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§ 1 .  Introduction

I n  th is  paper, w e  w ill study  som e behav iors near th e  o rig in  of
th e  derivatives o f  potential densities o f  some typical one-dimensional
Lévy processes.

I n  t h e  s tu d y  o f  one-dimensional Lévy processes, their potential
densities play an im portant role. F o r example, there is a close relation
between th e  hitting probability  fo r  a  s in g le  p o in t  a n d  properties of
poten tia l densities: roughly , w e can  say  that th e  positivity o f  hitting
probability for a single point is equivalent to the existence of a bounded
potential density a n d  th e  regularity o f  a  s in g le  p o in t is equivalent to
th e  e x is t e n c e  o f  a  bounded continuous density . T hese  fac ts w ere
w ell know n a n d  u se d  i n  t h e  study  o f  s ta b le  processes (cf. Kac [3])
a n d  h a v e  been established for general one-dimensional Lévy processes
b y  K e s te n  [4 ]  a n d  B re ta g n o lle  [ I ] . W e  n o te  th a t  P ort and  S tone
[ 6 ]  proved independently th e  e x is te n c e  o f  continuous densities (and
hence, the regularity of a sinlge point) for asymmetric Cauchy processes.

E ven in  th e  c a s e  w hen  a  continuous potential density exists, its
derivative behaves quite differently and  it is  our purpose  o f  th e  present
paper to  s tudy  th e  behavior o f  derivatives near th e  origin fo r  several
one-dimensional Lévy processes. T h e  behavior o f  derivatives reflects
som e a sp e c ts  o f  th e  h itting  o f  sa m p le  p a th s  to  a  given p o in t  a s  is
explained in  Ik ed a  an d  Watanabe [2].
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T he  author dedicates his thanks to Prof. S. W atanabe fo r  valuable
suggestions and to  P ro f. N . K ôno  w ho  com m unica ted  to  t h e  author
the existence of the paper [5].

§ 2 .  Results

Let 1.X„ P 1- x ,t 0 ,x e R  b e  a  one-dimensional Lévy process with ex-
ponent (//():

Eo(ei 0 '0 = eto ( ) ,

where

(2.1) 1/1(0  =  — ia — (1 12)cr2 + 1  (es 4 Y —1 — iy1(1 + y 2 ))n(dy).

Its  p -potential U ,, (p> 0) is defined a s  follows:

(2.2) U p f(x)= E x [1: e - Pt f(X,)dtl= R U p (dy)f (x + y) ,

where th e  measure U p (d y) is defined by

(2.3) Up(B)-= Ec, [  0 e - P'IB (X,)dtl.

I f  Up (dx) has th e  density up (x ), it is  ca lled  th e  potential density.

Theorem 1 .  L e t  X ,  b e  a  process w ith  ex ponent g iv en  by  (2.1),
w here o- 2  > 0  a n d  t h e  Lévy m easure n(dy) h a s  a com pact support.
T h e n , th e  po ten tial denisty p ( x )  ex is ts  w h ich  is  co n tin u o u s i n  R

an d  continuously  dif f erentiable i n  R — { 0 } . Further, u p' (0 + ) =1im up (x)
o

an d  up' (04 =lim u'p (x ) ex ist w ith f inite values and
x to

(2.4) u,(04 —  u,(0) = 2/ 0 2 .

T h e  following theorem was proved i n  [ 2 ] .  W e  q u o te  it  h e re  for

reference.

Theorem 2 .  L e t X , b e  a  process w ith ex ponent 11/ given by
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(2.5) 0(0= — C,11 1 1(1 —i/31 tan (rcoc,12)• sgn ())

— C211" 2 0 — 02 tan (nct2 /2)• sgn ()) ,

w here cc, >1, cc 1 >oc2 >0, oc, k  1  a n d  —1<fi i < 1 , ( i= 1 ,  2 ) .  i.e. X  is

a n  independent sum  o f  s tab le  processes w ith  in d e x  a, >  1  a n d  OE2.
T h e n , th e  continuous density  u p ( x )  ex ists w hich is continuously  dif-

ferentiable in  R —  {0} and

r(2 sin(nal/2)(sgn(x)+,61)1x1œ1 2(2.6) U;AX) 7c(1 +11?)C,

+ (a , sgn(x)+b 1)1x1 2 2 1 - 2 2 - 2

+ (a 2 sgn (x)+b 2 )1x1 3 2 1 - 2 G(2 _2  + .......

+ (a, sgn (x)+ bn )lx  12 1 - 2 + " ( a 1 — Œ 2 )  + V p (x),

w here h 1 =fi 1tan(ncc 1/2 )  a n d  V p ( x )  i s  a  bounded continuous function.
n  i s  the  greatest integer such that a, —  2 + n(a, — a2 )<0.

Theorem 3 .  L e t  X , b e  a  asy m m etric C auchy  process w ith ex po-

nent i  g iv en  by

(2.7) 0(0= — C.11(1 + i-sgn (Oh • log10,

where C>0, h =2131n a n d  —1 - f3 1 (13k0). If  f l =  —1, X , is  a o n e -
sided Cauchy  process w ith positiv e jum ps an d  if  # = + 1 , X  i s  a  one-
sided Cauchy  process w ith negativ e jum ps. T hen a  continuous density
up ( x )  ex ists w hich is continuously  d if f erentiable  i n  R— {0}  an d  as

— rc1  + 0  1  
1   \ 2(2.8) u (x )= 0 2 c  (sgn (x)+ 13) (

x I  log
ix1) (I x I o g  1 x

i
ly)

Theorem 4 .  L e t X , b e  a  process w ith ex ponent t1/ given by

(2.9) 0(0 = — Ci + ih i  sgn log — C2112 (1 - i-  ih2 sgn (0),

w h e re  h  =2fl1hr, h2 =fl2 tan (rcoc/2), — 1 1 (i = 1, 2), f l ,  k ip ,  and



374 Toshio Takada

0 < a < 1  o r  1 < a < 2 .  i.e . X , is  a n  independent sum  o f  an  asymmetric
C auchy  process a n d  a  s t a b le  p rocess  w ith  in d e x  ( x I. T h e n , th e
continuous density  u p ( x )  ex ists w hich is continuously  dif f erentiable
in  R — {0} such  that a s  lx110,

—n1(2.10) 14;'(x) 413;C1
(s gn  ( x )  + I 3 i)

and

+ 0  
x I(log  1   ) 3

( 1 ,/xl

(0<Œ<l)

Tra — F(2 —a) sin 2  (2.11) u;,(x)— n(1 +h)C2 (sgn (x) — fi2) xi" - 2  +R(x),

where
0(lx1 2 a- 3 1og(1/1x1)) (1 <a <3/2)

R (x )=  0((log1/IxD 2 ) (a =3/2)

a  bounded continuous function (3/2<a <2).

§ 3 . Proof o f  theorem 1

3.1. The following two lemmas are well known o r easily proved
and their proofs are omitted.

Lemma 3.1. I f  Lévy m easure n(dy) h as  a c o m p ac t support (i.e.
3 M > 0, supp [n(dy)] OE[— M , M]), then

114 (1 — cos 0,)n(d y) a n d
. - 1 4 ( s i n

. ) / / ( 1 + y 2 ) ) n ( d y )

are  analy tic functions of Particu larly , they  a re  bounded variation
f o r real in  all bounded interv als.

I x  (log  1,
1
0 

+.0 +.0
Lemma 3.2. (1 — cos y)n(dy) a n d  1  (sin y/(1+ y2 ))n(d y)
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are O( 2 )  as giT oo• These estimates are va lid  w ithout the assumption

that n(dy) has a  cornpact support.

From  the hypothesis o f theorem 1, up(x) can be w ritten as follows.

[ +.
(3.1) up(x)= e- Pt  e-i4xeto(4)d dt

27r

5

1 
2 7 r  - o e

le - i 4 x 1(P —  0())}(g

1 +cc
= 2 1 r  c o lpo c o s  x + g ()  s in  x l/ (f 2 ( ) +g 2 ( ))cg,

where f  =P+a 2  2 12 .+L (  t — cos and&y)n(dy) g() = et + 1 (sin &y —
-m

J'1(1 + Y2 ))n(dY).
3.2. Continu ity  o f  up(x) i n  R .  This is  e a s ily  se e n  in  view  of

(3.1) and lemma 3.2 and the bounded convergence theorem.
3.3. Continuous differentiabliity o f  up(x )  i n  R— {0}. W e can

prove  th is  by  using  the classical theorem of the change of orders of

differentiation and in tegra tion . A ccord ing  to  the th e o re m , w e  have

o n ly  to  check th a t  the following condition is satisfied :
For every E> 0  a n d  > 0, the re  ex ists  N = N   (v, 6) > 0  such that

for a ll  N' and Ix1 6 ,

(3.2) g s in  .x .f(0 +  c o s  x•g(0} /(f 2 (0+ q 2 (0 ) d l < E .
N 'a i4 k N

S in c e  g()1(f 2 (0+g 2 ( ) )  i s  a  function o f  bounded variation of by
lemma 3.1, w e  have the fo llow ing estim ate  by virtue of the second

mean-value theorem:
For som e P  such that

15N'  , g ( )  cos  <
N  f 2(

)
 g 2 (

)
."D

N g ( N )  
f 2 (N)+g 2 (N)

( P
) N

 cos

g(N') (iv
) 1 , cos  .xcg

f 2 (N')+ g 2 (N')

5pN'
c o s  ..,c (g  are a t m o st 2/6 i f  I xi andS in c e  IS  cos .xcg
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Ng(N)1(f 2 (N)-1- g 2(N)) , N ,
 g (N , )1(f2(N , ) +  g 2 (N )), , ,u  a s  N, N '-+ by

lemma 3.2, (3.2) i s  p r o v e d  fo r  cosine  te rm  a n d  w e can prove sim ilarly
for sine  term . T h u s ,  u ( x )  is continuously differentiable i n  x a  R — {0}
a n d  w e  a re  allowed t o  w r i t e  a s  follows.

( 3 . 3 ) u ,p ( x )  _ ( ( 0  sin `..x + (0 cos (x  O ).f 2 ( )  g 2 ()

3.4. Behavior o f  u ( x )  a s  141,0. F o r  sim p l ic i ty ,  w e  rewrite

u ( x )  a s  follows.u ( x ) = I 1 (x)+ /2(x), w h e r e  I 1(x) — —  1   r27T
sinl ( f  2 ( ) + g 2 ( ) )d , 1 2 (x )=  2

1
7 g ( )  c o s I ( 2+  g 2 ( ) )d .

Considering o d d n e ss  a n d  evenness o f  s in  x  a n d  cos x respectively,
we consider th e  c a s e  x > O. A s  f o r  11(x ),  w e  h a v e  b y  th e  change  of
variable such  a s  r

5+00
(3.4) 1 1(x) = —

27T

u2n2
sin ti i Px 2. +  y 

Ipx2-1- 6 2 1 1 2 +x2y f  (i—cos 11--y)n(d _Or

-4- x 2( 1  —  cos —

x
y)n( d y) dri

+ x 2( s i n  "  )n.(dy) 2

X X ( 1  F y2 ).

L e t  W(x, 1 1 ) be th e  integrand o f  (3.4).

W(x, r1)I
ri sin ri rl ' 11 

0-2,72

2

2
a

2  •
6 4,2

Px 2  +
2  

+x 2 1 (1— cos ri y )7(dy )
- m

Therefore, W (x, ri) is  in te g ra b le  in o n  each  bo u n ded  in te rv a l (— N,
N) uniform ly  in  x .  M ean w hile , by  t h e  second m ean-value theorem ,
we se e  t h a t  for  e v e r y  e > 0 th e re  ex is ts  N = N (6)> 0 s u c h  th a t  f o r  all

N' > N,

1 5 W (x ,  d— i/
2IT/ s / 1 1 1 1 s N '

uniform ly in x 1.
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Thus,
+ sin n 

0 .2 172  "q
2

N ow  le t  u s  proceed to  1 2 (x). W e  s e p a ra te  I 2 (x) in to  tw o term s

an d  d e n o te  th e m  b y  2
1 a n d  

2

1

i r  J
2
( X )  erspectively :

+ .  cos -
1
 ) u ( d y ) }

(3 .5 )  I2 (x )=2 5 - m + y2 cg
n  - f 2 ( )  g 2 ,

5 + 0 , cos (s in  j, — y )n(dy ))
- m  

2n p g2

— 
2

1 
7c (x) +  2

1
7r 

J2 (X )

Since th e  integrand of J 1 ( x )  is dom inated by integrable function, we
have only to  consider J 2 (x).

-F. I I sin ),In(dy )
(3.6) (x) cgo.4v

4

Let us consider y >0  part and change variable by j --&), in  the right
side of (3.6). Then,

CM  2 (  ( + œ ) n I s i n  — n I Y
0  u

dn)11(d y) < + oo
— co (74 q4 

4

As for y > 0 part, the sam e is tru e . Therefore,

12 (x) 21[7r + :  f  2 ( ! )g+(  g
)  2 ( c k (x10) .

Hence, liM tep (X) — 
a

1
2  sgn (x)+ A a s  I x I 10,

IxiLO

where I g( )  d .
A  2 7 r  - cc, .f 2+  g  2  ( )
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§ 4 .  Proof o f theorem 3

4.1. Pre lim in ary . W e provide here some simple results for the
proof o f theorem 3.

Lemma 4 . 1 .  F o r an  arb itrary  positiv e  in teger N  and  k

I 1  (log -I r k -  { I +0  (log T
i
c ) - 1 }

"

2
= N n (lo g  —x + lo g  n

)k k  — 1  \  x  /

a s  x 0  .

P ro o f. N ote the following:

dt 1 
k

t (log t + log —
x

n= n (log n+ log —
I k

x

oo

=
1 N - 1

dk 

t (log t + log

(4.1)
ÇŒ

(4.2)

 

dt 1
1(

k— 1
log t + log  1  )k — ) N   t log t + log

X  )

Lemma 4 .2 .  L e t  n  b e  a  suf f iciently  la rg e  in teger an d  z  E [0, 1].
Then,

(4.3) lo g  (2n+ 1+ z 2n + 1 — 1 - 2 z  
2n+ z  2n +2—  z  (2n+ z )(2n+ 1 —  z )

+ 0 ( 1 1 n 3 )

as cfp ,

(4.4) lo g (z  + 2n+ I ) 1/2n — —(2z+1) 
2 (z  +  2 n )2  

+0(1/n3)
z  +2n

as cc.

Lemma 4.3. L et z  e (0, 1/2]. Then,

ITT z +2n+ 1 2n+ 1— zi _1 + cos nz(4.5) MIA  1 z +2n 2n + 2— zf sin n z  •
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P ro o f. Since th e  above infin ite  product is absolutely  convergent,
w e can change the order of multiplication to get

lz+2n+1 2n+l—zt _ (1  + z ) 2 (i —z ) 2

n=0 z + 2n 2n+ 2— z1 z(1—z)(2—z)(2+z)

(3+z)2(3—z)2 (5+z)2(5 - - Z) 2

(3 + z)(3— z)(4+ z)(4— z) (5 + z)(5 — z)(6+ z)(6— z)

/  c o  (

z (2n— 1)2 n  -   z2_ 1]. to ,  
2n2+n l 2n2—n 1 

I Lin @
z 2 \ 1 2  

H=1 1 2 2  I

1 + cos irz
sin irz

Lemma 4.4.

(4.6)
1 / 2

c o s  i r z  lo g  

( 1 + c o s  i r z )
d z =  1 / 2Jo .sin irz

4.2. Continuity of u p(x )  i n  R .  I n  th is  case up(x ) can be written
a s  follows.

1 1( p + cos (4.7)
u p ( x ) = 2

e  L 4  ,cg—
) it 10 (p + c ) 2 +V .(a+chlog

I  1OE) ( a + ch l o g ) s i n x d  
it 0  ( p + c ) 2 + 0 (a + ch  log ) 2

The first term o f (4.7) is obviously continuous in  x e R  by th e  bounded
convergence th eo rem . For the second term , we extract a  non-absolutely
integrable p a r t  a n d  consider th e  following:

(4.8) (a+ ch log ) sin _  sin
(P+  c) 2 + 0(a+ ch  log ) 2 c l g  log

(a+ch log 1 t+  sin i

(p + c) 2 +  2 (a + ch log ) 2  c k  log •

1 ")Non-absolutely integrable part (  s i n
i t  ) 0  c N  l o g  

cg is a  continuous function

of x O  b y  u s in g  th e  sam e m ethod a s  in  3.3 (the second mean-value
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theorem ). M oreover, it is seen  that

b y  the change of variable ?I =.x.

1 Ç  
it ) 0 clg log a s  141.0

4.3. Continuous
proof is th e  same as
x 0,

dif ferentiability  o f  up (x), w h e n  x * 0. The
th a t o f  3.3 and u ( x )  is w ritten a s  follows, when

(4.9) 141 (X) —
1  Ç p + c .0  sin 
it( P - F c ) 2 +

 2 (a+ch log ) 2

2 (a+ ch 1og)cos x d  
it J O  (P +  C ) 2  “ 2 (a +  C h 1 0 g  ) 2  •

W e denote the  first and the second term  o f  (4.9) by K 1 (x)
respectively.

a n d  K2(x),

4 .4 . B ehav ior o f  u;,(x)
a n d  K 2 (x) in  4.4.2.
4 .4 .1 . W e write  K 1 ( x )  as
tegrable part.

a s  lx14,0. W e investigate K i (x )  i n  4.4.1

follow s, by extracting non-absolutely in-

(4.10) K i (x) =
1 (.0 s i n c/ 

i°  +  a
:  )+ 2ah log ch 2  log 2

+ -a:  )+ 2ah lo g  + ch 2  log 2

( P +

(p+ c ) 2 + V(a+ ch lo g  )
2 1 c g

The second term  o f  (4.10) is  a  bounded continuous function
Therefore, we have only to investigate th e  first term:

1 (4.11) 11(x)= ita 2
sin .

"(c + e  )+2 ah  lo g  + ch 2  log 2

o f  x E R.

1

By oddness o f  K 1(x) and 1 1(x), we consider the  case  x > O. In  (4.11),
w e divide th e  dom ain o f  integration into a  half period  o f  s in  x  and
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change variable b y  x=2nir.x+nz in  th e  intervals where s i n x  i s
positive and by =(2n + 1)ir+ irz in  t h e  in te rva ls w here  siii4 x  is
negative. Then,

(4.12) / 1 (x)= — —1r  (  z )  sin T C Z  d Z i ,  where
x  n .c illo \  z +2n l

i  r f l io g (z + 2 n + l-n ,z ,

c h 2  
{ 10,, (2n+ z

X5.
i t )

P„(z, x)— a 2
iri ( c  + c  ) +  2 a h  l o g  

(2 n : Z7 ) +  ch
.6

2 i 0 _2 (2n + z ir )
X J)

± l o g  (2n +.: + l it )}

a2  
+ )d- 2ah log 

( 2 n  +  z  +  1
 7r)+ c h2  log 

2
(

2 n  +  z  +  1
ir)}

W e claim  that, fo r an  arbitrary natural num ber N,

1 (4.13) [1 P „ (z , x ) 1 s i n  nz dzi
X  n = N  o 2n

— it 
+ 0

(  1  )
1  Vx(log4132 cx(log - . v -1 ) 2

X  )

and

(4.14) 1 (çl P„(z, x) 
 2

1

n  
sin nz dz)}

X  n = N  \ JO

— 0( 1\ , a s  x10.
x(log ÷ c ) 3

/

From  (4.13) and (4.14),

— it
(X )  = 2 g I , + 0 / I '(4.15) 1 4fl c s n (x) ix1(1og  ix' i )

2

Ixl

a s  I x14.0.

W e now  prove (4.13).
W e  p u t  Q„(x)=(log n+ log 1/x) (n =1, 2 , . . . )  an d  rew rite  P„(z, x) as
follows.

•
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(4.16) ( x)P„(z, x)— + P„(z , 2  
ch 2 Q (x ) ch303(x))

T h e  order o f  th e  seco n d  te rm  o f  (4.16) i s  a t  m o s t  1/42,74(x )  a s  x4,0,
co. Hence, using lemma 4.1,

1— 2 {1   s i n  iTZ dz}
X  n = N  0 2n

1 co 2 1  sin irz dz
X „=N io  c h 2 Q „(x ) 2n

2 — ni
N 0

{5 [P „( z, x)— 
c h 2 ( x )  

I sin nz dz
= 

—n 1 1 
2

4 f l 2 c  x ( log —1
+ 0  

( " lo g I V ) .
x x  )

N ow , w e  p roceed  to  th e  p roof o f  (4.14). Separating th e  f irs t N
te rm s a n d  rem aining term s a n d  considering (4 .4 ) a n d  th e  fact that

P„(z , x ) is  o f  o rd e r  1/Q(x),

 E P(z , x )  nz
x N 0 

„ 2n

' l  N -É 1 l o g ( z + 2n + 1)
 P n ( z ,  x )  s i n  n z  d z)o ,t=o z +2n

1

p n ( z ,  x )  s in  n z  (  1   _ lo g  z+2n+ 
)2n z  +2n

r i

 o n=N 

= 0 ( x o g )3) •

4 .4 .2 . B ehav ior o f  K 2 (x )  a s  x ILO. W e w rite K 2 ( x )  as

(4.18) K 2(X) —
1  Coo  (h  log (5) cos 
Ir 0+co l o g  +ch 2 log 2

1  cccr h l o g  +(5 
n  ) 0 0 +  co lo g  +ch2log2

(4.17)

1

1
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2 ( a +  c h  lo g  
)  c o s .( P + c ) 2 -W (a+c h  log 0 2

H e re  El, o.), a r e  de te rm ined  so  tha t th e  seco n d  te rm  o f  (4 .1 8 )  is
integrable f o r  a l l  x .  B y  a  d ir e c t  calculation, B, e), (5 m u st be  (c 2 +
a 2)/c 3, h a w  a 2)/c 25  a (c 2 a 2) ,

C  3/ respectively. B y this choice o f  0,
co, (5, th e  se c o n d  te rm  o f  (4 .1 8 )  i s  a  bounded continuous function.
S o , w e have only to investigate

(4.19)1 2 ( x )  =  — I( h  lo g  + (5) cos d ,
it .)o 0 - l o g ch 2 log 2

when x1.0, condisering evenness o f the  in teg rand . In  (4 .19 ), we devide
th e  domain o f  integration by th e  period o f  c o s x . T h e n ,

2n+2 
— I c° 2 (h lo g  + S) cos ,(4.20) /2(x) =

n 0  2 f in
-  E 0+0) lo g  +ch 2 lo g 2  

d
A  = 

Moreover, we divide each term of (4.20) in to  four parts each  o f  which
is 1/4-period o f  c o s  .)c. I n  each 1/4-peroid o f  co s  .)c, w e  change the
variable by =nx + 2 n n , x = n(1/2 — z)+ (2n +1/2)7r, = n z  + (2n + 1)n,

=n(1/2 — z)+ (2n + 3/2)n respectively. Then,

1 1'/2(4.21) 12 (x )= E
X  n = 0  0  

COS trz ilog
( 2 n +  1  + z

 A  (z  x )2n+ z

_ lo g  (2n + 2 — z )
+  1  —  z  

A
"

( i — Z , X ) }  dz

c h
3
 lo g  (

2 n
+  z n )  

lo g  (2n + 1 + z7r)
x

+ co log (2nx+ z i.r) +  c h2 1oa2 (2n + z7N
x

+ ch 2 {log ( 2 n :  z  7r)+ log ( 2 n ±
x

l  z 7r)} + (Scn — Oh)

0 + co log (2n +xl + zn ) ±  c h 2  t o g 2 (2n +xl + z ir )}1 

1 Now, we extract 2
1or 2 from  A „(z , x ) and

ch(
1

log 3--+ log n) ch(log x
l  ) -

A„(1— z, x), when n  0  or = 0  re sp e c tiv e ly . Then,

where, A (z, x)—
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1 1 (4.22) A„(z, x)— 2 + {fi n (Z , X ) —
11  

ch(log x  + lo g  n) ch(log + log 11)
2 }

X

(n=1, 2,...) ,

1(4.23) Ao (z, x)— , 2 ±  {110(z, x)— 1  
ch(log ) -c l o g )2

X

By a direct calculation, it is seen that the order of the second term  of
1 1(4 .22) is 4 since the order vanishes.3

(log --.71c—+ log n) (log x
l +  log n)

Q uite  sim ilarly  the second te rm  o f (4 .2 3 ) is  1/(log  1   ) 4 . As for

A11(1 — z, x), the s a m e  is  t ru e . B y  (4 .3 ) o f  lemma 4 .2  a n d  th e  fact

tha t log (
2n

2n+
+  1 +  z )

a s  w ell a s  log ( 2 n +  2  z )  i s  0(11n), we see easily z 2n+1 — z
the following:

11+z 2n+1 — _dz(4.24) 1 2 (x)— — 1 1 1 2 2n+COS n z  c±  log (X 0 n  0 C l i  lug2n+ z  2n+ 2— ( , _  lx  y 

1 1 
COS nz1 1/2 [log ( I + z ){21 0 (z, x)—X •0 ch(log  x .

1

)

21

1 } i
d z

ch(log
log (

2—  z
){ A  (z  x )1— z ° ' log—Tc1 ) 2

1 1 1/2
- - cos 7EZ

r On+ 1+
X 0 n= 1 2n+ z

1 1 

ch (log  
1

 l o g  n) 2  c h ( lo g  + ) 2

+(A n (z, x)— 11ch(log + log n)
2 ) }
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_ lo g  (2n + 2 — z l 1 1
I".)12 +  I — z )1

ch(log x  +  log n)
2  

-  
ch(log x

i ) 2

1 
 1 2 ) } 1 C I Z  .

x)
ch (log  x  +10g n)

—1 The first term o f  (4 .24 ) is equal to 2 —

2chx(log 4cflx(log I
x  ) 2

by lemma 4 .4 .  The second term of (4.24) is obviously 0( 1 3)
x(log

as x , 0 .  The third term  o f  (4 .24 ) is  a lso  o f  order 0( I  13 )
x(log x

noting (4.3) o f  le m m a  4.2, le m m a  4.1 a n d  t h e  fact t h a t
1 11

2 — , is  o f order  f o r  f ix e d  n
ch(log x

l +  log n) -  c h ( lo g )-
( lo g  ix  ) 3

1 and  An (z, x)— 2 1is  o f order for
1 14

ch(log + log n) -( l o g  x  +  log n
)  

fixed z.

§ 5 .  Proof o f theorem 4

5.1. C ontinu ity  in  R  an d  continuous dif f erentiability  i n  R — {0}
o f  up(x). In  th is case, up(x )  can be written a s  follows:

(5.1) up (x )=   2
1
7rp  _e  t p

i 4
(
x
o cg

1  Ç (p + c 1 -EC2 N co s x — (c 1b1 l o g  -1-c2 h2 Œ + a ) s in  .x•c g

J o( P - F e i + c 2 Œ ) 2 + ( c i l g l o “ + c 2 h 2 Œ + c g ) 2

When 1 <a < 2 , continuity o f up (x )  in  R  is obvious from the bounded
convergence theorem. When 0 < a < 1 , continuity of up(x )  in  R  is prov-
e d  a s  i n  4 .2 .  T h e  continuous differentiability i n  R — {0} o f  up(x)
is proved a s  in  3 .3  and for x  0 ,  up' (x ) can be written a s  follows.
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(5.2) u (x )_ . _   I   ((s°   ( P - F- c1 +c2 Œ ) s in x  
it )  0 (P-kc1 + c2a)2

+ log  + c 2 h2 " +a0  cos .xc g

+ (c1 h 1 1 o “+ c2 h 2 Œ + a) 2

F o r  sim plicity, we p u t  th e  denominator o f  t h e  integrand o f  (5.2) as

F( );

(5.3) F (0= (P -f-c i+ c2M 2-F (c ih , lo g  +c 2 /72 ._Fa0 2.

T h e  behavior of u p(x ) a s  lx110 is different according a s  0 <a < 1  or
1 <a <2.

5.2. B eh a v io r  o f  u p' (x) a s  1x110 w h e n  1 < a < 2. W e  rewrite
up (x )  a s  follows:

( 5 .4 )  u;,(x)— — nl   J11:c  2 cc-; ( )
1 ;in( ( x '   c2 h 2 " 4

-
1 cos -xcg}

)o F(0

_  1  (c° c i s i n  x d 1   ( ' ( c l h, log a 2 ) cos x d

it ) 0 F ( ) it )0 F( )

The third term  o f (5.4) is  a  bounded continuous function by the bound-
e d  convergence theo rem . W hen  3/2 <a < 2 , th e  se c o n d  te rm  is  a lso
a  bounded continuous function by th e  same theorem.

5.2.1. T h e  ca s e  3/2< a < 2. I n  th is  case, w e  have only to investi-
ga te  th e  firs t te rm  o f  (5.4). By evenness a n d  oddness of c o s x  a n d
sin  x  respec tive ly , w e  consider th e  c a s e  x > O .  L e t u s  re w rite  th e
first term  o f  (5 .4 ) a s  follows:

( 5 . 5 ) _   1   f(oe c 2 ' -1- s i n  
c g

c
2
h

2
CC-F 1 COS

c g
I

i t  1 )0 F( )F ( )

1 1 1 
it 1C2(1 + / I W O

h2 fc°  cos c g t
(1 + hi).6

+
it 1c 2 (1+ hi)1 oeo

h2 ( . 0

c 2 (1 +h 0

sin( c °
Jo

cos x(
co

1 30

c 2 2+ I sin 
F( )

c 2 h2 cosiX
F( )
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Since 3/2<a <2, the second and the th ird  te rm  o f (5.5) are bounded
continuous functions by the bounded convergence theorem . The first
term  o f (5.5) can be calculated by the following formulas:

(00 sin nxa-1
dc -

ira '2F(a) sin
(0<a<2, 0<x)

(co  cm  
 c g =

nx0-1
, ( 0 < a < 1 ,  0 < x ) .

2F(a)

Rherefore,

1 (2— a) sin ira

le (X )  = c 2 n ( h22{ sg n  (x )—  /32 }  x12 - 2  +  (a  bounded contin-

uous function).

5.2.2. T he  case 1 <a <3 /2. W e rewrite u'i,(x) as follows:

 j(* "  sin (   h2 cos d }(5.6) u'(x )—  — 
c 2 n ( 11 +  ', D U ()

cg_,
) 0

1 + —  ii+ c i + c2c 't
sin

5°°0 { C2( 1 + h3gŒ - 1 F ( )1

h 2 log c 2 h&  +  a 9
it SO {  C2( 1 + h ig œ -F ( )

cos x  dx .

For simplicity, we denote the second and the th ird  te rm  o f  (5.6) by

'''p R (0 sin x  c g  and  1   5c° T( ) cos x  c g  respectively. The behavior
it 0i t 0

of the first term  o f (5.6) i s  the sam e sa in 5.2.1. As for the second
term  o f (5.6), w e use the theorem  1 o f [5 ].  Then,

---L T ° R ()  sin —  1   S(2a 2) R(  I   )
n  0 7tX

1 =0 ( x 2 2 - 3  log 
X
 ) ,  where S(m) —  •
 T t M  21(m) sin 2
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A s fo r the  th ird  te rm  o f  (5.6), w e rewrite it  b y  the  integration by part

so  th a t th e  theorem 1 o f  [5 ]  can be applied :

1 1 s i n m _ (md T ( )  s in  x d AT g) cos =
i t x 4=, j e c g x

Letting M -> cc a n d  e—>0 fo r  fixed x > 0,

— 1  5c°  dT(0 1(5.7) T ( )  cosit o
cg —

IT X  0  c g  sin.

Since 
d T ( )

h as the  index  1 — 2a as oo, th e  theorem 1  o f  [ 5 ]  can

be applied if  a = 3/2. Then,

1 x' T ( )  cos cg = 
 1   C d  T ( )  

 sin cg
7T 0 7T X  0 cg

—1 1 dTg)• S(2cx-- 1)
7T X X cg = 0(x 2 Œ- 3  log —

1 

.
4 = 1 X

When a =3/2, w e m ust u se  the  theorem 3  o f  [ 5 ]  f o r  a  function with

index — 2. T h e n ,

(5.8) I Y ' T ()  cos cg =  nx cg
I  (°°  d 71 °   sin xd 1 )c r x  dTg) 

7T 0 7T X 0 eg

Describing th e  highest power of in  th e  numerator a n d  denominator
o f  d T ( )  

4

(5.9) d _  l o g  + ••-
C  cg C+•..+11.

H ere k  a n d  h  a re  constants = O.

Therefore, the  behavior o f  
( 1 1 x  c I T ( 0  

 e g  a s  x 1 0  is d e te rm in e d  b y
i 0 cg

k 5
1  l x  lo g   c g ,d T(0 since h a s  n o  singularity except powers o f  log
i '  cg

f ro m  (5.9). N ow , the proof o f  theorem 4  for Œ =3/2 is accomplished

by nothing

1/.. log1 ° g  x l  ) 2

cg — (

2
•
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5.3. B e h av io r of  u p ( x )  a s  lx110 w h e n  0 <oc< 1. W e  rewrite

up (x )  a s  follows:

(5.10)

•

—  c°
i5o a2

s i n

c, + , l o g  -Fc l h  log 2

c

(h 1 lo g  + (5) cos 
▪ ) 0 0+colog 'I

cg

+ G ( ) s in x d +  1/n5 H( ) c o s  x  c g ,  where
it o

(5.11) G( ) —
( a

2

C 1

,  )+2ah, l o g  -Fc l hflogc

( P ± c 1 - F c 2 œ )  a n dF (0

( 5 . 1 2 ) H (
)

= h i lo “ +  (c1111 log c 2 h 2 Œ+ a 0
co l o g  + log2 F( )

T h e  f ir s t  te rm  o f  (5.10) has been  a lready  investiga ted  i n  4.4. A s for

th e  se c o n d  te rm  o f  (5.10), w e  c a n  a p p ly  t h e  theorem 1  o f  [5 ] , since

G (c) h a s  the index  cc—I. T h e n ,

1 1 (5.13) (  G ( ) .A7 x- S(1— oc) G
(

1 5°°F r o m  (5.13), G( ) s in  x  k  h a s  a  lo w e r  o rd e r  o f  infinity than
it O

0

(  1  

1   ) 3

)  

a s  x 1 0 . T h ere fo re , it  h a s  n o  effect o n  th e  a sse rtion  o f
\ x(log x

theorem 3. T h e  th ird  te rm  f o  (5.10) h a s  a lso  no  e ffec t, since  dH ()lcg
h a s  the index c c - 2  a n d  t h e  theorem 1  o f  [5 ] c a n  b e  a p p lie d  and

1 H ( )  cos cg—  1   (co  d H ( )  .sin cg
• o nx ) 0 c g

1 x d H ( )- 1 S (2  CC)
7rX cg •
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