x  iiBt s8s-1oi19i1Bt (p > s > 1),
ii*(6 (s)-B t )== i , * (a g(s) .B' —(s— 2 )  ( s ) _13'( )

=6013s ii k  — (s-2)S ig s iiaB i

42
5 ) 8 8 - 2 6082 i1B  ̀— s(s - 2)(3 - 1 803i1+ 8s - l a18i1d)B t

-=( s
2 ) 8 .9 - 2 60192 i 1131 — s(s— 2) 8s - l i t Y+ 1(  p >  s  > _  2),

8 (s)dag) == — ad) 13'

=  —a' i 8( 0 )

-

(

s )  _ 2 6 043 2a , + s ( s _ 2) ds (p> s>2),
2

ii*(6 3 (1) B`) 8 0.) 13̀  + 8 ( 1 ) .1316)=

ii*(6 i- (1)6ag) -- ceit(a8(1)B t ).= —a' i l Bs +1 .

Conseqently w e have proved the theorem.

Next recall the elements

19s=n8(8)i=go8 s io E G ( s p +s - 1 ) q - 2 .

Recently, the non-triviality o f 3 ,  for general s >1 has been proved by
L . Smith [ 6 ] .  We also denote

a =  7rani EGrq-i•

Theorem  5.3. (i) t ( r  s  t) 8  r s=- rs8 t3r+s-t, ( i i )  E v ery  mono-

mial 3 r , •  •  •  3 ,„  is som e m ultiple of  19(k=1), 19ti31 - 1 (t  0 (modP)) Or

13 p5-182M - 2  ( i i i )  a r 8 5 =0  i f  r > 2 .

P r o o f .  n8(r) 68(3) = 7r8(r)ix8(s)i = d r 8 ,  Then it follows from
(5.4), (i)

8,8s= — s(s —2) 8,+.9-181 -1-- ( s
2 ) 8r+s-232.
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P u t  r=- 1, then

Thus

(5.7) 8r8s=

Hirosi Toda

19 19 =19i9 —s(s —2)8,31 4 5
2) 8,132, i.e.,

2(1— 1) 28tiei = t(t —1) 3t-182.

rs
r+ s —1  3 r 4 s - 1 8 1 5 i f  r + s * 1  (mod p)

rs
2(r+ s — 2) r+ s -2 8 2 i f  r+s-A 2 (m odp),

and ( i )  fo llow s d irectly . R epeating  (5.7) w e h av e  (ii).

F ro m  (5 .1 ), (ii), w e  have ara = radar - 1 + (1 —r)Oar, th e n  ar8s
= 7cari7c3 ( 8 ) i =n -ard 3 ( s ) i = (raOcer -2— r) O a r- 1 ) a 3 ( , ) i  =  0, b y  (5.1),

(i), i f  r > 2. q.e.d.

Remark 5.4. The relations a 79(8 )= (oa r = 0  a n d  3 ( 8 ) 3 ( 0 =0

s+ t 0 (modp) imply

p t , 8s1 —= {85, p c ,  ar } =0

and

{8 „ p c ,  t} =0 i f  s+1-7=-- 0 (mod p)

But as is  se e n  in  (15.6) and Theorem  15.2 o f [121, 18 1 , p c, 8p _1 1--/- O.

This shows

19(1) 19(p_1)    O.

From  now  w e consider som e application of the com plex V(3) and

the class

T E`91(bz -FP-Fo q ( V(2))( p >  5)

of the attach ing  m ap o f  V (3) V (2 )U 7 C E
( p 2 4 p  1 ) q  

v (
2)

. 
For th e  case

p = 5, the existence of V (3 ) d o e s  n o t k n o w n  b u t 17 (2  1   )  does exist.
2

So, we can consider

ri, E r p + 1 ) q ( V ( 1 ) ;  V(2))
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even for the case p = 5 . Put

n1i=n-2(ri2)E d p i - i (  V(1)).

The mapping cone o f r [1]
 i s  v(2  2

1  )0 / (1 ) and in which Io  for

the bottom class. P u t

7- (1) —n- olijiiEd(p2-1)q-2(V(1))•

T h eo rem  5 .5 . r (1)-=x((I3(1)(3)P+(ad(i))')+ y[3(P-1) 6 a  f o r so m e
integers x  I    0 (mod p )  and y.

P r o o f .  B y T heorem  5.2, d(p2_1 ) ,_2 (M ) is  sp an n ed  b y  (8(1) 6 ) P,
(6g(i)) P, g(p_ 1)6a and aP2 - 2 6 a 6 . Put

1-(1)
-= x (8(i)d) P xV  g(1 )) P y ie (p - 1)6a+ zaP 2 - 2 6a6.

Theorem 4.4 of [141 says there exists a multiplication M A V(2 -- 1
2 .) —>

V(2  2
1  ). This induces a multiplication M A V(2 --L)/ V(1)

2 2

/ V (1 ) w here V(2 - 1
2—)/ V(1) is  a  mapping cone of rEij= Trz(ri2). Thus

V(2  2
1  )0 / (1 ) is  a  Z y space, and by Lemma 2.3, w e have

(5.8) o (r [ i ] )= O  h e n c e  o(r o o=  O.

Since d ( 1 )  /30 ) =0 , 0(([3(1) (8 (1)6 ) P  -1  (1), 0(613(1)) P = — ([3 (1)a) P - 1

.3 (1), 8(8 ( p_i )  O a ) g ( -  1) a = 0 and 0(ap 2 - 2 6a6) = —  aP2
-

1 6 +aP2
-

2 Oa by
(3.7), (3.7)' an d  (5 .1 ), (i). Then

O = o (r (i))= (x — x ')(f ic i,6 )P -1 - 3(1 ) —zaP` - 2 (a6 — 6a),

and x = - x ' and z = O. N e x t  put

(5.9) y/9 a' .

The elem ent gp - l a /
 

i s  the composition of p  elements which induce
trivial homomorphisms of the chomology. It fo llo w s th e  functional
cohomology operation is trivial for 13P-

 l a'. So, the cohomology opera-
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tions for the mapping cones of both of r ' and nu j  a re  th e  sam e . T h e

mapping cone o f  r [ i ]  is  v (2  —
1

)/V (1 ) and its  cohomology corresponds
2

to  th e  p a r t  {Q2, Q3}0E(Q0, Q i) o f  H*( V(3); Zp)=E(Qo, Qi, Q2, Q3).
Then Q3 =.9P 2Q2 . Thus gP 2 * 0  for the bottom cell o f C7

, . B y  (5.9),

rr i8 P - 1 ii(a6 — 6a)=- r( i ) — y gp_ i 6a

=x((3(1)(3)P+(63(1))P).

Now assume that .%=.0, then = O . This shows that the cell cor-

responding to Q 3  is  attached  on ly to  th e  bottom Moore space. Thus
e n + l u  e tti-p 2 qw e have a  subcomplex S of C7

,  such  that .9P2 0. But
since the p-component o f Gp 2,_2 v an ish es  [111, th e  attaching map of
en + P2q deform s into S "  an d  this contradicts to the tr iv ia lity  o f  modp

Hopf in v a r ian t. Thus x  0. q . e . d .

Remark that

(5.10) (1)6)k (ô9 ) )" = (g (1) + 619(1))k,

(5.11) 37117=871'2(740=0 = O if p> 5).

T heorem  5.6 . arm =rm a=0 an d  /9( s) r ( 1) = 0 f o r  s >  2 .  fiwar(i)
=0 f o r  s >3 .

P r o o f .  B y  ( 3 .3 )  a r ( i ) — w r i n i j i i - = 0  a n d  y ( 1 ) a = 7 r i n i i i i a = 0 .

By (4.9), (i) and (5.11)

8( s) r ( 1) -=r e6irri1  i i = n1(8861,3' 1 + (1— s)613 5) r[1]  1
-=c1

if  s>  2 .  Sim ilarly 3( S ) 6r 0 ) = 0  (s > 3 )  follows from (4.9), (iii).

C o ro llary  5.7. (/3( 1 ) 6)Pa-=a(M ( 1 ) )1) =0. I f  s >2 3(5)((i3(l)(3) P

+(a ( 1)
)P)---o, hence 19(s)(613(l)) P -=0 further if s t -1  (m od  p). I f

s> 3  th e n  (06(13 (1)6) P = x
Y  8(s)68(p_oSa.

This follows directly from Theorems 5.6, 5.5 and 5.1.
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Theorem  5 .8 . I f  s > 2 ,  then gs 9i;.=0 and  i9Ps +1 -=0.

P ro o f .  B y  C o ro lla r y  5.7, 4311' = n ( )(a 3 (OP i = (s)((8 (1)(3)P

+ (6 13 ( 1) ))  i =-  0. By Theorem 5.3, (ii) e - i is a multiple of gsp+s-pg

= 0  or 43 ,p+s-p-113 2 3 i  1. In the latter case s p +s — p - 1 - ----- — 1 (modp),

then s 'Ts= (modp) and j3 =0 by Theorem 5.3, (i). q.e.d.

The following problem seems very difficult.

P ro b le m . I s  r i=  r ( 1 )  E  G (p'- 1)q- 3 non-trivial?

Proposition 5 .9 . I f  ri o, then

fo r  s >  3,

hence

a1d313k =0i f  k t - 2 (mod p )  and

a id 2 k - i —  0 i f  k I —2 (modp) and  k > p + 1 .

Proof. B y Theorem  5.5,

(5.12 ) T i= 71. 7"(i)i = y d p - i a l.

If r i * 0 ,  th en  y  /   0  (m o d p ), a n d  by  C oro lla ry  5.7, gp-13,

-= 8 ( 8 ) 613 ( p_ i ) dai 119 m a (8 ( 1 ) (7)P i -= 0. The remaining part follows

from Theorem 5.3, (i).

6 .  The Case p = 3.

The case p = 3  is quite different from the other cases. F o r  p = 3,

M  and V (1 ) are  not associative, V (2 ) and 3  do not exist and the

products a" a" , a' a" are not trivial.

First we consider the effect o f non-associativity. In  this section

w e assume that each Zp -space X  is  a  finite C TV-complex and d 1 (X )
= 0 .  Then an element (associator) a x  E s12 (X )  of Proposition 2.1 is
associated fo r  each Zp -space X . Theorem 2.2, (iv ) and Theorem 2.4,
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(y ) are generalized as follows.

T heorem  6 .1 . (i) For rE g g (X ; Y),

0(0(r))— ayr— rax .

(ii) For e E (M ),

0(2x(E))= — 22x(0(0)=2(ax2x(OOE) — ( - 1)  x ( M a x ) .

P ro o f . B y  Proposision 2.1 and Theorem 2.6,

00(r)=-PY (lm A itY) (1m A 1m A r)(1m As 0 x)sox

=(czy(7r An' A lx ) —  fir(fim A 10) (1m A lm A r)

((iA iA ix )ax +(som A lx )sox )

=a y (ni AniA  r) a x + al-Y(7r Al x)((n' A 1m)som A lx)4ox

fiy(Pm(i A 1m) A ly) Tax — i ty ( iw om  A y) sox

= a y r — Tax,

Ax(e(Œ))= —
2 x( 2m (e))= itx (iim  A lx)(eA lm A lx)(çom A lx )sox

(Px(im A Px) —ax(7r A 7r A lx ))(eA  lm A lx )

((1mAgox) Vx — (iA i A 1 )ax)

= — ( - 1 )"  i /tx(EA lx )(1m A gx (i A 1m))(10 A i A lx )a x

—ax ( rc A 1x)(1mA(ir A 1m)Vx)(eA 1x)gox

=( —1) 1//x($i A 1x)(7r A i x ) g 9 XaX

—aX /tX (i A lx )(lreA  lx )(ox

= ( — 1) t2x(e6)ax — ax2x(6e),

0(2x(E)).= itx (lm  A tex)( 1 m A e A ix)(lMAçox) çox

--=- (ax (r A g A lx ) — tex(am A 1x)) (1m A eA  1 )

( ( iA iA lx )a x + (v m A lx )4 9 x)

=ax(10Ag$A1x)((gA1m )som Aix)49x-4(0 (e))
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— ( — 1) tpx(iim(i A 1 m )A  lx )(1 0 / \  A 1 x )a x

=axfix(i7reA lx)Sox —  x(0($)) — ( - 1 Y it x(OE in" A lx)çoxax

2 4 ( W ) ) . q.e.d.

In our case p = 3 , Theorem 6 .1 , ( i i)  says

(6.1) 0(2x(E))-= 2x(0($))= ( — 1) 1 2 x (e6 )ax  — ax 2 x( 6 E)-

Some o f th e  results in  th e  previous sections are valid for the case

p = 3 , and we shall recall them . The sections 1 , 2  and the beginning

of the section 3  are general theories and can be applied here. From

the existence of M =  V ( 0 )  an d  V (1 ) ,  w e can  define th e  elements

i, 7r, = i7C , j 1 , 7r1, io=iii, ir 0 = Tc7r 61=i1n1, 60 = i on° , a, al = 'rai, a'

=  2v (1 )(6 a6 ). The following are valid.

(3.3) 7ri =i1a=7r1i1=a7r1=0,

(3.7) 0 (a) = 0(i 1 ) =- 0(7z ID= 0

(3.8) 2m (6a6)=a6 —Oa

(3.8)' (a6 — Oa) $ = (-1) t $ (ad — Oa)

(3.9) ce' $ = (— 1) t$ce', a' $' =(-1)" $' (a6 —  6a),

cer--=( - 1Y - r a l .

Some relations follow from these, for example (3 .8 )"  and (3 .1 0 ) valid,

and we have the existence of a"Es12(V (1)) (Lemma 3.1).

By Lemma 6 .2  o f [1 4 1 , M 3  is not associative :  am  /  0  in d 2 ( 1113)

= {(3ce6} Z 3 .  By changing the sign o f a , i f  it is necessary, we have

(6.2) am =

Even though j9 does not exist, an element

7ri5.6(M ; V( 1 ))

does exist since as a mapping cone o f  it  the existence of V (1 -1

2
 )  is

assured [ 1 4 1  fo r  p =  3 .  Here the notation E$7/1 indicates a single

element which is not a  product o f  elements, on e  o f $  and is  an
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imaginary element.

We define

3(1)=7r113i11E gi=T rf im iEGlo

and

=2v(i)(680)6)E dio( 17 (1)).

T h e n  (3.8), (3.8)' for s = 1 a n d  (3.9) hold. U s in g Ig io1=E3ii1 i
a n d  136 1 1 = E 3 iiig i in  place o f  19i1, 3i0 a n d  361 , w e see that L em m a
3.4 holds and

(6.3)' Theorem 3.2 holds f o r deg<26, Corollary 3.3 holds for deg<25
an d  Theorem 3.6 holds f o r degree<10.

N ow  w e ch ang e  the  s ign  o f  [ g i l l ,  i f  i t  is  n e c e s s a ry , s o  th a t  the
follow ing theorem  holds w ith th e  r ig h t sign.

T heorem  6 .2 . a"a"--= [3'60 an d  a ra"=3'61.

P r o o f .  F irst w e  p rov e  a"a"  I  0, th e n  th e  f ir s t  form ula holds by

su itab le  cho ice  o f  t h e  s ig n  o f  [8i 1 1  s in c e  s14 ( V (1 ) )  is  span ned  b y

3 '6 0 . A s  is  s e e n  i n  t h e  proof o f  T heorem  3.2, i n  t h e  mapping cone

Ca -  of a " ,  .9 1 ( e " ) = e "  a n d  h e n c e  4.9
1 , 9 1 ( e n ) e n + 2 0 + 1 (

t
o p  

cell). By

u s e  o f  Adem re la tio n  2g 1 .60 ' 1 =- ,9 1,91 4+ 1.9 1.91, w e  s e e  <91,914(e")
,g1(en+0+1)=_en1-2q+1. Then assum ing a"a"=0  and considering an

extension  A : M 2 Ca - ->V (1 )  o f  a " ,  w e  s e e  ,91g i g l (e n ) 0  i n  CA

w hich  con trad ic ts  to  ,9 1.9 1.9 1 = 0  (p -= 3 ).  T h u s e a "   I  0. B y  use of

th e  following (6.3) a n d  (3.9), w e have

da" = — 2a' a" = — 0(a")a" — a"0(a")=- — 0(a"a")

= - 0(8 / 6o)= - - tr0( 6 0 = g ' 6 1.

(6.3) OW =  — 6 1 , 0 (a")=a' a n d  0(61)=0(a')=0(13')=0.

T h e  p ro o f  is  s a m e  a s  o n e  o f  Theorem  4.1, b u t u se  T heorem  6.1,

( i i )  in  p lace  o f Theorem  2.4, (v).

F o r  th e  convenience o f  discussions, w e introduce the results on the
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add itive  structu re  o f sat * (M )  w hich  is d irectly  com puted  from  the
results on G*  b y  use of (3.5), (3.5)*.

( 6 .4 )  For degree < 32

d ( M ) = P ( a ) ® E ( ,  aS — 6a)

E (6)0{ 1 , a l  {8 (1), 8(2)} OP(6,3)0E(S ),

where 3(2) E .9127(M ) satisf ies 7Z'i9(2) i( =  82) *  0 .

Lemma 6 .3 . T here ex ists a n  element Dr u g] E nii (V(1); M ) such
that D ri8 iii= 7 r a i i ] = 8 ( 1 ) •

P ro o f. B y the exactness o f  th e  sequence (3.6)* for X = M ,  it  is
sufficient to prove g (I )a = 0 . BY (6 .4 ) ,  8 (i)a -= xa 4 +  y a 3 Sa for some
x, yE Zn . Then xa 5 6+ ya 4 6a=ag ( i ) a=a7r 118ii1=0 by (3 .3 ) . Thus
x  =  y=0  and 8 ( l ) a= O. q.e.d.

W e put

3 (2 )=D ri8 1 1 3 iii a n d  82 =  7Z1
9

(2 )  E G26)

then the non-triviality o f 192 is proved as  in  th e  proof of Theorem 3.2,
and (6.4) holds for th is  8(2).

The following parts of Yamamoto's formula hold for p= 3.

(6.5) (i) 6 6 = a g ( 1) =8
( l ) a=0,

(ii) 6a2 =- 2a6a—a 2 6,

(iii) aS (1 ) = g ( i ) Sa.

F o r , (ii) is  (3 .8 )", 66=0 is obvious a n d  ag ( 1) =cor i D i i 1=0,
8 (i)a=D r1g liia=0  b y  (3 .3 ). T h en  ( i i i)  fo llow s from  the relation

(a6 — 6a) 8 (1) = — 8 (1 ) (a8 — Sa) of (3.8)'.

Theorem 6.4. 0(19(1)) =- 6a6 8 (1) 6  an d  0 08i11)= a "i8 ii] 6 , thus

V (
1 1i T )/ V (0) an d  V(1 -y )  are  not Zp-spectra.
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P ro o f. Since 0(I3(1)) E sli2(M) dadie(i) ,  w e  p u t  0(800
=x a 3

-  yOadfi ( i ) (7. By (6.5) and (3.10),

O =8(a,8(1))=a0(8(l))=.ra 4 + yaOcedg ( 1) 6

=-  xce4 y d a 6 a 8  ( l ) 6 = xa 4 .

Thus x =O. By Theorem 6.1, (6.2) and (6.5)

00(8 G O ) OcA g (1) —  8(1)6(0 =6a6 8(l) — ce6 (1)6

and

0(6a08(1) () =  — a68(1)6+aa30)6+6a68 ( 1)

— 6a68 ( 1 ) — a68 ( l ) 0.

Thus y=1 and the first formula is proved. Next 0(18i 1 1) E r i 7 (M; V(1))
=  {a "18  ilia } by (6 .3 ). P ut 0 ([8i11)=- xa"53i116, then by (5.6)

da643 ( 1)0 ( / 9 ( 1) ) = 0(7(118 ill)  — 7r1 °O i l ] )

— x7t ia"18ii] = xdadri18i116= xdadie(i)a.

Thus x = 1  and the second formula follows. The last statement follows

from Lemma 2.3. q.e.d.

Lemma 6.5. a v  =a" for V= V(1).

P ro o f. Since av E ,42( V(1)) = av = x a "  fo r  some x . Since

0(i i ) = 0, j 1 is  a Z 1,-map: iitem =Pv(1m A ii). Then we have

x a " i i ( r  A n'A 1m)=av(7c A7rA 1v) (1mA 1m A

= (Pv(lm A PO iiv(//mA1v))(im A 1m A ii)

=fivam A /Iv ( l n/ A ii) (LIMA 1m)

= A tem) - kilm(fim A 1/0)

=i i dad(n. A r A 1m) = au ii(7r A ir Alm).

Since (7rA7rA 1m)(Som A 1m)çom = lm , we h av e  x a"i i =a" i i , x =1 an d

av =a".
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Lemma 6.6. v ( a 6 )=  8'60 f o r  V = V (1).

P r o o f .  2v(a6) E d4( V)= {8 . Put 2 v (a6) x 8'6 0 , then

x[ro, —.0 10(60)= — x0((8' 0)= — 0 ( 2 v(a 6 ))

— Av(a66)av + a v  Av (da6) b y  (6.1)

=a"at by Lemma 6.5

= by Theorem 6.2.

Thus x = 1 ,  and Av(ad) = 8'6o.

The following values are the obstructions to  the existence of V(2)

an d  V(1 T3  ) ,  (see Lemma 6.4 of [141).

Theorem  6.7. Dill a = (i9 f ) 2  i i  + 8'6118i116, thus

= (8Tio = i0(131) 2 .

P r o o f .  B y T heorem  2 .6 , 2m(a6)= —  6+(a6).= —  a0(6) = a .  Then
by Theorem 2.4, (iii), Theorems 6.4, 6.2,

2v(ad)C8ii]=E8iii2m (a6)+ 0(18 2m(da6)

=53 ilia+  au ld  6 (ad — Oa)

= [Xi] a +  a"[43 i l l

=D ill a + 3'6118

and by Lemma 6.6  and Lemma 3.4

Av(a6)

= (8 /) 2 i1

and the theorem follows.

The following theorem corrects the parts of Yamamoto's relations
which do not hold for p =  3 , (see Theorem 5.1).

Theorem  6 .8 . (p= 3).
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(j ) R( i )  8( 1) =6a68 ( l) 618( I) 6,
(ii) a i3( 2) =13( 2) a - - 13( 1) 68( 1) ago),
(iii) 8(2)6a = ad8(2)+ (8 (1) 6) 3 — (6 8 (1)) 3

(iv) 0(1(3 (2) ) =  6a6 (2)6 .

P ro o f. By Theorem  6.4, 0(8(1)) = 60(13(i))= O. T h e n  b y  (2.10)

and (6.5), (iii)

8(1)8(1) (8(1) 8(1) +  18(1) 19(1)) =6g(1)0(13(1))

— 68(1)6a6 g(l) 6= 6ctai3(1)6j9(1) 6.

Remark that

(6.6) g(i) 8 0)6 = 6  8 (1) 8 (1) = 0  and

(8(1)6 + 68(i)r = (8(1) 6 ) k + (6 3 ( 0 1 .

Next Theorem 6.7 and (3.9) imply

g ( 2) a = Dri8153ii1a = Dr /91 
((1 9 / )2

 i1+ (3'6E36.16)

=17r181 ii(i3 ( i) +  6 3 0 2 + Dri13163.1i3iii 6(8 ( 1) 6+ 68(l))

— 19( 1) ( ( 1) + 66) ( 1) ) 2 + 8 ( 1) 8( 1) 6130) 6

— 19(1) 68(1) 63(i)•

B y  (2.10)

8(2)a —a3 ( 2) =a6e(8 ( 2) ) -60(8 ( 2) )a,

where 0(8(2)) E s/2 8 =  {a 7 , aced19( 2 ) 6 } .  Then 8(2)a — O (2) is  a multiple

of ce6a7
 — a 7 6a--= 0 . Thus (ii) is proved.

B y  (3.8)', (a6 —6a) (2 ) = — g ( 2 )  (a6 — 6a). Thus

8 (2)6a= a6 8 ( 2 ) — a 8 ( 2 )  +  ( 2 )  ce6

= ce6 9 (2)— (6 8 (1)) 3 + (8 (1)6) 3

Finally, put 0 (8(2) ) = xa 7 y d a 6  ( 2) 6, then a s  in  th e  proof Theo-

rem  6.4.,

0 = 0(8 (l)6 8 (1)6 8 (1)) 6 b y  (6.6)
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0 (a (2 ) ) = a0 ( 13 (2 ) ) = xce 7 6,

and

00(8 ( 2 ) ) = actO19(2) —  19( 2) Oced

=daa 3 ( 2) —ad 43( 2) 0 + (ô79 ) ) 3 0,

0(Ocrd 8( 2) (7) = —a6 8(2)6 +6a3(2)0 6a6 (2)

= dad 19(2) a68(2) + (M(1)) 3

Thus w e have x = 0, y= 1 and  (iv ) follows. q.e.d.

B y th is theorem  and (6.4), (6.5) the algebra structure of si(*(m)
is determined for degree < 32.

The module 7/. * (M ; V (1 )) has the following basis.

Proposition 6.9. For degree <32

n*(M i V ( 1 ) )=-L P(8 1)0 B  + {1, 131 { P ig ]  ii} 1 0 E (6 )

w here B = al8i11, a'D iz ], 16 o8118iii, 1 0 18153 ii1,
ceE008153i11l . Com paring w ith Corollary  3.3 the differences are the
re lations (R')2 0 113i:11=63 T  0 118i11 0  = 0  and the la c k  o f  (32i1  and
8 2

This is computed from (6.4) as a converse of the proof of Theorem
5.2. The only difference is

a*(I3(2)) -= ag(2) (36 = i3 ( 1) (6 ( 1) )2 s (a= 0, 1)

a n d  t h u s  i' (19(l) (68(1)) 2 6 6 ) 1 13( 1)(8(1) + 6/3(l)) 2 r  =  ( 19f ) 2 i i /3( 1 ) 6'

= ( 3 1 ) 2 6 1Di:11 0 e = O.
Next consider the exact sequence (3.6)*:

.  . , , i k( v ( i ) ) irk (m ;  v (1)) 7k±4(m ; v (1) )

and check the proof of Theorem 3.6. First consider a *  fo r k + 4 < 32.
For E = 1, a', [a'1/91,
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a*((j9')r Eii)=(/3') r $ii a=  0

and

a ( ( f f ) r  j 6)=U n r Eu a =  ( 8 ' ) r  Ei1(0a - a0)

=  ( 3 ) r  E i i by (3.9).

Thus a * ((3 f) r Eii =  (3 f ) r a'ii, 0, 0 for each value o f  E. F o r  =1, a",
a', [6031, C6131, we have by Theorem 6.7 (omitting (ff)r)

a * (r/r3i11)=(3 7) 277ii 3'7761r3ii1

and

a * (v i8 i =  53iila6 — vE9ii] (ad —Oa)

= (8') 2 vii6 — a ' Li9iiIJ.

T h e  c a s e  = 1  is obvious. For = a " , a '  -= a' ii6, a 'a"=3 161 and

a"61[3ii] =a'60[8ii] 6 =diO317 =3'di i 6. Thus

a*(a"D i 13= - (R 1) 2 a i i i 6  a n d  a*(a"Egi 116) = 316131 ii.

For 77 =a', since a'6 = a' a' =0,

a*(at3i11)=63') 2 d a n d  a*(a'Di116)=(i3 1)2 d ii6.

For 77 =P03], id o 3 ] = —F613] ii6 by Lemma 3.4, P03161[3i116
=3 / 6 1i3 ii] —  id ig ]doi3 ii] =  [613 ] ii6  [613 ]3 'il ô' =O, 16 0 81i16
=  i i 6 ,  thus

a * (ido31i3ii1)= (3') 3 j 1b y  Proposition 6.9

and

a*(I6 0/3153i i]6) -= (ir ) 3

- - ce[6031

For = [61 311, a * ([613][3 i11) = 0 since 7r31(M; V(1)) = 0,
(13')2 161 131i 1

a = 0 by Proposition 6.9, and

a'161431rdill=diii3(2) .= ii6a3(2)= ii(68(1)) 3

— ii(63(1)+ (90.)6) 3 — ii(68(i)+ 8(1) 6) 2 3(1)6

-=(3 1) 3  j 1  -  ( 31 )2 ô'1.53i1J6 -(31)3



Algebra of stable hornotopy of 4 - spaces and applications 247

Thus

a * (1618][8i11)= 0  a n d  a*([61.81 18i 6)= —(8 1)3

These formulas determine a * .  As relations of the form 0=7rtce*( )
=Ca*( )1 Tri, we have

Th eorem  6 .10 . The following relations hold (p=3).

(i) (8 ) 2 6 0=d18 6 11, (8)261 13'16181 ao,
(ii) (3') 2 atdo = 13'l618161-=(3') 3( 9r)2 C61816 0 = 0.

The kernel of a *  is spanned by (0 <r <2, 0 <s <1)

Eii =  it((8 ' )7f o r  $=1, a',

(8 T d ii 6 =ii(G 3T a"),
(j91)0i i ( ( j 9 ' ) 5 [ 6 1 8 D ,

W Y .— ( 8 ' ) E 1 6 c o 3 1 ) ,

+a/C8ii 16 = + 8a"1,

a'53i11— (8') 2

[6181 18i +  8/EXIT= ii186081

and

P08118ii 1— 8f8i11 = itido8 2 1

w here th e  la s t  four equations define new elements in  th e  right hand
sides.

The im age of r t  is spanned by (degree<27)

(3 /) T 6 o(0  < r (8')"(0 <r <2),

(3')a'60, 81116 E', (8 f)Ei8 6 6•], (8') ea"E8de'i,

(i9') 6aU d o 1 , i 6 E8H866•],

where e, 0, 1.
Consequently we have
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Theorem 6.11. ( p = 3 ) .  For degree< 27 = (p 2 - 1 )q - 5 ,  saf * ( V (1))
hav e a basis which consists o f  th e  above rt-im ages an d  it-anti-images.

M ore precisely, sif k ( V (1)) has a basis as  in  Theorem 3.6 for k < 1 4  and
f o r  20 <k  < 2 4 ,  d 1 5  =  { ( 8 /) 2  6 1 1 , S1 16 = d 1 7  =  0 ,  d 1 8  =  {[a"8 + 8a"11,
S

1
19

=  C a ' 0 ,  d 2 5  =  0 , S1 26 = {E8 6 01
3

1 5  [ 6 013 2 3 .

F ina lly  w e rem ark  on  som e of the easy relations:

E6 E81 6 e = 6 6i8 6 e i,

i 6 081 6 o=8 ' 6 0,

i 6 08i 6 i +E 6 18i 6 o=

= OA" = 6,66,-= 0, a'a' =- 0,

CROei COE-8i =0,

CROoi a" = a/116081=0,

53611a" = aT8Ool.

7 .  The Case p -= 5 .

F o r  th e  c a se  p = 5 ,  th e  o n ly  d iffe re n c e  fro m  th e  g en era l p  is

Theorem  4.5:

8"8"=(8')2 61861 (p=5)

u p  t o  non-zero coefficient. H e re  3"8"E d(2p+4)Q-6( V(1))=sipp-i) q -6

( V ( 1 )).= {(13 ' ) 2  6 18 6 11.

L et n  be sufficiently large , C ,,=S "}  a i en+q a  m apping cone of a l

and let

b e  the cofibering.

Lemma 7.1. (i) There exists an  element a ( )  o f  t h e  p-component

of  .sz12,_1(Ca 1 )  such that rccceolc-=-ai.
(ii) I f  p-= 5, aoao=i cl9i7rc u p  to  non-zero coefficient.
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P r o o f .  B y  th e  exactness o f  th e  sequences (1 .11 ), (1 .11 )*  for
a = a i  a n d  b y  th e  tr iv ia lity  of the p-components of G 2 0 _2 an d  G3 q -  23

c .: 7rg + 2 q _ i (C , i ) —> Gq _ i  and d2 ,_1(C a1)-371+2 ,_ ,(C a1) are epimor-

phisms o f th e  p-components. T h en  ( i )  fo llo w s. S im ilarly  fro m  the
modp tr iv ia lity  of G3 0 -  2  and G40- 23 e t: Gs a -2-> 7-11+4a-2(C,,; S. ' )  and

:7r/L-4 ,7-2(Ca 1 ; S") — ' d4a-2(Ca 1)  are mod p  epimorphisms. For p =  5,

the p-component of G 5 0 _2 is  g e n e ra te d  b y  g , .  T h u s aoceo = x ic ig in c
fo r som e x E Z p . N ow assume that x = 0 ,  th en  a 0 a 0 = 0  and  there
ex ists an extension A : E 2 q - i  Ca o  = E 2 , -  i ( C a i v c E 2 "  C a l )  -  Ca i  o f  ao.

Since g l   /  0 in  Ca i  an d  since a l  is detected  by  g  3 / 0

in  Ca o . T h us g 3 ,9 1 ,9 1 / 0  i n  CA hut th is contrad icts to  the Adam
relation g 3,9 1,9 1 = 1 0  =  0  ( p = 5). Thus x-/ - O a n d  th e  lem m a is
proved. q.e.d.

S' - S" for a:

1Then C a  =  V (1 ),1 , ca i= =  V (1 ),1/S " --1 a n d  we
G  n - 1

have the following commutative diagram of cofiberings.

sa - 1 s " - i

Gaic c, s ' i + g + 1

Ca , "_+' c v a ,sn +q+ 1

Lemma 7 . 2  There exists a n  element 3 ;  o f  7r 9p 2 ,,,_ 3 ( ( C ;  Gai)
such that rc "1 3 ;i"= g iA a o  a n d  i '1 3 r t  =8 " .

P r o o f .  From the cofibering S"> G a i - - G a ,  w e  h av e  and exact
sequence 7rsip+ 2 ) q _  (C3. - a i ;  C a i) '—=>" -5z1  (p+2)q_3(Ca i ) - ÷Tri9P+2)4-4(Cce i ; S n  1 ). The
modp tr iv ia lity  o f th e  last group fo llow s from  that o f G( ,÷ 2 ) 0 _ 3 and

, 3 )0 _ 3 . T hen  7-c" *  i s  a n  epimorphism o f th e  p-components. Simi-
larly , w e have the modp triv iality of 7 ( p+ 2) 0 _4 (S" + q+ 1 ; Ga i) from  that
o f  G(p+2) 0 -33 G(p+ 3)q- 25 G(p+ 3 )q - 3 ,  a n d  thus : 71 +2)Q 34- 3 ( C n a ;

7.1. + 2 ) q - 0 ( C a i ;  G a i )  is  a  modp epimorphism. This shows the existence of
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g ;  satisfying TC" i " = 81 A ao E .51(p+ 2) q _3(C, i ). N ext r 8PTC' E d(p + 2)q -3
(C a  = V(1)n- i) i'13;7t' x 3 " .  By Lemma 3.5, (4.4) and (4.1)

61.13"ii=61a"■3ii6 =a'a03i07r =dio(317r

= 8 i ce =

Apparently r ir = ir tc r t "  and  7r'i1= r ic7 r , then

6 1(i' gOn i ) j1 =iiT rir i30i" ic7r

= io(10 A 7rc) (81 Aao) (1 0 A  i ) 7r = io(131 A al) 7r

= ioi3iaor

By Corollary 3.3, f f a 'i 1 6  I  0. Thus x=-1  and 0'0 7 1 = 3 ". q.e.d.

Proof o f Theorem 4.5. By Lemmas 7.1 and 7.2 w e have

7r 1 ( 8 / 7 8 / 1 )

= i"n"tiOrn"f fOrr"= Aao) (gi Aao) Tr"

= i"(d3 i A iciegrc7r"= ric R in c e

= i" ici3j. 7r 8(1)in c 7 ' ' i C 7r(8 i A 1m)13(1)i7rc 7 "

=Tr' i1(8; A 1m)g(1)7r1r =7r'(49') 2 iiii(1)7r1i'

=77'((89 2 61 61)i i

Thus it is sufficient to prove that i'*: si(3p_i) q _6(Ca) — > 53P-1)q-6(C.i;
and Tr' *: 7rNp_1) q _6(C a i ;  Ca ) —> 7C5i3p_1) q _6(C,,i; G O  a re  modp monomor-

phism. T h e kernel o f  these homomorphisms are  im ages o f 7rNp_1 ) q _6

( S " " 1 ; C O  a n d  7rNp_n q _ 6 (C ,i; S " - 1 ). B y T h eo rem  3.2, 7r(p-l)q_
( S  " 1 ; Ca)= TC(33P-1)q-6(S n "  + 1  ; 17 (1) n _1)= 7r3p q _ 4 ( V (1 )) =  0 . Also the
modp triv iality o f rNp_ 1 ) ,_ 6 (C„i; S" - 1 )  follows from that of GC3P- 1)q- 65

G(3p_1) q _5 and G3p6 _5. Thus r  and e *  a re  modp monomorphisms and
w e have obtained the equality 8",3 "= (8 ') 2 61861.

KYOTO UNIVERSITY



A lgebra of  stable hom otopy of  Zn-spaces and applications 251

Bibliography

[ 1 ] J. F . A dam s, On the group J(X ) - IV , Topology, 5 (1966), 21-71.
[ 2 ] S . Araki and H . T o d a , Multiplicative structures in  mod q cohomology theories

I ,  I I ,  Osaka J .  Math., 2 (1965), 71 - 115, 3 (1966), 81 - 120.
[ 3 ] P. H offm an, Relations in the stable hom otopy  rings of M oore spaces, Proc.

London Math. Soc., (3) 18 (1968), 621 - 634.
[ 4 ] A. Liulevicius, The factorization o f  cyclic reduced powers by secondary coho-

m ology operations, Mem. A m er. Math. Soc., 42 (1962).
[ 5 ] N. Shimada and T . Yamanoshita, On triv iality  of the mod p  HoPf  invariant,

Jap. Jour. of M ath., 31 (1961), 1-24.
[ 6 ] L . S m ith , O n realiz ing com plex  bordism  m odules. Applications to  the homo-

topy  of spheres, A m er. J . Math., 92 (1970), 793-856.
[ 7 ] N. E. Steenrod an d  D .B .A . E p ste in , Cohomology operations, Princeton, 1962.
[ 8 ] H . Toc la , p - p rim ary  com ponents of  hom oiopy  groups I I I ,  M em . Coll. Sci.,

U niv. of Kyoto, 31 (1958), 191 - 210.
[ 9 ] H . T o d a , O rder o f th e  identity  class of a suspension space, A nn. of Math.,

78 (1963), 300 - 325.
[10] H . T o d a , Composition m ethods i n  hom otopy  groups o f  spheres, Princeton,

1962.
[11] H . T o d a , A n  important relations in  homotopy groups o f  spheres, Proc. Japan

A cad. Sci., 43 (1967). 839-842.
[12] H . 'Toda, O n  iterated suspensions III, J .  o f  M ath., K yoto U n iv ., 8 (1969),

101-130.
[13] H . T o d a , Extended powers of complexes and applications to  homotopy theory,

Proc. Japan  A cad . Sci., 44 (1968), 108 - 203.
[14] H . T o d a , On spectra realiz ing ex terior parts of the Steenrod algebra, Topo-

lo gy , 10 (1971), 53 - 65.
[15] N . Yamamoto, A lgebra of stable hom otopy  o f  Moore spaces, J .  Math., Osaka

C ity U niv., 14 (1963), 45 - 67.
[1 6 ]  N . Yam am oto, A n  app lication  o f  f unc tional h igher operation , O saka J.

Math., 2 (1965), 37-62.


