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I. Introduction.

Let M  be  a  connected complete Riemannian manifold with dim M
2. Let p  b e  a  p o in t  in  M  a n d  le t  Q(p) (resp. C (p )) b e  th e  conjugate
locus ( re sp . th e  c u t  lo c u s)  in  th e  ta n g e n t space T ( M )  t o  M  a t  p.
(F o r  th e  precise definitions o f  Q(p) a n d  C(p), see section 2.) We say
th a t M  satisfies condition (C ) a t  p  or the pair  (M , p ) satisfies condition
(C ) i f  Q(p) a n d  C (p ) d o  n o t  have com m on points.

I n  th is paper, we study the structure of the cu t locus C(p) and the
topology o f  t h e  Riemannian m anifold M  assum ing  tha t M  satisfies
condition (C ) a t a  given point p.

A. D. W einstein [ 8 ]  sh o w e d  th a t a n y  com pact m anifold M  with
dim M  3  always adm its a  Riemannian metric g  which satisfies condi-
tio n  (C )  a t so m e  po in t p  i n  M .  Therefore, fo r our purpose, we need
some further assumptions o n  th e  Riemannian m anifold. The principal
to o l i n  o u r  s tu d y  is  th e  m a p  N C(p)-1\1  u {+ oo } defined by

N p (v)=# {w E C(p); exp p v = exp p w}

f o r  a ll y e C(p), w here exp p : Tp (M)—  M denotes th e  exponential map.
The m ain results are stated as follows.

Theorem A .  A ssum e th at  (M , p ) satisf ies condition (C). Then we
have

(1) T h e  s e t  Np- 1 (2)={ve C(p); N p (v )= 2 }  is o p e n  an d  d e n se  in
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C(p);
( 2 )  Def ine a  map f: NT,'(2)— >N -T1 (2 )  b y  f ( v )O v  a n d  exp p .f(v)=

expp v, t h e n  f  i s  a  homeomorphism.

Theorem B .  A ssum e t h a t  ( i )  M  i s  com pact, (ii) (M , p) satisfies
condition (C) and (iii) N p 2. T hen w e have

(1) The f undam ental group o f  M  is  o f  order tw o;
(2) T h e  univ ersal cov ering space o f  M  is h o m e o m o rp h ic  to  a

sphere.

Theorem C .  A ssum e that (i) (M , p) satisf ies condition (C) and (ii)
each  geodesic  em anating  f rom  p  is  a s im p le  periodic  curv e  w ith  a
com m on length . T hen M  is d if f eom orphic  to  a  real projective space.

Theorem  D. A ssum e  t h a t  ( i )  M  i s  a 2-dim ensional com pact
R iem annian m anif o ld  and  (ii) (M , p) satisf ies cond ition  (C ). T hen M
is not sim ply  connected.

Let H p  d e n o te  the group  o f  isometries o f  M  w hich fix a point
p  in M.

T heo rem  E . S uppose th at  M  is  a 3-dim ensional com pact Rieman-
n ian  m anif old and th at th e re  is  a  p o in t  p  in  M  such that dim H p 1.
Fu rth e r suppose that (M , p ) satisf ies co n d itio n  (C ). T h e n  M  is  n o t
simply connected.

Combining Theorem D and Theorem E with Rauch's comparison
theorem (cf. [5] p. 76 Theorem 4.1), we obtain

Theorem F .  L e t  k  b e  a  positiv e  num ber. S uppose th at  M  is  a
com pact sim ply  connected R iem annian m anifold an d  th at the  sectional
curv ature o f  M  is a t  m o s t  k .  F u r t h e r  suppose t h a t  th e  following
(i) o r ( ii)  holds.

(i) dim M =2.
(ii) dim M =3 an d  there  is  a  p o in t  p  in  M  such  that dim H p  1  .

Then the diam eter o f  M  is  at least ir1 ,1 k .

Remark 1. G iven  a point p  in  M , the Riemannian manifold M
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is called  a  C p -manifold w ith  a  common length 21  i f  it satisfies condi-
tio n  ( ii)  i n  T h e o re m  C  a t th e  po in t p  a n d  if  th e  common length is
21. T h e o r e m  C  i s  a  p a r t ia l  refinement o f  R. B o t t  [ 3 ]  i n  w hich the
cohomology groups o f  C p -manifolds w e re  s tu d ie d  b y  the application
o f  th e  M o rse  th eo ry . W e  w ill p ro v e  in  se c tio n  4  th a t  i f  M  is no t
simply connected a n d  if  M  i s  a  Cp .-manifold fo r  som e po in t p  in  M ,
then the  pa ir  (M , p ) satisfies condition (C )  (Proposition 4.1). Therefore
this fact com bined w ith  Theorem  C  yields th e  following.

Theorem C ' .  Assum e t h a t  (i) M  is n o t s im p ly  c o n n e c te d  and

( i i )  M  i s  a  Cp -manifold f o r  som e po in t p  i n  M .  T h e n  M  i s  diffeo-
morphic to  a  real projective space.

A  theorem  o f  L. W. G re e n  (c f . [2 ]  VIII. 9 )  s ta te s  th a t  i f  M  is
hom eom orphic to  the 2-dim ensional r e a l  projective space  a n d  i f  M
is  a  C p -m anifold  for a n y  po in t p  i n  M , th e n  M  is  iso m e tr ic  to  the
2-dimensional rea l projective space with the standard  metric.

Remark 2 .  Theorem  D  was first proved by S. B. M yers [7] in the
real analytic  c a s e . W e w ill g ive  a  different proof w hich is useful in
the proof of Theorem E.

Remark 3 .  L et k  be  a positive number and let K m  b e  the sectional
curvature o f  M .  I n  c a s e  o f  even dimension, we know the following
f a c t :  ( * )  I f  M  i s  a  simply connected Riemannian m anifold w ith  0<

k ,  th e n  th e  diam eter o f  M  is  a t  le a s t  n1 \ /k. T h i s  follows im-
m ediately from  th e  next theorem  of W . Klingenberg [4].

Theorem. I f  M  i s  a n  even-dimensional compact sim ply connected

m anifold and  i f  O < K m .k , th e n  w e  have d(p, e(p)) 7z1,/ k f o r  any

po in t p  in  M , w here  d  denotes the distance on M  an d  e (p )  is  the

c u t  lo cu s  o f p . (F o r th e  precise definition o f  e(p), see  section 2.)
In  c a s e  o f  o d d  dim ension, the assertion of the above theorem is

false in  genera l. In fact, M . B erger [1] presented a 1-parameter family
o f  counter examples SU(2) x12/11„ (0 < a  < a ,)  w h ic h  are diffeomorphic
t o  the 3-dim ensional standard sphere. H ow ever Theorem  F indicates
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th a t  th e  weaker assertion (* )  rem ains true even f o r  th e  examples of
M. Berger.

I  a m  very grateful to Professor Y . Tsukamoto f o r  h is  suggestion
a n d  f o r  acquainting m e  w ith several im portant results in  t h e  global
analysis o f  Riemannian m anifolds. I would also like to thank Professor
N. Tanaka fo r  his advice and encouragement.

2. General properties of the cut locus.

L et y  b e  a non-zero tangent vector at a  p o in t p  i n  M .  We define

ft(v) by

ii(v)=s111,3{11rvIl; d(p, expprv)=Iirvli},

where d  denotes the distance function o n  M . L e t  T ( M )  denote the
tangent space to M a t  p.

Proposition 2.1. T he m ap p.: T (M ) —{O}--R U {+ cc} is continuous.
(cf. [5] p. 98 Theorem 7.3.)

We define the cu t locus C(p) o f p  in T (M ) by

C(p)= {v e Tp (M)— IN ; 40=11 1'111

and the cut locus C(p) o f p  by

e(p)=ex p p (C(p)).

T h e  p o in t  in  0 ( p )  i s  s a id  t o  b e  a  c u t  po in t of
locus Q (p) o f  p  in T ( M )  is defined by

P. T h e  conjugate

Q (p )={ y  Tp (M); exp p  i s  n o t  o f m ax im a l r a n k  a t  v}.

F o r  e a c h  ll e  Q (p ) , t h e  p o in t  expp v  is  s a id  to  b e  a  conjugate point
o f  p  along th e  geodesic expp tv (0 1).

L et ,V (p) denote th e  subset of T ( M )  consisting o f  vectors w such
th a t  d(p, expp w)=I1w11. B y  Proposition 2.1, w e  c a n  e a s ily  p ro v e  the

following.

Proposition 2 .2 .  ( 1 )  C ( p )  i s  th e  boundary  of  <99 (p).
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(2) .9 '(p)— C(p) i s  homeomorphic t o  the n-d im ensional open ball,

where n =dim M.
Since w e have assum ed that M  is complete, we obtain

Proposition 2 .3 .  T h e  m a p  expo : . ( p ) - + M  is  surjective.

Proposition 2.4. The m a p  exp o : .9'(p) — C(p)-+M — 0(p) i s  a d iffeo-

m orph ism . (cf. [5] p. 100 Theorem 7.4.)

Proposition 2 .5 .  L e t  g  b e  a  c u t  p o in t  o f  p  s u c h  th a t d(p, g)=

d (p , e (p )) . Le t c i ( t)  a n d  c 2 ( t)  (0 5 t < A )  b e  d is tin c t g e o d e s ics  fro m  p

t o  g. Suppose t h a t  th e  le n g th s  o f  c ,  and  c 2 a r e  e q u a l to  d(p, q)

a n d  t h a t  g  i s  n o t  a  con juga te  p o in t o f  p  a lo n g  ci ( i= 1 , 2). Then

th e  cu rve  c(t) (0  defined by

c(t)= c 1(2t) ( 0  t .1/2)

c(t)=  c2 (2 — 2t) (1/2  t.1 )

is  sm o o th  a t g =c(1/2).

P r o o f:  Let e i(t) b e  the tangent vector of the curve ci a t  the point

ci(i) 2). W e clearly have II e (t)  2(011 = d(p, g). Suppose that
e i (1)0 — e 2 (1). T h en  th e re  is  a tangent vector y  a t  g  such that both
g(e ,(1), v) and g(e 2 (1), y) are negative, where g  denotes the Riemannian
m e tr ic . Let y(a) (0 . c c o ) b e  a  curve em anating from  g  w ith  the
initial tangent vector v. Since  ê 1(0) Q ( p ) ,  th e re  is  a  curve y 1(c) (0
Œ_c c )  in  T ( M )  em anating  from  ei(0 ) s u c h  th a t  expo .yi(a)=y(a)
(i =1, 2 ). Let c i,c,(t) =exp o tyi(a) and let 4 ( 0  denote the length of the
curve c ( t )  1). B y the variation theory , w e have

d- — L.(0)= g(  . 1

C .( 1 )
 , v ) < 0

da Mci(1)11

(cf. [5] p. 80 Theorem 5.1). H e n c e  th e re  is  a positive num ber a ,
such that L i(c 2 ) < L (0 ) (i= 1 , 2 ). Since c ,  and c ,  are distinct geodesics,
w e m ay assume that c 2 ( t)  and c ,,,( t)  t . .  1) are distinct geodesics
from  p  to y(Œ 2 ). M oreover w e m ay  assum e tha t L 1(a2 ) .  L 2 (a2 ). Then



396 K unio S u ga h a ra

w e  haveY 2 ( 0(2)) L 2 ( / 2 ) ,  which implies that

d (p , C(P))-5 P (Y 2(a t2 )) 1 -2(c(2)<L2(0)=d(p, q).

It contradicts the choice o f q.

3. The map N .

T h e  following proposition is  c le a r  b y  th e  definition of N .

Proposition 3 . 1 .  I f  (M , p )  satisf ies condition ( C ) ,  th e n  th e  map
Np : C(p)-4N U { + cc}  is upper sem i-continuous.

Proposition 3.2. I f  (M , p )  satisf ies condition ( C ) ,  then  f o r  any
v e C (p )  w e hav e 2  N p (v)<  co. (cf. [5] p . 9 7  Theorem  7.1.)

Lemma 3 .3 .  A ssum e t h a t  (M ,  p )  satisf ies condition ( C ) .  L e t  u
an d  v  be tw o v ectors in  C (p ) such that exp p u =exp p v. A ssum e that Np

is  locally  constant around  u .  T hen, f or any  neighborhood U  o f  v  in
C (p ) , there ex ists a  neighborhood U (u ) o f  u  in  C (p )  such  that exp p ( U
(u))OE exp p (U).

P r o o f:  S uppose th a t  the conclusion i s  n o t  true. T hen w e have
a  sequence {u1} = 1 2  v e c to r s  in C ( p )  s u c h  th a t  lim u i = u  and
expp u i e x p p (U )  fo r  a n y  i. W e have N N ( u )  (which we denote by
m )  around  u. H ence w e can find vectors u l E C (p ) (1 m )  having
t h e  p rope rtie s  tha t u ! = u i , expp ul =exp p u i a n d  Li? k). We
may assume tha t the  sequences f u n  " 2 ,... are convergent. Let lim uj =
u i .  B y  th e  choice o f  u i, u i (  j  =1, m )  a re  no t con ta ined  i n  U.
A nd condition (C )  im plies that u i  u k  ( j 0  k ) .  Hence we have

{w e C(p) ; exp p w =exp p u} D {u', .., um, v},

im plying that N p ( u )>  m .  It is  co n trad ic to ry  to  th e  assumption.

Lemma 3 .4 .  L e t u  an d  y  b e  th e  vectors a s  i n  L em m a 3.3. As-
sum e that (M , p )  satisf ies condition (C ) an d  that Np  is  lo c ally  constant
around  u .  T hen  w e hav e  neighborhoods U (u ) a n d  U (v )  o f  u  an d  v
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respectively  i n  C (p ) s u c h  th a t  th e  m ap  f,„=(exp p lU(v)) - '0(expp lU(u))
is w ell def ined a n d  a  homeomorphism o f  U (u ) on to  U(v).

In  order to prove th e  above lemma, we need the following theorem
in the dimension theory.

Theorem 3 .5  (B ro u w e r 's  in v a r ia n c e  th e o re m  o f  d o m a in ) .  Let
Y  an d  Y ' be  subsets of W . L e t  f  b e  a  homeomorphism o f  Y  onto
Y '.  I f  p  i s  a n  inner po in t (resp. a  boundary  po in t)  o f  Y , then f(p)
is  also  a n  inner po in t (resp. a  boundary  point) of  Y '.

Proof o f Lemma 3 . 4 :  L e t  U ' b e  a  neighborhood o f  y  in  T (M )
su c h  th a t th e  m ap exp p l U ' i s  a diffeomorphism o n to  so m e  open set
o f  M . L e t  U =U' n C (p ). Then, by Lemma 3.3, we obtain a  neighbor-
h o o d  U (u ) o f  u  i n  C (p ) such that exp p (U(u)) exp p (U )  a n d  such that
th e  map exp p l U(u) is  in jec tive . It is  c lea r tha t the  map

=(exPpi Ur °(exP piU(0)=(exP pl(r)- 1  °(exP plU(1,1))

is w e ll d e f in e d  a n d  a  continuous in je c tio n . O n  th e  o th e r  h an d , by
Proposition 2.1, w e  k n o w  th a t  C (p ) i s  a  subm anifold  of  T ( M )  (in
th e  C °  se n se ) . Especially C (p ) i s  a  locally compact Hausdorff space,
implying that f ,„  i s  a hom eom orphism . Hence we can apply Theorem
3 .5  to  th e  m ap f„„: U(u)—>f,„(U(u)) a n d  w e  can  conc lude  tha t f„„ is
a n  o p e n  m a p . Therefore f„„  i s  a  hom eom orph ism  of U (u ) o n to  an
open set of U .  P u t U(v)=f,„(U(u)).

Lemma 3 .6 .  I f  (M , p ) satisf ies condition (C ) an d  i f  N p  is  locally
constant around a  vector u E C(p), then N p (u)=2.

P r o o f:  B y  Proposition 3.2, w e  h a v e  a  vector ve C (p) such that
expp y = expp u  a n d  u  v. B y  L e m m a  3 .4 , w e  have neighborhoods U(u)
a n d  U(y) o f  u  a n d  y  respectively in  C(p) such that

( i ) the  maps exp p l U(u) and exp p l U(y) are injective,
( ii) the  map f„„=(exp p lU(v)) - 1 0(expp l U(u)): U(v) is  a homeo-

morphism,
(iii) there is a  h o m e o m o rp h is m  h: B"-  =  {x e R"-  ;  x  < 1  }
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U(u),
w here " "  d e n o t e s  t h e  c losu re  a n d  dim M = n. H ence  w e  can
define a hom eom orphism  H  f ro m  B" - 1  x  (0 , 1 ) on to  a n  o p e n  s e t  o f
M  a s  follows :

H(x, t)=exp p ((1/2 + t)h(x)) (0 <t . . 1/2),

H(x, t)=exp p ((3/ 2 — Ofvu'h(x)) ( 1 / 2  t < 1).

I f  N p (u)._ 3 , th e re  is  a  vector w e C(p)— U(u) U U (v )  such that exp p w =
expp  u. Since exp p u  i s  a n  inner p o in t o f  H(B" - 1  x (0, 1)), the geodesic
expp  tw  ( 0  t < 1) m ust intersect th e  boundary o f  H(B n—  1 X (0, 1)) which

is c o n ta in e d  in { e x p p  ry; y e U(u) U U (v )  and 0 <  r  1 } .  B y  P r o p o s i-

tion  2 .4 , w e see  that {exp p  tw ; 0 t < 1}  and exp p  ( U (u )) ( =exp p  (U(v))

d o  n o t  h a v e  co m m o n  points. I f  { e x p p  tw ; 0 t <  1}  and  {exp p  ry ;

y E U(U) U U N  and 0 <  r  < 1 }  h a v e  a  com m on point, Proposition 2.4

im p lie s  th a t 141 e U(U) U  U ( V ) .  I t  is  c o n tra d ic to ry  to  th e  choice of w .
B y  th e  lemmata and propositions above, we obtain Theorem A.

Proof of Theorem B :  L e t  dim M  = n .  S in ce  M  is  co m p ac t, w e
c a n  d e f in e  a  hom eom orphism  H : V" = {v E T(M); 110 -5, 1}-+Y(19) by

H(v)=p(v).v for v 0 ,

H(0) = 0.

Since N i
-, 1 (2 )=C (p ), w e can  ex tend  th e  m ap f  defined i n  Theorem A

t o  a  map f :  T (M )-+ T (M ) in  such a  way that

f (r v )= r .f (v ),  w h e r e  v  C (p ) a n d  r  >  O.

L e t  u s  identify T ( M )  w ith  R " w ith  respect t o  an  o rthonorm al basis
n+ 1

a n d  define a  m a p  F: S" x ,)e R n + 1 ; xF =1} M  by
t=1

F(x,,..., x„ + ,) = expp .H(x x„) f o r  x „ , 0,

F(x,,..., x + ,)=exp p .f.H(x x„) for x„.„. 0.

It is  c lear by  T heorem  3 .5  tha t F  i s  a  local hom eom orphism . Hence
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F: S n -0 4  is a  double covering a n d  th e  theorem follows.

4. C,,-manifolds.

Proposition 4 . 1 .  S uppose th at M  is  a  Cp -m anifold f or som e point
p  in  M  an d  that M  is no t sim ply  connected . T hen  (M , p) satisf ies
condition (C).

In  fa c t, w e  can  express Q(p) a s  follows.

Proposition 4 .2 .  S uppose th at M  is  a  Cp -m anifold w ith a  common
length 21 f o r som e point p  in  M  an d  that M  is not sim ply  connected.
T hen w e have

12(P) = { V  E T(M); 110 =2m1,m  E N} .

Lemma 4 .3 .  L e t  v  b e  a n o n -z e ro  tan g e n t v e c t o r  t o  M  a t  p.
S uppose t h a t  M  i s  a  Cp -m anifold w ith  a  com m on length 21. T hen
w e  have

12,1)1zm t h e  ran k  o f  expo a t  v = t h e  r a n k  o f  expp  a t  ( I + )v

2/zfor any integer z  with I + 00 .
11v11

2/zProof: B y  o u r  a s s u m p t i o n ,  w e  h a v e  expo@ + 
 II w II 

w =expow

fo r  any  w E T(M)—  {0} a n d  z e Z .  Hence the assertion is  clear.

Lemma 4 .4 .  Let y  a n d  M  b e  a s  i n  Lemma 4.3. T hen there
ex ists a  positiv e num ber t o f o r  w hich the follow ing (1 ), (2 ) an d  (3)
hold.

(1) I f  a  geodesic exp p t w  ( 0 :t  < c o )  p as s e s  th e  p o in t  expp to v,
then  v  an d  w  are  linearly  dependent.

(2) T he  po in t expp to v  is  n o t  th e  conjugate point of  p  along any
geodesic.

(3) T h e  geodesic exp p tv  (0 .._. t t0 ) d o e s  n o t c o n tain  c o n ju g ate
points of  p  along itself .

Proof: S u p p o s e  t h a t  ( 1 )  is f a l s e  f o r  a n y  t o > O. T h e n  th e r e
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are tangent vectors Vi E Tp (M)— Rv and positive num bers ti ( 1 = 1, 2,...)
su c h  th a t exppyi =expp tiy  and  lim t; =O. Since any geodesic em anating
fro m  p  is  p e r io d ic  w ith  a  len g th  2/, w e  m a y  assume t h a t  11 /
(i =1, 2,...). H e n c e  w e  m a y  assume t h a t  th e  sequence is
convergent. Let w =lim y,. I t  is  c le a r  th a t  0<11w11_ 1. O n the other
hand  w e have

exppw =lim exppyi =lim expp tiy =p,

im p ly ing  tha t th e  geodesic expptw ( 0 t 1 1 1 v 1 1 ) is  c lo se d . H e n c e  w e
obta in  a  closed geodesic emanating from p  w hose  leng th  is  a t m ost
/. It contradicts th e  assum ption . H ence  the re  is  a positive  number
ti  s u c h  th a t  (1 ) holds for a n y  to (0 < to t ! ). W e  ta k e  to (.- t i )  small
enough fo r  w hich (3 ) holds. B y L em m a 4.3, (2) a lso  h o ld s  for the
same t o .

Proof of Proposition 4 . 2 :  It is c lear tha t

Q(P) D  {V  E  7,( 4 ); 1114 =21m, m .

Suppose that there  is a  vector v e Q(p) such that Mviiçt 21N. By Lemma
4.3 w e m ay  assume th a t  111)11 <2/. For th is  y  w e  ta k e  the number t o

a s  in  Lemma 4.4 and w e put q =exppto v. Let Q  denote the set of all
curves in  M  joining p  and q. Let =dim M— the  rank  o f expp a t  v .
T h e n  i t  is  c le a r  th a t  th e index  o f the geodesic expp ty (13 . t o )  is
zero  and th a t  the indexes of the other geodesics in  0  a re  at least
).( > 0 ) . H e n c e  b y  the Morse theory w e have

it(Q )r={0} (0

where tri denotes the i-th homotopy group. (cf. [6 ] p. 95 Theorem 17.3.)
Therefore we have tr1(M)=7c 0 (0 )={ 0 } . It con trad ic ts  th e  assumption.

Proposition 4.1 follows immediately from Proposition 4.2.

Proof of Theorem C :  B y our assum ption (ii), any geodesic ema-
nating from  p  is periodic  w ith  a  com m on length, say 21. Hence we
have d(p, C(p)) . 1 .  L et q  b e  a  c u t  po in t o f p  s u c h  th a t  d(p, q)=
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d(p, C(p)). T h e n  b y  P roposition  3 .2  and  P roposition  2 .5 , w e  have
a  geodesic c: [0, 1]— ■M  such that c(0 )=c(1 )=p , c(1/2)=q a n d  L(c)

=2.d(p, q ) ,  w here  L(c) denotes t h e  leng th  o f  c. W e  c le a r ly  have
2/ L(c). Since  L(c)=2.d(p, it f o l lo w s  th a t  L(c) = 2/. T here -
fo re  w e  h a v e  d(p, q)=d(p, C(p))= l a n d  d(p, q')=d(p, e(p)) f o r  any
q' E C(p). A pply ing  P roposition  3 .2  and  P roposition  2 .5  again, w e
obtain N p --  2. A b o v e  l in e s  a ls o  p r o v e  th a t  c (p )=  { v  Tp (M); = l }

and f(v)= —v f o r  a n y  v e C(p). H ence th e  covering m ap defined in
t h e  p ro o f  o f  Theorem  B  is a  loca l d iffeom orph ism  and  M  is dif-
feomorphic to a  rea l projective space.

5. 2-dimensional manifolds.

T hroughou t th is  section, w e  assum e t h a t  M  i s  a 2-dimensional
com pact Riemannian m anifold  and tha t (M , p )  satisfies condition (C).

Lemma 5 .1 .  N p
- 4 (2 ) consists o f  a  f in ite  n u m b e r  o f  connected

components.

P r o o f :  Assume that ATT, ' (2) has a n  infinite number o f  connected
components 1./,, (A E A ) and take vectors y 2  e UA. Since C(p) i s  compact,
{v,„; A e A l  con ta in s  a  c o n v e rg e n t subsequence {vi }i , 1 ,2 . . . . . Let u =
f(v,), where f  is  the  map defined in  Theorem A .  H ere w e m ay assume
t h a t  {u,} 1 2  a l s o  a  c o n v e rg e n t sequence. L et lim  u i = u  and
lim vi = v .  T h e n , from  condition (C ), i t  f o l lo w s  th a t  u  v . S in c e  the
m ap t t  is continuous a n d  since the  sequences {v i }i= 1 ,2 ,... and
are convergent, there exist simple curves ci a n d  ( .1  in  .99 (p) (i =1, 2,...)
such that

(a) c1(0)= v i ,  c i(1)= v i +  , and c ( t ) (4 C(p) for 0 < t <1,

(b) c(0) =u 1, c ;(1 )=u i + ,  and c ( t ) i$ C(p) for 0  < t <1,

(c) lim  L(c,)=1im L(c,')=0.

W e define closed curves y,: [0, I ] -3.M a s  follows:

yi(t)=exp p ci(2t)

y,(t)=expp c,'(2 — 2t) ( 1 / 2  t 1).
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T hen  w e have lim L(h)=0, implying that V I i s  sim p le  fo r la rge  I  and
th a t  lim d(yi {e x p p y } )= 0 .  L e t  V  a n d  V ' be neighborhoods o f  y  a n d
u  respectively in T ( M )  such  that expp l V a n d  expp l V ' a re  diffeomorphi-
sms onto  a n  o p e n  se t U  o f  M .  Then there  is a n  integer K  such that
y ,  ( i>  K )  a re  s im p le  curves in U .  B y  Jo rd a n  curve theorem , w e
s e e  th a t  M -y 1 is  c o m p o se d  o f  two connected com ponents for large
i. W e denote th e  components by 0 , a n d  0 ,' and suppose th a t 0,' n p.
T h e n  b y  th e  definition o f  y ,  it  fo llo w s th a t O . co n ta in s  a  p o in t  g,
w hich  is in  th e  im a g e  o f  th e  boundary po in ts  o f U , i n  C (p ).  Hence
th e re  is  a  vector wi i n  C (p )-  V u V '  su c h  th a t expp wi =q i . T hen  the
geodesic expp twi (0 <  t< 1 ) m u s t  intersect yi . By Proposition 2.4, we
s e e  t h a t  expp twi (0 <  t< 1 ) a n d  yi n C (p ) h a v e  n o  com m on  points.
Therefore expp twi (0 <  t < l )  a n d  yi n (M -C (p ) )  m u s t  h a v e  a  common
p o in t .  T h e n  Proposition 2.4 im p lies tha t wiEVU V ', which is contra-
d ic to ry  to  th e  choice o f  wi .

rn
Lem m a 5.2. L e t N ; 1 (2 )= U  U 1, w here U , i s  th e  connected com-

ponent o f  N -
1
-, 1 (2). I f i.e ., NT, 1 (2 )0 C (p ), then f ( U 1) is also

a  connected component o f  N p
- 1 (2 ) and  f (U ,)0 U , f o r  a l l  i.

P r o o f:  Since t h e  m ap f  defined i n  Theorem  A  is a  homeomor-
phism, it is  c lea r tha t  f (U 1)  i s  a  connected component o f  Np

- 1 (2 )  for
each  i. Suppose tha t f (U 1) =U 1 f o r  som e i. F irst w e  no te  that there
i s  a  homeomorphism h : U1-■(0, 1). T h e n  t h e  m a p  œ_--hofoh - 1 : (0, 1)
->(0, 1) is  a  homeomorphism such that a2 = i d .  Hence a  is  the  identity
map or a m onotone decreasing m a p .  In either case, a must have a fixed
point, i.e., f  h as a  fixed point, which is contradictory to its definition.

i.e., by TheoremProof of T heorem  D : I f  N p
- 1 (2)=C(p),

B w e see that th e  fundamental group o f  M
w e  h a v e  only  to  prove T heorem  D  in  cas

N ' ( 2 ) =  U ,  a s  i n  Lemma 5.2. T h e n  w
i=

a n d  vectors y  a n d  u  such that:
( a )  u  a n d  y  b e lo n g  to  t h e  different

C(p)- (f (U) U U ; ),

h a v e  a  component U.,

connected components of

is  o f  order two. Therefore
e  th a t  N il (2)0 C (p ). Let
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(b) expp u =expp v.
( If  n o t, w e obta in  a n  infinite sequence {Li i k l, k= 1,2... o f  connected com-
ponen ts o f  NT,'(2) s u c h  th a t  LTi k * , a n d  f(L l i k , i ) a r e  conta ined  in
th e  sam e connected com ponent V k  O f  C(19 ) — (f(U i k ) U i ,,), w here  Vk

Vk_ 1. It i s  im possible by L em m a 5.1.) W e  c o n s id e r  t h e  diagram

Y (P ) - - , V(PY

l
e x p , le x p p

M

defined a s  follows:
(c) .9'(p)' is  th e  space obtained from Y (p ) by identifying U . with

f(U i )  through f,
(d) M' =MI(C(p) — expp (U ;)) 1 ),
(e) h  a n d  h  a re  natural projections,
(f) exp p (x)= hoexp p oh- '(z) f o r  z e b9 (p)'.

T h e n  it  is  c le a r  th a t  th e  d iag ram  is  com m uta tive  and  the  m aps are
continuous. L e t  c(t) b e  th e  closed curve i n  M  defined by

c(t)=exp p 2tu (0:5_t_1/2),

c(t)=exp p (2 —2t)v

W e fix  an  o rien ta tion  o f C (p ) a n d  w e  endow  U . (i =1, m ) with
th e  o r ie n ta tio n  a s  its subsets. I f  f I Ui  is orientation-preserving, M'
is homeomorphic t o  t h e  2-dimensional r e a l  projective sp a c e  P 2 (R)
a n d  h (c ) represents a  generator o f  its fu n d am en ta l g ro u p  w h ich  is
Z2. I f  fl U i  is  o rien ta tion-reversing , M '  is homeomorphic t o  the
space S' x S'/Si x {one p o in t}  a n d  h (c ) represents a  generator o f  its
fu n d a m e n ta l g ro u p  w h ic h  is  Z . H e n c e  c  is n o t  homotopic t o  a
constant map.

6. T hroughout th is section, M  w ill denote  a  3-dimensional compact
Riemannian m anifo ld . W e fix  a  p o in t  p  i n  M  a n d  le t  H  denote the

)  For the pair (X, Y ) o f topological spaces such that Yc X, X/Y denotes the quotient
space o f  X  b y  the equivalence relation —  that if and  on ly  i f  a = b  o r a,
e Y.
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identity com ponent of H .  F irs t  w e  s tu d y  th e  c a s e  that dim  H =1.
L e t  p : H -0 (T p (M ) )  b e  t h e  linear isotropy representation. Then p(H)
=S 0 (2 )c0 (3 )=0 (T p (M )),  i.e., w i t h  respect t o  a  suitable orthonormal
basis (v 1 , v2 , v 3 )  of T (M ),  p (H ) can be expressed as :

P(1-1) = { 0-(y); Y ER} ,

where

cosy sin y 0

a(Y) = — sin y cos y 0

0 0 1

W e introduce a  system o f po la r coordinates

to: R 2 x [0, it] — T (M )

a s  follows :

9(r, y, a) = r sin a cos y v, + r sin a sin y v 2 + r cos a v 3 .

Then it is c lear that

h.expp otp(r, y, a) =exp p op(h)otp(r, y, a) =exp p ocp(r, y + y', ce),

where //EH and  p(h)=o -(y').

Lemma 6 .1 .  O n  th e  assum ptions and  no tations abov e, w e have

{v e C(p); exp p v =expp ki(v3 )v3 } ={1t(v 3 )v3 , — v3 )v3 ).

i f  (M , p ) satisf ies condition (C).

P ro o f: Suppose th a t  th e r e  is  a  vector v e C(p)—Rv 3  s u c h  th a t
expp v = expp u(v3 )v3 . Then w e have

expp p(H)v = H.expp v = H.expp p(v3 )v3 = expp p(v3 )v3 .

T h is  im p lie s  th a t v  is  con ta ined  in  t h e  conjugate locus Q (P ) o f  1),
w hich is contradictory to condition  (C ). Therefore we have
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{v e C(p); exp p v=exp p y(v3 )v3 } c {p(v3 )v3 , v3)v3) .

O n  th e  other hand , w e have

2  N p (p(v 3 )v3 ) =#1{v e C(p); exp p v =exp p ii(v 3 )v 3 }

b y  Proposition 3.2. H ence w e have the  lemma.
B y  L e m m a  6 .1 ,  w e  s e e  th a t  N p (p(v 3 )v3 )= N p ( —p(— v3 )v3 )  = 2  if

(M , p ) satisfies condition (C).
L e t N p

- '(2)= U i , w h ere  U ,  (i E 1 ) a r e  t h e  connected compo-
ie l

nents o f  V (2 ) .

Lemma 6 .2 .  O n  t h e  assum ptions an d  n o tatio n s  abov e , w e  have
# (0 < co  i f  (M , p ) satisf ies condition (C).

P roo f: Suppose that ( I ) =  c c .  F o r  e a c h  l e i  w e  ta k e  a  vector
vi i n  U .  S i n c e  C (p ) i s  com pact, th e re  is  a convergen t  2  subsequence
{v} 12  { v i ; e  I}. W e  m a y  assum e tha t { f(v

i

 i s  a l s o
a  convergen t sequence, where f  is t h e  m ap  de fined  i n  Theorem A.
Let lim v i  v  a n d  lim f (v i ) = v ' .  By condition (C) we have v v'. Since
N p  is upper sem i-continuous a n d  la rger than  1 , w e  have N p (v)=N p (e )

3 ,  im plying that v , v ' 12v 3 . T h e re fo re  th e re  a re  o p e n  se ts  U  and
U ' in  R 2 x [0, n ]  a n d  neighborhoods U (v ) a n  1  U (v ') o f  v  a n d  y '
respectively in T ( M )  such that:

(a) ill = 9 IU  is  a diffeom orphism  of U  o n to  U(v),
(b) (//' --yolU' is  a diffeomorphism o f  U ' o n to  U(v'),
(c )  ex p p l U (v ) and exp p l U (e )  are diffeomorphisms o n to  an  open

se t  V of M .
Let

F = .(exppl u(v)) -  ( exppl u(v))00 : U',

F(r, y, Œ) =(r', y ', a'),

and let

-  qw) =(r(w), y(w), Œ(w))f o r  w  e  U(v),

'(w)=(r'(w), y'(w), a'(w)) fo r  w  E U(//).
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Since p(H)-U i =U i f o r  a n y  ie  I ,  w e  c a n  assume that v i  e U(v), y(v; ) =
y(v) and ot(vi )< cc(v i  + 1 ). Since r(v)= r'((expp l U(v)) - 1 0(expp l U(v ))(v )) and
since  a r7 a r  1 a t  t f r - 1 ( v )  b y  the variation th e o ry , w e  s e e  th a t  the
equation

r— r' =0

can  b e  so lv ed  fo r  r  a s  a  function o f  y  a n d  a  a ro u n d  t/J- 1 (v). Let
r(y, a )  denote the solution and let

K  ={ (r, y, a) e U ; r=r(y , a)} .

H ere  w e  can  assume t h a t  U— K  is com posed o f two connected com-
ponents w hich w e denote by 1/ 1 a n d  V 2 .  L et 17 1' =F(1/1)  ( i=l ,  2 )  and
K ' =F(K ) . B y the definition of Y '(p), we have :

r pt(111(r, y, 1))<r(y , cc) i f  (r, y, a) e U  a n d  tfr(r, y, ot)EY (p).

T here fo re  w e  m ay  assume th a t (4 V 1 u K )D .r(p)n  u (v ) an d  0'( V2 ' U
K ') ..?(p) n u(v'). Since exp p vi  =exp pf(v i ) w h e r e  v i  e Y (p)n u (v )  and

e9'(p) n U(v'), i t  is  c le a r  th a t  Vi E O(K ) and f(v i ) e t//(K'). Hence
there  are positive num bers ro  a n d  yo  f o r  w h ic h  w e  c a n  d e f in e  a
family o f (continuous) embeddings

( —ro , ro )x (— y o , yo ) x (0, 1) (j = I , 2,...)

as  follows :
(d) R i (x , y, z)=(1— x) . r(y(v)+ y, z.a(v i )+(1—  z)'00; +1»

f o r  (x , y, z) E [0, ro )x (— y o , yo ) x (0, 1),
(e) 4); (x , y, z )=(R ; (x , y, z), y(v)+ y, z . 1(vi)+(1—z)*001+1))

f o r  (x , y, z )e [0, r o )x (— y o , y o ) x (0, 1),
(f) (R j (y, z), F j (y, z), A i (y , z ))=F(0 ( O, y, z))

f o r  (y, z)e(— y o , yo ) x (0, 1),
(g) Ei (x, y, z)=exp p otkoOi (x, y, z)

f o r  (x , y, z) e [0, ro )x (— y o , yo ) x (0, 1),
( h )  Ei (x , y, z )=exp p 00'01 + x).R i (y , z ), F i (y, z), A i (y, z))

f o r  (x , y, z)e (— ro , 0] x ( — y0 , yo ) x (0, 1).
L et 0 < y 1 < V o  a n d  le t  {rk}k , 1 ,2 ,.., b e  a  sequence of positive numbers
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such that r o  > r, > r 2 >  ... and lim rk = O. S ince the map p  is continuous,

there is a  subsequence {vh ,},„,, 2 ,... o f  {vi }; = ._1,2 ,... such that

Ej k ( — rk  x [ — VI , y ]  x  (0, M c exPp(G99(P) -  C(P)) n u(v))

Ej k (rk x [- y  I , V i ]  x (0, 1)) c exp p((Y (p )-  C(p))n U(v)) .

Let Di'  = E j k ( ( -  rk , rk )x  y  x (0, I ) )  and let Rk= E ik ((-- rk , rk ) x ( - y , ,  y ,) x
(0, 1)). Then the boundary o f Rk is contained in expp((,,V(p)- C(p)) u
Np

-- '(2)) U U  Since we assumed that vi , and vi „  ,  belong

to  the different connected components U i k  and U 1 1 o f  N p- ' (2) res-
pectively, we have a vector wk e U(v) n C(p) which is a  boundary point

o f  Ui k  a n d  which is such that a(v i ,)<ci(w k ) <a(n i k 4 . 1 )  and y(wk)=y(v).
This means that ch =exp p wk D ;r? is an inner point of Rk . Since Np(wk)

3 ,  we have a vector wk '  in  C (p)-U (v )u  U (v ) such that exPpwk' =qk.
Let gk ' b e  the first point on the geodesic expp twk ' ( 0  t <  1) which
is in  th e  boundary o f  Rk . Then Proposition 2 .4  implies that gk ' e
DC1 u D .  L e t  P(y)=exPp(a(Y)v). Since lirn d (D )=0  , a n d  since
lim d(IN, P(y)) =0, we obtain

=d(p, P(0))=1im d(p, D)=1im d(p, q k )

=lim d(p, g k ') +1im d(g k ', g k )

U 9+lim d(DC1 U D i', Dp)

=AP, {N - Y1), NY1)))+C N - Y1) ,  P())1)} , P( 0 ))

=1111 +A{N - Y1), NY1)}, NOD> 411.
It is a contradiction.

Proof of Theorem E :  Let H  b e  the identity component o f  H p

and p: H-■SO(Tp (M ))  be the linear isotropy representation as above.
Since SO(3, R )  does not have 2-dimensional subgroups, dim p(H) =1
o r  3. In  case that dim p (H )=3 , we have p(H)=S O(Tp (M )), implying
that N p  i s  constant. By Theorem A ,  we see that N p  a,  2. Hence the
theorem follows from theorem B . Therefore we suppose that dim p(H)=
I. A s  in  th e  beginning o f  th is section, p (H ) can be expressed as:
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p(H )={a (y ); y e R I  w i th  respect t o  a  suitable orthonorm al basis (v 1 ,
v2 , v3 )  of T ( M ) .  F o r  each vector y e C (p ) w e define a (v ) by

g(v, v 3 ) =11v11.cos a ( v )  a n d  0  a(v)_

w here  g  is t h e  R iem annian m etric o n  M .  By Lem m a 6.2, we see
tha t N o

- 1 (2) is com posed o f  a  finite num ber o f  connected components
w hich w e denote  by U i ( i = l, m ) .  T h e re  is  a  sequence 0 =a 0 <
a i < a 2 <••• <a m  = n  such that:

U , ={v e C(P); 1 0  _.a(v)<ati}

Ui ={v e C(p); E 1 _ 1 <a(v)<a i l (0 < i <m)

U„,={v e C(p) ; Em  _ i < oc(v). a„,} .

T h is  is  c le a r  f ro m  th e  fa c t  th a t  p (H )-U , = U  a n d  a(v)=a (p (H )v) and
from  L em m a 6 .1 . If m = l ,  w e  s e e  t h a t  C(p)=  (2), which implies
th a t M  is  n o t s im p ly  c o n n e c te d  a s  i n  t h e  f irs t p a r t  o f  this proof.
H ence  w e suppose tha t m >  I. L e t  p(H)\C(p)-4 [0, i t ]  b e  th e  map
defined by 5i(p(H )v)=a(v). Then it is clear that di is a homeomorphism.
W e  have folt =hof  f o r  a n y  h e p (H ), where f  i s  t h e  m ap defined in
Theorem A .  Hence th e  map

4° 3 - 1 : Ego, crel)u (al, 1 2 ) ' • 'e x . -  am] - + [ao, ai) u
-

u (am -  E.]

is w ell defined and  a  hom eom orphism . To sim plify  the  no ta tion , we

write (a o , a l )  and (E m _ i , am ) f o r  [a 0 , a s) a n d  ( am _,, a m ] respectively.
W e distinguish three cases.

( 1 )  T h e  c a s e  w here f ( i l i ) = U ,  f o r  so m e  i. By Lemma 6.1, we
s e e  th a t  i 1, m .  H e n c e  it  im p lie s  th a t t h e  m ap exp o : U 1-4exp o (U i)

is  a  covering o f  o rd e r  tw o . Let c(t) t...7r) b e  a  curve in  C (p ) such
t h a t  a (c ( t ) )= t .  B y L em m a 6 .1 , w e  see  tha t -e(t) =exp p c ( t )  ( o  t

is  a  closed curve in  C (p ) .  First suppose th a t  t h e  m ap  6i.f.di- 1 :  (a l _ 1 ,

ai )—>(ai _ a , )  i s  m ono tone  increasing. S i n c e  (64,6-t - 1)2 = id , 6 „ f 0 6,-,-

m u st b e  t h e  identity  m a p .  It im p l ie s  th a t  t h e  sp a c e  e(p)I(e(p)—

expp (U i ) )  is  hom eom orph ic  to  t h e  space SI x s  i
s i  x  {one  po in t). It
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is  c le a r  th a t th e  im a g e  o f  th e  cu rve  e  in 0(p)1(C(p)—exp p ( U ,)) rep-
resents a  generator o f  its  fu n d a m e n ta l g ro u p  w h ic h  is  Z . H e n c e
ni (M)= TC i ( C ( p ) )  {0}. N o w  suppose  t h a t  t h e  m a p  61(fodi- ': (a i _ 1 ,

ai ) is m onotone decreasing. T h e n  i t  i s  c l e a r  t h a t  0(p)1
(0(p)— expp (U i ) )  i s  homeomorphic t o  P 2 (R )  a n d  th e  im a g e  o f  th e
cu rv e  e  i n  e(p)1(C(p)—exp p ( U ) )  represents a  genera tor o f  its f u n -
d a m e n ta l g ro u p  w h ic h  is  Z 2 .  H ence It 1 (M )=n 1 (e(p))0 {0}.

(2) T h e  c a s e  where f ( U 1) =U 1 + 1  a n d  expp
- 1 (expp (U1 n U1 + 1 )) n

C(p)=U i n Ui + 1  f o r  som e i. I t  is  c le a r  th a t  th e  m a p  eitcfoer : (a i _,,
oti , i )  is  monotone decreasing. L e t y  b e  a  vector i n  /7 n /7_ _ 1+ 1 .

L e t  yo =inf {y ; expp a(y)y =expp y}. B y  condition  (C ) ,  w e  s e e  th a t
y>

Yo >0. Since p(H ) ac ts  o n  ET n_ 1 _ U 1 1 a s  a  r o t a t io n ,  f o r  a n y  w e
w e  s e e  th a t  expp a(y)w =expp w  i f  a n d  o n ly  i f  y e yo Z. Hence

2nly0  i s  a n  integer w hich w e denote by n . A n d  th e  m a p  expp :  Ui n
—>expp (Ui n Ui + 1 ) is a  covering o f  o rd e r  n. B y  t h e  choice  of

i, w e  h a v e  n  3. L e t  e(t) ( 0  t 1) b e  th e  curve  defined  by  e(t)=
expp a(tyo )y. H e r e  i t  i s  c l e a r  t h a t  t h e  s p a c e  e(p)/expp (

i s  homeomorphic t o  th e  space V 2 u 4S ',  w here V2 = {x e R 2 ; 114
a y  2 = s i s i

by identifying 8V 2 w i t h  S  through M oreover the  im age of the
curve  e  i n  V2 U 4S 1 re p re se n ts  a  generator o f  its fundamental group
w h ic h  is  Z . H e n c e  7I ( M )  =  r ,( C(p)) 0 {0} .

(3) T h e  o th e r  c a s e . W e  co n sid e r t h e  orbit spaces p(H)\.9'(p)
a n d  H\M and the com m utative diagram

p(H)\Y(p)
I e x P p

M H\M

defined a s  follows :
(a) TC and i t  a r e  th e  natural projections,
(b) expp (p(H)v) = H.expp y.

Since p (H )\ N (2 ) is com posed o f  a  finite num ber o f  connected com-
ponents p(H)\U 1 ( i =1, m), w e h a v e  a  component U. a n d  vectors

i s  a  covering m ap o f  o rde r n  a n d  V2 u is given
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u  a n d  y  in  C (p )  such that

(c) p (H )u  and  p (H )v  b e lon g  to  the  different connected components

o f  p(H)\C(p)— p(H)\U U p(H)\f (U 3),

(d) expp u =exp p y.
L et c (t)  (0 1 )  b e  th e  curve defined by

c(t)=exp p 2tu ( 0  t 1/2) ,

c(t)=exp p (2 — 20y ( 1 / 2  t l) .

T h e n  w e  c a n  p ro v e  th a t  Tc(c) i s  n o t  hom otopic t o  a  constan t m ap,
applying th e  m ethod  in  th e  p ro o f  o f  Theorem D  t o  th e  diagram

p(H)\,9' ( p) ---4(p(H)\..9 9 ( p ) ) '

lexPP
x pp

H \ M I-- -J— (H \ M )1 (H \ e(p )—  H \ ex p (U ;))

defined a s  follows :
(e) (p(H)\ 9 ( p ) ) '  is  the  space obtained from  p(10\0 9 ( p )  by identify-

in g  p (H )w  w ith  p (H ) f (w )  for w e U
(f) k  a n d  k  a re  th e  natural projections,

(g) exp p x = koexp p ok —  ( x )  for x E (p(H )\Y(p))'

Hence the  curve c  in  M  is  n o t  homotopic t o  a constant m ap, implying

th a t  M  is not sim ply connected.
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