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Introduction and notation

It is w ell know n that there ex ists a  vector bundle o f ran k  n - 1
on  13" fo r  n  o d d , w h ich  is  n o t d irect sums of line bundles c f .  [1].
I n  th is  p a p e r  w e  sh a ll g iv e  a n  exam ple of indecomposable vector
bundle of rank  n — 1 on 13' fo r each n> 3.

In  th is  p ap e r  w e  sh a ll u se  th e  following notation: O p„ is  the
structure sheaf of n-dimensional projective space 13 ' defined over an
algebraically closed field  k  o f  a n  arbitrary characteristic ; O p„(1 )  is
the line bundle associated w ith a hyperplane of 13n ; 121,. i s  th e  sheaf
o f  germ s o f  regular differential 1-form s ; T I ” i s  the tangent bundle
on Piz ; É  i s  th e  dual vector bundle o f  a  vector bundle E ; E ( m )  is
the vector bundle E00 p.(1)(8m  ; c(E) is  th e  i-th  C h ern  c lass  of E ;
c (E) =1+ ci (E) + (E) + • • • is th e  C h e rn  p o ly n o m ia l o f  E ;  h
= c i(O p (1 ) )  i.e. t h e  f ir s t  C h e rn  c la s s  o f a  h yp erp lan e  ; H i (E)
= .11' (X , E )  and 11.' (E )  dimk 1-» (X , E ) f o r  a  vector bundle E  on a
complete nonsingular variety X  defined over k ; G r (n, d) i s  th e  Gras-
sm ann variety which param etrizes d-dim ensional linear subspaces of
P ';  Q  (n , d )  i s  th e  u n iversa l quotient bund le o f  G r (n , d); L x  is
the cf-dim ensional linear subspace o f  P n  w h ich  is rep resen ted  by a
po in t x  o f  Gr (n, d) ; w  , .., 0(A ) =- E Gr (n, d)ILx n A ±  0 }  is the
special Schubert v arie ty  fo r  an  n — d — s dimensional linear subspace
A  o f  P ' ;  a n d  coa, „, is th e  S ch u b e rt c y c le  a sso c ia ted  w ith  a
tos, 0, 0, ..., (A).
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Construction of the example

Lemma 1 .  4 . ( 2 )  is  g e n e rate d  b y  its  global sections.

P ro o f .  Consider the following commutative d iagram  w ith  exact
row s and exact colums.

Kernel g , 

n+1 I
0-->H° (S21,o ( 2 ) ) 0 k 0 p . ,H °  (CD Opa(1))®kOp,,I go I gi

- >  ,f21,,, (2 )   --->  C ) Op. (1)

0

Kernel g,

1
H ° (Op. (2 ))0 k 0 P-

I  g2
-> Op.(2) — >0

I t  is  e a s y  to  s e e  th a t  f  and f '  a re  su r je c t io n s . H ence, the Snake
lemma shows that g , i s  surjective. q.e.d.

B y v irtue  o f the proof of Lemma 1, w e have

h° (4 . (2 )) =  (n +1)h° (0 p.(1)) –h° (0,„ (2 )) = in  (n + 1).

W e denote K ernel go  b y  P„. T hen , w e  h a v e  th e  fo llow ing exact
sequence of vector bundles

N „

(1) 0—>71' p„ ( – 2 ), C ) 0,.–>E„–)0

where N  n = (n  + 1) and rank En= N  – n = in  (n – 1). Using the long
exact sequences o f cohomology groups

N „

0 ,H °  (T  p„(–  2)) H ° (  0 O p.) ->H° (E„)–>111 (T p,, (– 2) )
n+1

0 = H °  ( 0 p „  ( -1 ) ) (T  p „  ( -2 )) – >111 (0 p„ (-2)) = 0
n-I-1

0=1-P( 0  O p .( – 1 ) ) –> 111 p” ( – 2 )) —>H2 (Op.( – 2 )) =0

we obtain h° (T  p .(-2 )) =hi ( T p,, ( - 2 )  ) = 0  and h° (En) = Nn.

Theorem 2. E .  h a s  an indecom posable q u o tie n t b u n d le  E n ' of
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rank  n — 1.

I n  o rd e r  to  p ro v e  t h e  T heo rem , w e need  th e  fo llow ing four
lemmas.

Lemma 3 .  c„(E„) = 0 and  c , 1 ( E ) 0.

P ro o f .  Indeed the exact sequences

N,
p„ ( —2) —> C) 0 p„—*E„—>0

n+1
(  —2) —> C) Op. ( —1) -->T p n  (  —2) —>0

shows that c (E „) • c (T p. (— 2 )) = 1  and

(T p„ ( — 2)) • c (0 pn ( — 2)) = c ( 16 10p, ( —1)).

H ence, w e have

c (E) = c (T  p, ( — 2) )-1 = (1 — 2h) (1 — h)- " =  ( ..;(71 i )  hi) (1 — 2h) .

Therefore, c „(E„) = \\
(2

—1
11 2(2/1 — 1)) hn = 0 andnj \  n  

c„_,(E„) (271 11) _ 2 (2 n  22 )) h" 0 .

Lemma 4 .  L e t E  b e  a  v ec to r b u n d le  o f  ra n k  r  on  a  com plete
n o n s in g u lar v arie ty  X . Suppose t h a t  E  i s  g e n e ra t e d  b y  i t s  global
sections and c .( E )  =0  f o r  a positive in te g e r s r. T h e n  E  h a s  a
triv ia l v ec to r b u n d le  o f  rank  r —  s +1 as a subbundle.

Proof . S in c e  E  is  gen erated  b y  its  global sections, there exists
an  exact sequence of vector bundles

m+1
CD, 0 x—>E—>0

w h e r e  in + 1 = h° (E). T h e n , t h e r e  i s  a canonical morphism
f : X  — * Gr (m  , m  —  r) su c h  th a t  E = f * Q (m , m—  r). S i n c e  0= e  (E )

f  * c,(Q (m , m  — r))= f  * 0, ..., 0, we see that f (X )• 04,0, ..., 0= 0 . Hence,
th ere  ex is ts  a  linear subspace A  of dimension r — s of P n  such that

q.e.d.
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1,,(.)nA = 0 fo r an y  point x  of X  (c f . [ 2 ] ) .  T his show s that E  has
a  tr iv ia l vector bundle o f rank r — s+ 1 a s  a  subbundle. q.e.d.

L em m a. 5 .  L e t  n >s >d >0  a n d  le t  f  be  a m orphism  from  .13'
to  G r(s,d), then  f (133) consists on ly  o f  one  po in t. c f .  [2].

L em m a 6. ( i )  L e t  E  be  a  nontriv ial v ector bundle  o f  ran k  r
on P .  I f  E  is  g en erated  b y  its  global sections, then h°(E) n +1 .
(ii) L e t  E  be  a  v ec tor bund le  w h ich  has n o  t riv ia l  v ector bundle
as  a d ire c t su m m an d . A ssum e that E  is  generated  by  its  global sec-
tions an d  t h a t  h ° ( E ) < 2 n +1 .  T h e n , E  is indecom posable.

P r o o f .  ( i ) .  S ince E  is  g en e ra ted  b y  its  g lobal sections, there
ex ists an  exact sequence of vector bundles

nt +1

0  Op.-->E—>0

w here m  +1= h°  (E ). Then, there ex ists a  canonical morphism f :
—*Gr (m, m — r) such  th at E = f *Q (m, m — r). Since E  is nontrivial
vector bundle, w e see that f (13n) is  n o t o n e  p o in t. H ence, w e have
m >n , b y v irtue  of Lemma 5.
(ii). ( i i )  fo llow s from  (i). q.e.d.

Pro o f  o f  T heorem  2. Since E „ is  g e n e ra te d  b y  its  g lobal sec-
tions and cn(En) = 0 , w e have the exact sequence of vector bundles

0—>F—>En—>En'—>0

where F  is  a  tr iv ia l vector bundle o f ran k  in ( n - 1 ) — n + 1  an d  En'
i s  the quotient bundle o f  ran k  n - 1 ,  by v irtue of Lemma 4. From
the exact sequence of cohomology groups

(F) „Ho (En) „Ho (E.')— >I-P(F)

w e  o b ta in  th a t  h° (E,,,') = h° (En) — h° (F) =2n — 1. T h e  fact th at
c„_1(E„')=cn_1(En)*0 shows that E n ' has no trivial vector bunble as
a  d irec t sum m and . S ince E ,, is  g en e ra ted  b y  its  global sections, so
i s  E n '.  T hese resu lts shows that E „' is  indecomposable, by virtue of
Lemma 6 (ii). q . e . d .
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Rem ark. Canonically G r (n ,1 )  is embedded in  P N - ' .  By th is
embedding o ,,,, (P) = G  G r (n  , 1 )  1  P }  i s  n - 1 dimensional linear
subspace of P N  .  H ence, w e h ave  a  map ç9: P" —>G r (N  —1, n —1).
O n  th e  other hand, b y  v ir tu e  o f the exact sequence (1 ), w e  have a
morphism V :  P '  — *Gr (Nn —1, n —1). I n  th is  senes ço a n d  T .  are
projectively equivalent, i.e . there exists a  collineation f :— >P "  such
that g9= yf
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