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Introduction

T h e  m a in  object o f  th is  p a p e r  is  to  p ro v e  ro u g h  principal orbit
theorems fo r  a c t io n s  o f  algebraic groups i n  characteristic p > 0 .  The
ty p e  o f  theorem  w hich is in tended is o n e  which would give sufficient
conditions s o  th a t  in  a n  a c t io n  o f  a  linear algebraic group G  o n  a
non-singular variety X  o v e r  a n  algebraically closed f ie ld  K ,  there
w ould  be  a  dense  open  subset U c X  o n  which connected components
o f  stabilizers would be conjugate.

O u r  m e th o d  is  to  a p p ly  th e  techniques o f  deformation theory to
algebraic ac tio n s . W e begin, in sections 1-3, w ith  w hat is a  treatment
o f  t h e  deform ation theory o f  subgroups o f  a n  algebraic g ro u p . A s
w e  a r e  concerned w ith a  geometric application, w e  have found  tha t
neither t h e  defo rm ation  theo ry  o f  sm o o th  g ro u p s , n o r  t h e  theory
o f  fo rm al defo rm ations is  en tire ly  adequa te . A  somewhat technical
analysis o f  th e  deformations o f  finite (non-commutative) group-schemes
has p roven  to  be  necessa ry . I n  la te r  sections this analysis is applied
t o  th e  stabilizer o f  th e  identity map o f  a  space w ith a n  ac iton . The
argum ents are analogous to  arguments which proved effective in char-
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acteristic zero (see [3]).
I  w o u ld  lik e  to  express m y  deepest gratitude to  P ro fesso rs H.

Matsumura and  T . O da  fo r their frequent conversations and suggestions
which formed a  definitive contribution to  th is  w o rk . I  would also like
to  thank P rofessor M . A rtin w ho pointed o u t  a n  incomplete argument
in  t h e  p ro o f  o f  theorem  5.5. I w ould  a lso  like  to  thank  P rofessor
Masaki Maruyama fo r  his thoughtful comments a n d  his extreme solici-
tu d e  i n  reading th e  manuscript o f  th is  paper.

1. The fundamental construction.

W e beg in  by  considering  certa in  special c la sse s  o f  finite group
schem es. Throughout, it is assum ed that all schem es a re  defined over
a field of positive characteristic , p>0. I f  X  is  a  scheme a  finite group
scheme over X  i s  an  a ffine  group schem e over X ,  G =Spec d where
d  is  a  locally free sheaf of commutative Hopf algebras o f  finite rank.
T he  rank  o f  d  is called  th e  order o f  G.

1.1 Definition. L e t  X  b e  a  scheme a n d  le t  G = S p e c  d  b e  a  finite
group-scheme over X .  T h e n  G  i s  s a id  t o  b e  a  non-singular group
scheme o f  le n g th  r  a n d  exponent y , o r  m o re  briefly a  group scheme
of type (y, r) ove r X  if  fo r each x e X , there is a  neighborhood U  of
x ,  a n d  a  locally free subsheaf of d l  U, w u ,  such that d  =  S e  &DO/Jr

where f  i s  th e  sheaf o f  ideals generated by pv-th powers o f  elements
of wu , w u i s  o f  r a n k  r  and  oh, generates th e  ideal defining the identi
ty  sec tion  in  G.

N o w  i f  X  i s  a  scheme a n d  G  i s  a  group schem e of type  (y , r)
over X ,  w e consider a  fu n c to r  o n  th e  category of X -schem es which
m ay  be  a ssoc ia ted  to  G .  Nam ely, i f  p: Y --0X  i s  an X -schem e, then
G x x Y  is  a  group-scheme of type (y , r )  o v e r  Y . L e t s  b e  a n  integer

le s s  th a n  r  and set Inf W 2V(Y) e q u a l to  th e  s e t  o f  finite sub-group
schemes o f  G x  x Y  of type (y , s )  o v e r  Y . T h is  na tu ra lly  is  a  contra-
variant functor o n  th e  category of X -schem es. The a im  o f th e  present
section is  to  p ro v e  the  following:
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1 . 2  Theorem. L e t  X  b e  a  schem e def ined over a f ie ld , k , o f  charac-
te ris t ic  p >0 . L e t  G  b e  a  f in ite  group  schem e ov er X  of  ty pe (y , r)
an d  le t  s  b e  a  non-negativ e integer less than r.

i) T h e re  i s  a n  X  sc h e m e , d e n o te d  Inf Lvi,P w ith  s t ru c tu re

m o rp h is m  p ,  s u c h  t h a t  Horn, ( Y, Inf Inf ' ( Y ) ,  t h e  s e t  o f
f inite subgroup-schem es o f  G  x  ,Y  o f  ty pe  (y , s)  o v e r Y

ii) L e t  W=InfT/P .  T hen there  is a  subgroup schem e o f  G x  x W

o f  ty pe  (y , s) ov er W , w hich w e denote 11 (Gva )  w h ic h  is  a  universal
subgroup-schem e of  ty pe  (y , s) o v e r W . T h at  is, t h e  isom orphism  of
f u n c to rs  in  ( i)  as s ig n s  to  a  m ap feHom,(Y, W ), the group schem e

f*TILW ) = H 4 )  x  ,Y , w here  Y  is  a W  schem e under f .

iii) I n I T 4 )  com m utes w ith base  ex tension . T hat is

Inf G Y / Y —  Y x Inf . " )x G IX  •

P ro o f. W e  b e g in  b y  re m a rk in g  th a t  iii) i s  a n  immediate con-

sequence o f th e  definition o f th e  functor w h ic h  Inf L'ij )  represents.
A s for i )  and ii) the p roo f is  d iv ided  in to  a  num ber o f  s te p s . The

firs t is  the following.

1 . 3  Proposition. L e t  X  b e  a  schem e a n d  l e t  G  b e  a  f inite group
schem e o f  o rd e r n  o n  X .  T h e n  th e re  is  a n  X  schem e, GjK ix ,  and
a  f in ite  c lo se d  G K i x -subgroup schem e o f  G  x  ,G X /x o f  o rd er r,
denoted M i x  satis f y in g  the follow ing condition.

L et GA / ( )  denote the f unctor w hich  assigns to  each  X  schem e
Y , th e  s e t  o f  closed f inite subgroup schem es of  G x  x Y  o f  o rder r.
F o r  an y  f  eHom x (Y, G p '" )  l e t  y , ( f )  = Y x H ,  w h e r e  Z
an d  Y  is  regarded  a s  a  Z  schem e w ith struc ture  m orph ism , f . Then
y ,  i s  a n  isom orphism  of  f unctors. M oreov er G p' i x  is  p ro p e r o v e r
X .

P ro o f. W e begin with two lemmas :

1.3.1 Lem m a. L e t  X  b e  a s c h e m e , a n d  l e t  Jai' b e  a  locally  free
scheaf  o f  com m utativ e  e x  alg e b ras  w ith  unit. L e t  p : 0
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b e  a surjec tiv e  m orph ism  o f  locally  f re e  sh e av e s . T h e n  th e re  is  a
unique "m ax im al" closed subschem e o f  X ,  Z  such  that f o r any  m or-
phism g : U — > X  f o r w h ich  g * (R ) is  a  sheaf  o f  quo tien t algebras of

g ( U ) c Z .  T h at  is  g  f ac to rs  through th e  injection

P ro o f. L e t  ir =ker (p). T h e n  to  s a y  th a t  g * ( .1 )  i s  a  sheaf of
quotient algebras is equivalent to  th e  statem ent that g*(.1) is  a  sheaf
o f  ideals i n  g * ( d ) .  T his is equivalent to  saying that g*(.1)• g*(.91)+
g * (5 )=g * ( .") . Equivalently th e  ra n k  o f  g*(d)/g*(5).g*(21)+g*(.1) is
equa l to  th e  rank o f  g*(d)Ig*(.1)=g*(.1). L e t  n =rank d , r  =rank a ,
s =rank (5 ) .  Consider the  sheaf si/ (J .d  +5 ) = 2 .  A s the denominator
c o n ta in s  f  i t s  r a n k  a t  a  p o in t  is  a t  m o s t  r. T ak e  Z  e q u a l to  the
maximal closed subset o n  w h ic h  it  is  o f  ra n k  r. (T h a t  is  Z  i s  the
upperm ost stratum  in  t h e  flattening stratification of X  associated to
.2.) Clearly Z  is t h e  subscheme in question.

1 .3 .2 . Lemma L e t  X  b e  a  schem e and  le t  s g v  b e  a  f inite locally
f re e  s h e af  o f  e x -algebras (th is tim e  no t necessarily  com m utativ e)
w ith  u n it ,  an d  w ith  a n  e x -inv olution, s: d V d V ,  L e t  g v  -  4 ,1 v  be
a  sub-bundle o f  d v .  T h e n  th e re  is  a  u n iq u e  "m ax im al" closed
subscheine o f  X , denoted  here , Z , such  that if  g: Y — * X  is any  m or-
phism  f o r w hich g*(.2v ) is an s-stable sheaf  of subalgebras of g*(.5afv)
w ith  unit, then  g  f ac to rs  through the  inc lusion  o f  Z  in  X .

P ro o f. S et .2 = av_Fav+s(av)+0x. Consider th e  p o in ts  at
which th e  rank  o f  .dv/.2 equals th e  ra n k  o f  d v /M v  ( in  th e  sense of
t h e  p re v io u s  p ro o f) . W e  a r e  d o n e . W e  c a n  n o w  c o n stru c t G x /x .
F ir s t ,  suppose  G =Spec d .  L e t  T  b e  t h e  Grassman o f  r-quotient

bundles o f  .21. L e t p: T—■ X b e  the structure morphism. L e t  . g  be
th e  universal quotient bundle o f  p * s i  o f  ran k  r. Apply Lemma 1.3.1,
a n d  w e  arrive  a t  a  closed subscheme, T 1 -4T, ,  a  s tru c tu re  morphism

Pi : X ,  a n d  a  universal quotient algebra pts/— — 0 .  Let i t „  be
the  comultiplication : si--*.Q/C),...et, a n d  le t  s.,„: si'— *.0 b e  the anti-
p o d e . T h en  p4t(p „) induces an algebra structure on d v (p td ,

6 7-1 ), while p t ( s )  induces an involution on d v .  Let av  =Hom9,1(.11,
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! T t ) .  T h e n  M"/ is  a  sub-bundle o f .safv. Apply Lemma 1.3.2. We now
have a  scheme Z ( -- T ,  a  struc tu re  morphism Z— OC and a certain
r-quotient bundle  o f  (p')*(af),W e  have arranged things so that
Z  i s  the  un ique  m axim al c losed  subscheme o f  T  o n  w h ic h  M  is
a  q u o tie n t  Hopf algebra o f  p* a '  w ith  an tip o d e . Thus w e m ay take
G pa i x  e q u a l  t o  Z  a n d  M i x  e q u a l to  S p e c  (M2 ). T h e  p ro o f o f  1.3
is concluded.

W e shall now  proceed w ith a  co n stru c tio n  o f  InfLv/V  i n  such  a
w ay  tha t w e  w ill no t find  p roof o f  its properties necessary.

Suppose that =Spec i s  a  finite group-scheme o f  ty p e  (y , in)
over Z  and suppose th a t  is " , is  the sheaf o f  ideals in  .szit  defining the

identity section. T h e n ,  G  i s  o f  order pv'n. Suppose th a t  TI=Spec.M

is  a  closed subgroup scheme o f  G  o f  o rd e r  pvr, w ith identity section

defined by J r , .  Then a s  a  is  a  quotient o f  s l  ,  fo r a n y  v e F (U , „ )

fo r a ll  U  Z, vn" = O . S in c e  H  is  o f  order p v r ,  it fo llow s tha t .F H /51,

is  o f  ra n k  a t le a s t r  a t e a c h  point of Z .  A  moment's thought reveals

tha t H is o f type  (y , r ) if  and  only if the  rank o f  .5 „/ fh  is precisely
r.

Now l e t  G=Specal b e  a  finite group-scheme o f  ty p e  (y, n )  over
X  with identily section defined by .11 G. Set a = p v n ,  = p v r  and suppose

tha t p :  G g i x — X is the structure morphism. Suppose that = S p e c  M

w ith  identity  section defined  by  J .  T h e n  a i s  a  q u o tie n t  o f  p*.21

a n d  b y  the argum ent above th e  se t o f  p o in ts , x , a t w h ic h  ax  i s  of
type  ( y ,  r )  is  ju s t  th e  s e t  o f  p o in ts  where f 0 / J r6  is  o f  r a n k  r. As
r  i s  a  low er bound fo r  th e  rank  o f  .5 0 /5 6 ,  th is  is  a n  o p e n  se t U

G g i x . C learly U  together with Spec( U )  satisfy i )  t o  iii) o f  1.2.

2. The co-normal bundle and Hochschild cohomology.

T his sec tion  is , fo r the  m ost p a rt, devoted to  certa in  rather tech-
n ica l com putations. W e  m a k e  u s e  o f  Sweedler's sum m ation notation
(Sweedler [4]). W e fix  o u r no ta tion  fo r the  remainder o f  th is  section.

L e t  A  b e  a com m utative Hopf algebra, finitely generated over a
field, k  (as usual of positive characteristic though this is a  superfluous
assumption in  th is  se c tio n ) . L e t m A : Aq)A—+A  b e  the multiplication,
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let y A : A—■Ae k A  be the co-multiplication, let eA : A—■ k be the augmenta-
tion , let sA : A --+A  b e  the antipode and let / A =ker eA .

Let B =A IJ b e  a  quotient Hopf algebra o f  A  with corresponding
data m 8 ,  JIB, E B , S B  and

 ' B •
 L e t  p: A.—q3 b e  the projection. Through-

o u t th is  section w e m ake the following assumption.

2.1. A ssum ption. Let A , B  b e  as a b o v e . Assume t h a t  J • ' A  =J n
(For the astute reader who might wish to generalize we might add that
in the case where k  is  n o t  a field w e w ould  add the assumption that
B  and A  b e  flat over k).

Consider J/J 2 . Now, p ,( J) c JO k A + A O k J  and p 4 (J 2 ) J 2 (:) k A +
Je ),,J+A O ,J 2 c JO k A +A 0 k J 2 . Thus P A  induces A B : J1J 2 -0 3 0 ,J1 J 2 .
Moreover AB sa tis f ie s  AB (bx) -  p B (b)• A B (x )  where B O k J/J 2  i s  a  B O k B
module u n d e r  bi  b 2 . (a ® x )=b i a® b 2 x. Similary, b y  n o tin g  th a t
/IA ( J2 )c  J 2 0A  + A  J ,  w e obtain pB : JIJ 2  —>J1.12 0 B ,  such  tha t p B (bx)
=u,B (b)• pB (x). M oreover idB (F0 pB . AB = ABC) id,. pB . (W e m ight observe
here  tha t these  identies as well as the co-associativety of b o th  AB and

Pa depend on the flatness o f  B  over k) F urtherm ore , by  Sweedler
[4 ], o r  by observ ing  that e ither /1i l o r  p ,  m ake J/J 2 i n t o  a  homo-
geneous bund le  ove r the affine group Spec (B ), .1/ j2

(.11.12 )PB O B  w here (J/J 2 )Àn signifies the 2 B  invariants of J/J 2  and
(J/J 2 )PB  signifies the p B  invariants. M oreover the isomorphisms are
isomorphisms o f  hom ogeneous bundles or of B-Hopf m odules in
Sweedler's terminology. By assumption 2.1, (J/J 2 )•IB - ./I li n J .  More-
over, the sequence

(2.2) 0 n J IA113 — *  I B I — >  0

i s  exact. Let b e  the Lie algebra o f  Spec (A ) and let be that
o f  Spec ( B ) .  L e t  it"  = Horn, (»L i n J,  k). B y  th e exactness of 2.2
we have:

(2.3) nfl/A 1 .411 B •

W e sha ll see  tha t 2.3 is  ac tua lly  a morphism of Spec(B) representa-
tions under the appropriate actions. Observe th a t  w e  m a y  s e t  i'B =
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(m e ® id ., i p ).(id B 0s,® id, / ,2).(id B OT)0 id B 0p B 0 A B  w h e re  -C(x(Db)= bOx

fo r  beB, xe.11.1 2 . T h e n  i g  is  ju s t in n e r  automorphism by Spec (B).
U nder e' B , b o th  (J/J 2 ) 8  a n d  (J/J 2 ) P B  are stable. I n  particular e",

m aps (J/J2 ) / B  in to  B  ( J / J 2 ) / B  and the expression above fo r  e' B  shows
th a t  i f  x E  ( J / J 2 ) 1B ,

(2.4) e" B (x) = id  t '  pB (x)

N o w , whenever a : V - + BO k V  is  a  representation o f  Spec ( B )  o n  V,
there i s  a contragredient representation d e f i n e d  a s  follows. Set

a°(f )(v) = i d  f a ( v ) .  T h e n  a °  m a p s  V *  in to  Hom k ( V, B ) .  Let j :
V* O B  Flom, ( V, B )  b e  d e f in e d  b y  th,(f  b )(v )---1 (v )• b . T h e n  c ' =

1 ca° m a p s  V *  into V* 0, B  and it i s  a  s tanda rd  exerc ise  to  show
th a t  i t  i s  a  representation. In  particular, considering 1 B o n  (J/J 2 )1 B ,

w e arrive a t  a  m a p  e :  ((J/J 2 ) • t B ) * - +  Homk ((J/J 2 )) .B ,  B ) a n d  a  represen-
tation, e. )‘: (W P M *  — 4(J/J 2 )1

B )
* 0 B .  Observing that nB o t  ((J/J 2 )À-.)*

is  n o w  a n  isomorphism o f  B  representations where Spec (B )  operates
o n  nB / A  b y  in n e r  automorphism, w e obta in  th e  following commutative
diagram :

" B / A ) Homk((J1J2)113, B)

(2.5) //

11H/A0kB /
/ /

W e  w o u ld  lik e , a t  th is  p o in t, to  u tiliz e  th e se  fac ts  to  p ro v e  th ree
form ulae w hich, taken together, prove that certa in  m aps w hich  arise

la te r  i n  considering th e  ta n g e n t  s p a c e  to  InfTik") , a r e  Hochschild

cocycles a n d  th a t certain others a re  Hochschild one  boundaries. These
results can essentially be found in  [2 ] in  a  m uch more elegant formula-
t io n . H o w e v e r  th e re , t h e  g roup  schem es under conside ra tion  are
sm oo th . T h e  sm oothness hypothesis is replaced here by th e  fact that
our group schem es a re  o f type  (y , r). W e give a  self-contained proof
o f  our results.

L e t  i  : B /A 0kB  H om B (JIJ2 , B ) b e  th e  m ap  d e fin ed  a s  follows.
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I f  x  e J /J  2 , the  B -isom orphism  J/J2 -..' BO(J1J 2 ) A B  im p lie s  th a t  x =

E b i ci w i t h  x  e  ( J / J 2 ) " .  S e t  W O  b)(x)= bi s,(b)f( i). Then the
i= 1=1
isom orphism  m entioned above im plies that th e  definition is indepen-
d e n t o f the  p ra ticu la r exp ression  fo r x  chosen. L e t  4 /3 O k B  denote
B O k B  view ed as a  B - m o d u l e  v i a  b • u = p,(b) • u  f o r  u e B Ok B.
Define f 2 : nam O k B  O k B  Hom B (J I J 2

,  mB O k B )  b y  j 2 ( f  c  d ) ( x )  =

uB (b i )• s(d)Os(c)f(x i ) w h e r e  x  i s  a s  a b o v e . F o r  convenience, set
1=1
t (c 0 d )= d 0 c  fo r c®  dEB O k B .  O u r a im  is  to  p ro v e  the commuta-
tivity of thefollow ing diagrams:
2.6.1

 

" B / A  k B

 

■Hom B (J1J 2 , B)

HOmB (J/J2 , # BC) k B)

  

2.6.11

lidn A q 3 4 , 13

nB IA 0 k B Ok B

nBIA 0kB  Hom B (J1J2, B )

1IB I A 0 k B O k B J 2  H o m B (J1J 2 ,  , B  k B)

and
2.6.111

lidtt B  A tgi d B 0 1

 

ilB /A  0  k B  

1113/AO  kB® kB

i l HomB(.11.12, B)

I P B

 IJom B (J1J 2 ,,BC) k B)

where

(* ) 14 ( 6 )(x) = 1-1B ° 6 (x)

A:(6 )(x) = ( i d  0 6)o AB (x)

and

4(6 )(x )=60 id j / j 20pB (x) .
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In  each  case, due t o  the fa c t  th a t  J/J 2  B  (J/J2 ) 2 ., B-maps from

J/J 2  i n t o  a n y  B  module are uniquely determ ined by their values on

(J/J 2 )2 B . Our technique in each  case w ill  b e  to  compare values on
(J/J2)AB .

Proof of I: If Yc e (J/J 2 ) 1 B ,

Pik/1(f 0 b))()- c) = lin(f(t)sB(b)) =  (5 )(12B ° sB)(b) •

Moreover

2(id /1(f®  N )()

=i 2(f 12.0(b))(
1 )

—f(x) T ° SB O SB ° 1,1 B(b )

f(*.t) PIS  ° S B(b )  •

T h u s  I  is  proven.
Proof o f II:
Recall that is 4-invariant.

:0 1( f  /MOO -= id e 0  (  i ( f  0 ) .  B OO

=id e 0 ( i  i ( f  b ) ) (1 B o . t )

=1 B ® fm s(b)

=f (x)(1 B0 s(b))= i 2(f 0 b O 1)M

= j 2 (id„ B , A O ide  0  1 e ( f 0  0 )(. ).

That proves II.
Proof o f III:

T o  p rove  I I I  we recall identity 2.4 and diagram (2.5). We define
y: H  O M  j ( J / J  2 ) A B  B )  B  Hom B(.11.12  , ,B  k B )  by Cy (F =

s B (b)0 s B (F(5)) for e  (J/J 2 )2 B . Assembling diagrams we obtain:
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" B IA ®  B
1 

 

HomB (J/J2 , B)

 

III* Homk ((J/J 2
)

2 » ,  B )0 B y .

frig i d B

.1 2

—*Hom B (J I J 2 , B)

"B / A 0B 0 B

A s  g- =  e * B  t h e  commutativity o f  Ill w o u ld  f o llo w  f r o m  the
commutativity o f  t h e  upper rec tang le  and  the  low er triangle of III*.
W e begin w ith th e  lower triangle.
(Recall that 5ec (J/J 2  )A

R . )

[y o ti 0 id,(f 0 c 0 d)](5e)

=Y( 11(f  0 0 0  d )(-)  = sB (d )  O {sB.(11(f  c ) ) ( . t ) }

=5B(d) 0 sB(f (.17)c) =f  s n(d) s B(c)

i 2(f c 0  d )(5 ). Thus th e  lower triangle commutes.

A s  fo r  th e  upper rectangle, we proceed a s  follows :

[Y(e . 2O id (fC ) b ))](.)

=Y(e1(.1. ) 0  b)(.)

= sB (b) O  se(4,(f )(x))

= SO )  0  Sj3( id B  fo 4.B(X))

(By th e  definition o f  / J )

= sB (b) 0 sB (idB C)fosB 0 idJ I J 2 ° ° PB(5 ))
(By identity (2.4))

N ow  as f  m aps (J/J 2 ) 2 B t o  k  and the identification of B  k k  with
B  is im plic it in  the  expression idB ®  f, w e find  tha t the expression in
the  right parentheses can be rewritten allowing u s  t o  continue:

=s B (b) 0 sB(.f sa* Pe(x))
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= s,3( b )  0  ( f  lc fir2 ° N M ) •

T hat is ,  in  summary,

Cy(63 0 i d 4 f 0  b))]M

= sB (b) 0 (f  icl .1/ ° PB (x ))

O n  th e  o ther hand,

/ 4 ( j1 ( f  0  0 ) ( 3 ) = Eil(f 0 lde° P B (x)

N o w  suppose p B ( ) =  - ( 0 ) CY.t( w h e r e e (JO  1( 0 ) ,  2 , 1 B, .)7( , ) e B •  Then
(r)

th is la tter is equal to

E s(b) f (7 ( 0 ) ) 0 .5Z( , ) = E s(b) 0 f()7 ( , )) ( , ) = s ( b )  ( f  id  " 2 ° PB (X))(x) (x)

T h u s p to j  = y (6°3 ® id B )  a s  desired, a n d  hence I I I  i s  proven.
T h e  astu te  reader w ill observe th a t  th e  th ree  iden tities w e have

just proven correspond to  the  terms o f  th e  Hochschild one co-boundary
operation o n  t h e  cha ins o f  Spec ( B )  w ith  coefficients in II"  under
inner automorphism. We now proceed with calculations corresponding
to  th e  o n e  boundaries.

T h e  Hochschild o n e  boundaries in n n/ ,,® B  a r e  just elements
o f  t h e  f o r m  e ( f ) —  f  0 1 B . T h u s  w e  m u s t  evaluate such elements
under vg E (.0 2 ) 1 B,

I i ( i ' ( f ) — f  0 1  B ) ( )

= i 1(e.Y1(f))(L7 ) — f ( )

Then, 1( , 13/(f))(. ) = sB(f  i d B . (id ,2 0 sii)° f ia(i7 ))

= f  id B o pB(.i)•

M oreover, idB  f s , AB (c) = 1 B  O f(x ) a n d  s in c e  th is  la t t e r  m ap agrees
with J i ( f2 )1 B )  o n  ( J/ J 2 ) 1 8  w e  have demonstrated th e  following

(2.7) 1 ( e 7 3 ( f ) — I  1 B )  =f  id B . p a  — idf l f o tB
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N o w  suppose th a t  L I  is  in  th e  L ie  algebra o f  A .  T hen  LI i s  a
derivation o f  A  in  A J A . Then .4 m ay be regarded a s  a n  element of
(IA / / ) *  = Horn , ( / , / / i ,  k )  and by  restriction t o  JIJ n I ,  it in d u c e s  an
element o f  nB IA • T h e  m ap  thus defined  is  just t h e  natura l projection
fro m  / A  t o  ng i A • Furthermore, LI may also be used to define deriva-
tio n s  o f  A  i n  A .  W e concern ourselves with three different induced
derivations. I f  a e A  le t  pA (a)= E a( I ) ( ja ( 2 ) . S e t  z1 t(a) =  E a( o z1(a( 2 ) )

(a)

(a n d  .41'0 ) =  E Li (a (  0 ) • a( 2 ) . M oreover, t h e  inne r a c t io n  .(31. S pec  (A)
(a)

o n  A  is expressed by

A (0= E aw s(a(3 ))  a ( 2 ) . Set i (a) =  01 °L 1(a).
(a)

Then A i(a) = E ti(a ( o sA (a ( 3 ) ))• a( 2 )
(a)

= E g/t(a( ))4 0(a(3))a(2) + /1(a(1))eA(sA(a(3)))a(2) •
(a)

N ow  noting that CA . SA = CA  a n d  .4 OSA  = — /I, this becomes :

i(a)= E A o s(a ( 2 ) ). a( ) +  (a ( , )) • a( 2 )
(a)

= E zi(a ( 0 ). a2 —.4(a ( 2 ) ). a ( ,
(a)

= Ar(a)— zli(a). Now, if 0: A  A  is  a  derivation,

0  induces a  B-map, : J/J 2 -+ B  b y  restriction t o  J .  W e wish to cal-
culate th e  m aps induced  by  Ar a n d  4'. W e first observe th a t  AB (x)
a n d  pB (x )  m ay be calculated by taking a n  element, 5e, o f  J/J 2 lifting
t o  a  pre-image, x E J  a n d  considering th e  im a g e  o f  ttA (x )  i n  J/J 2 .
Let A °  d e n o te  the  im age  o f  A  i n  n g m .  T h e  previous observation
implies that

(2.8) i) 1 B OA ° 04(x) = d'(x)

and

(2.8) A°01B°P B ( X )  LIF  (X ) •

where th e  upper b a r  denotes th e  residue class in  th e  appropriate tensor
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product.
Thus w hat w e have show n by 2.7 is that

./1(14(z1° ) — zi °  l e )  =.11r(x) — z11(x) =z1 i (x)

N o w  a ll  o f  t h e  calculations o f  th is  section may be summarized
in  the following:

2 .9  Theorem. L et G  =Spec ( A )  b e  an  af f in e  group schem e o f  f inite
ty p e  ov er a f ie ld , an d  le t  H  =Spec ( B )  b e  a  closed subgroup scheme
o f  G  satisf y ing assum ption 2.1. L e t  B =A /J,  an d  le t  t t G i f t =n B I A =
/ G I /  I I  w here 1 G i s  th e  L ie  algebra o f  G  an d  / 11 i s  th e  L ie  algebra
o f  H .  T h e n  t h e re  i s  a  natu ral isom orph ism  j,, f rom  n G / G 0 k B  to
Hom B (JIJ 2 , B ) and:

i) V iew ing nG / „O k B  a s  t h e  g ro u p  of  Hochschild one-cochains
o f  H  i n  TIGIH u n d e r in n e r au to m o rp h ism , j 1 (Z 1 (H, noin)) = { 6  e
Horn B (J/J 2 , B): p B . (5(x) = id B  0 6 . 2,3(x )  + 0  id ,. p B (x).}

ii) V iewing u G I H O B  a s  abov e, j 1 (B 1 (H , ii, / G )) is  prec ise ly  equal
to ( / G )  w e re  :  /  G — Hom B (.11,12 ,  B )  is  th e  m ap def ined by  C(A )=A i

w here d  i s  th e  m ap  f rom  J1J 2 t o  B  in d u c e d  b y  th e  deriv ation of
A  in  A  associated to d  b y  th e  action o f  A  o n  itself  by  inner auto-
morphism.

P ro o f, i)  is  a n  immediate consequence o f  th e  commutativity o f 2.6
I—III a n d  i i )  i s  ju s t  t h e  calculation which immediately precedes the
statement o f  th e  theorem.

3. Determination of the tangent space.

In  th is  section w e w ish to  g ive a  rather explicit description of the

tangent space  to  Inf in  a  ce rta in  special case.
L e t G =Spec (A ) b e  a n  affine group scheme over a  f ie ld  k  and let

H =Spec (B ) b e  a  closed subgroup-scheme o f  A .  L e t k [t ]  b e  the ring
o f  dual numbers, a n d  le t  T= Spec ( k [t ]) .  L e t E G i l l  be th e  se t o f  closed
T-subgroup-schemes o f  G x k T=G T  w h o s e  restric tion  t o  k-point of
T  is  ju s t  H .  Then i f  Fl e E G I A , a n d  Fi = Spec (13 ) , l e t  a =ker( —B).
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T h e n  a  is o f  square  z e ro  a n d  so a = a/a 2 i s  a  B -H opf m odule  in
th e  language o f  S w e e d le r  [  4 ] , o r  a  homogeneous H-bundle in m ore
geometric parlance. L et E81H be  the  se t o f elements o f  EGIH such that
a  B  a s  a  H o p f  m o d u le .  I f  R ,  a n d  f l 2 P 3 / „ ,  th e n  R ,x T R
GT X T G T . S e t R 1 .R 2 = 4 - 1 (R 1 X T 172 ), w h e re  4 :  G T  GT  X  TGT is
th e  d ia g o n a l. A s  d  is  a group-m orphism . R cr1 2 i s  a T-subgroup of
G T , and  as d  com m utes with interchange of factors, R 1 r i 2  =1-72 F i i

I t  i s  a n  exercise  to  show  that ri , .R 2  G g m  a n d  that this operation
m akes g / H  a n  a b e lia n  g ro u p . M oreover k  operates a s  a  m o n o id
of endom orphism s of T. Ju s t  se t  C,?(t)=x t fo r  x  k. F o r  a n y  x  let

Tx d e n o te  T  regarded a s  a  T -sc h e m e  under the m orphism  opposite
to  C ,? . T h e n  i f  R E n / H ,  rI x T Tx c-G T  x  T Tx . T h e  la t te r  is naturally
isom orphic to GT  a n d  so  w e  arrive a t  a  new element o f  Elam which
we will denote x • R .  B y standard arguments this m akes Elam  i n t o  a
k-vector space.

L e t p: A -+B  b e  th e  natural surjection and le t J = ker p. T hen  if
: A ->A 0 ,7 1  is  the co-multiplication  P A  induces H opf-m odule actions

p p j2 I  ,IJ
2 O k B  and 2 :  .11.12 - 430J1J 2  a s  i n  t h e  previous section.

Moreover pa w ill d e n o te  th e  co-multiplication o n  B .  W e define Z 0 1 1 1

a s  follows :

(3.1.1) ZG/// = {6  E HOMB(J/J 2 , B): PB° 6 = id BO 6° 2 8 + 6  i d a . Pe}

3.1 Theorem. L e t  G = Spec ( A )  b e  a n  af f ine  group-schem e ov er a
f ie ld  k  an d  le t  H = Spec (B )  b e  a  c lo sed  subgroup . T hen  there  is  a
n atu ral injection M H : If , m oreov er, G  is f in ite  group

scheme i s  s u r j e c t i v e .

Proof. W e begin  by  considering  a  k -a lg eb ra  R  and  a  quo tien t

algebra S = R / J .  L e t  p : R -4 S  b e  th e  p ro je c t io n . L e t  k [ t ]  b e  the
r in g  o f  dua l num bers and  le t : k [t]-4 (  b e  t h e  na tu ra l m ap . L e t

Elk s d e n o te  th e  s e t  o f  q u o tie n t  algebras o f  R  k  [ t ] ,  :S" such  that

S/tS S  a n d  t g  S .  L e t k =R O k k [ t ] .  F o r  each elem ent o f  E k s  w e
have a commutative diagram :
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0 0 0

0 Jt  - - - - + R t  > 0
.1 )1
I

(3.1 .2) 0 - - .—  _
I u
g >0

I nj a t n R
I n S

0 - - - 3 J - - - - - -' ) R — - -' ). S — ) . 0

I I I
0 0 0

where th e  m aps a re  th e  obvious ones, a n d  c (r )= r0 1 . F o r  any  XE J
consider o-oq(x). T h en  rts .p. ac q(x )= p . irR o ao q(x)=p o g(x) = O . H ence
pocrog(x) is  in  the  im age  o f u  and hence this procedure defines a m ap,
60 f r o m  J  t o  S = S t .  T h is  is m anifestly a n  R-map a n d  s o  60 2 ) =0
and so  it is c lear that the  procedeure defines an  element, 6 , o f Horn s (JI
J 2 , S ) .  W e w ill de te rm ine  6  explic itly  w hence it w ill be  c lear tha t
6  is  un iquely  de te rm ined  by  J. Suppose J/J2 a n d  x  i s  a  pre-
image in  J. Choose x + f te l  such  tha t nj ( x + f t ) = x .  T h e n  a s  a • g(x)
is  ju s t  x  a n d  x J, w e  f in d  th a t 13(0- q(x))= p (x) = -  ( x  +ft)) =
f l(— ft). N o w  —ft e ker 7t, a n d  so  w e  m a y  lif t  t o  R t .  T h u s pa— ft)
i s  th e  element o f  S t  e q u a l to  r) g ( x )  in  g. T hus 6 ( . )  is  ju s t  the
im a g e  o f  — f  i n  S. N o w  w e  m a y  reverse this procedure. N am ely
suppose 6 e Homs (J/J2 , S )  i s  gvien. C hoose a  s e t  o f  generators for
J  s a y  {xi : ie I}, a n d  le t  )7i d e n o te  th e  residue calss o f  x i i n  J/J 2 .
T h e n  le t  6()Ti) =f i e S  a n d  choose f i  a  pre-image of L  i n  R .  Take
y i = x i — fi t a n d  ta k e  j 6 e q u a l  t o  t h e  id ea l in g en e ra ted  b y  the
yi . I t  i s  a n  exe rc ise  to  p rove  tha t j 6 is  in d ep en d en t o f  th e  choices
involved a n d  th a t  th e  diagram like (3.12) which it defines determines
6. T hus w e have established a bijective correspondence between E il i s

a n d  Hom5 (J/J2 S ) .
N o w  suppose  t h a t  6 € Horns (J/J 2 ,  S )  corresponds t o  p :

a s  i n  diagram  (3.1 .2). T h e re  is  a  surjective m a p  / 3  fl: k[oR--
:10, [ 0 3  a n d  so  'S. ® k u pg  determines a n  elem ent o f  Homs o k s (J2 /Ji,
SO k S ), where J 2 =k e rp O p =JO R +R O J. W e should like to calculate
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th e  corresponding m a p .  W e  note  th a t  J 2 1.1i =J IJ 2  ()RI J ()RIJ (3■J/J2 .

The explicit determination of t5 makes it self-evident that the  element of
Homs o k s (J 2/./3, S O S ) corresponding to g O k [ f i g  is  ju s t  SC)id s llid s (N .

W e  n o w  re tu rn  to  th e  c a se  under consideration in  th e  theorem.
W e  b e g in  b y  d e f in in g  a/ H . N am ely i f  f i e g , H ,  17 determines a
d iagram  like  (3.1.2) w ith  R  rep laced  by  A  a n d  S  b y  B. W e can
thus determine a n  element in  Hom B (J/J 2 ,  B )  b y  th e  procedure defined
a b o v e . T h is  i s  th e  e le m e n t  ') / j ,(Fi). A ll tha t rem ains to  be  p roven
is  t h a t  U 1 11( R )  satisfies th e  identity o f  definition 3.1.1. T o  th is  end
w e  observe t h a t  i f  Fi = Spec (T),  T3 ® r 3  determ ines a n  e lem ent of

E°A0AIBOB• Moreover a s  13 is t h e  a f f in e  r in g  o f  a  group scheme
it h a s  a co-multiplication, B : C )  k r t i ii . L e t  /IA  d e n o t e  the
co-m ultiplication on A . T h e n  a s  a l l  o f  o u r  morphisms a r e  group-
scheme morphisms, w e o b ta in  a commutative diagram:

(3.1.3) 0

0

 

o

      

AC)kAt BC)kBt 0

1 / 1 / 1

f 71* A lt

- - >  OJ t 0

ke:•./k [t];:l  + -/TOk[tr" / lira ' k[t]..• 0

0 0

o( J 0 k  A + Ala k J ) t

1/ !_Jr '

kA+ A® kJ . A()kA

1
0

O
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JOA  + A O f  The restriction of p A  t o  J  induces a morphism u  JI• °: • j 2 — * (JOA +A Q.1) 2

=J1J 2 0B (DB OJIJ 2 . A s  w e  h a v e  observed i n  t h e  previous section
t h e  in d u c e d  m o rp h ism  is  ju s t N I P , .  N ow , the  com m utativ ity  of
diagram  3.1.3 im plies that i f  w e  s ta r t  a t  J ,  p a ss  to  JO A + A  O f and
apply th e  procedure defining th e  m ap corresponding to  the extension,
th e  result w ould be th e  same a s  if  w e had  first applied  th e  procedure
t o  th e  re a r  fa c e  o f  th e  diagram  a n d  then  passed  in to  B O B  via the
restriction of r i ,  t o  BOB • t. I f  a,„(r) is  (5 , then  th e  corresponding
m ap  assoc ia ted  to  th e  f ro n t  f a c e  o f  th e  d ia g ra m  is  60  id, j_lid,06.
Consequently we arrive a t  th e  following diagram :

  

P gILAB >J1J2OBLIBOJI.T2

13 0 i  d DIU d B06

> B  B

(3.1.4)

 

t B

   

The com m utativity of this diagram is expressed equationally, as

11 ,06=60 id B op B +id B C)50). B •

This is  ju s t  th e  identity o f 3 .1 .1  and  so 13/„(F1')e ZG/ „.
W e shall now  prove the surjectivity of/ H  in  th e  c a se  w hen G

i s  a  fin ite  g roup  schem e. F irst w e  p rove  tha t if (5e  ZG/H and J  i s
the  ideal i n  2 1  corresponding to 6 ,  th e n  5. a  1  .1  an ;I+  ,Z(R) .7- A - 6 — k[t]- - • - - k[t]- 6.
Suppose that x e J  a n d  X-  is  its  re s id u e  c la s s  i n  J/J 2 . L et f  b e  an
element i n  A  w hich m aps to  — (5(x) i n  B .  T h e n  x  — f t  e  j j  a n d
conversely every elem ent of ' .16 m a y  b e  e x p r e s s e d  in t h i s  way.
Consider /I A (x — f t)=,u A (x) — p A (f )t. N o w  t h e  re sidue  c la ss  o f  y A (x)
i n  (JO A +A O J)1(JO A + A 0.1) 2  i s  ju s t  (p B (x ), ) B ( x ) ) , a n d  th e  identity
of 3 .1 .1  show s th a t  ((5O id B , ic1,06)((p,(x), A B (x ) )  is just — J )  where
f  i s  t h e  re s id u e  c la ss  o f  f  i n  B. I t  fo llo w s  th a t  u (x ) — j ( f ) re
4 0 :1 + 7 1 0 4 .  Thus w hat w e have show n is that the elements o f  Z , /,
correspond precisely to th e  ideals J  o f  th e  requisite t y p e  in  A  such
that P A ( J )  c 30 71 +  J. T h e s e  a r e  t h e  ideals defining closed
subschemes o f  G  which are sub-m onoids. N ow  the surjectiv ity  of a o ,
follows from this Lemma :
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3 .1 .5  Lem m a. L e t  R  b e  a  com m utativ e A rtin ian  a lg e b ra  o v e r a
f ie ld ,  k ,  an d  le t G  = Spec ( A )  b e  a  f in ite  g ro u p -sc h e m e  o v e r R . Let
H =Spec (B ) b e  a  f aith f u lly  f lat  c lo se d  subschem e o f  G .  T h e n  H  is
a  closed subgroup-schem e o f  G  if  and  o n ly  i f  H  i s  a  closed submonoid
o f  G.

P r o o f . Let the co-m ultiplication, antipode and augm entation on
A  b e  it A , S A  a n d  C A  respectively  a n d  l e t  A  = ker sA . L e t  p : A —■ B
b e  th e  m ap defined by th e  embedding Tic-4G a n d  le t  J =ker p. Then
th e  statem ent that H  induces a sub-m onoid functor of G  is equivalent
t o  t h e  s ta tem en t th a t ItA ( J) c .1 0 A + A P J a n d  hence  !LA  in d u c e s  a
co-associative co-multiplication B  B O B .  L e t  h: B --+T  b e  an
R-algebra morphism from  B  in to  a  finite R  algebra a n d  le t  h=ho p.
T h e n  /1 G (Spec (T)) = G (T ) a n d  so  it  in d u c e s  an autom orphism , left
translation, A ,: TO R A  T O R A , b y  .1,,(tO a) = th ( a ( 2 ) )C) a ( J ) . T h e  fact
th a t  h  vanishes o n  J  implies the com m utativity of the diagram:

TO R A
l id-®p

TO R B

An TC)RA

li d T g P •

TO R  BAT,

 

It follows that .1 h (T ® ,./)c  T O R J. Moreover the vertices o f the  diagram
are finite dimensional vector spaces over k  and the  arrows k-morphisms.
Hence AR(T Q R J)= TO R J  a n d  hence Ah i s  an automorphism. Observe
th a t  if  j(b )=1  O b E T O B , th e n  id T  A T ,  oj = h' • h w here h' •h  means
th e  product o f  h ' a n d  h  a s  elements of H(Spec (T)). It follow s that
t h e  m ap from  H (Spec (T)) to H (Spec ( T ) )  in d u c e d  b y  multiplication
b y  h  i s  an  au tom orph ism  of se ts and  hence H(Spec (T )) i s  a group.
In  pa rticu la r, a s  B  is  f in ite  o v e r R , w e  m a y  s e t  T = B  a n d  h =id .
W e first find  a  m ap f: B— *B such  that f iciR  = idR . T h a t is  f  satisfies
Ef(b o o.b( , ) = b . Moreover there is a  m ap  sR ,  su c h  th a t E s0 0 0.b( 2 )

(6 )
= f ( b ) .  The inclusion H (H )cG (H ) a n d  th e  fa c t  th a t  H (H ) i s  a  sub-
group o f  G(H) im ply  that f o  p  m u st satisfy fo p(a)= c A ( a) •  R . It fol-
low s tha t f  factors th rough R ,  a n d  hence determines eR :  B --q? such
tha t gR op =r.A . C onsequen tly  CB  i s  an augmentation and sR  an antipode
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a n d  th e  lem m a is proven.
W e  n o w  w ill a p p ly  th e se  re su lts  to  o u r  m a in  object of study.

F o r  th e  remainder o f  th is  section assum e th a t  k  i s  a n  algebraically
closed field of positive characteristic, p> O. L et G  be a  linear algebraic
group over k. I f  X  i s  a  scheme a n d  H = S p e e d  i s  an affine  group
schem e over X  w ith  identity  section d e fin ed  b y  t h e  sheaf o f  ideals,

th en  H , will always denote Spec a'  w h e r e  
J , ,

 i s  th e  ideal
generated , locally , by  pvth pow ers o f  sec tio n s  o f  .111 . In  particular,
i f  G  i s  of dim ension n, G , is a lw ays a  finite  group schem e of type
(y, n ) over k. I f  H  is  a n  infinitesimal closed subgroup o f  G , and 5 H

is  th e  ideal defining th e  identity in  H , then , if XE  .fiv, im plies xe = 0,
H c G ,,. Thus, i f  X  i s  a  k-scheme a n d  H  i s  a  closed finite subgroup
scheme o f  G x ,X  w hich  is o f  ty p e  (y, r) it fo llow s tha t H  is actually
a  subscheme o f  G, x  ,X . T his motivates th e  next definition.

3 . 2  D efin ition . L e t G  be  a  linear algebraic group over an  algebraically

closed fie ld  k  o f characteristic p > O. T h e n  le t  Inec,W )  e q u a l I  n f (J : i rk)

a n d  le t  H (GW ) =KY:72.

A s k  is algebraically closed w e m ay identify the closed points of
a  k-scheme o f  finite type  w ith  its  k-points, a n d  fo r  th e  remainder of
th is  section  w e  s h a ll  a d h e re  to  th is  convention. T h u s  i f  H  is an
infinitesimal subgroup o f  G  of type  (y, r) w e m ay  th ink  o f  i t  a s  a  k-

poin t o f  In e j / kr) . W e shall, how ever, w rite  x (H )  fo r  th e  p o in t  cor-
responding to  H ,  a n d  H (x) f o r  th e  infinitesimal subgroup o f  G  cor-
responding to a  closed point of In f .

3 . 3  T heorem . L e t k  b e  an  algebraically  closed f ie ld  o f  characteristic
p > 0  a n d  le t  G  b e  a  linear algebraic  group  ov er k. L e t  H  b e  an
inf initesim al subgroup of  G  of  ty pe (y , r). L e t 1G  b e  th e  L ie  algebra
o f  G , le t  / ,,  b e  th e  L ie  algebra o f  H  a n d  le t  n , ,  denote /G 1/,
w ith th e  H -representation arising f rom  th e  inner action o f  H  o n  / G .
L e t  x = x (H ) b e  th e  p o in t o f  Inf a )  c o rre sp o n d in g  to  H , an d  le t
Tx  d eno te  the tangent sp ace  to  I n e a  a t  th e  p o in t  x  corresponding
t o  H .  T h e n ,  t h e re  i s  a  natural isom orphism , f r o m  T x t o
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Z 1 (H, 11G / 0 ,  the  Hochschild one-cyc les o f H  w ith  coeffic ients in  itG / H .

P ro o f. L e t T  be  the  spectrum o f the  dual num besrs. Then by the
functorial description of  I n f j ,  I n e a ( T )  is j u s t  t h e  s e t  o f  finite
group-schemes o f  t y p e  (y, r) o v e r  T  which a r e  c lo sed  T-subgroups
o f  G x k 'T. A  m o m e n ts  considera tion  w ill show  th a t  th e  p o in ts  o f
Inf (d'i ( T )  ly in g  o v e r  H ,  correspond to  c lo se d  su b g ro u p s  o f type
(y, r )  i n  G x ,T w hose restriction t o  the closed p o in t  o f  T  is  ju s t  H.
L e t  o n e  s u c h  b e  R .  L e t  H =Spec (B ) , let Gv = S p ec (A ), l e t  R=
S pec(), l e t  k [ t ]  b e  th e  dua l num bers a n d  le t  A v C)k k [t] — Â . Let
J = ker(A --43). T h e  fa c t  th a t  H  a n d  R  a re  o f  ty p e  (y , r )  have the
following consequences:
3.3 i )  B  a n d  J  satisfy assumption 2.1.
3 .3  i i )  k e r  ( -11-+B)=Bt.
A s  a  consequence o f  3 .3  i i )  Tx  = n i l ! . Theorem 3 .2  yields a n  isomor-
phism a m :  T. — ZG/H. Since 3 .3  i)  is true we m ay apply Theorem  2.9.
W e  m a y  ta k e  citt T he theorem  is proven.

Before passing to th e  next theorem we observe th a t  G  operates on
Inf (GW )  o n  t h e  r ig h t  b y  in n e r  autom orphism s. W e  h av e  described
th e  ta n g e n t s p a c e  to  Inf (GW )  a t  x (H ) .  N o w  w e  w ill d e sc r ib e  the
tangent space  to  th e  o rb it o f  x(H) under G.

3 .4  Theorem. L e t H  cG  be as a b o v e . T h a t is ,  H  is  a n  infinitesimal

subgroup o f G  o f ty p e  (y ,  r). L e t  x(H )= x b e  th e  p o in t o f  Inf (a

corresponding to H  a n d  le t  G(x) denote th e  o rb it  o f  x  under inner

automorphism. L e t  Tx° deno te  th e  tangent space to G(x) a t  x. Then

T x° c Tx ,  the tangent space to Inf , (
G yikr) , a n d  G i F ,(T x°) is  ju s t B'(H,

the  Hochschild one boundaries o f  H  w ith  coefficients in n a /H.

P roo f. T o describe  the  tangen t s p a c e  to  G(x) w e beg in  w ith  a
functorial descrip tion  o f G (x ). I n  general, l e t  X  b e  a  scheme with
a G -action X  x k G—>.X. Then G(T) acts o n  X (T )  o n  th e  right for any
k -sch em e T  I n  a n y  case  if  the  s truc tu re  morphism o f  T  is  y :
Spec (k ) and x  is thought o f  a s  a  map from Spec (k ) to  X , then G(x)(T)
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is  ju s t  the image of xoy in  X (T )  under the action. If T=Spec(k[t])
w here k [ t ]  i s  the dua l num bers, then , G (x )(T ) i s  the tangent space
to  G ( x ) .  I f  x  and the action of G  on x  can be described explicitly,
then , it is  qu ite  feasib le  to  desc ribe  the tangent space  to  G (x ) a t x .

Let us t u r n  to  the case a t  hand. Nam ely x =x(H)E Inf (Gviir ) . F i r s t
w e evaluate G (T ) w here  T  i s  the spectrum of the d u a l n u m b ers . A
point of G  in T is  a pair (a, z1„) where a e G(k) and z l, is  a derivation
o f A  in  k  a t  a , i .e . z1 (ab)=a(a)zi a(b)+ a(b). „(a). T hen  (a, z1„)(a)=
o- (a)+z1„(a).t. W e now  describe the action  of G (T )  o n  Inf (

GW ) (T ).

Inner automorphism on the righ t is described  by  a  le ft coac tion  / A :
A ->A O A , w here e'„(a)= am s(a( 3 ) ) a" ) . Since G , i s  a  character-

(a )
istic  subgroup o f  G , l ' A  reduces to  a  co-action, e",,: A v -> A ®  A .  Let
Â = A (:) k k[t]. N o w , e"A  in d u c e s  e"- A ,: O & [t]q, = A Ok ; i v . Let

=(a, J O  b e  a  T-point o f G .  D efine cp, by (p a =m A ,0(5- C) k id) ,-,).4: -
A „

T h e n  cp., i s  an automorphism o f  Â ,  and (pa o (p ,= 9 „ .  I f  r3  i s  the
coordinate r in g  o f a n  infinitesim al subgroup of S p e c ( A )  of type
(y , r), a n d  if p : 71„-41 i s  the natura l projection, th e n  I). cp  defines
a  H opf algebra m orphism  from  q v t o  w h o s e  k e r n e l  i s  ( p 0„- l(ker p).

Then, th is  is  a point of Inf (
GW )( T )  distinct f ro m  the point y corres-

p o n d in g  to  /3 ;  i t  is, in  fa c t,  y . c .  N o w  the structure morphism
fro m  T  to  S p e c (k )  corresponds t o  the injection k c4 k [t] and as the
g roup  schem e  over T  corresponding to f :  T .-, Inf ,( )  i s  g o t t e n  b y
pulling back the universal subgroup scheme, we can easily determine
the T-point o f Inf (

G k̀
4 r) co rre sp o n d in g  to  x (H )= x .  N am ely w e have

the diagram

>  I n f

Spec (k)

w here y: T->Spec(k) is the structure m orphism . T h en  x .y  corresponds
t o  (x .y )*(H (

Gvik") ) = v*(x*(H (fAr  ) . T hat is, the point x  y  corresponds
t o  k [t]O k B .  W rite  B ,  fo r  k [t]O k B .  T h e  points of G (x(H ))(T ) are
subgroup schemes o f A , arrived  a t as follows. For e  G (T ) consider
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th e  morphism po(p, : 71,->Br.

This determines a  closed k [t]  subgroup scheme of A ,  o f type  (v, r)
w h ich  w e  d en o te  6 B „  a n d  w e  w r ite  p a  f o r  I). (pa . (Observe that
kerpa ker p .  T h a t is  w h y  w e  m ust distinguish aBe f r o m  Be). To see
which o f  these points lie above H =Spec(B) w e observe that (pa  actual-
ly  m a y  b e  w r it te n  a s  (9 ,, LID  w here  (pa ( a )= 9 ,(a )+  d (a ) . t  for a c
Av c iT y . H ere zl'; is defined a s  in  section 2. Then A'; satisfies 4 ( a b )
=9,(a).A ';(b)+9,(b).z1(;,(a), and q a n  automorphism o f  A , defined
b y  y o„ = a  id A . e"A „  w hile  d',; =4,7i d A . 7,4 ,. W riting  9 ,  i n  this
fo rm  w e  se e  th a t (pa (a + a't)= T,(a)+ ((p a (a ')+  d '(a ) ) t .  It is  then  c lea r
th a t  aB , lies above B  only i f  (a „  induces a n  automorphism o f  Spec(B)

as a  subgroup scheme of Spec(A). That is, a e NG (H) where H =Spec(B),
a n d  4 ,  is  in  th e  ta n g e n t  s p a c e  to  G  a t  a  ( n o t  the  tangen t space
t o  N G (H )  a t  a). T h e  determination o f  aBe is  sy n o n y m o u s w ith  the
determination o f  a i=ker (71, —■ aB,). N o w  x+yt e  j "  i f  a n d  o n ly  if
po(pa (x+ yt) = 0 ,  t h a t  i s  if p(cp„(x)+(cp„(y)+ d(x))t) =O . T h e n  x+ y t
ea .1  i f  a n d  on ly  i f  cp „ (x )e J  a n d  (p,(y)+  L l(x)e J. B u t ( p„ preserves
J  a n d  so  th is  is  t ru e  if  a n d  only i f  x e J  a n d  y + t te;(x)e .1. Now
observe that i s  a  derivation o f  A , in  itself. ( I t  i s  n o t  a „-

semi-derivation a s  w as  A O . W e  sh a ll d e sc rib e  it i n  de ta il later, but
fo r  th e  m o m e n t w e  sha ll m ere ly  re-lable it D „ . T h u s , th e  element
o f  Horn B (J/J 2 , B), (5 a ,  associated to a Be m a y  b e  desrcibed a s  follows.
W e  k n o w  th a t x+yt e a.7 i f  a n d  on ly  i f  y  i s  congruent t o  — D„(x)
modulo J. T h u s  „(x ), w hich is th e  residue class of — y m odulo  J  is
ju s t  th e  residue class o f  D „(x ). H ence 6a  i s  ju s t  th e  m ap  from  J/J2

t o  B  induced by D e,.
L e t  u s  now consider which derivations, D ,„ a r ise  in  th is  context.

W e recall the  construction  of De r  W e  b e g a n  w ith  a  (TE G (k) a n d  a

A ,, s u c h  th a t  .4 ,(ab)= a(a).4 c (b)+ a(b).%1 „(a). W e  th e n  in d u c e d  a  y P,-
semi-derivation o n  A ,, by composing A ,,oidA  w ith  the  left inner coaction
o n  A  (because G  is acting from  the  right), to  obtain Aià , and  composed

=go„- t w ith  A , to  o b ta in  D(r . A ll o f  th e  operations i n  question
can  be  perfo rm ed  o n  A  ra th e r  th a n  A ,  a s  Spec(A ) is characteristic
i n  G , a n d  so  w e shall perform  our ca lcu la tions i n  th is  w a y . What
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w e  propose t o  sh o w  is t h a t  t h e r e  i s  a n  elem ent /I, c / 6 , the  L ie
algebra o f  G , s u c h  th a t  D,7 = z r ;  a n d  converse ly  tha t each  z1  cor-
responds to  som e Da  w h e re  A I ' signifies w h a t  i t  d id  i n  the previous
section.

Proving th e  se c o n d  assertion am ounts to  nothing m o re  th a n  the
observation th a t  .4; = D ,  f o r  ii =(EA , J O . H e n c e  w e  m u st o n ly  show
th a t DG,=,41 fo r  s o m e  A ,.  N o w  Da =cp,-1.61. W e  p ro v e  th a t 9-,z1
=(4,04-1)e . w h e re  2 „-, is  le f t  translation b y  (7-  ' ; i.e. 2,-1(a)
= E am o- . sA (a ( 2 ) ). By definition (7- ' =o- o s ,  a n d  (po -lozle;(a)

(a )

=  E  0.(a( sA (a ( 5 ) )) . J o  sA (a ( 2 ) s,(a ( 4 ) ))• a( 3 )
( a )

=E z1(a o po s A (a ( 2 ) )s A (a ( O a o  s A (s A (a ( 4 ) )))a ( 3 )
( a )

= E tl.„(4 -i(a ( 1 ) ) . i(s,(a ( 3 ) ))). a ( 2 )
(a )

= E A cr 0 ).„-,(a ( o s,(a ( 3 ) )) • a( 2 )  .
( a )

T hus, th e  iden tity  is  proven. Observe th a t  tl a ./1„--, e /6 . Summariz-
ing, w e have show n that if  271. „ is  a  p o in t  o f  th e  tangent space
t o  th e  o rb it  o f  B  under inner automorphism b y  G , th e n  th e  corres-
ponding element (5 o f  Hom B (J/J 2 , B ) is induced by a  derivation of the
fo rm  d i fo r  ti e  / G . B y  T heo rem  2.9 this shows th a t the tangent space
to  th e  orb it o f  B  is precisely j (1 3 t (H, 116 1 0 ) .  Theorem 3.4 is  proven.

3 .5  Corollary. L e t  G  b e  a  linear algebraic  group ov er an albegra-
ic ally  closed f ie ld  o f  p o s it iv e  c h arac te ris t ic , p >0  a n d  l e t  H v c G
b e  a  closed inf initesim al subgroup of  ty pe (y , r), T h e n  if  n w „ )
= 0 , th e  closure o f  th e  o rb it  o f  H ,  under inner au tom orphism  is a
com ponent o f  In f (d'Ar)

P roof. T o  s a y  th a t  I-P(H, n6 1 B ) = 0  i s  t h e  sam e a s  saying that
Z 1(H, n 6 1 1 1 ) =E0(H, n G / H ). T hus, i f  x =x (11,) i s  th e  p o in t  o f  I n f (Gyikr)

corresponding to 1 4 ,  the  tangen t sp a c e  to  x  i n  In eGv/kr) i s  e q u a l  to
the tangent space  to  x  in  G (x ) . The corollary is hence proven.

4 .  Reductive normal subgroups.

T he purpose o f  th is  section is  to  p ro v e  th e  following:
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4.1 Theorem. L e t  G  b e  a  lin e ar alg e b raic  g ro u p  o v e r an  alg e -
b raic ally  c lo se d  f ie ld  k , o f  positiv e characteristic . L e t  H  c G  b e  a

closed connected reductiv e norm al subgroup o f  G  a n d  l e t  K  b e  a
connected af f ine group o f  au tom orph ism s o f  G . T h e n  K  le av e s  H
stable.

P ro o f. L e t  H = Spec (B ), G = Spec (A ), K  = Spec ( C )  a n d  le t  J =
ker (A -43). M oreover 'A ' 'B , A ,  B ,  G ,  H  w ill denote w hat they did
in  previous sections.

T h e  idea  o f  th e  p ro o f  is  to  show  th a t  the  tangen t sp a c e  to  the

orb it o f  H , i n  In e a  under the  ac tion  o f K  consists of cycles from

Z i (H, nGin), a n d  to demonstrate that H 1(H, ttGin)= 0 . This will imply
th e  result.

Let u :  A -+CO k A  b e  the coaction corresponding to the  ac tion  o f
K  o n  G .  L e t a b e  a n  element o f  th e  L ie  algebra o f  K .  Then 0®
idA ou is a  derivation o f  A  in  itself, which we denote 0. T h e n '6 induces
a B-map, .11.12.- B .  T h e  f a c t  th a t  K  operates as automorphisms
o n  G  im p lie s  th a t  pB .0 *  id B 0 0 * .  AB+ 0* i d , .  p B . Consequently 0*

determines a n  elem ent o f  Z '(H , 110 1 1 1 ). N ow  w e m ay reason exactly
a s  w e  d id  in  th e  p roof o f  3 .4 , a n d  w e w ould  find  tha t th e  elements

o f  Z '(H ,, n 0 1 11 ) w hich  a r e  in  t h e  tangent s p a c e  to  the  orbit o f  H,

under th e  a c tio n  o f  K  a re  defined by just th e  sam e procedure a s  is

0*• W e w o u ld , h en ce , f in d  th a t th e  tan g en t s p a c e  to  t h e  o rb it  of
H  under K  lie s  in  th e  im a g e  o f  Z '(H , n G / H ) i n  Z 1 (H ,, 

M G / H )
 u n d e r

th e  natural m ap arising from  the inclusion H v c->H.

However, H  is reductive, a n d  th e  fa c t  th a t  H  i s  norm al implies

t h a t  H  a c t s  o n  n G " ,  trivially. C o n se q u e n tly , IP(H , rtG / H ) = 0 ,  and

Z i(H,n G i i i )=n G / H O k Hom(H, Ga ) = 0 .  Thus the tangent space to the orbit

o f  H ,  u n d e r K  i n  lnf (G yikr)  i s  z e ro  fo r  e a c h  v .  T h is  im plies that
th e  o rb it  is  ju s t  a  p o in t  f o r  e a c h  v .  N o w , th e  f a c t  th a t  H ,  i s  K-

stable is expressed a s  fo llow s. L e t  / , , ,  b e  th e  ideal generated by pv-th

powers o f  elements i n  /A ,  a s  u su a l. T h e n  th e  stability o f  H ,  means

that u(J+ I A , O C  C O  ± I A. O . T h u s  u(J)=u( v n oJ + I A ,„) c  v no (C 0 J +

COIA ,v ). A s tensoring over a  f ie ld  is  q u ite  f la t ,  th e  intersection on
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t h e  r ig h t  is  ju s t  C C ) J .  T h u s  u ( f ) c  C O J a n d  hence H  is K-stable.
T h e  th e o re m  is  proven.

5 .  Transformation spaces.

L et X  b e  a  non-singular variety o f  finite type over a n  algebraically
closed field, k. L e t G  be  a  linear algebraic group over k  and assume
that a  : G X k X -+X  is  a n  a c tio n  o f  G  o n  X.

5 . 1  D efin ition . L e t  a : G x k X—OC. b e  a n  a c t io n  o f  G  o n  X .  Then
a  w ill b e  c a lle d  a  fully separable a c t io n  if  th e  following conditions
hold :

i) F o r  any  point x e X ,  th e  stabilizer o f  x  is reduced.
ii) I f  Gx  i s  th e  stabilizer o f  a  p o in t, x , a n d  G x°  is its connected

component, then th e  fixed p o in t se t o f  G ? is reduced.
L e t X  b e  a  non-singular quasi-compact algebraic variety o f  finite

type over a  f ie ld  k  and assum e that a  : G x k X—OC is  a  fully separable
a c tio n  o f  G  o n  X .  Consider th e  stabilizer o f  th e  identity  m ap o f  X
into itself. N a m e ly  ta k e  GA  equal to  the inverse image of the diagonal
in  X  x k X  under the  map ( 1: (g, x) h— qa(g , x), x). T h e n  G ,  is  a  group-
scheme over X  and  the  fib re  over a  p o in t, x , is  ju s t  th e  stabilizer of
x . A ssum e tha t the  orbits o f  G  in  X  are equideminsional, of dimension
s. L e t n =dim  G  a n d  le t  r=n  —  s. T h e n  G ,  h a s  fibres of dimension
r  over G  and  moreover by fu ll separability, G ,  has non-singular fibres.
L e t S IA  b e  th e  sheaf o f  r in g s  o f  functions o n  GA  over O x , and let
J r ,  b e  t h e  sheaf o f  ideals defining th e  identity se c tio n  in  G , .  Let
AP") denote th e  ideal generated by pv-th pow ers o f  se c tio n s  in  ,,A .

L e t  G ,,,= Spec siv r ) .  T h e n  G , , ,  is c l e a r l y  a group-schem e of
ty p e  (v , r )  o v e r  X  a n d  hence  it de te rm ines a  m o rp h ism , n(

x v : X

Inf iiikr )  •

5 . 2  D efin ition . L et, X ,  G  b e  a s  above . T hen  the m ap  ri(
xv:6") is  c a ll-

e d  the equivariant cotangent m ap o f  order v associated to Œ.
F o r  th e  remainder o f  th is  section w e  assume th a t  th e  f ie ld  k  is

algebraically closed. F o r simplicity, we shall write S (v ) f o r  Inf (Gvikr )  a n d
n v  fo r  ti(

x v:6-) . W e  re tu rn  to  o u r  discussion of X .  L et Z , =X  x s(v)X.
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T h en  4  is  c lo se d  in  X  x  ,X  and since  the m a p s  qv: X --+S(v) are

a  d irec ted  sy stem , th e  4  a r e  a  decreasing sequence o f  closed
subsets o f X x ,X. As X  is quasi-compact and of finite type over k,
the sequence {4 }„ , 0 even tua lly  stab ilizes. T hat is  there  is  an integer,
v, such  tha t v> N Z , = Z v + 1 •

W e shall analyze the significance o f th is  in teger. F irst w e  observe

th a t  s in c e  k  is a lgeb ra ica lly  c lo sed , w e  m ay  th ink  of points as k-
po in ts . H ence  a point in S(v) corresponds t o  a  subgroup o f G , say
K , of type (v, r). A point x e X  i s  in the fibre over K „ if and only
if the stabilizer o f x, truncated at exponent v  is  e q u a l to  K .  H e n c e
the fibre over K , is  X K ., the fixed point set of K,,. We observe that
a t  the fibre over x  in 4  under either projection may now be described
explicitly. N a m e ly  le t  Gx  b e  the stabilizer o f  x , and let K ,  be its
trunca tion  a t exponen t v  fo r e a c h  v . T h e n  the fibre over x  in  4
is  ju s t X K . base extended by the residue class field of x. This latter,

being k ,  m ay be  fo rgo tten . N ow  the stability o f 4  fo r  v > N  implies
that X ' =X '  2 e t c .  L e t  K = G ,  the connected component
o f  Gx . I t  is  c le a r  th a t  if X "  =X  . . .e tc . ,  t h e n  X  =X K . That is
fo r v > N , X K =X K . W e have proven the following:

5.3  Lemma. L et k  be algebraically  closed. L et X  be a non-singular,
quasi-com pact algebraic v ariety  ov er k , a n d  l e t  a: G X  ,X  —> X  b e  a
G-action w ith equidiem ensional non-singular stabiliz ers, all o f  dimen-
s i o n  r .  L e t  qv: X  —4nf (dAr)  b e  t h e  eq u iv arian t c o tan g e n t m ap  of
ex ponen t v  assoc iated  to  Œ . F o r a n y  x ,  l e t  K ( x )  b e  th e  connected
com ponent o f  t h e  s tab iliz e r o f  x. T h e n  th e re  is  a n  integer N  >0
such that f o r v > N , (ir) - 1 (qv(x))=. XK(x).

W e shall now  consider the m aps qv  more in detail. Assume that
: G X  k X-+ X  is fully separable. In particular for a n y  x e X , qv  induces

a  m a p  d ,  f r o m  Tx (x ) , the Zariski tangent space o f  X  a t  x , t o  the
Zariski tangent space o f  InfTikr)  a t  qv(x). W e should like to analyze
the m a p  in  d e ta il .  This can be accom plished by exam ining the map
functorially.

Let H  b e  the connected component of the stabilizer o f x  in  G.

T hen H  is  a  subgroup of G of dimension r. T hus qr(x) is  the point
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o f  Inf („yi,T) c o rre sp o n d in g  to  H „  th e  u n iq u e  infinitesimal closed sub-
group scheme o f  H  of type (y, r ) .  L et k[t] b e  th e  r in g  o f  dual num-
b e rs . T h e n  a  p o in t  o f  Tx (x) is  ju s t  a  p o in t , Sx  EX (k[t]), lying over
x. In  fac t, nv(Sx )  is just precisely th e  stabilizer o f  Sx . T h e  stabilizer
o f  Sx  i s  a  subgroup-scheme o f  G x kSpec (k[t]). Since th e  a c tio n  o f
G  o n  X  is fully separable, th e  stabilizer o f bx  is  sm oo th  and  o f dimen-
s io n  r  o v e r  k [ t] .  W e  sh a ll w r ite  F i f o r  t h e  connected component
o f  the stabilizer o f  Sx . N o w  f i  contains a  u n iq u e  group-scheme of
type  (y, r) over k[t], Fiv .  T h is  in  turn determ ines a  c y c le  in  V (H y ,

n0 1 11) . T h en , driv(6x ) i s  ju s t  the  cyc le  determ ined by R , . H o w e v e r
w e m ight proceed to determ ine dir(S x ) i n  a  slightly different fashion.
Namely, le t  A ,  b e  th e  r in g  o f  functions o n  G , A „ th e  r in g  o f  func-

tions o n  H ,  a n d  J  th e  ideal defining A H . Then A  =Spec(A- H )  where

=A ,C )k [t]/ i and J. T h e n  ju s t  a s  in  se c tio n  3, 1-1  deter-
mines a  m ap  fi : J/J 2  -+A „, which determines a  c y c le  3 e Z 1 (H , n, /„).
R ather than strive  f o r  com pleteness we m ay just c ite  th e  well known
theory o f  deformations o f  sm ooth groups, o r  alternatively remark that
the arguments of section 3 remain valid. It is clear from  our construc-
tions tha t 171, is de term ined  by  the  im age  o f 3  i n  Z'(H , n01 11)  under
the natural m ap determ ined by the inclusion H„c-)11. T h u s  w e  have
proven th e  following.

5 .4  Lem m a. L e t  k  b e  a lg e b ra ic a lly  c lo s e d  a n d  le t  G  b e  lin e a r

a lg e b ra ic  o v e r k. L e t  X  be non-singular, connected quasi-compact
a n d  o f fin ite ly  gene ra ted  ty p e  over k. Let c :  G  x  ,X -)X  b e  a  fu lly

separable a c t io n  w ith  s ta b il iz e rs  a l l  o f d im e n s io n  r. L e t  riv: X -)

I n e a  b e  th e  equivariant cotangent m ap o f  exponent y  associated

to  a , a n d  le t d ig denote the  associated map o f Zarisk i tangent spaces.

L e t  x e X  a n d  le t  H  b e  th e  connected component o f  th e  stabilizer
o f  x  i n  G .  L e t H ,  denote the  subgroup o f  H  o f  ty p e  (y, r) and le t

11
0 1

„  b e  th e  q u o tie n t o f th e  L ie  a lgebra  o f  G  b y  th a t  o f  H .  Then,
dqv(Tx (x)) is  con ta ined  in  th e  im a g e  o f Zil(H, TIG/H) i n  Z i (liv, nc

W e shall now  apply these lem m as to prove our m ain  theorem.

5 .5  Theorem. L e t k  b e  a n  a lgebra ica lly  c losed  fie ld  o f  charcteristic
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p > 0 .  L e t  G  b e  a  lin ear alg eb raic  g ro u p  o v er k  a n d  l e t  X  b e  a
non-singular connected quasi-com pact v arie ty  o f  f in i te  ty p e  ov er k .
L e t  a: G x  b e  a  f u lly  separab le  regu lar ac tion . A ssum e that
th e  stabiliz ers o f  p o in ts  in  X  are  o f  f ix ed  dim ension. S uppose that
f o r som e closed point x  e X , H 1 (H , n " ) =0 , w h e re  H  is  th e  connected
com ponent o f  th e  stab iliz er o f  x ,  a n d  n G i f t  is the  quo tien t o f  the
L ie  algebra o f  G  b y  th a t  o f  H . T h e n  th e re  is  a n  open  se t in  X ,
U , su c h  th at i f  u  i s  a  closed p o in t  o f  U , ( G ) ° ,  th e  connected com-
ponent o f  th e  stabiliz er o f  u ,  is conjugate to H .

P roof. The technique of our proof w ill be to  analyze the equivar-
iant cotangent m aps and t o  show th a t  fo r sufficiently large exponent,
the im age of X  is contained in  th e  closure o f th e  o rb it  o f th e  cor-
responding truncation of H.

W e begin by choosing N  large enough to  m eet the conditions of
Lemma 5.3. L e t  th e  stabilizers o f p o in ts  b e  of dim ension r. For
v > N ,  w e consider t h e  m a p  qv-=Y 6" ) :  X  Inf (

Gyik") , a n d  th e  corre-
sponding m ap of tangent spaces. A s the action  of G  o n  X  is fully
separable, the fibres of qv are reduced for v> N .  Moreover for v >N ,
the fibre over qv (u) i s  the fixed point set of (Gu)°. Consider a point
x  satisfying th e  hypotheses o f  th e  th eo rem . L e t  H =(G x ) "  a n d  H v

denote  th e  truncation o f  H  a t ex p o n en t v  w ere v > N .  T hen X "=
(nv) - 1 (1v(x)) i s  a  reduced subvariety o f  X  and so  co n ta in s  a dense
open non-singular subset. L e t  Vc X H  denote  th is subset an d  le t y
b e  a  p o in t  o f  V. W e consider chivy ,  th e  m a p  of tangent spaces at
v. T h e n  chr„(Tx (y )) i s  in  th e  im age o f Z i(H , n0 1 8 ) in  Z i(H v , n 0 8 ) .0111,•

A s  11 1 (H, n 0 1 1 1 ) =0 ,  Z q H ,  n " )  =B 1 (H, n " )  a n d  s o  driv,(Tx (v ))c
131 (H,„ n " ) .  T his latter i s  the tangent s p a c e  t o  th e  o rb it  o f  H
u n d e r in n e r co n ju g a tio n . L et Z =IneGvik' ) , a n d  le t  W  b e  th e  orbit
o f H v u n d e r  in n e r  action b y  G  in  Inejikr) . N o w  le t  u s  review the
facts which we have at our disposal:

i) qv(X H)c W,

driv,(Tx(v)) c T w(nv(x)),
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iii) T h e  f ib re s  o f  q v  a r e  reduced,

iv) y  is non-singular in  th e  f ib re  over gv(y).

W e  le a v e  it  to  t h e  reader to  w rite  dow n th e  r in g  theoretic state-
m en ts co rrespond ing  to  these  fac ts . H e  w ill be  fo rced  to  conclude
th a t  riv(X)c: W , th e  closure o f  W .  A s  tiv(v)e W, then nv - 1 (W ) contains
a  d e n se  o p e n  subset o f  X .  T h e  theorem  is proven.

W e conclude this paper w ith th e  rem ark  tha t a ll of the conditions

o f  theorem 5.5 a r e  som ewhat m ysterious. First o f  a l l ,  regular actions

w h ic h  fa il to  m e e t o n e  o r  b o th  o f  th e  c o n d it io n s  required fo r fu ll

separability a r e  easily constructed. Secondly, the  cond ition  .111 (H, n G i „)
= 0  is  a  rather enigmatic o n e .  T h e  astute reader w ill n o tice  that this
c o h o m o lo g y  g ro u p  is  c lo se ly  re la te d  to  H'(GIH, O G I H )  w h e re  GIH
is  th e  homogeneous space a n d  O G I H  is  th e  sheaf o f  holomorphic tan-
gen t vec to r f ie ld s  o n  G IH . T h e  cohomology i s  t h e  ordinary Zariski
c o h o m o lo g y . H e n c e  it  w o u ld  a p p e a r  th a t  IP(H, rt G i i i ) is c lo se ly
re la te d  to  t h e  infinitesimal deformations o f  t h e  homogeneous space,
G IH , i n  t h e  sense o f  Kodaira-Spencer. A ny  a ttem pt to  ana lyze  the

condition i n  a  w ay that w ould relate it either to group-theoretic con-
siderations o r  to  g e o m e tr ic  a s p e c ts  o f  a c t io n s  w ould require som e
analysis o f  th is  re la tionsh ip . T h e  a u th o r  in te n d s  to  in itia te  su c h  a
study i n  a  forthcoming paper a n d  he also suggests that it be examined
a s  a  suitiable topic  f o r  further research.
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