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Introduction

Let g be a complex semisimple Lie algebra, and ) a Cartan subalgebra
of g and 4 the root system of (g, )). Denote by g* the root space correspond-
ing to a root a, then g=h+>,,9% We fix a positive system of roots 4.
and denote by 4, the set of simple roots. Put

1
nt= Zaed+ga, n= Zae—d+ga’ p=72aed+a'

Let U(g) be the universal enveloping algebra of g. For any yebh*=Hom(},
C), we consider the factor space M(y)=U(g)/I,, where I, is the left ideal of
U(g) generated by n* and {H—y(H)+p(H); Hebh}. Then M(y) has the natural
structure of U(g)-module and is called the Verma module induced by yx. A
nonzero element of a U(g)-module is called extreme if it is annihilated by n*.

D.-N. Verma proved in [1] that a submodule of M(y) generated by its
extreme vector is isomorphic to another Verma module M(x’). The submodules
of this type are called here Verma submodules. He also got a sufficient condi-
tion on a pair (x, x’) for M(x) to contain a Verma submodule isomorphic to
M(x).

After that, I. N. Bernstein and others proved that this condition is also
necessary [2]. So all the Verma submodules are already known.

In that work [2], they also constructed an example of submodules which
are not generated by their extreme vectors. They treat there the case g=sl(4,
C) and x is a certain weight o (see §2). J. Dixmier and N. Conze gave a
fundamental necessary condition for the existence of submodules which are not
of Verma’s type.

It is an interesting problem to determine the structure of the Verma module
M(y), and especially to find the submodules of M(x), not of Verma's type.
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But even for algebras of lower ranks, the complete solution is yet unknown.
In this note, we construct the submodules of non-Verma's type when g
=sl(4, C) and y=nw for any positive integer n by a certain general method.
The author expresses his hearty thanks to Professors T. Hirai and N. Tatsu-
uma for their kind advices.

§1. Preliminaries

Let X,, X_,(x€4d,), H,, (o2;€ 45) be a Weyl basis normalized as follows:
]) a([Xw X—a:')':z,

2) o(H,)=2<0a; a;>[<a; a;>, where < , > is the inner product of h*
induced by the Killing form of g.

Denote by s, the reflection corresponding to a root « and by W the Weyl
group of (g, D). In the following we denote by U(p) the universal enveloping
algebra of a Lie algebra p. For puebh* (=Hom(l), C)), we put

M(xlw)={ve M(x): Hv=u(H)v (H € b)},
Umlp)={ve UMm); ad(Hv=u(H)v (Heh)}.

They are called weight subspaces corresponding to a weight p.
Then M(yx) (resp. U(n)) is expressed as a direct sum of weight subspaces
as

M) =2 yer-r, M(xli—p)
(resp. U)=3 ,or, UM|—p)),

where I', is the set of all non-negative integral linear combinations of 4.
Further M(y) is isomorphic to U(n) as a vector space, and as a U(h)-module
M(y|u— p) is isomorphic to U(m|—yx+ p).

For our later use, we quote here the following known facts in the form of
two theorems (see [1], [2], [3] and [4]).

Theorem A ([1], [2], [4]). Let x and  be two elements of h¥*, then
the following properties hold.

1) dim¢ Hom  (M(x), M(¥))=0 or 1.

2) Every non-zero element of Hom (M(y), M({)) is an embedding.

3) dimgHom,(M(y), M(Y))=1 if and only if there exists a sequence
Y1,..Yx Of positive roots satisfying the following conditions: put Yy'©=y and
Yy=s, s, (1 j<k), then
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a) x=y®, b) Y'""1(H,) is a positive integer for any i.
4) Each irreducible sub-quotient module of M(y) has a highest weight
pu—p with pe Wyny—T,.

Theorem B [3]. If M(x) possesses a submodule which is not generated
by its Verma submodules, then there exists three different elements &, n, {
of Wy such that

D MMM, M(H2M(n)RM(Q).
2) n—¢el\{0}

(Let M be such a submodule and N be the submodule generated by all
its Verma submodules. Then the element & in the above theorem was chosen
in [3] in such a way that putting Z={uebh*; M(xlp—p) N M2M(x|lu—p) 0N N},
we have (e Z and p—E&T', for any pekx.))

§2. The Verma module M(X,) of sl(4, C)

Put g=sl(4, C) and denote by [ the Cartan subalgebra of g consisting of
all diagonal matrices. Then the set 4, consists of three roots a;, a,, a3, and
with suitable numbering 4, ={a,, a,, a3, &, +ay, 03 +0a3, 0, +o,+a3} and its
Dynkin diagram is given by

Define a weight w by
w(H,)=w(H,)=0, w(H,)=1

and put y,=nw (n=1,2,...). We study the Verma module M(y,). By Theorem
A, all the Verma submodules are given as follows:

M (s, x0) = M(x, — nay) = U() X", ,,

M($4,S0,2n) = M (g, — noy —naty) = U(g) X2, X2, ,
M (53Sa,20) = M(x, — noty —naty) = U(@) X 2,4, X2, ,,
M(5,,54,50,Xn) = M, — noy — nay — noty)

= U)X, X"y, X",
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M(sazsalsagsazXn) = M(Xn —hoty — 2"“2 - na3)

=U(g)X",, X", X"

—a3

X",

1. N. Bernstein and others constructed a submodule of M(y,) which is not
generated by its Verma submodules [2]. In this note we construct such a
submodule of M(yx,).

Lemma 1. In M(y,), if the situation in Theorem B occurs, the element &
must be equal to y,—no; —no,—nas.

Proof. Let M be such a submodule of M(y,) and N be the submodule
generated by all its Verma submodules. We see easily that & is one of the
following three elements:

Fu— N0 — NGy, Y — N0y — NA3, X, — Ny — ROy — N3,

Choose a weight vector x of weight {—p in M which does not belong to N.
Suppose E=y,—no, —na,. Let g be a subalgebra of g generated by X,.,,,
X 44, and W’ a subgroup of W generated by s, and s,,. Then g is isomorphic
to sl(3, C) and W’ is the Weyl group of g'. Since X, X_,=X_,X,, (i=1,2),
X, x=0 and U(g)X",,SU(g)xSU(g')1. This fact means that sl(3, C) has a
submodule which is not of Verma’s type. But the number of the elements W'y,
is three. This contradicts the assertion of Theorem B. Similarly we have
E#y,—nu,—nas. So we get our assertion. Q.E.D.

Put M =M(y,)/M(s,,x,), and denote by % the image of xe M(y,) under the
canonical map.

Lemma 2. Let é=yx,—noa,—noa,—noy—p. For any xeM(y,l&), & M(s,,x,),
there exist only the following two possibilities:

1) X is an extreme vector,

2) there exists a sequence of simple roots B,..., B3, such that X, ---Xg X
= const. 1.

Proof. Assume that % is not an extreme vector in M. Then there exists
a sequence f,..., f, of simple roots such that X, ---X; X is an extreme one. By
Theorem A, f,+---+ f3, must be equal to one of the followings:

noly, noty, Noy+noy, oty + noy + oy,

First suppose fB,+---+fy=nas. Put y=X! x. Then both X,y and X,y
belong to M(s,,x,). By the same way as in the proof of Lemma I, the U(g')-
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module generated by X",, and y cannot be generated by its Verma submodules.
This contradicts Theorem B. Therefore f,+--+f;#nas. Similarly f,+---+f;
#no,.

Next suppose B+ +f=na;+nas. Put y=Xp.-X; x=Xnr X2 x. Then
Y€ M(xyl2n— 103 —p), & M(s,,%0).  But M(y,lx,—na;—p)=CX",, = M(s,,x,). This

is a contradiction. Q.E.D.

As a result of this lemma, our problem is reduced to finding an element
x such that X is extreme.

§3. Basic relations in an enveloping algebra

In this section, we prepare two lemmas. We consider the mapping of g
given by «(Xi,)=Xz,. (H)=w(H,) (xed), where w=s,s5,,s,,. Then ¢ can be
uniquely extended to an anti-automorphism of U(g) which is denoted by .
again. Note that « maps 3, ,,.xU(M|—n,a, —n,a;) into itself.

Lemma 3. The map ¢ is an identity on U(n|—na,—no,) for any positive
integer n.

Proof. This is proved by induction on n. The assertion holds for n=1,
because a basis of U(n|—a;—a,) is given by X_, X_,,, X_,,X_, and «(X_,)
=X _,p dX_0)=X_,,.

Suppose n>1. Let x=X_g---X_g, where f;’s are simple roots and > f;
=n(a;+0ay). If B, #p,, then

‘(X-ﬂlx'ﬂz”.X“ﬂzu - IX—ﬂzn)= ‘(X—ﬂzu)!(x—ﬂz'“x‘ﬂzu -1)l(X—B|)
=X—ﬂ1(X—ﬂ2“°X—ﬂzn - 1)X—L‘zn

=X

When f;=f,,=a,,x can be written as a linear combination of
X _ . yX2,,X_,'s, where ye Un|—(n—2)(a;+a,)). In fact, let P be a Kostant’s

—a3z

partition function (see [1]), then
dim U(n| —(n—2)a, — nay)= P((n —2)at; + noet,)
=n—1
=P((n—2) (o, +a5))

=dim U(m|—(n—2)(ot; +a3)).
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Therefore, let yy, y,,..., y,—; be a basis of U(n|—(n—2)(a;+a,)), then y,X2,,,
V2X2,,5.s Yu—1X?,, are mutually linearly independent. Hence they form a
basis of U(n|—(n—2)a,—na,). On the other hand, we have the following
equality in U(n):

X2, X _,=—X_, X2, +2X_, X _, X

—at —a P —aye

Therefore this case can be reduced to the previous one. Q.E.D.

Let us consider the right ideal I, generated by «(n*) and {H—wy(H)
+wp(H); Heh}. Then [I,=dI,) and UMWM@I,=U(g)=1,@®U(«(n)). Denote
by P, (resp. P,) the projection of U(g) onto U(n) (resp. onto U(«(n))) according
to the above direct sum decomposition. Then

P(Xpx)=dP((x)X,)  (xeU(9).
Moreover there holds the following useful equality.
Lemma 4. Let x be an element of Un|—na, —na,), then
P(X,x)= —d(P(Xy,X)).
Proof. Let x=X_;---X_;, (B,=u; or a,), then

Pl(Xalx)=P1(Zﬂk=a.X—ﬂ,“‘[Xa.» X—ﬁk]"‘X—ﬂzn)

=P(EX_p X g X gy (Hyy = Brwr o+ B2 (Ha)
=S X g X g X gy (= 1= (B o+ Ban) (H,,).
Here X means that X is absent. On the other hand,
P(X %)= dP(x)X,,))=e(P(xX,,))

=P peea X g [X g XuJX )

= (P(Z(—Hay, +(By+ -+ fre ) (— Ho )X X X )

=X (n—1—=(n(oy +o3) =By — = Bay— ) (H,,)

x‘(X_pl".X"ﬂk“'X_ﬂZn)

= S+ Brw s+ + Ba) (He DX g, X g X _p,)
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= —(P(X,x)).

Every element of U(n|—na,—na,) is a linear combination of the above mono-
mials. Therefore we get our assertion. Q.E.D.

§4. The construction of extreme vector in M

Let xeM(y,lx,—noy —noy,—p) (2UMWM|—no; —na,)). By Lemma 4 we see
that X, x=0<X,,x=0. Therefore if X,x=0,x is an extreme vector. We
see in §2 that X", X"  is a unique extreme vector in M(y,|x,— no, —na, —p).
On the other hand,

dim U(n|—na, —no,)—1=(n+1)—1
=dim U(n|—(n— o, — nay)
=dim M(anXll-(n - l)al - naZ_p) .

We can choose x; from M(y,|x,—na;—na;—p) in such a way that X, x,
=X11X",,. Then by Lemma 4,

XX =—d Xt Xn, ,)=— X", X, L.

Replacing a; with a, we can take from M(y,|x,—na,—na;—p) an element
x5 such that

)(‘”x3 =Xn-1xn

—a3 —a2

ana =—Xn Xn:1

"Xl
For any positive integer n, we define a submodule M of M(y,) as follows:

put z=X", x3—X",,x, and M=M(s,x,)+ U(g)z.

Theorem. For any positive integer n, the submodule M of M(y,) is not
generated by its Verma submodules.

Proof. We see that,

Xuz2=X, X"y x3—X"

—a3

Xa1x1

=nX"!(H,, —(n—1))x;— X", X" 1 X"

—a2

=nX13 1 x3(Ho, —n(tz +03) (Hy ) —(n— 1) — X2, X151 X

—a3 —a2

== X", X"l X", e M(s,x) -
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Similarly,

Xpz=X", X 1X0 € M(Sy,Xn) -
Further we get

X, z=X" Xpx3— X"

—a3

XXt

=-X”

—a.X" X 1 +Xn

-1
a3t ~az LD L. Cam

=0 (" X o X_a=X_.X_,).

—as
So z is not an extreme vector in M(y,). Since
dim M(s,, )l 3, — noty — nay — na — p)
=P(no; +noz)=1,

and X",
M(sq, %) _

Note that M is a proper submodule of M(y,) and contains M(s,,x,) as its
proper submodule. This submodule cannot be generated by its Verma sub-
modules, because every proper Verma submodule is contained in M(s,,x,).

Thus we get our results. Q.E.D.

Xn

—a3

X",, is an extreme vector in M(s,,x,), z does not belong to

Remark 1. The existence of such a submodule means that the general-
ized Verma modules considered by M. Duflo and N. Conze in [5] are reducible
in some cases.

Remark 2. In the case of n=1 or 2,z is written explicitly as follows

(modulo X*, X", X",)):

for n=1, X_, X_,,X_o,—X_, X_,,X_,,

for n=2, X2, (X_0,X 0, X 0, X 0, = 5X o X0, X 0, X _0)
— X2 (XX o XX 0, —5X o X, X0 X0

In these two cases, we can prove by an explicit calculation that M and the
known Verma submodules give essentially a complete Jordan-Horder sequence of

M(x,).
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