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L e t k  b e  a  f ie ld . A  field  generator i n  tw o  variables o v e r  k  i s  a  poly-
nomial f e k [x , y ]  su ch  th a t k(x , y )= k(f , g )  fo r  som e rational function g E k(x,
y). W e  continue the investigation of field generators begun i n  [ I ]  a n d  [2].
Using methods o f  [2 ] , we first study in  detail properties o f  th e  multiplicity tree
at infinity of f  once coordinate functions x, y have been chosen that are natural
for f  (see [2 , 4 .7 ]) . O ur orig inal motivation fo r  th is  had  been  a n  attempt to
show that a ll field generators are good in  the  sense that a  complementary gener-
a to r  g  c a n  b e  fo u n d  i n  k[x , y ] .  However, a  quite astonishing example o f  a
bad  field generator has been constructed by C . Jan  in  [1 ] , a n d  we instead use
the  numerical information obtained to determine, with th e  help of a computer,
a ll b ad  field generators o f  degree <25, th e  degree o f  Jan's exam ple. W e find
th a t  field generators a r e  good  fo r  degrees d< 20 a n d  d=22, 23, 24, a n d  that
there is exactly  o n e  " ty p e "  o f  b a d  field generator f o r  d= 21 a n d  d= 25 (see
2.6 fo r a  m ore  precise statem ent). R . Ganong helped materially with the  rather
elaborate calculations needed to establish this a n d  w ith th e  writing o f  an ap-
pendix in  which some of the  details are explained.

A  good  fie ld  generator f  appears a s  p a r t  o f  a  birational morphism cp:
AZ—>AZ w ith  tp(a, 13)=(f(a, fi), g(a, 13)) f o r  a, 13 e k. W e  s h o w  th a t  th is  is
a lm ost true  i n  general. N am ely, if  f  i s  a  f ie ld  generator, a  complementary
generator g =alb  can always be found with a, b E k[x , y ]  such that (a, b)k[x, y]
=k [x , y ] .  This m eans that the  pencil o f  curves {g— pLuEk}  has no base points
at finite distance a n d  th a t 9: A t - 4 P ,  yo(cc, f l)=(I, f (a, f l), g(a, 13)), i s  a  biration-
a l morphism.

1. W e  a ssu m e  th a t k  is a lgebra ica lly  c losed  i n  t h e  se q u e l. T h is  is done
m ainly to sim plify argum ents and could  be  avoided  in  m o st p laces. W e  use
systematically th e  n o ta tio n  o f  [2]. A lso, i f  S  i s  a  non-singular surface and
peS , tr p : w ill deno te  t h e  locally quadratic transformation (1 .q .t .)  with
centre p  a n d  Ep =tri ,- 1 ( p )  its exceptional fibre . E ,  w ill s ta n d  fo r  th e  line at
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infinity o f  k[x , y ]  i .e . ,  E0 =V (X 0 ) w here (X 0 , X 1 , X 2 ) a r e  homogeneous co-
ordinates of Pk such that x =X 1IX 0 , y =X 2 IX 0 .

L et f  b e  a  f ie ld  generator, d =d e g f  a n d  A =A ( f )  t h e  pencil o f  curves
( 1/ ( f —,1)1,1 e lc} (see [2 , 1.2]). B y [2, 4.5] w e m ay assume th a t x, y  have  been
chosen so that either f  is linear o r f  has exactly tw o po in ts on  E o . We rule
o u t  th e  first possibility a n d  m ay  then  choose  p0 =(0, 0, 1) a n d  q0 =(0, 1, 0)
as the points at infinity of f . Let p i =,u(p o , A ) and  1.12 =p(q 0 , A ) (see [2, 2.5]).
Then (A , E 0 )=1,1 1 - F [12 b y  [2, 3.7] and hence

(1) lit +112=d.

P u t  E i =E p o  a n d  D ,=E g o . L e t  S  b e  a  non-singular surface dominating Pk
a n d  D  a n  irreducible divisor o n  S. W e reca ll tha t m (D)=Eft(q, A ), th e  sum
extended over base  po in ts  o f A  infinitely near ( i.  n .)  to  D  (see [2, 2.7]). Let
A(s )  d en o te  the  proper transform o f  A  o n  S  a n d  AV )  its m em ber a t in fin ity .
W e recall that 8(D) i s  th e  multiplicity o f  D  a s  a  component o f  A V) (see [2,
3.4]). We have e(E0 ) =d  and  hence by [2, 3.5.4]

(2) E(E1)---d—p1 =P2 ,

e(D 1 )=cl—[1 2 =11,.

Now In(E0 )= 3 d - 2  (see [2, 3.3]) and in  view o f (1) we obtain

(3) m(E,)+ m(D 1 )<.2d —2.

L et h i a n d  i  b e  th e  number of j. n. b a se  p o in ts  o f  A  o n  E l  a n d  D i respec-
tively. S in c e  E(E,)> 0, c(D 1 ) > 0 , w e h av e  h 1 > 1 a n d  11 > 1  b y  [2, 3.5.6]. By
[2, 3.5.8] and (2)

(4) m(Ei) hik12,

m(D i ) >I i p i .

By (1), (3) and (4)

(5) ( l ,-1 )p ,+(h 1 -1)11 2 <d - 2 <d .

I t  fo llo w s  th a t  /71 = 1  o r  1, =1. S a y  /71 = 1 .  T h e n  th e re  is  a  un ique  base
point, p i s a y , o f  A  o n  E i . L et i> 1 .  We define inductively E i „., =E p i a s  long
a s  there is a  unique base point p i o f  A  o n  E i ,  and  we find (uniquely) an inte-
g e r  s  su c h  th a t o n  E, + , there  a re  either ze ro  base  po in ts  o f A  o r  at least
tw o . W e  h a v e  show n s>  1 . N o te  p(p i , A )=(E i , A )=,u(p i _ A )  f o r  i=1,..., s
and hence
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(6) A )= f o r  i s.

We let v=e(E s + , )  and obtain

(7)

I f  h  is  the number o f i. n . base points of A  o n  E s +  a n d  1=1 1 ,  then /iv+ /PI
=11022 — sp,)+ 2d — 2 — sp, by (3), (6), (7) and [2, 3.5.8]. Hence

(8) (h-2)(p2—  sp,)+ (1— s — 2),u, 2.

Recall that either h =  0 o r  h >  2 .  I n  the first case, v 0  and p2 =  sp , by
[2 , 3 .5 .6 ]. In  either case l — s - 2 <0  b y  (7 )  and (8 ) and h e n c e  /  s +  1 .  Let
g,,,,..., g 1 ,1 b e  the base points of A  on D ,  and p 2 ,1=,u(g 1 , ,  A ) .  1f S  is ob-
tained from  IN  by 1. q. t. at p o  and go  a n d ,  say, g,,, e S , then  D ,  i s  the only
com ponent o f  A P  c o n ta in in g  (h . , an d  p 2 ,1 <e(D 1) =p 1 b y  [ 2 ,  3 . 5 . 3  and
3 .5 .4 ] . Since any g "  is i. n. to som e q 1 ,10 e S, we have

(9) f o r  i =1 .

O n the o th e r  h a n d  E p2 1=('l, DO= p 2 and hence
1 '

(10) E

It follows that

(11) s<1 <s+ I and OS v =p 2

We consider three cases for future reference:

1.1 Suppose s = /. Then p 2 = s p ,  and , 2 = p ,  for i = 1 (by (10)). Hence
(E + 1 ) =0 a n d  e(Eg )=p 1 — p2 ,1 = 0  fo r  i= 1. It f o l lo w s  t h a t  po ,...,

go , g 1 ,1 ,..., a "  account for a ll base points of A  and that equality holds in (8).
Hence p i = 1.

1 .2  Suppose v =p i . T h e n  /=  s + 1 , i 2 = (s+ Dil i an d  / 1 2 1 = /11 f o r  i = I
(by (10)).

1.3 Suppose 0 < v < p , .  Then h > 2 and 1=  s + I. L e t  p ,,,,..., p ,,„ b e  the base
points of A  on  Es +  , and ,u" = p ( p " ,  A), 1= I,..., h. Then

(12) ,tti v=e(Es+,), i =1,..., h  and
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(13) p„ = p i .
ISiSh

(We repeat the argument made for the ch . ,  above.) Finally, by (8) and (13)

(14) (h —2)v + 2<p,</iv.

I f  / 12,i =Pi fo r  som e i, then f  can  be  sim plified  by  a  suitable birational
endomorphism o f  k [x , y ]  a s  w e w ill show n o w . Let : 24q — iq  b e  the bira-
tio n a l m o rp h ism  d e fin ed  b y  A  =k [u , y ]1 4 x y , y ]c  k [x ,  y ]=B  ( i .e . ,  -r(a, fi')
=( 43 , 13) f o r  a, /3 E k ) ,  and  le t  S ,  = P Z - - - 4 3 Z = S 2  be the induced birational
m a p . T h e  following facts a r e  easily checked: The fundam ental p o in ts  o f  f
are p = ( 0 ,  0, 1), do = (0, 1, 0) and  the
direction of L= V(X 2 )  a t  go . L et S
1. q. t. a t  p o , g o ,  q , , , ,  le t  p: be
a n d  le t  a  p r im e  denote taking proper

p o in t  q,,, EE q 0  c o r re sp o n d in g  to  the
b e  th e  su rface  ob ta ined  from  P Z  by
the birational m orphism  induced  by  f
transform o n  S .  Then p(L ')=(1, 0, 0),

p(E )=p(E 0 ) =(0 , I, 0 ) , n o  other curve o n  S  contracts to  a  p o in t  o n  S 2  and
p ( 4 0 ) = lin e  at infinity  o f S 2 • N o w  let f  b e  a s  above and suppose g " ,  is a
b a se  p o in t  o f  A  w ith  p 2 ,1 =p (q ,, , ,  A )=p ,.  T hen (L ', A)=(L, A )—  p 2 — p i = 0,
th a t  i s ,  a  general member o f  A  d o e s  n o t  m e e t  L '. A s  w e  have seen above,
L ' i s  th e  only curve o n  S  tha t con trac ts to  a  p o in t  a t f in ite  distance on S2

a n d  hence the transform o f  A  o n  S2  h a s  n o  base points at finite  d istance . It
fo llow s tha t T- 1 (r(V (f— )L )))=V (f--),), or ((f— ).)B  n A )B= (f—  ).)B, f o r  almost
all ). e k. Since (f— ).)B n A  is p r in c ip a l, f - -  e A  and  f (x , y ) 4 ( x y ,  y )  with
JE  k [u, y]. W e have degf=d— p 1 =p 2 . I n  f a c t ,  i f  x  is chosen so that  V (X 1 )

is tangent to  A  at p o ,  the degree form of f  is 11# ' 0 2 - g '. (Note tha t the degree
form of f  is x P 1 y , P 2 .)  By a n  obvious induction argument we find:

1 .4  Suppose A  has r  fundamental points of multiplicity p ,  o n  D , .  Then there
exists p(y) E k [y ] o f  degree r  su ch  th a t f (x , y )=f (x p(y ), y )c k [x p(y ), y ] .  We
have degl= d — rp i , f  is  a field generator and if f  is good so is f .

I f  w e apply the argum ent given above to the birational morphism induced
by  k [x , x y ]c k [x , y ], we find:

1.5 Suppose p, =p 2 . T hen  s=1 a n d  v = 0 .  I f  x  is chosen so  that  V (X 1 )  is
tangent to  A  a t  p o ,  then f (x , y )=f (x , x y )E k [x , x y ].

The preceeding results are summarized in

1.6 Theorem: L et .f c k [x , y ]  be a f ield generator, d = d e g f  and A = A (f ).
A ssum e Po  = (0, 0, 1) a n d  go  = (0, 1, 0) are  th e  po in ts  at in f in ity  of  f  w ith p,
=p(p o , A ) = p 2 .  T h e n :
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(1) +I/2=d.
(2) T here is a  unique integer s>1 such that

(i) there are  s+ I base points po ,..., ps  o f  A i .  n . to  po  w ith  p(p i , A)—
p, f o r i =0,..., s,

(ii) i f  h  is  the nuinber of  base points o f  A  o n  Es + , =E p „  then h =
o r h> 2.

(3) L e t  y= p,—.sp l . Then I f  y= p i ,  th e n  f(x, y )=f(xp(y), y)
ek[xp(y), y ],  w here p (y )ek [y ] is  o f  degree s+ 1  and f  is  a f ield generator of
degree p i .

(4) S uppose It O. T hen (h -2 )v + 2 ,u ,_ h v .  I f  p,,,,..•, are the base
points of  A  on  Es + 1 ,  then p i j = p (p , A )._v  f o r i =1,..., h a n d  E Pi

15 iS h
(5) Let q,,, be  the base points of  A  o n  D i =E g n . T hen s.._1<s+1,

p2 d =p(q 1 ,i , A)__p, f o r  i =1,...,1  and E p
2 '1

=p 2 . I f  s=1, then  #2 ,1 =p
1
 f o r

i=1 ,...,1 . I f  p2 ,i = p i f o r  r  v alues o f  i, then f(x, y)= f (xp(y), y)e k[xp(y), y],
where p(y)e k[y] is o f  degree r  and f  is  a f ield generator of  degree d—rp,.

(6) I f  p i =p 2 a n d  x  is  ch o sen  so  th at V (x ) i s  tangent to  f  a t  po ,  then
f(x, xy)e k[x, xy], where f  is  a f ield generator o f  degree p,.

2. Let fe k [x , y ]  b e  a  f ie ld  generator, K = k (f )  and C 1  t h e  complete regular
curve over K  with function field k(x, y). N ote that f  is  a  good field generator
if  a n d  only  i f  k(x, y)= K(g) fo r  som e g e K[x, y]. Since Cf  ,  th is  is  the
c a se  if  a n d  only  i f  th e re  is  a  p la c e  rational over K  ( th e  place g iven  by  the
degree function o n  K [g ]) among the places at infinity o f  C1  (see  [2, section 1]).
The places a t in fin ity  o f  C1  m ay  b e  fo u n d  b y  re so lv in g  v ia  1. q. t. th e  non-
regular points (all at infinity) of the  p lane  curve V(f(x, y)— t) w ith t  transcen-
den ta l over k , o r ,  w h ic h  is  th e  sa m e , th e  non-regular p o in ts  o f  th e  generic
member A ,, o f  A = A ( f )  (see  [2 , 2.8]). A s  w as poin ted  o u t  i n  [2, 2.9], the
non-regular points of An a r e  among the base points o f A .  Hence

2.1 C1  h a s  a  rational place a t in fin ity  i f  a n d  on ly  i f  th e re  is  a base point
q  o f  A  at w hich A  has a sim ple branch with variable tangent, i. e., the  leading
form of a local equation fo r A  a t  q has a variable linear factor (see [2, 2.6]).

Clearly, th e  above condition is satisfied i f  there exists a  b a se  p o in t q ' of
A  such that p(g', A)= 1, and  we find :

2 .2  If f  is  a  bad field generator, then p(q, A)> 1 for a ll base points q o f A.

L e t  p,,. •., p i  ((s +1)-times), u  u, 29  , 1 ,1 , ••• , P 2 , 1 , • • • , P 3 ,1 ,• • • , I t3 ,rb e the
multiplicities o f  th e  b a se  p o in ts  o f  A , w ith  s, I, h, p,, p 2  a n d  t h e  p,,„ p 2 ,1 a s
i n  1.6 while p3 ,1

 ...., p 3 , r  represent th e  remaining multiplicities. When searching
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fo r  a ll b a d  field generators f  o f  degree d ,  om itting those obtained from  field
generators f (u , u) o f  smaller degree by substitutions of the form  u=x p(y ), v =y
with p(y )e k [r], we may assume, appealing to 1.6, 2.2 and [2, 3.1 and 3.3]:

2 . 3  ( 1 )  P l , P 2  and all p i j  a r e  integers >2.
(2) (s+1)jti + p i = d 2 ,

(s+ 1 )11 1+ /1 2+ Etii,f= 3d— 2.
(3) m < d/2, p 2 = d— p l a n d  p 2 =sp 1 + v ,  w h e re  v  is  a n  integer and 0 < v

(4) v = 0 and h = 0 o r  (h —2)v + 2  p ip  < v fo r  j= 1 ,..., h  and
= V.

(5) / = s + 1, p 2 ,f <p
1
 f o r  j= / and Ip 2  J = p 2 .

( 6 )  p 3 d < jt, for j= r. (An upper bound fo r  r  is easily determined.)

A  com pute r program m ed to  find all sequences satisfy ing 2 .3  f o r  d < 25
came up  w ith  about 80  so lu tions. A ll b u t two, however, a re  ruled out as the
multiplicity sequence o f  a  f ie ld  generator by fairly straightforward arguments.
(An example is given in  the  appendix.) The remaining ones are:

2.4 pi  = 9 / P2 = 12 , P1,1 =Pi ,2 = 11 ,3 = 3 , P2,1 = 8 , P2,2 = 
4 ,

 P3,1 = 4 ,  P3,2 =-P3,3 = P3,4

=2.

2.5 Pi =9, P2 = 16, tti,i = 6 , P1 , 2 3
'

3 / P2,1 = P2,2 = 8 , P3,1 = P3,2 = 3 , 1t3,3 = • .•= P3,6 = 2 .

f (x , y ) = y 3 (xy + 1) 9  +  4x 7 y 9 + 25x 6 y 8 + 66x 5 y7
 +  6 x

5 y 6 + 95x 4 y6Y  + 23x 4 y 5

+80x 3y 5 +34x3y4+4x3y3+39x2y4_6x2y3+ 7 x 2 y 2 +  ioxy 3 _52xy 2 + 3xy + x + y 2

— 29y is a n  example o f  a  b a d  field generator w ith 2.4 a s  multiplicities at in-
finity. ( I f  t is transcendental over k , V (f — t) i s  a  cu rv e  o f  genus 0  over
k(t). Also, x =t ,  y =0  is  a  rational po in t o f V(f — I). Hence f  is a  field  gener-
a tor over the  prim e fie ld  of k.) C f  has exactly  tw o places at infinity, one of
degree 2 a n d  o n e  o f  degree 3 over k ( f ) .  Jan's exam ple has 2.5 a s  multiplici-
ties a t in fin ity . (S ee  [1 , chap ter III]. W e  w o u ld  lik e  to  p o in t o u t th a t  the
assumption char k= 0  made there is unnecessary.)

A  fie ld  generator f  w ith  tw o  points at infinity o f  multiplicities p, a n d  p 2

i s  o f  t h e  form  f (x ,  y)= xP 1y 9 2+ g (x , y ) ,  where deg g < p i  +p 2 , degx  g j t ,  and
degy g < p 2 . (This follow s easily from  [2, 3.7].) O ne sees immediately that any
nonlinear substitution x= a(u, v ), y =b(u, v ) increases the  degree of f  by at least
min (p i , p 2 }. W e therefore conclude

2 .6  A  bad  field generator o f  degree <25 has 2 .4  o r  2 .5  a s  sequence o f  multi-
p lic ities a t in fin ity . F ie ld  generators o f  degree d < 2 0  and d = 2 2 , 2 3 , 2 4  are
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good.

I t  is  sh o w n  in  the  append ix  tha t the re  is  a  unique irreducible family of
bad  field generators f  o f  degree 2 1 .  T he m ain  po in t is  th a t  2 .4  almost com-
pletely determines the  positions o f the  multiple points of f ,  th e  only difficulty
a rising  from  n. 1,15 P 1 ,2 ,  P 1 , 3  o n  E 2  with multiplicities p 1 ,1 = p ;41,3= 3 (the
notation is  as  in  sec tion  1). These points can be chosen d istinct o r infinitely
near in  various combinations (m ore precisely, one  h as  th e  choice o f  a  divisor
of degree 3  o n  E 2 ) ,  and  it is  no t c lea r a  p rio ri whether the f  corresponding to
a  generic choice o f  three distinct points specializes correctly when two or more
poin ts are  m ade to coincide. Jan 's exam ple exhibits a  very similar behaviour
and  m ost likely is again a  member o f a  un ique  irreducible family o f  bad  field
generators o f degree 25.

3. L e t f ,  g  Ek(x, y). W e  c a l l  ( f ,  g )  a  generating  p a i r  i f  k(f, g)= k(x , y).
Associated with any generating pair ( f ,  g ) there are birational maps

U= AZ A Z  V
( 1)

P Z  L' P

(with (p(a, f3)=(f(cx, fl), g(oc, fi)) for a, 13 e k , and  Cp 1AZ = 9). From  (1) we deduce
commutative diagrams

(2)

and

(3)

V\P\2

AZ - AZ

where F  i s  th e  graph  o f  9  and 7V 1 ( r e s p .  ir2 )  i s  the  com posite  o f the  1. q. t.
with centres a t  the fundamental points of 9  (resp. 0 - 1 ).

N ow  suppose fe  k [x , y ] .  Then th e  coordinate r in g  o f  F  i s  A = k [x , y , g]
and 9 ,,  9 2  are given by the inclusions

k [x , y]cA D  k [f, g] .

W rite  g = a l b  w ith  a, be k[x, y ]  a n d  GCD(a, b)= 1. T h e n  t h e  fundamental
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points of (79 on AZ a re  precisely the  common zeros o f  a  a n d  b ,  o r , which is
the sam e, the base points at finite distance of the pencil {V(a + Ab)I. e .  The
fact tha t A  is  a simple extension of k [x , y ] has the  following nice consequence
for the  structure  of go. I  a m  indebted to W . Heinzer for pointing this o u t to
me.

3.1 Propositon : L e t f e  k [x , y ] be a  f ield generator an d  ( f , g )  a generat-
in g  p a i r .  W rite  g  =alb  w ith  a, b e  k [x , y ] and  G C D (a, b )=1 . S uppose  M

k [x , y ] i s  a  m ax im al id e al su c h  th at  a, b e  M . T h e n  th e re  is  a unique
height o n e  p rim e  Jc A =k [x , y , g ] su c h  th at Jr) k [x , y ]=M . I f  f e M  (n o te
f —  E M  f or som e ).e k ), then A ,= k [f ,

Proof : O ne sees easily that A IM A =k [g] (where is  the  residue class of
g mod M A ) is isom orphic to a polynom ial ring in one variable over k. Hence
J=M A  is  p rim e, and  the  only height one  prim e of A  contracting to M . L e t
(R, M R )  b e  a  valuation subring o f  k(x, y) (M R  = maximal ideal o f  R ) such that
MR n A  = J. Put M ' = MR n k [f , g ] .  N o te  t h a t  R/M R /11./ = k [a], e., g  is
residually transcendental fo r R .  This shows tha t M ' is not m axim al, fo r other-
w ise g — [le M' c M p  f o r  som e p e k. Hence f  M  c  M R  implies M ' = f , k[f , g]
and k [f , g] ( n c A , .  Since k [f , a] ( . ! )  i s  a  valuation ring, equality holds.

3 .1 .1  Corollary : A = k[x , y , g ] is integrally  closed.

Proof : Since A b L-2 k[x, y]b ,  the proposition im plies that A p  i s  a  valuation
ring for all height one primes P  of A .  Also,

A  k [X ,  Y , 1Y ]lb(X, Y )W— a(X, Y )

is a  complete intersection. Hence A  is normal by  [3 , III, Prop. 9].

3 .1 .2  Corollary : S uppose M  c k [x , y ] i s  m ax im al and  a, b , f e  M .  Then
M  i s  th e  o n ly  m ax im al ideal w ith  th is  p roperty . A lso , fo  M 2  a n d  a +2 b

M 2  f o r almost all yl.E k.

Proof : B y  th e  p ro p o s itio n , M  =f  k [f , n k[x , y]. S ince  JA ,=f A ,,
f  M 2 . L e t N =(a, b, g +).)A  with e  k. B y 3.1.1, A N  is  regu la r a n d  hence
a+A bOM 2  f o r  almost all yl ek .

3 .2  Theorem : L e t  f e  k [x ,  y ] b e  a  f ie ld  generato r. T hen  there  ex is t
a, b e k [x , y ] such that k (f , alb)=k (x , y ) and (a, b)k [x , y ]=k [x , y ].

Proof: W e  m a y  assume that f  is  a  bad  field genera tor. Let g =alb  b e  a
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com plem entary generator w ith G C D (a, b)=1. W e  p ro c e e d  b y  induction on
j(a, b)= dimk (k[x , y]/(a, b)k[x , y ] ) .  Suppose j(a, 1. L e t M  b e  a maximal
ideal such  that a, b e M . W e  m a y  assume JE  M. A lso , re p la c in g  b  b y  a+).b
w ith  su itab le  2 e k  i f  necessary , w e m ay assum e t h a t  b  is ir re d u c ib le . Let
f , E k [x , y ] be irreducible such that _of and f ,  E M .  P u t  Vf i =k [x , y ], f ,) a n d
Vf =k [f , g] ( f )

. B o th  171  a n d  V1 ,  are  p rinc ipa l valuation subrings o f  k(x, y)
and V 1  V 1 , (since f Vi • n k[x , y ]= M  Of ,k[x , n k [x , y ]) . Hence either
V1 1 4) k [f , g ] ( j. e ., 1/1 ,  h a s  n o  c e n tre  o n  k [f , g ])  o r  M '=f ,V f ,n  k [f , g ] i s  a
m axim al ideal. T h e  first possibility  w e can rule o u t .  It im plies f i  lb ,  s o  bl
(since b  is irreducible) a n d  f  i s  a  good  field  generator (since (f , Jo/b) i s  a
generating p a ir ) .  H ence Vf i p k [f , g ]  a n d  M ' is m axim al, which im plies g

111' fo r some y e k. Then f,la —  ph, and replacing a  b y  a — itib we may assume
f i la. L e t  h=G C D (f , a) a n d  write a = h a', f =h f '. W e claim  that (a', f ')k [x , y]
=k [x , y ], a n d  th is p roves th e  theorem . F o r  th e n  ( f , a'l f 'b )  i s  a  generating
pair and j(a', f b )=j(a', b )< j(a, b )=j(a', b )+  b ) .

T o estab lish  th e  claim , consider a  m axim al ideal N c k [x ,  y ] such that
a ',  f e N .  (If none exist, w e a re  d o n e .)  I f  N =M , then f '  N  b y  3.1.2. Also,
f ,  a ',  f 'b e N , a n d  applying 3.1.2 t o  the  generating pa ir ( f , a 'l f b )  we find that
N  is  th e  only maximal ideal o f  k [x , y ] such  tha t a ',  f e  N .  Hence (a', P k [x ,
y ] = k [x , y ]. S o  suppose N M . T h e n  b  N  (otherwise a, b, f  E N  and N = M
b y  3.1.2) a n d  k [x , y ],n k [f ,  g ] (i. e., th e  ra tional m ap yo o f  (1 ) is defined at
N ) .  Let f 2  b e  a n  irreducible factor of f  such that f 2  e N  a n d  p u t  V1 2 = k[x,
y] ( " .  Again f 2 1/1 2  n k [f , g ]  is  a m axim al ideal (we repeat the argument made
for f 1 a b o v e ) . H e n c e  hvf , n k [f , g]=N k [x ,  n k [f , g ]  a n d  g E f2V1 2 , that is
f 2 la. N o w  f ,  a ',  f f 'b E N , a n d  applying 3.1.2 t o  the  generating pa ir (f , a'If f 'b )
w e find that again N  is  th e  only maximal ideal with a', f e  N  and  that f = f 2 f "
with f "  t  N .  Since f 2 1a, f2 ,I'f '  and ( f  a')k [x , y ]= k [x , y ] a s  before.

3 .2 .1  Corollary : L e t  f e  k [x ,  y ] b e  a  f i e ld  g e n e rato r. T h e n  an y  ir-
reducible com ponent o f  V ( f ) c A t  i s  a  non-singular rational curv e, any  tw o
com ponents either d o  not m eet o r m eet norm ally  in  ex actly  one point, and no
three com ponents have a p o in t in  common.

Proof: C h o o s e  a  complementary generator g = alb su ch  th a t (a, b)k[x , y]
=k [x , y ] .  T h e n  th e  birational m a p  ej)" o f  (1 )  h a s  n o  fundamental p o in t  at
finite distance, that is 7T1 induces a n  isomorphism o f an  o p en  subset o f  Z  with
U .  L e t  F  b e  th e  closure o f  V ( f )  in P .  T h e n  IrT 1 (F) = n i l(L ), w here L
i s  a  lin e  i n  1 1 ,  a n d  th e  irreducible components o f  n -

2
1 ( L )  clearly have the

properties claimed for those o f  V (f).

We conclude by strengthening 3.1.2.
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3.3 Proposition :  L et f e  k [x , y ]  be  a f ie ld  generator and  g  =alb  a  com-
plem entary  generator w ith  a, be k [x , y ]  an d  G C D (a, b )=1 . L e t  M  k [x ,  y]
be a m ax im al ideal such that a, b, fe M . T hen M  =(a, b , f )k [x , y ] an d  Mk[x,
y] m =(a+.1b, f )k [x , y ] m  f e r  alm ost all 'le k .

Proof :  L et f , ,  a ',  f ' b e  a s  in  t h e  p ro o f o f  3 .2  (w e  assume •k a ) .  Let
1 be such that a e M "-114"+' . W e show b y  induction o n  n  tha t (f ,, b)k [x ,

y ],=M k [x , A m . Since we are free to  replace b  by a-1-.1b fo r  almost all 1 E k,
this proves the proposition  in  view o f  3.1.2. Suppose first n> 1 and consider
th e  generating p a ir  (f , a'll'b ).  W e  have  a' e 114"-  — M " a n d  f 'O M , s o  ( f 1 ,
b)k[x, y] m =( f i , f 'b)k [x , y ] m  a n d  w e are done  by  in d u c tio n . If  n = 1 ,  consider
th e  generating p a ir  (f , f 'bla'). L e t aga in  Cp' denote th e  associated birational
m ap  a n d  le t  F ' denote th e  closure in  P Z  o f  V ( f f 'b ) .  T hen  nT 1 (F')=2T -

2
1 (L 1

U L2 ), where L 1 , L 2 a r e  lines in P .  N o w  a' OM .  H ence  ep" is defined at
M  and  we conclude that f ,  a n d  b  m eet norm ally at M  (components of (L,
U L2 )  meet normally).

Appendix :  T he  techn ique  o f determining a  p la n e  curve from  its m ulti-
plicity tree is , o f  course, well known in  principle . I n  practice, the  calculations
can  assume imposing proportions, and it m ay be w orth-w hile to illustrate the
technique at w ork in  a  non-triv ia l example, here in  th e  determination of the
family of all bad field generators of degree 21.

A s  has been  m en tioned , a ll b u t  tw o  o f th e  co m p u te r  so lu tio n s  o f  2.3
can  be  ru led  o u t a s  th e  multiplicity sequence o f a  f ie ld  genera tor. H ere  is an
exam ple: tt, = 10, n 2 = 13, p 1 ,1 =11 1 ,2 =  3 , i.11,3 = P1,4 —  / 12,1 — 8 ,  P 2 ,2= 5 ,  / 13,1 = 5 ,
p.3 , 2 = 4, /23 3 = 2 . W e  f in d  e(E„, , ,) =c(E g o ) — 8 = 2 b y  [2 , 3 .5 .4 ] .  B y [2 , 3 .5 .6 ] all
points of A  o n  E„, are base points of A .  There are  two possibilities: (i) q 1 ,2

i s  n o t  i. n . t o  q 1 ,1 : T hen  th e  multiplicities o f  a l l  b a se  p o in ts  o f  A  o n  E,, , ,
a r e  am ong th e  ti 3 . , a n d  th e ir  su m  is  p 2 ,, =  8 , w h ich  is  im possible. (ii) q 1 ,2

is  i. n. to  g,,,, e., q 1 ,2 e E 0  E„  (here and  in  the  sequel a  prim e will denote
taking proper transform ). N ow  th e  multiplicities o f  all rem aining base points
o f  A  o n  E„,  a re  am ong th e  /1 3 1  a n d  th e ir  su m  is  P2,1 — P2,2 = 3 ,  a g a in  an
impossibility.

L e t u s  next indicate how th e  sequence 2 .4  determines th e  tree o f  singulari-
tie s  o f  a  b a d  field generator f  o f  degree 2 1 .  W e first consider qo  E 0  w ith
p(g o , A ) = 1 2 .  B y  arguments like  those  above  w e  find  tha t  q 2 = q 1 2 i s  i. n.
to  q 1 ,1 = q , o n  E g o . After blowing up q 2 ,  the support of the total transform of
E0 looks as follows:

E'qo Eq2 E'qj
• • •
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B y  [2, 3.5.4], c(E„)= 9 — 8=1 a n d  e(E „)=9 +1 —4 =6. Since p >1=c(E„,)
f o r  a l l  i, A  h a s  n o  b a s e  p o in t  o n  E'„ — E„ b y  [2, 3.5.3 a n d  3.5.4]. Since
(A, E „ ,)= 8 -4 > 0 , t h e r e  i s  a  b a s e  p o in t  g3 EE'q r n E„ 2 ,  a n d  w e c la im  tha t
p(g 3 , A)=p 3 ,, = 4 .  I n  fa c t, if  q 3 ,..., q c  a re  th e  b a se  p o in ts  o f  A  o n  E „ , then

E  p(q i ,  A )=/1 1 ,2 = 4 .  T h e  p(g i , A )  a r e  am ong th e  113 ,f , a n d  i f  p(q 3 , A)04,
35i5c
then c= 4 a n d  p(q 3 , A)=p(g 4 , A )= 2 .  I f  q  is  the base point o f  A  with p(q, A )
--/i 3 ,1 = 4, th e n  q  is  n o t i. n. t o  po ,  a s  follows from 1.6 (4), and  hence q  is  i. n.
to  q 3  o r  q4 , which is impossible since p(q, A )> 2. This proves our claim . Now
1,(E, 3)= 6+1 — 4 = 3, th e  b a se  p o in ts  o f  A  o n  E „  a re  n o t  o n  Eq , U Eq'  „  the
sum  o f  their m ultiplicities is 4, a n d  hence there a re  tw o , q4  a n d  g ,  say, of
multiplicity 2  e a c h . W e  have 4 E 0 = 1 ,  a n d  w e  a rg u e  a s  above  tha t g,e
n E 3  i. n. t o  q4. W e find  e(E, 5 ) = 2 , a n d  th e re  is  a  un ique  base  po in t qo

E E q 5 , g 6 0E q'  U E'„. N o w  p(g 6 , A)= 2 = e (E „ ) ,  a n d  qo i s  a  term inal base
point (see [2, 2.5]). The support of the total transform o f  E0 a t  th is  stage has
the following configuration :

E E,0 E 2 E 3 E',,
• • • •

E „  616

•

E'„

Above po  w e first find  a unique base point p i e  Ep o  a n d  then three base points,
P2' p 3 , p4  s a y , o f  multiplicity 3 each o n  E,,, — E p .. W e note E ( E ) = 3  a n d  (A,
E ) = 9 .  There are three cases to consider:

(1) p2 , p3 , p4  a r e  d is t in c t .  They a r e  th e n  a ll  te rm ina l base  po in ts . We
obtain the diagram

E E O
X  X X  •  •

P2 P3 P4

(2) p2 , p3 a re  d is t in c t , p4  i s  i .  n. t o  p3 . T hen  p2 , p4  a re  te rm in a l. T h e
diagram is

Ep, Evp, E,o E'0•  x  • •
P4 P2

(3 ) p 3 i s  i. n. t o  p2  a n d  p4  i s  i. n. t o  p3 . Then p4  i s  te rm inal. T he dia-
gram is
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E p ,E , E0 E0
•   • •

P4

Let f (x , y )=Z a i d x iy i .  W e choose p o =(0, 0, 1) and  q 0 =(0, 1, 0) as points
a t in fin ity  o f  f. F ( X 0 , X 1 , X 2 )=X 6' f (X ,1X 0 , X 2 /X 0 )  has un ique  tangents at
Po a n d  q , .  W e choose these a s  X ,  and  X 2  respectively. Then f (x , y)=x 9 y' 2

+term s o f  lower degree in  b o th  x  a n d  y . A t  q 0 , F  has local equation F(z, 1,
y )= E a , yiz 2 1 i . B l o w  u p  q 0 . T h e  p ro p e r  tra n sfo rm  F ( ')  o f  F  h a s  a
local equation o f  t h e  form  f )(y , z )=F(z , 1, y z )1z12=y 12+ E

i 5 8 , jS 1  1
a n d  z  i s  a  lo c a l equation f o r  Ego . W e require  that Ft' ) h a v e  q 1 =(0 , 0) as
z e ro  o f  m ultiplicity 8 w ith Ego a s  u n iq u e  ta n g e n t. T h is  is  s o  if  a n d  on ly  if
a 1,F = 0  f o r  i > j ,  except that a 1 ,0 0. B l o w  u p  q 1 . F ( 2 )  h a s  a  lo c a l equation
o f  t h e  form f ( 1 ) ( y , yz)/y8

 = y 4
 +  j - i +  1  z  W e  re q u ire  th a t  q 2 =(0, 0)

be  a  fourfold point of F( 2 )  with unique tangent E ,, ,  which implies the  vanish-
ing of six  m ore  of the  ai i . O n  blowing up a2  one obtains a  local equation of
the form f (3 1 =y 4 +Ea t i yi - i + l z ) - 2 i + 6 ,  and F( 3 ) i s  t o  have q 3 = (0 , 0 )  a s  four-
fo ld  p o in t w ith  unique tangen t, m eeting  E '„ , and  Eq 2 n o rm a lly . H e n c e  the
leading form of f( 3 )  is  (y + a z ) 4  f o r  some a e k*. Consequently, three m ore au

vanish, and four m ore are determined a s  functions of a.
O n e  proceeds in  th is  fa sh io n . T h e re  is  a  choice of tangent direction at

q5 ,  amounting to a  choice of y e k * .  W riting down all conditions at q 3 , q 4 , q 5 ,
q ,  one finds: all bu t 29  of the  au  vanish, the  leading coefficient is  1 , four more
a re  determined by a e k * , a n d  th ree  m o re  a re  rational functions, defined for
Œ5'0, i n  a 8 ,1 1 , a, y. T h e  remaining coefficients are ai ,1+3 8), a0 ,0  a n d
eleven  o thers. I n  each  of the cases (1), (2), (3), the  a11 3 a r e  determined as
symmetric polynomials with integer coefficients in f l„ /32 43 3 corresponding to
a  choice o f (p 2 , p3 , pg.) E (Ep i -{ p} ) 3 2,V ,  where {p} =E 1 fl E, 0 .o . In addition
nine m ore equations result that a re  linear in  th e  eleven coefficients mentioned
a b o v e . I n  each case a0 ,0  is arbitrary. Together w ith tw o equations left from
th e  analysis at th e  qi ,  these give m atrix equations M IA = Wi , 1 < (one  for
each of the cases (1), (2), (3)), where A  is  the  column with entries a 1,1, 2i

a 3 ,4 , a 1 ,1 , a 0 ,1 , a 1 ,2 , a2 ,3. We exhibit M 1 and  W 1 .

fli fl? I
i = 1, 2, 3

0 1 2/3, ••• 51311

-a 2 a- 1

3Œ2 y  -2 Œ y  y

/3? 0  1  / 3 1
 /3 ?} i= 1, 2, 3 _
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—a6,816 ?  — 4 0 7  I

—2843? 
1= 1,2, 3

y 2
 . 7 , 1 0 3

1)(a6,8), + 4 a7,10a 3 —  4a8,1 icxY)

—a4 ,5 13f —6a 2 /3?Ii= 1, 2, 3
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T he  factors of det M , a re  a, y  a n d  IT — /3) 5 ,  th o se  of det M 2 a re  a , y
a n d  (/3h — [0 1 °  ( in  c a se  /31, /3, = /3; )  and  de t M3 = a y .  F o r  general (ct, 1), 16 1, 132,
/33 ) e ( w i t h  d e t  M  0 )  t h e r e  i s  a  un ique corresponding pencil A.(f), th e  in-
verse image A ( f )  b e in g  d e te rm in ed  u p  to  perm utation  of the  /3,. Elementary
row operations and extraction of five factors fi,—]i, from appropriate rows allow
one  to transform  M , A = W , into MTA = W T, where the factors of det M f are
a, y, (fl„ —,6,)5 a n d  (13„—fli ) 5 , a n d  M t, W I spec ia lize  to  M 2 , W , w hen  A =
By further operations of the  same type one obtains MT*A = WV', where det Mt*
= a y  a n d  M T*, W î* specialize to M 3 , W , w hen fl i = /3j = /3,,. I t  fo llo w s ea s ily
that there is a  one-to-one correspondence between the points of 1/ 1 = (A — {0}) 2

x A13 ) (AP = symmetric threefold product o f  A D  and pencils A (f ) satisfying our
initial choice o f  po , go and  tangen ts  a t these  p o in ts . These choices amount to
picking a  p o i n t  i n  V2 = x P,! — d) x A  (A  s ta n d s  fo r  d ia g o n a l) . Taking
into account the free choice o f  a,,,, w e find that bad field generators o f  degree
21 are parametrized by V, X V2 X A .
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