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§ 1 .  Introduction

The simply connected Riemannian symmetric spaces have been classified.
For classical cases, th e ir  cohom ology rings are w ell k n o w n . For exceptional
cases, those o f  Fi!, EIII, EIV and E V II are known [1 ] , [1 4 ] . [1 5 ] , and in
these cases they are torsion free. The remaining spaces G, FI, El, EII, EV, EVI,
EVIII and EIX have 2-torsions, and the cohomology rings of the first two are
known [5], [12].

The purpose o f th is  p ap e r is  to  d e te rm in e  the integral cohom ology ring
of the compact Riemannian symmetric space E H . A s  a  homogeneous space,
E H  is expressed by E 6 /S 3 •S U(6), where E 6  is  th e  compact 1-connected excep-
tional Lie group of rank 6  and s3 n su(6)=Z2  [1 2 ].

In  order to  de te rm ine  H*(EII), w e first consider a  homogeneous space
E6 / C , where C= T ' .S U(6) is the centralizer of a one-dimensional torus.

Our first result is

Theorem 3 .2 .  H*(E 6 /C )= Z [t , U, y ,  w]/(r i 2, r 1 6 , r 1 8 , r 2 4 ),

where deg t = 2, deg u = 6, deg v = 8, deg w =12, and

(2.6) 1'12 =u 2  +2w —3vt 2  — ut 3  +2t 6  , r1 6  = t8 + 3 w t2 - 3 v 2.

r i 8 =2wu— wt 3  a n d  r 2 4 =w 2  +26v 3  —15v 2 t4 -21w vt 2 +9wut 3 .

Using the G ysin  exact sequence for the S '-b u n d le :  E 6 /SU(6)—>E 6 / C  we
have

Corollary 3 .5 .  H i (E 6 I S U  (6))'.' Z  f or i =0, 6, 8, 12, 14, 20, 23, 29, 31, 35, 37,
43; Z2 f or i = 18, 26; L'Z 3  f or i = 16, 28 an d  = 0  f o r th e  other i.
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Next applying the  G ysin  exact sequence for the  fibering  S 2 ->E 6 /
we have the following theorems.

Theorem 5 .2 .  H*(EII; Z 2)=Z 2<Y i2+ Y 12.1' i2 ; ( ) _ i l 1 >

+ Z 2 < 1, Y2 , Y3 , Y i, Y 3Y 2, Y i, Y iY 2> 0 21 (Y12, Y2o),

where deg y i = i, d e g  2 = 12.

The relations are given in  Theorem 5.3.

Theorem 6 . 1 .  H *(E II; Z[1/2]) =Z[1/2] [a, b, c, d]l(q 1 2 , q 1 6 , q 1 8 , q 2 4 ),

where deg a = 4, deg b= 6, deg c = 8, deg d= 12, and

(2.8) q12=b2 + 8d- 6ca+a 3 , q 1 6 = a 4  + 12da - 6ca 2 - 3c 2

q 1 8
, -, d b  a n d  q2 4 = d 2 -Fc 3 - 1 d c a .

H ere  w e  u se  th e  following n o ta tio n s . Z [1 /2 ]  indicates the subalgebra of
Q  generated by 1/2 over Z . A  <x i ,..., x n >  denotes the A-module spanned by
linearly independent elem ents x i 's and .4 (x i ,..., x„)= A <x11.• ( a i - 0 , 1 ) > ,
where A = Z 2 , Z [1 /2 ] o r  Z.

Remark that the elements a, b, c, d in  Theorem 6.1 are  integral cohomology
classes, and they are uniquely determined by

p*(a)= t 2  , p*(b)= 2u - t 3 , p*(c)= 2v - t4 ,

p*(d)= w  a n d  p 2 (b)= y l+ y i,

w here p *  is  in d u c e d  b y  the projection p: E 6 IC -÷ E II, a n d  p 2  i s  t h e  mod 2
reduction. There exist more integral cohomology classes z , d', e  and f  such that

2x = 0, P2 (X) = Y 3 , = ---(ca + a 3 ) ,  e =1(cb + ba 2 )  and f  = 1
2--dc.

Using Theorems 5.2 and 6.1 we obtain the structure of H*(EII).

Theorem 6 .3 .  Tors. H *(EH )=Z 2 <Z , X 2 >  Oz1(d, f )  and the Poincaré poly-
nom ial is P(EII, t)--(1+t 4  + t 8  + t 1 2 )(1+ t 6 + 0 2 )(1+ t8 +06).

The ring structure will be given in  Theorem 6.4 with the generators
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x, a, b, c, cl, d', e  a n d  f

and various relations.
T he  paper is organized a s  fo llow s. In  §  2  we calculate the invariant sub-

algebras o f  th e  W e y l groups in  order to  determ ine th e  rational cohomology
o f  E ,IC  a n d  E l l ,  a n d  in  §  3  H*(E 6 / C )  is determined. I n  § 4  we discuss
H*(EII) a n d  H*(Ell; Z 2 )  i n  low  dim ensions, and H*(Ell; Z 2 )  is determined
in  §  5 .  W ith  these d a ta  th e  f in a l sec tio n  § 6  completes t h e  determination of
the ring structures of H*(EII; Z [1 /2]) and  H*(EII).

I w ould  like  to  take  th is opportunity  to  thank  P rofessor H . T oda fo r  his
invaluable a n d  ceaseless help in  writing this paper. I also thank Professor A.
K ono for his various advices.

§ 2 .  Rational cohomology of E 6 / Ti •S U(6) and E l i

L et T  be a maximal torus o f  E 6 .  The Dynkin diagram o f  E 6 1S

CC3 (x4 CC5 16

0  1 2

— Ft

where a, (1 < i < 6 )  a re  th e  s im p le  roo ts  a n d  di =  + 2 / 2 + 21 3 + 3a4 + 2a 5 + a 6  i s
the highest root (5= w2 ).

L e t  C  a n d  U  b e  t h e  identity com ponents o f  t h e  centralizers o f  T '
1{xc Tla i(x)= 0 (i 0 2 ) 1  a n d  o f  t h e  elem ent x 2 e  T ' su c h  th a t a 2 (x 2 ) = T ,  r e -

spectively. Then th e  W ey l groups 0 (  )  o f  E 6 ,  C  a n d  U  a r e  generated by
the following elements:

0(E 6 )=  <R 1 ; i = 1, 2, 3, 4, 5, 6> ,

(2.1) 0(C )=  <R 1 ; i 02>

O(U)= <1? i , i 02>

where I?, (resp. R) denotes th e  reflection in  the plane a ;  = 0 (resp. 6i= 0 ) in the
universal covering o f  T.

Recall from [12; Theorem 2.1]

(2.2) U= S 3  .SU (6), C=T' • SU (6) and  S 3 n SU(6)= n SU(6) -:12 Z 2 .

According to [5] we may consider that each weight is an element o f H2(BT)
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=H '( T ) ,  then the fundamental weights w,; i = 1, 2,..., 6 form a  basis o f H 2 (B T),
and H*(BT)=- Z[w l , w2 ,..., w6 ].

The reflections Ri 's and act on  H*(B T ) as follows:

and
Ri(w,)= w,— E(2<oc i , c >/<c,, Œ.>)w,R , ( w k)= wk f o r  k  i ,

t
R ( w ) =w i — m i w 2  f o r  CZ= Em ig,.

A s  in  [14] w e h a v e  th e  following isomorphism (2.3) a n d  th e  ta b le  (2.4)
of the action by taking following generators:

16 = w6 , t i = R i +  i (t i + i ) (i= 5, 4, 3, 2), t, =R ,(t 2 ) a n d  t = w2 .

(2.3) H*(BT).---- Z[1, 11, 12,—, 16]1(3 1 — c1) f o r  c1 =t 1 -Ft 2 +•••+t 6 ,

R 1 R2 R3 R4 R5 R6 It
11 12 ( - 1 2 - 1 1 11- 1

(2 (1 1. - 1 4  - t3 15 t2 —t

t 3 t— t1—t2 12 t, ta— t

14 t5 15 14 - 1

t5 (4 16 t 5 - t

16 15 4 - 1

t t4 + 1 5 + 1 8 1 - t

where the blanks indicate the triv ial action. Denote by

c i =o - i ( t„, t2 ,..., 1 6 )

the  i-th elementary symmetric function on the variables ti 's (c, = 1), then we have
the following

Lemma 2 .1 . ( i)  H*(BT) ( c ) = [t , cl , c2 ,..., c6 ]/(3t— c 1 ).

(ii) H *(B T ; Q )øao=Q [t 2 , c 2 , c 3 -2 c 2 t +5 0 , 2c4 -3c 3 t, c5 —c4 t +c 2 13 - 3 t 5 ,

4c6 -2c 5 t+c 3 t3 ] .

Pro o f . ( i)  follows easily from (2.1), (2.3) a n d  (2.4). T his and  (2.1) imply
th a t  H*(B T; Q) ( u )  consists o f  a ll a - invariant polynomials i n  H*(B T ; Q)''(c)
= Q E t ,  c 2 , • • • ,  c d .  Applying to  th e  equality  Ec i =11(1 + ti ) ,  w e have ER(c)
=j1(1— t+t i ) = Z ( 1 - 0 6 - ici ,

(2.4)



I n t e g r a l  cohomology ring of  EII 379

and (c2 )= c2 , a(c 3 )= C3 —  4C 2t +10t 3 , R(c4 )= e4 —  3C 3t 4- 6C 2t 2  — 15t4 ,

R(c5 )=c 3 -2c 4 t+3c 3 t2  — 4c2 t 3 + 9 0 ,  R(c 6 )=c 6 — c,t+c 4 t 2 —c3 t 3 +c 2 t4 — 2t6 .

S ince  R(t)= —t a n d  R 2  i d e n t i t y ,  t2  a n d  ci +R(c i ) (i= 2, 3, 4, 5, 6) are
invariant. ItIt is easy to  see that every polynomial f  o f Q[t, c 2 , . . . ,  c d  is written
uniquely in  th e  form  g + t h  fo r  polynomials g  a n d  h  i n  t2  a n d  ci +R (c ,) . If
f  is a-invariant, then g + th =f= R(f)= R(g)+ R(t).R(11)= g —  th. It follow s that f
is  n-invariant if  and only  if  i t  is  a polynomial in t2  a n d  ci +R (c i). This proves
(ii). q. e. d.

Putting

x i = 2ti — (i = 1, 2,..., 6)

we have the following (1)(E6 )-invariant set

S= {x i + x i , t — xk, — t —xk ; 1 , 1, k =1 ,..., 6; i < .

Thus we have invariant forms

/„= E xne H 2 (B T; Q ) ø ( E 6 ) .
xeS

Consider the following elements (r i e Hi, u e H 6 , u e H8 , w e H 12) :

r4= e2 _412,

1 t3u =  C32 v  =-
3

(c
4  

+ 2t 4 ) = C6 ,

r1 0 =c 5 -3vt—u 12 +2t 5 ,

r 12 =u 2 + 2w— 3ut 2  u t 3  +2t 6 ,

r 1 6 = t8 3 w o  3 v 2,

r 1 8
=2wu— wt 3

and r24= w
2 +26v 3  — 151)2 14  21wut 2 +9wut 3 .

Then we have the following

Lemma 2 .2 .  H*(BT; Q)ø(E6 ) ---Q[1 2 , 15,1,, 
' 8 '

 19 , 11 2 ]  a n d  a s  i d e a l s  (12 , 15,
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/6 ,  /8 ,  1 9 , 11 2 )=(r 4 , r 1 0 , r 1 2 , 1. 1 8 , r 1 8 , r 2 4 ).

Pro o f . The first half is proved in  Lemma 5.2, (i) o f [14]. F or the  second
half w e shall show

(2.5) 1n knr2n mod a„ (k„0 0) f o r  n=2 , 5, 6, 8, 9, 12,

w here  a„  is  th e  ideal generated by / i ' s  o f  j<n .
I n  § 5  o f  [ 1 4 ] ,  I „ is com puted by the formula

11„— 2 > i s ;n isn+ 2  E 1) 1(  7 ) s1t 2;
i+ 2 ;= „

w h e re  s •=  +  • • •  + 4 , a n d  it  is  d e sc r ib e d  w ith  t  a n d  d i = a i(x ,,..., x 6 )  b y  use
of N ew ton  fo rm ula . Then th e  first fo u r  o f  th e  following relations are already
given in (5.10) of [14]:

= — l2F2f o r  P 2 = d2
 — 12 ,

15 =-6 0 1 5  mod a, f o r  4  =d ,+d 3 t 2 ,

16  -= 1444 mod a 6 f o r  " 6 = d6 — d4t2 ++di,

18 8 0 1 '8 mod a 8f o r  4  =  di —36d6 t 2 +22d 4 t4  + t 8 ,

7561'9  mod a 8f o r  4  = ( c / 8 + d 4 t2 + 2t 6 )d 3

and 11 2 :- E  7201'1 2  mod a 12 fo r  1 1 2 3 9 d 6 d4 t2 -741d 8 t6 +403d 4 t8 + 230 2 .

T h e  la s t tw o  relations are  com puted by continuing routine computations.
The details are left to  the  readers.

Next, as on  p . 275  of [14], w e rewrite In i n  term s o f  t  and c i 's  b y  use of
the formula

_ l) , , t2 i(  6  — i.
n -1

c  =  3 t .

1-0

From d 2 =4c 2 -1 5 t 2 it follow s that

=  d 2  t  2 = 4r 4 .

Modulo a, =(/ 2 )= (r 4 ) w e  have

d 3 8 c 3 — 24t 3 = 8(2u — t 3 ) ,
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16c4  — 24c3 t + 51t 4  = 48v— 29t 4 ,

d5 3 2 c 5 — 32c4 t + 24c 3 t2 —40t 5 = 8(4c 5 — 12vt — 6ut 2 + 9t 5 )

and d6 —d4 t 2 6 4C 6 -  32C4t 2 -  2t 6 =  8(8w— 12vt 2 +7t 4 ),

and then by direct computations

1"5 3 2 r 1 0 , / ' 6 3 2 r , 2 , rg —768r 1 6 , i ' 9 =- 512r 1 8512r 1 ,

and F, 2 -a 768/1 2f o r  /1 2 = 156wvt 2 — 273wt 6 + 208vt 8 — 1200 2 .

Moreover we have

24r2 4 =/1 2 —3r ,,(2u +11t 3 )+ 8r "(v-6t 4 ) + 12r, 2 w.

Consequently (2.5) has been proved for k 2 = —48, k 5 = — 2 7 .3.5, k, = 2 9 -32 ,
k8= k9 = 2 ".3 3 -7 and k 1 2 = 2 ' 5 .34 .5. q. e. d.

A ccord ing  to  [2] w e have H*(E 6 IC ; Q).-H*(Br; Q)" ( c ) 1(1 1 + (BT; Q) » ( E 6 ) ),
H*(EH; H *(B T ; Q )ø (u )I(H + (B T ; Q)ø ( E6) ) a n d  t h e  hom om orphism  p*:
H*(EH; Q)—J1 * (E6IC; Q ) in d u c e d  b y  t h e  fibering p: E 6 IC—EH=E 6 IU  is
equivalent to the natural m ap induced by the inclusion of H*(BT; Q ) ø ( U )  in to
H *(B T ; Q )(c ). Then w e have from Lemmas 2.1 and 2 .2 , by cancelling c 2 , c 5

by r 4 , r 1 0  and  by replacing c 3 , c4 , c6 with u, y, w, respectively,

Proposition 2.3. H*(E 6 IC; Q)=Q[t, u, v, w]l(r 1 2 ,  r " ,  r " ,  r 2 4 )  where the re-
lations are  given by

(2.6) r12=u2+ 2w— 3vt 2 —ut 3 + 2t 6 , r 6 =t 8 +3wt 2 -3v 2 ,

r,, = 2wu — wt3 a n d  r 2 4  = w2 + 26v 3 — 15y2 t4 — 21wvt 2 + 9wut 3 .

Similarly, from Lemma 2.1, (ii) we have

p*H*(EH; Q)=Q[t 2 , 2u — t 3 , ll, r16, r,,, r 2 4 ) .

Define elements a, b, c, d  of H*(EH; Q) by

(2.7) p*(a)= t 2 , p*(b)=. 2u — t 3 , p*(c)= 2v — t4  a n d  p*(d)= w.

Then we have

Proposition 2 .4 .  H*(EH; Q)=Q[a, b, c, d]/(q 1 2 , q ", q ", q 2 4 )  where the re-
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lations are  given by

(2.8) q12=b2+ 8d -6ca+ a 3 , q 1 6 =a 4  +12da-6ca 2  -3 c 2 ,

a l  8 = d b  a n d  g2 4  = d 2 +C 3 - 1 -dca.2

W e  sh a ll se e  th a t Propositions 2 .3  a n d  2 .4  a re  va lid  for the coefficients
Z  and Z[1/2] respectively.

§ 3 .  Integral cohomology of E 6 /T' •SU(6) and E 6 /S U(6)

Lemma 3.1. The subgroup  C =  T ' .S U (6 ) o f  E ,  h as  to rs io n  f re e  coho-
mology and  the canonical projection p: BT-*BC induces an isom orphism

p*: H*(BC)LzZ[t, e 2 , e 3 , e4 , e5 , c 6 ]= H * (B T )(c )c  H * (B T ).

Pro o f . A s  is  s e e n  is  th e  p roof of Proposition 3 .5  o f  [1 2 ] ,  w e  have a
homeomorphism Ca-'- SU (6) x S ' .  Therefore H *(C )'' H *(SU (6 ))0H *(S i) A (s i ,
83 , s5 , s7 , s9 , s„), deg si = i. T h e n  th e  lem m a follow s from  Lem m a 2.1, (i) by

the general method of Borel [2].

We identify H*(BC) w ith its image under p*, then

H*(BC)=Z[1, c 2 , c3 , e 4 , c 5 , c6 ], p *t= t, p *c i =c i .

W e a lso  use  th e  sam e sym bols t, c i e H *(E ,IC ) fo r  the im ages under the
induced homomorphism

i*: H*(BC)---*H*(E 6 1C),

where i: E 6 IC->BC is  a  map classifying the bundle E 6 -+E 6 /C.
A  m ain result in  this section is the following

Theorem 3.2. T here ex ist e lem ents u  a n d  y  o f  H*(E 6 IC )  satisfying

2u = c, - 2 t 3 a n d  3v= c4 +2t 4  -3ut.

We have H*(E,IC)= Z[t, u, y, w]/(r, 2 , 1. 165 1. 18, r24)

f o r w=c 6  a n d  the relations (2.6) in  Proposition 2.3.

The proof o f this theorem is analogous to that of Theorem 4.4 of [12].
The mod p  cohomology o f  E 6  fo r  each  prim e p  is  g iven  a s  follows (see
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e.g. [13]):

(3.1) H
* (E 6 ; Z 2 ) i l . (X 5 , X 9 , X 1 5 , X 1 7 , X 2 3 )0 Z 2 1 X 3 E X 1 )

=4 ( x3, X 9 ,  X 1 5 ,  X 1 7 ,  X 2 3 ) 0 Z 2 L X 6 F X D  ,

where x 5 =Sq 2 x 3 an d  x6 =xi=Sq lx 5 = 16x5 ;

H * (4 ; Z 3 )=A (x 3 , x 7 , x 9 , x ,,, x 1 5 , x 1 7 ) 0 Z 3 [x 8 ]/(xi)

where x 7 =.9 1 x3 an d  x8  =fix 7 ;

and for p S,

H
*

(E 6  ; Z p )= A(X3, X9, X11, X15, X17, X23)

By direct computations we have

Lemma 3.3. Fo r r4 =c 2 -4 t 2 e H 4 (BC),

Sq2 r2 =c 3 +c 2 c1 =c 3 +c 2 t i n  H*(BC; Z 2 )

and g l r 2 = c4  + -  2 t 4 i n  H*(BC; 1 3 ) .

We need also

, w]/(r 1 2 ,Lemma 3.4. U p  to  d e g re e  24, Z[t, u , y r 1 6 ,  r " ,  r2 4 ) is to rs io n
free.

P ro o f . Obviously, Z[t, u, y, r16) is free  and  has an additive base
{wittjukti (i, j> 0; k= 0, 1; 8>1  >0 )1 . W e add  relations - r 1 0 1 = wti+ 3 -2wut 1

(i= 0 , 1, 2, 3), r2 4  = w2 +260 - 15y 2 t4  - 21 wyt2 + 9wu t 3 a n d  - r 1 8 u=wut 3 -2wu 2 .
By cancelling wt 1+3 a n d  w2 w ith r i o t  and  r2 4 ,  we have that, up to degree 24,
Z[t, u, y, w]/(r 1 2 , r 1 6 , r 1 8 , r2 4 ) h a s  a  system o f  generators {wiyiukt' (i=0, 1;

0; k= 0, I; 8> / +5i>  0; 6i+ 4j+ 3k+ / <12), wut 3 } with a single relation

1040 - 60v 2 t4 -78wyt 2 +29wut 3 (= r 1 8 u -4 r i 8 t3 -2r u w +4r2 4 ) =0

whose coefficients are relatively p r im e . So th e  lemma follows, q. e. d.

Proof  of  T heorem  3.2. We can apply Theorem 2.1 o f  [13] to  th e  homo-
geneous space E 6 IC= E ,IT 1 •SU(6), and we have  the  following description of
the integral cohomology o f  E6/C:
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H * (E 6 / C )= Z [l ,  C2, C3,..., C6, yo, Y8]/(P2 ,  P5• P o '  P8• P99 P12 , P'6, ,

p'6 = 4 6 + (56f o r  66 mod 2= t(x 5 ) =Sq 2 (r(x 3 )),

P'8= 3Y8+ f o r  6 8  mod 3 = t(x 7 ) = (T(x3 )) ,

where t indicates the transgression mod p (= 2  or 3 ) with respect to  the fibering

(3.2) E6 E 6 IC  — L  BC

and the relation pi  is de term ined , up  to  sign, by  the m axim ality of the integer
n  in

(3.3) n • I  mod (p'6 , p'8 , pi (i< j)).

A t  first consider the  re la tion  p 2 • S i n c e  ' 2 =  —48(c 2  — 4t 2 ) a n d  since  r 4

= c2  — 4t 2  c a n n o t b e  divisible by any integer > 1, we m ay take p 2  = r4  = c2 — 4t 2 .
By Serre's exact sequence

0 —113 (E 6 / C) H3 ( E6) H4(BC) H4(E6/C)

H 3 (E 6 ) Z  a n d  it is  genera ted  by  a n  e le m e n t x , su c h  th a t t(x 3 )= r4 . Ob-
viously, th e  elements x 3 ' s  in  (3 .1 )  a re  th e  mod p  reductions o f  this x 3  u p  t o
s ig n . Applying Lemma 3.3 we have

(56 (mod 2) = Sq 2 (r 4 )= C3+ C2t = C3 i n  H*(BC; Z2)I(r4),

68  (m od 3) = ' (r 4 ) = c4  + ci — 2t 4  = c4  — t4 i n  H*(BC; Z 3 )/(r4 )

and relations p'6  = 2y6  + c 3  a n d  p'8 = 3y8 + c4  — t4 .
These re lations and p 2  a r e  cancelled w ith th e  generators c 3 , c4  a n d  c 2

respectively, an d  (w  c 6 )

11* (E 6 1 C )= Z [t, C 5 , WI Y61 Y8]I(P5 , P6 , P8 , P9 , P12) •

1H ere  w e replace y 6  a n d  y ,  b y  u = — y6  — t- = Tc 3  — t 3 a n d  v= — y 8  — ut+ t4

1= — (c + 2t 4 )— ut, Ps= r io= csthen  w e m ay  take — 3vt — u t2 + 2t 5 (Lemma 2.2)3  4 

since the coefficient of c 5  is  1 .  T h e n  c5 is cancelled with p 5 :

H*(E 6 / C )=Z [t, u , v, w]/(p 6 , Ps, P 9 , P 1 2 ).

Since H*(E 6 /C )  is to rsion  free  r, 2 , r 1 6 , r 1 8 , r 2 4  E Z [t, u, y, w ] are relations
i n  H*(E 6 / C )  b y  L e m m a  2 .2 . T h u s  th e re  is  a  na tu ra l ring homomorphism
Z[t, u, y , w]l(r 1 2 , 1-1 6 , r,,, r 2 4 )-011*(E6 IC). S o  w e  h a v e  a  natural homomor-
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p h ism  n: Z [t, u, y , w ]l(r 1 2 , r 1 6 ,  r" , H * (E 6 IC ) w h i c h  i s  surjective. By
Lemma 2.2, K e r n is fin ite . Then it fo llow s from  L em m a 3.4 th a t I  is isomor-
phic for degree <  2 4 . This shows that w e can replace the relations pi 's  b y  r2 i 's,
and this completes the proof of the theorem.

Corollary 3 .5 .  (i)  T he pro jection  p: E 6 ISU(6)—  E 6 / T ' .S U (6 ) induces an
isomorphism H e v e n (E6/SU(6)) Z[U, y, w]I(2w+u 2 , 31)2 , 2wu, w 2  —y 3 )
(ii) Ilt(E 6 ISU(6))-_-_;_• Z for i =0, 6, 8, 12, 14, 20, 23, 29, 31, 35, 37, 43; Z 2  for
i= 18, 26; Z 3  f o r i= 16, 28  an d  =0 f o r other i.

Pro o f . Since th e  fibre CI S U(6) o f  th e  fibering p  i s  a  circle, w e have a
Gysin exact sequence which splits into the short exact sequences

0 1121— (E6i SU(6)) H 2 i-2 (E 6 IC )

H 2 i (E 6/ r* H 2 1 (E 6 ISU(6)) 0,

where h(x)=x • Q, and  52= + t  since E 6 /S U (6) is 2 -connected . F rom  the  exact-
ness  o f  t h e  sequence  fo llow s tha t Heven(E6 /SU(6))-4,Coker h ,  a n d  t h e  first
assertion holds a s  Im h = ( t ) .  S o  the second assertion holds f o r  i  e v e n . Note
tha t the  odd dimensional p a rt is  torsion free by  the  above exactness. Then (ii)
holds fo r i  odd by Poincaré duality (and the universal coefficient theorem).

§ 4 .  Low dimensional cohomology of the symmetric space EH=E 6 /S 3 -
SU(6)

According to [12, Theorem 2.1], we have E II=E 6 1U ,U =S 3 .SU(6).
Consider the fibering

UIC E6IC E6/U=

Since U / C S 3 / T '  i s  a  2-sphere, we h a v e  a  G ysin exact sequence which is
reduced to exact sequences

(4.1) i : 0 H 2i-3(EH ; A) H 2i(EII; A) H2i(E6IC; A)

H 2 1 - 2 (E.11; A) H21+I(Ell; A ) — > 0,

where A =Z , Z [112] o r Z 2 , the  homomorphisms 0  and h  satisfy

(4.2) 0(p*(x )y )=x 0(y ) an d  h (x )=x .

fo r  som e z e H 3 (E l1; A )  su ch  th a t 2z=0 • T h e  sequences com m ute w ith  the
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mod 2 reduction p 2 •
Since H 2 i(E 6 /C )  is free, it follows from (4.1) that

(4.3) H ° " ( E I I ) =  Hey e n (E H )  Im h =Tors. H*(EH)2'-_.- Z2 + • • • +Z2 (f inite sum)

and p2 : (E11)_,Hodd(ER.; Z
2 )  is injective.

I n  particular H 3 (E / / ) Z 2  o r  0  acco rd ing  to  x  0  o r  x = O .  O n  th e
other hand, since E 6 is 2-connected, r,(E II)  rr o (U)= 0 and  H 2 (EII) n2 (EII) —2
rrI (U)L 'Z 2 . This and (4.1), show that

(4.4) H3 (EII)= Z  G  >  ,  H 2 (E II)=H 1 ( E I I ) = 0  an d  0 (0 =2 .

H ere  w e  change 0  t o  — 0 i f  it is necessary.
First we consider low dim ensional cases.

Lem m a 4.1. T here ex ist unique elements a, b, c e  H *(E H ) and  y i e H i(Ell;
Z 2 ), (i= 2, 3), deg a =4, deg b= 6, deg c= 8, such that

p*(a)=1 2 , p*(b)=214—  t 3 , p*(c)=2v —  t 4 ,

p*(Y 2)=p2(0 , p 2 (z )= Y 3  an d  p 2 (b)=

T hen, up to degree 9, we have

H * (E II)=Z [a, b , c ] Z 2 GX, >  ,  (1)(= bz= Z3 = 0 ,

1 1 * (Ell; Z2)=Z2[Y 2, .1 .3]1(Y3Yi, yi), P2(0= YZ, P2(c)=Y1 + YiY2 ,

Sq 1 y2 = y 3 a n d  Sq2y3=Y3Y2.

P ro o f . From (4.4) and  (4.1)2  it fo llow s tha t H 5 (E / / )= 0 a n d  p*: H 4 (E II)
=Z<a>— >11 4 (E 6 1C )=Z <1 2 >  is a n  isom orphism  f o r  a= p* - '(t 2 ). Next
consider (4.1) 3 :

0— ›Z 2  <x > t3> H 7(EII) — a

B y Proposition 2.4 the image o f  p* contains ni(2u — t 3 ) fo r some non-zero integer
in. Then in0(2ta— t 3 ) = 0 .  By (4.2), 0(t 3 )= 0(p*(a)t).--- 2a. Since H 4 (E / / )=Z < a>
is torsion free we have

(4.5) 0 (2 u -1 3 )=0  a n d  0(u)= a.

From  the exactness of the  above sequence
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H 7 (E / / ) =0 , az  = 0  a n d  H 6 (E II)=Z 2 < e > + Z < b >

for some element b  satisfying p*(b)=2u— t 3 .
Next applying the  universal coefficient theorem, we have

! (E U ; Z 2 )=Z 2 <y ; >( i = 2, 3, 4, 5)

and H6 (EH; Z 2 )=Z 2<P2(Z 2 ), p2 (b)> ,

where Sq 1y2=Y3=P2(X), Y4=P2(a) a n d  Sci 1 Y5=P2(x 2 ) = y i .  By (4.1)1, P*(y2)00,
a n d  P * ( Y 2 ) = p 2 ( / ) .  T h e n  p*(A)=P2(t 2 ) 0 0 ,  a n d  Y i =Y 4 * Since sql(y3.372)
=y3Sq 1y2=Yi, Y5 = Y3Y2*

F ro m  P * ( 1 3 2 ( 0 ) = P 2 ( 2 u — l 3 ) = P 2 ( t 3 ) = P * ( A )
 it  fo llo w s  p 2 (b)=y3 + n . Y i  for

some n e Z 2 . W e replace b  b y  b+(n+1)•x 2 . Then the relations
and p*(b)=2u— t 3 h o ld , an d  such b  is unique.

By (4.1)3 , H 7 (EH; Z 2 )  is generated by h(P2(a))= 1/(Y i)=Y 3Y i•
hand, from (4.5) reduced mod 2, 11(P2(0)=h( 0 (P2( ,1)))= 0 . Thus

H7 (EH; Z 2 ) = 0  a n d  y 3 yi =O.

p2 ( b )= y 3 + y i

O n the  other

Since Sq'(Sq 2 y3 )=Sq 3 y3 =yi 00, Sq 2 y3 d o e s  n o t v a n ish  a n d  Sq2y 3 =y 3 y2 .
Moreover 0=Sq 2 (y 3 y3)=(Sq 2 y 3 )y3+ y 3 (Sq l Y2) 2 = Y3Y +.Y3=Yi•

Consider (4.1)4  f o r  A = Z 2 :

0 Z2 <y 3 y 2 > 1/8 (EH; Z 2 ) 1-1=4 Z2 < V , Ut, t 4  >

Z2 < A ,  >  ! - ÷' H 9 (EH; Z 2 ) 0,

i n  w hich P* (y1 )=P 2 ( t 4 )• 
0
(p2(111))= 0 (P* (Y 2)P2(u))=Y 3 and h ( y ) = y = 0 .  By

the  exactness of the sequence we have H 9 (E //; Z 2 )=0, dim. H 8 (EH; Z 2 )= 2  and
hence H8 (EH; Z 2 )= Z 2 < y iy 2 , > .  W e have determined the  ring  H*(EII; Z 2 )
up to degree 9.

(4.3) a n d  H9 (EH; Z 2 ) = 0  im ply H 9 (E//)= 0  a n d  bz= Z 3 --O . T hen  (4.1)4
is reduced to

0 1/8 (EH) Z <v, ut, t 4 > Z < b >  +Z 2 <Z 2 > O.

F ro m  20(ut)= 0(2u t — t 4 )=0(p*(b)t)=2b, w e  have 0(ut)= b+m • z 2 f o r  som e in
E Z 2 .  Applying p2 w e  have p2 0 (u t)= +(m  + 1 )•y i and th is equals to  0(p2 (ut))
=y3 as above . T hus m =1. and

(4.6) 0(u 0 = b + Z 2

B y  Proposition 2.4, t, is  a  p*-image in  rational coefficient, and we have 0(v)
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= n • x 2  (n e Z2 ). Then (4.6) and  0(t 4 )= 0(p*(a 2 ))= 0 show tha t n= 1. T h u s

(4.7) 0(v)=x 2 .

B y th e  exactness o f  th e  above sequence we have H 8 (E //)=Z <c, a 2 > f o r
an  element c  which is uniquely determined by p*(c)=2v— t 4 .

Finally P * P2(c)=P2(t 4) implies p2(c)=Y1+ m • Yi Y2 (in e Z2 ). B u t  p2 (a 2 )=
a n d  p2  induces an isomorphism: H8 (E //)0 Z 2 —>H8 (E n ; Z 2 ). S o  w e  have

P2(c)=Yi+YiY2. q. e. d.

Since H 8 (E II) is free and 20(vt)=0(p*(c + a 2 )t)= 2(c + a 2 )  we have

(4.8) 0(vt)=c+a2.

From (4.2), p*(a)=t 2 ,  (4.5), (4.6), (4.7) and (4.8) we have (i>0)

(4.9) 0(12i)=0, 0(t 2 1 +9=2ai, 0(ut 2 1 ) 0(ut2i+1)=(b+X2)a1,

0(v12 ) =a 1x 2  ( = 0  if  1 > 0 )  a n d  0(vt 2 i+9=(c+a 2 )ai.

We continue the computation up to degree 13.

Lemma 4 .2 .  (i) W e have H '°(E II)=Z  < b a > , H " (E II)= H ' 3 (E II) =0  and
111 2 (E II)= Z < d , d', a 3 >  w here d  a n d  d ' a r e  uniquely  determ ined by  the
relations

p*(d)=w  a n d  p*(d)=-vt 2 .

The following relations hold:

c =0, 2d' =ca+ a 3  a n d  8d =6ca — b 2  — a3 .

(ii) Putting y 1 2 =p 2 (d ) and 2 =P2(cr) w e hav e H '°(E II; Z 2 )= Z2 < >,
H ' '(E li; Z 2 )=1-1 1 3 (E ll; Z 2 ) = 0  and H' 2 (EII; Z 2 )= Z 2 <Y12 , A2, .11>.

(iii) 0 (v u )=d ' and d ' = 0.

Pro o f . (i) From (4.1) 5 a n d  H7 (E li)  = 0  w e  have an exact sequence

0 -- +  H 1 °(EIII) Z <vt, ut 2 , t 5 > Z  <c, a 2  > - +h H "  (E II) O.

By (4.9), 0  is  o n to  and Ker 0  is generated by 2ut 2  —t 5 = p*(ba). So, w e have
H '° (EII)= Z  <b a> , H "(E II)= 0 and  c = 0 .  Similarly from H 9 (EII)= 0  and
h(ba)= bax= 0  we have H  3 (E II)= 0 and  an  exact sequence
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0 H ( E I I ) Z <w , v t 2 , ut 3 , t 6 > Z  <b a> O.

Obviously p*(a 3 )=t 6 . B y Proposition 2.4, m • W E IM p*  fo r  a n  integer ni
O. T h e n  m0(w) = 0 i n  Z < b a>, a n d  0(w)= O. T h u s  th e r e  e x is t s  d=p* - 1 (w).
Similarly d' =p* - 1 (vt 2 )  exists. B y  (4.9), 0(u13 )= b a .  B y  th e  exactness of the
above sequence 11' 2 (E II)=Z  <d, d', a 3 > . B y  u se  o f  th e  re la tio n  r, 2 = 0  in
Theorem 3.2, p*(ca)=2vt 2 — t6 = p*(2d' — a 3 ) a n d  p*(b 2 )=(2u— t 3

)
2 =  - 8 w +  12vt2

—7t6 = p*(— 8d +6ca — a 3 ). Since p *  i s  injective, the la s t  tw o  re la tions in  (i)
follow.

(ii) Recall that  p 2 (a)=y , p 2 (b)—  yl+ )1 a n d  u s e  th e  universal coefficient
th e o re m . T h e n  w e  h a v e  th e  a sse r tio n  o f  ( i i )  provided that Tors. H " (E H )
= h(H"(EII))= 0, which follows from (4.3).

(iii) 20(vu)=0(p*(c+a 2 )u)=(c + a 2 )0(u)=(c+ a 2 )a =2d' by Lem m a 4.1, (4.2)
and (4.5). Since H' 2 (E H )  is torsion free, 0(v u) = d ' and d'z=h(d')=1:0(vu)—  0
by exactness.

q. e. d.

§ 5 .  Mod 2 cohomology of th e  symmetric space EH

W e shall discuss th e  mod 2 cohomology o f  E l l  F irst about mod 2 coho-
mology o f E6 /C, we have

L em m a 5.1. (i) H*(E 6 IC; Z 2 )=.4(u, v)(:)Z 2 < 1, t, 12,..., t14, -E  >  and
the f o l l o w in g  relations hold:

(5.1) u2=vt2 +11t3, v 2 = w t2 t 8 ,  w t3 = 0  a n d  w 2  =  w v t2  t12 .

(ii) S q 2 (v+ut)=0, Sq4 (v +ut)=w , Sq6 (v+ut)= wt;

Sq2 w=wt, Sew  =Sq 6 w =0, Sq 8 w= w(v+ ut), Sq ' °w= w(v+ut)t.

P r o o f .  (i)  follows from Theorem 3.2. Recall that, in  H*(E,IC; Z 2 ), c 1 =t,
c2 =c 3 =0, c 4 =v +ut, c 5 =(v +u t)t a n d  c6 = w. T h en  (ii) follow s from  W u for-
mulas : S q 2 c4 = c4 c, + C5, Sq4 c4  = c4 c2 + C6, Sq6 c4 = c4 c3 + c5 c2 + c6 c, a n d  Sq2 iC6

= c6 ci (i=  1, 2,..., 6). q .  e. d.

The following relations follow from (5.1).

(5.2) ( i) 1 1 5  =0, w 2 v=vt 1 2 , w2 ut=ut 1 3 ;

(ii) wvu=w(v+ut)u, wvut+1 1 4 =w(v+ut)v , v t' 2 +ut 1 3 = w2 (v+ut),

VW' 2 =  W2 (V -F U O U , M t "  = W2 (V+ Ut)V.
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Define an  element y 2 0  o f  H 2 0  (EII; Z2 )  by

Yzo =Scl 8 Y12.

Then from Lemmas 4 .1 , 4 .2  and 5 .1 , (ii) and from  (4.5), (4.7)

( 5 .3 )  w e have elements y i e Hi(Ell; Z 2 ) (i= 2, 3 , 12, 20) and 2 e 1-1, 2 (E ll; Z 2 )
such that

(i) P* (Y 2)= 1, P * (Y 3)=0 ,  P * (Y 12)=w, P* (A 2)=v t 2 , P * (Y 20)=w(v+ut);

(ii) 0 (l)=0 , O(u)= y , 0(v )= y i, W O =  2 ;

h(c)= y 3 Œ e H*(EII; Z 2 ));

( i v )  Y3Y2 = 0 , Yi = 0, )/12Y3 = 0;

(y ) S c i l y2 =y3, Sq 1 y 3 =Sci 1 y 12 =Sq l y 2 = 0 ,

where the hom om orphism s p*, 0 and h are those in  (4.1) *  f o r A =Z 2 .

The main purpose of this section is to prove the following theorems.

Theorem 5 .2 .  The additive base of  H*(EII; Z 2 )  is given by

H*(EII; Z 2 ) =Z 2 < yi2+3 , y '
1 2

)/i2 ; 0 _ i< 1 1 >

+ 7 , 2
 < 1 ,

 Y2, Y3 , A , Y3Y2 , Y i, Y iY2> 0 4 (y 12, Y20).

Theorem 5 .3 .  H*(EII; ZZ 2 ) (-I, V V= w 35 1 2 , Y '12' Y 2 0 ]/ J  f o r  t h e  ideal
generated by  the following elements:

Y3yi, y3, y'12y3,  Y i  2(Y 3+Y3), yi2+y20Yi+y1 2 , Y12Y '12 ±Y20Yi ,

(Y12 ) 2 + Y / 2 , Y 2 0  0 7 3 + y i ) , J '1 5 , Y2OY '12 , Y 3 0  ±Y 2 0 Y 1 2 Y iY 2 •

We consider the  following graded Z2 -modules:

Bt=Z2<Y i2+ 3 , 3/12Y12; >  0 4 (y12,

Bt =Z2 < 1, Y2> OZI(Y12, Y20), -13 1 = Z2 <Y i, Y iY 2>CM(Y 12, Y20),

B* = 134
0̀  + Bt + B'12̀ a n d  C* = Z 2 < y3, Y3Y2> 0 4 (y 12, Y20) •
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Lemma 5.4. The following sequence is exact:

O C2 n—  3 B21 "( E C ; Z 2 ) — ■o B211-2 C2 n+ 0,

where, f o r  each basic monotnial o f  Theorem 5.2, h  is defined by (iii), (iv) of

(5.3), p* is defined by (i) of (5.3) a n d  th e  multiplicativity p*(43)=p*(a)p*(13),

and 0 is defined by (0<i. 14, 0_<_ 1 )

(5.4), (i ) 0 (0 = 0(w/J) = 0,

O(ut)= y 22 f o r 12, 0(vtit i ) =)Y i 2.Yi2
 f o r  i <11,

0(vt1)= (= 0 2) , e(wuti)= Y  2J'i (= 0  i f  j= 2 ) ,

0(wu)= 0(wutk+1)=--y ,2y iy il;

(ii) 0(W V U) = Y 20A, 0(WVUt k +  1) = Y 2oYi Yi , 0 (u tk + 1 3 ) = 0,

O(Vti f 
1
 2 )

 )720Y12YZ a n d  0(uu 1k+13)= Y20,Y1 2YiYk2 •

P ro o f. For h : B*—>C*, h  i s  surjective and Ker h = Bt + W I b y  (5 .3 ), (iv).
By (5.4), Im 0= Ker li and Ker 0  has a base

t' (0</<  14), w t i (0_<_ 2), vti+ 2 (0 _i_<,11),

tit " ,  u t 1 4, v i I 4, W(V+1 ,10, W (V + an d  wvi 2 .

Obviously h : C* —03* is  injective and h ( C * ) = B .  U n d e r  P* 9
 the base of Bt

+B T  is mapped as follows:

P * (.1' 12) =/ 1(0 14), P*(Y'12Y ) =vti+2(0 I l),

P* (.v  2Yi2)= wt . ] , P * (Y2oYD = w(i) + u t)/j and p * (Y2oY12.Yi )= w 2 (v + ut)ti.

Using (5 .1) and (5 .2 ), (i)  w e  se e  th a t p *  i s  an isomorphism o f B t +  B t onto
Ker 0. Thus the exactness of the sequence is proved. q. e. d.

Proof  of  T heorem  5.2. W e prove that the natural maps B 2 "—>H2 "(EH; Z 2 )
a n d  C

2
n +

1 _ H 2 n+
;  Z 2 ) a re  isom orphism s by induction on n. T o  do

so, by virtue o f Lemma 5 .4  and the exactness of (4.1)„, it is sufficient to prove
th a t the formulas (5.4) hold for 0: H 2"(E ,IC ;Z 2)--) 211 n— 2 (ElI; Z 2 )  provided the
inductive assumption o n  H 2 H- 2 (E /I; Z 2 ). (5 .4 ) , ( i)  is  p ro v e d  b y  (i), (ii), (iv)
o f  (5 .3 )  and the property  (4 .2 )  0(p*(x )y )=x 0(y ). M oreover the relations of
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(5.4), (ii) are proved by applying the relations of (5.2), (ii), respectively, to 0(w(v
+0Y)=Y20 0 (Y). q. e. d.

A s a  corollary o f Theorem 5.2,

(5.5) t h e  k e rn e l o f  p*: H *(E li; Z 2 )—>11*(E6 IC ; Z 2 ) co inc ides w ith  C*
=Z2<Y 3, Y 3Y 2, Y i, Y iY 2> 0 4 (y12, Y 20), in  particu lar p *  i s  injectiv e at degrees
14, 24, 30, 32, 34 and 36.

Proof  o f  Theorem 5.3. T he first three relations are already given in  (5.3),
(iv). By use of (5.4)

y12(y3+0= e(w v)+Y 12 0 (u()=0(w(v+ut))=0.13*(Y20)=o

and Y2o(Y3 +Yi )=0(w vu)y 2 +0(wvut)= 0(wvut)+ 0(wvut) =0.

By (5.1),

P* (Y i2+Y 20Y i +y12)=w2+w(v+ut)t2 ± t1 2 = 0 .

T h e n  it  fo llo w s fro m  (5.5) t h a t  Yi 2 +.)720Yi +y12 = 0 .  Similarly th e  elements
Y12)/12 + Y20Yi , (Y12) 2  + y2 2 , Y15 and y2 o y 2 vanish.

In  order to prove the triviality of the last element we prepare

(5.6) i2Y20 = s q  1 4 2 0y  = 0  a n d  S q  v1 6 , 20 = Y2012..Vi•

By (5.5), (5.6) follows from Sq' 2 (w(v+ut))=Sq' 4 (w(v+ut))=0 a n d  Sq ' 6 (w(v
+ut))= w2 (v+ut)t 2 w hich a re  computed directly by Lemma 5.1 a n d  b y  Cartan
form ula. N ow , by use of Cartan formula and (5.6),

y i 0 =(Sq 8 y 1 2 ) 2 =Sq 1 6 (A2 )=Sq l 6 (y 2 0 yi+y1 2 ) =Sq 1 6 (Y 2 0 )Yi

= Y2oY 12Y1=- Y2oY12YiY2,

These relations show  th a t  J  vanishes i n  H *(EH ; Z 2 ). B y  u s e  o f  these
relations in J ,  w e see that every m onom ial in Y2, Y3,..., y 2 c,  i s  a  linear com-
bination of the base in Theorem 5.2. Thus Theorem 5.3 is established.

q. e. d.

Since H 2 ' (EH ; Z 2 ) = 0 ,  we have

(5.7) Sqly20 =O.

B y th e  derivativity o f  Sq 1 ,  the following (5.8) is computed from Theorem
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5.2, (5.7) and (iv), (y) of (5.3).

(5.8) 1m Sql =Z2 <3'3, > OLI(Y12, Y20)

and KerSql =ImSq' d-Z 2 <1, yiy 2  >  0 4 0'12, Y20+ Bt.

S ince  S q ' is  th e  mod 2 Bockstein homomorphism, (5.8) and (4.3) yield

Proposition 5.4. T h e  m od 2  reduction P2: H*(EII)--* H*(EII; Z 2 ) induces
isomorphisms

Tors. H*(E//)-_ Z2 <y ,  Y i> 0 4 (Y12, Y20)

and (H *(E //)/T ors. H * (E //))0 Z 2< y  '2+ 3 , y'1 2 yi2 ; 0 i< 1 1  >

+ Z 2 <1, yi, Y iY2>O A (y12 , y20 )•

This and (4.3) determine the additive structure of H*(EII).

§ 6. Integral cohomology of the symmetric space E li

Consider th e  e x a c t sequence (4.1) f o r  A = 7 [1 /2 ] . S in c e j
2
--(2.z) = 0 in

H 3 (E H ; Z[1/2]), (4.1) is reduced to the short exact sequence

(6.1) 0 H*(EII; Z [ I /2]) H*(E8/ C; Z[1/2] )

H*(EII; Z [ I /2] ) O.

T heorem  6.1 . Fo r the integral classes a, h, c, d  o f  H*(EII),

H* (EII; Z [1/2]) =Z  [1/2] [a, b, c, d]I(g i  2 ,  g  6 ,  q 1 8 , q 2 4 ),

where the relations g »  are  giv en in  (2.8).

P ro o f  By Theorem 3.2, H*(E 8 /C; Z[1/2]) =Z[1/2] [t, u, v , w]/(1- 1 2 , r, 6 , r,„,
r2 ,.). By Lemmas 4.1 and 4.2,

(6.2) p*(a).= t 2 , p * (b )=2 u  t 3 , p*(c)=2v— t 4 a n d  p*(d)=w.

Hence an  arbitrary element x of H*(E 8 / C ;Z [1 /2 ]) is written in the from x =p*(f )
+ p*(g)t for some polynomials f  a n d  g  in  a, b, c, d. By (4.2), 0(x)=0(p*(f))
+g e ( t)=2 g . Since  El is surjective, th is shows th a t  H*(EH; Z[112]) is multi-
plicatively generated by a, b, c, d. The coefficient homomorphism H*(EII; Z[112])
—41*(EII; Q) is  injective since 11*(EII) is odd torsion free by  (4 .3 ). T hen  the
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theorem follows easily from Proposition 2.4.
q. e. d.

Recall from Lemmas 4.1 and 4.2

(6.3) P2(0= Yi, P2(b)=.1'3 +.11, P2(0=YiY2+11 , P2(d)r--  Y 1 2  and

P2(d)= ii 2> P* (d )=v t 2 ,  2d' = ca + a 3f o r  d '  e H' 2 (EH)

Lemma 6.2. There ex ist elem ents e e H' 4 (E H ) and f  e  H 2 °(EII) satisf y ing

(6.4) P 2 (0 =  2 Y 2 , p*(e)= v(2u — t 3 ), 2e cb + ba 2 ,

P2(f)=Y2 0 + g.Y12Y2(E e  Z 2 ) ,  P*( f ) =  W(1) —  ut) a n d  2f= dc.

P ro o f . B y  (6 .3 ) a n d  Theorem 5.3, p 2 (cb + ba 2)= Y iY 1= 0  a n d  p 2 (dc)=
Y  12(Y 3+ Y )Y 2= 0 .  T h u s th e re  ex is t e, f e H * (E II)  such  tha t 2e= cb+ ba 2  a n d
2f= dc. T h e n ,  p*(e)=-1p*(c + a 2)p* (b) = v(2u — t 3 ) a n d  p*(f )=. p*(d)p*(c)=

—
1

w(2v — t4 )= w (v  u  0  a s  H*(E 6 / C )  is to r s io n  f r e e . N e x t ,  b y  ( i )  o f  (5.3),2
P* (P 2(e))= P 2(P* (e))= Vt 3 = P * (Y '1 2Y2) and P* (P2(f ))= P2 (P *( f ) ) =  1'10 +  14 0 = P * (Y20).
T h e n  it  fo llo w s fro m  (5.5) th a t  p2(0= Y 't 2 Y2 and p 2 ( f )= y 2 0  o r  P2(f)= Y20

Y12YiY2 =Y2o +Yi2Y1- q. e. d.

The structure of H *(E II) is determined by the following theorems.

Theorem 6 .3 .  Tors. H*(EH)= Z 2 < X, X2 >  04 (d , f )  and the Poincaré polyno-
m ial is P(EH, t)—(1+ t 4  + t 8 +1 1 2 )(1+t 6 +t 1 2 )(1+ ts +t 1 6 ).

This follows directly from Proposition 5.4.

Theorem 6 .4 .  H *(EH ) is m ultiplicativ ely  generated by  the elements

(6.5) x , a, b, c, d, d ',  e  and  f ,

a n d  H *(EH )=Z [x, a, b, c , d, d', e, I fo r  th e  id e al I  g e n e rate d  b y  the
following elements:

(6.6) 2 x , a x ,  X3 , b x ,  c x ,  g 1 2 =b 2 +8d —6ca + a 3 , 2d' —  ca— a 3 ,

2e— cb— ba 2, d 'y ,  q 1 6 =a 4 +12da— 6ca 2 — 3c2 , e x , g 1 8 =db,

ea — d'b, dc — 2 f ,  3d'c +3d'a 2 — 6da 2  —2a5,
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eb+7d'a ± 8f -8da 2 -4a 5 , 3ec+3d'ba-2ba 4 ,

q2 4 =d 2 +c 3 -  3 f a ,  dd' +5fa-4c 3 , 3d' 2 - 24c 3 3 6 f a - a 6 ,

3ed'-ba 5 , fb ,  e d  +f x2 , 3f c-2d 2 a ,  3e2 +8da 4 -  12d'a 4  + 7a7 ,

3fd' + 12fd-7d 2 a 2 ,  fe, 9f 2 -f da 2 .

We denote the pr image of the elements of (6.5) by the same letters.

Lemma 6.5. Im (p2 : H*(E11)-41*(EH; Z2 ))=Z 2 [x, a, b, c, d, d ', e, f]ll 2

where /2 is the  ideal generated by the following elements:

(6.7)a x ,  X 3 , b X ,  c X ,  b 2 +a 3 , c a + a 3 , cb+ ba 2 , d ' y ,  c 2 + a4 , e x , db,

ea+ d' b, dc, d 'c+  d 'a 2 , eb +d'a 2 , e c+ d 'ba , d 2 +fa+ a6 , d d ' +fa,

d' 2 +a 6 , ed '+ ba 5 , fb ,  e d + fx 2 , f c ,  e 2 +a 7 , f d ' ,  f e ,  f 2 +fda 2 .

P ro o f. Im p2 = Ker Sq ' =B (1 + Z2 <1, y 3 , yi, y i y 2 ›  0 . 4 ( y 1 2 ,  Y 2 0 )  b y  (5.8).
Rewrite this by the present notation, then

(6.8) 1m p2 =z1(&)0Z, < I, a, b, a 2 , ha ..... a5 , ba 4 >

+Z 2 <x, z 2 , C, e, a6 , ha', a 7 >

+Z 2 <cl, fd>  O Z 2 <1, z, a, z 2 , a 2 > ,

where x= y 3 , a= yi, b= yl+ c= y iy 2 + A . , d =y 1 2 , d' = y'1 2 , e= y'l , y ,  and f =
Y20 + ch2Y1- T hen  it is  d irec tly  verified  by  T heorem  5 .3  th a t  th e  elements
i n  (6 .7 ) vanish in  H*(EH; Z 2 ). M oreover w e see that th e  following elements
a re  in  /2 :

(6.9) da3, dba, fa 3 , fb a ,  b a 6 , a 8 , d ' a 6 +fda, d'ba 5 +fdX 2 .

F or example, a8 =ca 6 = d2 C +fca fa 3 a n d  fa 3 =fb 2  = O.
B y  u s e  o f  th e  triv ia lity  of th e  elements i n  (6 .7 ) a n d  (6 .9 ), w e see that

every element o f  Z ,[x , a, b,..., f ]  i s  congruent m odulo / 2  t o  a n  element of
Im p , .  This proves Lemma 6.5.

P ro o f o f T h eo rem  6.4. P u t  P =Z [x, a, b, c, d, d', e, f]. S in ce  x = 0, d'
1 1= -

I

-(ca + e =-2 (cb + ba 2 )  and f = - d c  m  H*(EH; Z [1/2]), direct computa-

tions show that each element o f  (6.6) vanishes i n  H*(EH; Z [1 / 2 ]) . Moreover,
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the basic relations g 2 i 's  a re  covered by some o f  (6 .6 ) . Thus w e have a  natural
isomorphism

(6.10) (PII),OZ[1 /2] H*(EH; Z[1 /2]) = H*(E11) O Z [ 1 /2].

We see also mod 2 reductions o f the  elements of (6.6), except the first one,
coincide with those of (6.7) m odulo (6.9). Thus

(6.11) ( P / / ) O Z 2 :  H*(EH) H*(EII; Z2)) H * (EH)OZ2.

Consider the natural ring homomorphism

g : PI! ---> H*(EH).

By tensoring the  identity o f  Z [1 /2 ] a n d  Z 2  w ith  g  we obtain the isomorphisms
(6.10) a n d  (6 .1 1 ) . S o , b y  a  sim ple  algebraic consideration, together with that
PII is  of finite type, we have that g  is surjective and

(6.12) Ker g  is contained in  Tors. (PII), which is a  finite 2-group an d  g O l  maps
Tors. (P//)(:).Z2 isomorphically onto Tors. H *(E//)0Z 2 .

T h e  subgroup T  o f  Tors. (P11) genera ted  by  {x '+  c/jfk ; i, j, k= 0 , 1 }  is
m apped , under g, isomorphically onto Tors. H*(E/1) =Z 2  < z , z 2 >  d(d, f ) .
T h u s T  i s  a  d ire c t  summand o f  Tors. (P//) a n d  (g 01 : )T 0 Z 2  T o rs . H*(E//)

Z 2 .  T h is  a n d  (6 .1 2 )  sh o w  th a t  (Tors. (PII)IT)OZ 2 =0, T= Tors. ( P I I )  and
Ker g = O. C onsequen tly  w e  have proved  that g  i s  a n  isomorphism. q. e. d.
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