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Introduction

Many loci are Zariski open for a large class of rings (algebro-geo-
metric, analytic, complete, excellent) and such openness of loci is variously
related to the good properties o f formal fibers. To quote the well known
examples, the geometric regularity of formal fibers implies, for a noethe-
rian local ring A, the openness o f regular locus for Spec (A ') , where
A ' is any A-algebra o f fin ite type, while th e  geometric reduceness of
fibers carries the openness of normal locus.

The converse arrow is also true fo r  some class of rings : for instance,
if  A  is complete fo r  some m-adic topology and excellent modulo m, then
the openness o f regular locus implies the geometric regularity of formal
fibers (see [12], theorem 4).

In the present paper we investigate fibers and loci for a property P
meaningful in any noetherian ring, submitted to the following conditions :
1—every fie ld  has P ;
2— P is local;
3— if A  is  a  complete local ring, then th e  P - lo c u s  o f A  is Zariski

open;
4— if (A , m ).-›(B , n) is a faithfully flat local homomorphism, then P

descends from B  to  A ; i f  moreover B /m B  has P, then P  ascends ;
5— if A  is regular, then A  has P.

In n. 1. after a short recall on the main properties we need in the
paper (Cohen-Macaulay, Gorenste in, complete intersection), we discuss
the openness of P-locus on a ring A and on finite A-algebras, giving
a list o f examples.

In n. 2 we discuss the so called "Nagata's criterion for the openness
of loci", formally the same as the criterion for the openness o f  regular
locus, but concerning a  property P  of the type considered above.
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We discuss also the following condition, closely related to Nagata's
criterion: if a  ring A  has P, then every domain which is a quotient of
A  contains a non empty open set having P.

Using N agata's criterion and the condition on quotients we can prove
the permanence of the openness o f P -lo c i under morphisms with good
fibers, like completions or henselizations.

In  n . 3  we prove the following lifting result, which generalizes [12],
theorem 4: i f  A  is separated and complete for some nt-topology and the
formal fibers o f A/m are geometrically P  (where P  satisfies just 1-5),
then the openness o f P -lo c i fo r every A-algebra o f fin ite  type implies
that the formal fibers o f A  a re  also geometrically P.

When P  satisfies N agata's criterion and the quotient condition (e.g.
when P= C ohen-M acaulay, G orenstein  o r  complete intersection) the
preceding theorem implies that the good properties o f  fibers  and loci
pass to m -ad ic  completion.

I w ish  to  thank  p ro f. Markus Brodman and prof. H id eyu k i Mats-
umura fo r  some useful conversations on the subject o f this paper.

n. 1

A ll the rings are assumed to be commutative with 1 and noetherian;
our terminology will freely follow [10].

We now shortly recall a few facts and definitions

1—A local r in g  A  is Cohen-Macaulay (C M )  iff dep th (A )= d im (A ) ; a
ring A  is C M  iff  A „ is CM  for every E S p e c ( A )

2—A loca l ring A  is  G orenste in  (G or) iff A  is  C M  a n d  there is  a
system o f parameters which generates a n  irreducible ideal; a ring
A  is Gor iff A ,  is Gor fo r every 'Z, Spec(A)

3—A local ring is called (absolute) complete intersection (CI) i f f  Â =
completion o f  A  is a  homomorphic im a g e  o f a  regular local ring
modulo a regular sequence (we follow [6 ] , (1 9 . 3 . 1 )  ; so we do not
assume that A  is a  homomorphic im age of a regular local ring) ;  a
rin g  A  is  C li f f  A  CI for every E S p e c ( A )

4— Let (A , m)--->(B, n )  be a faithfully fla t loca l homomorphism; then,
i f  B  is regular (CI, Gor, C M ) also A  is regular (CI, Gor, CM ) ;  if A
and B/mB are regular (CI, Gor, C M ) also B  is (see :  [ 1 0 ] ,  theorem
51 and (21 . C ), corollary 1; [ 1 ] ,  theorem 2; [ 7 ] ,  proposition 9. 6) ;

5—The formal fibers of a local ring A  are the rings AOAk (0, where
Â=completion o f A, k(P )= fraction  f ie ld  o f  A /P , pE S p ec (A ) ; the
formal fibers of A  are the formal fibers o f all localizations, i f  A  is
any ring;



Form al f ibers an d  openness of  loci 201

P  is any property m eaningful fo r  a  r in g  A  ( lik e  re g u la r ity , CI,
Gor, C M ,...), w e say  th at the form al fibers o f  A  a re  geometrically
P  (shortly : A  is  a  P - r in g )  i f f ,  f o r  every E S p e c ( A )  and every

Spe c (A ), the ring 11,,C),k(P)C), ( , ) L  has P ,  L  b e in g  an y  f in ite
extension of k(p)

7—A r in g  A  is  quasi excellent (q . excellent) iff  the form al fibers o f A
are geometrically regular and the regular locus of Spec(A ') is Zariski
open, whenever A ' is  any A -a lgeb ra  of finite type ;

8—We say that a morphism f : A -413 is  a P-m orphism  ( P  b e in g  as in
6— ) iff it  is  flat and its fibers are geometrically P ;

9—Convention: if A  is any ring, P (A ) = P-locus o f A= {CIE Spec (A ) IA
has the property P) ;

10—If A  is  a  complete semilocal ring, then  P ( A )  is  Z arisk i open, whe-
never P .  ( i )  regu larity  ([10 ], th eo rem  74 ) ; (ii) C I ( [6 ], (1 9 .3 .3 ))  ;
( i i i )  G o r  ( [1 1 ] , theorem  3. 1 o r [9 ] ,  theorem  8) ; ( iv ) C M  ([6 ], 6 .
11. 2)).

W e shall from  now on consider a  property P  m eaningful fo r  a  noe-
therian  ring A  and satisfying the following

AXIOMS of P :
1— every f ie ld  h as  P;
2— P is local;
3— if  A  is a  complete local ring, then P(A ) is Z arisk i open;
4— if (A , m)— >(B, n )  i s  a  f aith f u lly  f lat local hom om orphism , th e n  P

descends f ro m  B  to  A ; i f  both A  an d  B /m B  h av e  P, then P ascends
f rom  A  to B ;

5— if  A  is regular, then A  has P.

Remark 1: A x io m s  1 -5  are fu lfilled  w henever P= any of the follo-
w ing properties:
1—re gularity ; 2— CI; 3— Gor ; 4—  C M .

On the other hand, properties like norm ality, reduceness, (Rh), (Sh)
are forbidden because o f axiom  4, since the property on the fiber over
the closed point is not enough to m ake them  ascend.

Remark 2: A  property  P  o f th e  typ e  considerd  above passes to
polynomial rings (A-->A[X] is  a morphism w ith  regular fibers).

Remark 3: L e t f ; A -->B  and g: B -->C be tw o m orphism s; i f  both f
ang g  are P-morphisms, then also their product g of  i s  a P-morphism;
if g  f  is  a P-m orphism  and g  is faithfully flat, then f  is a P-morphism.

Remark 4: I f  A  is  a n y  P -r in g  th e n  the m orphism  A—>B i s  a  P -
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morphism whenever B  is  an y  m-adic completion o r  henselization, with
respect t o  m ERad(A ) ( N I  (7. 4. 6) and [5 ], lem m a 5 . 1 ; re a lly  the
morphism into the henselization is  even  regu lar, i. e., with geometrically
regular fibers).

Remark 5: A  is  a P -r in g  iff /1,, i s  a  P-ring f o r  e v e ry  maximal
ideal art ([6], (7. 4. 5)).

Now we introduce and discuss some conditions of openness of loci
on a ring A and on finitely generated algebras.

Definition 1: A  ring  A  is  P - 0  (w h ere  P  satisf ies 1 —5) i f f  P ( A )
contains a non em pty  open set.

A  is  P - 1  i f f  P ( A )  is  Z arishi open (m ay be em pty ).
A  is  P - 2  i f f  ev ery  A -algebra of  f in ite  type is  P - 1 .

Remarks and Examples :
1—Property P - 2  passes to  homomorphic im ages and localizations, as

w ell as to  algebras o f fin ite  type ;
2—If A  is  q . excellent and P=regularity, th e n  A  is  P - 2  ([10], (34.

A ) ) ;
3—If A  is  a  homomorphic im age o f a  re g u la r  rin g , th e n  A  i s  P - 2 ,

w ith  P=C I ([6], (19. 3. 3))
4—If A  i s  a  homomorphic im age o f a  Gorenstein ring of f in ite  Krull

dimension, then A  is  P - 2 ,  w ith  P = G o r  ([9 ], theorem  8  o r  [I1],
theorem 3. 1) ;

5—In [6] (6. 11. 8) it is in troduced  the fo llo w in g  co n d itio n : (CMU)
Let A  b e  a  noetherian r in g ; fo r  e v e ry  43ESpec(A), Spec(AA)
contains a non em pty open set being CM.

(C M U ) im p lies: a ) C M (A ) is Zariski open ([6], (6. 11. 8) ; b)
i f  (C M U ) is  true fo r  A , it is  au to m atica lly  tru e  a lso  fo r  a n y  A ' ,
A -algebra of fin ite type ; c ) fin a lly , i f  a  r in g  A  h a s  (CM U ), then
it  is  P - 2 ,  w ith  P=CM .

6—In [6 ] it is  p ro ved  th at (C M U ) is  true fo r a  r in g  A  such  th at A =
=B /Z , where B  is  reg u la r  ([6], (6. 11. 2)) ; m o reo ver th ere  is  the
im plicit conjecture th a t (CMU) be valid for any noetherian ring. On
the contrary in  [8] Hochster gives counterexamples to the openness
of CM-locus, hence to  (CM U) even  in dimension 3  and for rings
w hich are locally geom etric; other counterxamples c an  b e  fo u n d  in
[3].

On the other hand in  [9 ] it is show n that (C M U ) is always true
fo r homomorphic images of CM rings ([9 ], theorem 3).
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n. 2

In  the present section we want to discuss the consequences on open-
ness of loci produced by N agata's criterion, when it is assumed to be
valid for a property P  satisfying axioms 1 - 5, P  being eventually different
from regularity.

Therefore we introduce the following

Definition 2: A  property  p  satisf y ing ax iom s 1 —5 h as  N agata's crite-
rio n  (sh o rtly : N C )  if f  the f ollow ing theorem  is true for P :

Let X =S p ec (A ), w here A  is  an y  noetherian rin g ; th e n  P ( A )  is open
if, for every  C. E Spec (A ), th e re  is  a non em pty  open set 11 of Spec (A/ù)
contained in  P ( A /Z ) .

Remark 1 :  N C  is valid an d  well known when P = regularity (see
fo r in stance [10 ], (32 . A )) ; it is a  key result to construct th e theory of
excellent rings.

Recently proofs o f N C  have been given also for other properties like
1— C M  ([9 ], theorem 4) ;
2— Gor ([4])
3—CI ( [4] ) .

Remark 2: Th ere  a re  many properties with N C ,  but not fulfilling
axioms 1 - 5, lik e  (R 1 )  ( [9 ] ,  theorem 1 ) o r  (S O  ( [ 9 ] ,  theorem 6 )  ;  the
results of the present section  are generally not valid fo r them.

N C  allows u s to state equivalent conditions for P - 2  quite similar to
th e well known equivalences fo r regular loci (the so called property J - 2
o f [1 0 ], theorem 7 3 ) .  In fact we have :

Proposition 1 :  Let P  be any  property  satisf y ing ax iom s 1- 5  and NC.
T hen  the follow ing conditions on a noetherian ring A  are equiv alent:
1— A  has P - 2  ;
2— ev ery  f inite algebra is P - 1 ;
3— for every  ZE Spec (A )  and for ev ery  L= f in ite  extension of the fraction

f ie ld  k (Z )  of A /Q  th e re  is  a f in ite  A -algebra B, containing A / El and
hav ing  L  as fraction field, su c h  th at B  is  P - 0 .

Proof ; Enough to show that 3 , 1. Choose Z cSp ec(A ), L = -fin ite
extension of k(§:1) an d  B  a s  in  3 .  Then B  contains a  linear basis of L
over k ( Z ) ,  say b „ . . . ,  b„, and  there is a n  f * 0  i n  A / 2 .  such that 131 =
En (A / Z ) f b ,= fin ite  f re e  m o d u le . Hence, by axiom  4  o n  P , A / E 1  is,-_-1
P - 0 .  Therefore, by N C, A  is P - 1 ,  together with every quotient A/3,



204 Paolo Valabrega

w ith  43 E Spec (A).
N ow  w e pass to  consider fin ite ly  generated  A -a lgeb ras; b y  N C  it

is enough to  show th a t, i f  C  is  an y  d o m a in  f in ite ly  g en e ra ted  as an
A-algebra, then  G is P - 0 .  I f  Z.= ker(A—>C), we can replace A by A/Z,
and assume that A  is contained in  C .  Passing to  a suitable open set of
Spec(A), w e can  assume also that A  has P .  Let now  K  and L  b e  the
fraction fie lds o f A  and C respective ly . T here  are two alternatives

Case 1 —L/K is separable, hence L  h a s  a  separating transcendence
base over K , s a y  (t„. t „ ) ,  w h ic h  c a n  b e  c h o se n  in  C .  P u t :  A 1 =
A [t„ . t „ ] ,  K , ,  K  ( t „ .  t,,). T h e n  A, has P  s in c e  i t  i s  a polynomial
ring over a ring having P .  Replacing A  b y  A „ w e  c a n  assume that
L/ K is separable algebraic ;  moreover we can choose a lin ear base of L
over K , say e„...,e„, con tained  in  C  and select fE A  su ch  th a t Cf =
E 4 1e1=finite free Ac module.Now replace A  b y A f  and C b y  C f .  Since
L/ K is separab le algebraic w e have :  d= det (tr ,,/ „(e,e ; ) ) # 0 .  W e claim
that Ca h a s  P .  In fa c t  i f  dEP'ESpec(C ) and p=-P' nA, then the cano-
n ica l image of d in  CC)k(P) is  n o n  ze ro  in  k (P ) , w hich  m eans that
CC)k(p) is  a product of fields ;  hence C,/PC,, is a fie ld . B u t A 1 —>Cp is
faithfully flat and both A , and c,,/pc,, have P ;  s o  th a t  a ls o  C1 , has P,
as w e h ad  to  show.

Case 2— char(L)=p>0; then  there exists a  f in it e  radical extension
K, o f  K  su ch  th a t L i =  L  (K ,) is  s e p a ra b le  o v e r  K , .  W e can  choose
A,C K i  as  in  3 , so that A , is  P - 0  and also A 1 [C 1 is  P - 0  b y case 1.

Since A i [C ]  is  fin ite  over C, C itse lf is  P - 0  (use axiom 4  on P).

Remark 1 :  Our resu lt is  very  close to property J - 2  not only in the
formulation, but also  in the technique of proof (see [10 ], theorem 73).

Such a proof is based essentially on the fo llow ing facts, valid both
for regularity and for P:
1—P ascends by faithful flatness if the fiber over the closed point has

P  (hence properties like normality, ( S O , —  are excluded; on the other
hand w e rem ark that fo r  (R 1 )  th ere  is  a  proof o f  R 1 - 2  b ased  on
Nagata's crite r io n : [9 ] , theorem 2) ;

2—P descends by faithful flatness;
3—P passes to polynomials;
4—P has NC : th is property allow s u s  to  r e s t r ic t  o u r  investigation to

domains.

Remark 2: I n  [1 1 ]  Sharp introduces the c lass of acceptable rings,
quite parallel to  excellent rings, but with regularity replaced everywhere
by Gorenstein; our proposition 1, u s in g  N C  fo r  G or proved  in  [4],
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gives fo r acceptab le rings the until now  m issing equivalent o f property
J - 2 .

N ow we consider another condition on P  concern ing quotients and
strictly related to  N agata 's criterion:

Definition 3 : A  property  P satisf y ing ax iom s 1 —5 h a s  the quotient
condition (shortly : Q C ) if the follow ing theorem  is true:

L e t A  be a  noetherian ring hav ing  P and 43ESpec(A) ; then A /q3 is
P - 0 .

Examples :
1— P = C M  ([9 ] , theorem 3) ;
2— P = G or ([4])
3 — P = C I ([4]).

O n the o ther hand  w e d o  n o t kn o w  w h eth er regu larity  h as Q C  or
not, at least in  char. 0.

U sing N C  an d  Q C  w e  c a n  g iv e  th e  fo llow ing perm anence theorem
for P - 2 .

Theorem 2: Le t A  be a  noetherian ring, P  a property satisfying axioms
1- 5 ,  N C  and QC, and let f :  A—,13 be a  P— morphism.

Then , if A  is a  ring  w ith  P -2 , als o  B  h as  P -2 .

Proof : B y N C  it is  en o ugh  to  show that, i f  C  is  any polynomial ring
over B  an d  Z E S p e c (C ) , th en  C / Z .  i s  P - 0 .  L e t  ci= Z  nB  a n d  p

z  n A . Replacing A  b y  A /P, B  b y B /PB , C by C/PC, we m ay assume
th at p , ( 0 ) .  B y hypothesis there is an f # 0  in  A  su ch  th a t A f  h as P ;
therefore also B f  an d  hence C f  h a s  P .  B u t f o e :0 ,, since nA=-- (0)
therefore w e can conclude, using QC, th a t C., . / Z  is  P - 0 .

Remark :  Theorem  2  c a n  b e  a p p lie d  w h e n  P----C M , G or o r  C I;
moreover B  can be chosen to  be any m -adic  completion or henselization
of A , w ith  m O E R ad(A ) ([6], (7 . 4 . 6 ) ; [5 ], lem m a 5 .  1 ) .  W h en  A  is
local, B  can  be chosen  to  be the strict henselization "A  ([6], (18. 8. 12),
OW.

n. 3

In  th e  present section w e state  a  l if t in g  re su lt f o r  t h e  property of
being a  P -ring , i .  e .  w e l if t  it from  A /m  t o  A  w h en  A  i s  m-adically
com plete; th e  resu lt can  be refined  w hen  P  is  su p p o se d  to  h a v e  N C
and  QC.

F irst w e need  a  lemma :
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Lemma : A  noetherian lo c al rin g  A  is a  P - rin g  i f f ,  f o r  ev ery  f inite
A -algebra B  w hich  is a d o m ain , an d  f o r ev e ry  Z E S p e c ( B )  (w here h ,
=com pletion o f  B )  w ith nB , (0 ) , th e  lo c al rin g  13„, h as  P.

Proof : Q uite th e  same as the well known proof valid for P= regularity
(see, fo r in stan ce , [10 ], (33 . E ), lemma 3).

N ow we can prove the following

Theorem 3: L e t  A  be a  noetherian rin g , m  a n  ideal an d  P  a property
satisf y ing ax iom s 1- 5 .  A ssum e that:
1— A  is  m -adically  separated an d  complete;
2—A/nt is a  P-rin g ;
3—A is  P - 2 .

T hen also  A  is  a  P-ring.

Proof : B y [6 ], (7 . 4 . 5 ), w e  can  re s tr ic t o u r attention to  th e  formal
fibers o f A ,„ where 9J/ is an  arb itrary m axim al id e a l. B y  the lemma, it
is enough to  show th at, if  D  is  a  dom ain finite as  an  A ,,-m o d u le  an d

is  a  p r im e  ideal o f  S p ec (b ) ly in g  o ver (0 ) E S p ec (D ), th en  b c, has
P.

If m D =  (0), D  is  a  fin ite A „/m A .-m odule ; so, by hypothesis 2,
has P .  Therefore w e can assume th at m D *(0 ).

L e t u s  now consider t h e  canonical m ap f :  Spec(b )-> Spec(D ) and
t h e  s e t  Y=f - l(P (D )) n Non P ( Î ) ,  w h ere  Non P (b) = Spec (b ) -  P (b)
W e w ant to  show that Y = 0, w hich w ill prove our claim .

A ssu m e  Y # 0 . S ince A  is  P - 2 ,  th e n  A „, i s  a ls o  P - 2  a n d  D  is
P - 1 ;  so , using axiom  3 on P ,  w e see  th a t Y  is locally closed  a n d , by
[1 0 ], (3 3 . F ) ,  lem m a 5 , it co n ta in s a  p r im e  id e a l $ 'E S p e c (b )  su c h
that d im (bA 3')  I f  d im (f0 3 ')= 0 , t h e n  $ ' i s  m ax im a l a s  w e ll as
q3= W n.D. B u t D ,-> b ,, is faithfully flat and  the fiber over the closed
point is  a  f ie ld .  Therefore, by axiom 4 on P, should have P , which
contradicts th e  choice o f  1 3 '. Hence dim(b/13') =1.

W e now  consider m '= m E , w here E = f)/V . T here a r e  two alterna-
tives
1—m' ,  (0 ) ; th e n  m b E $ ', so  th a t n tD C 1 3 =  n p . T herefore D / 43 is

a  f in ite  module over A ,,/m A ,, a n d  h as fo rm al fib ers w ith  p ro p erty
P , b y h yp o th esis  2 . I n  p articu la r b ,,/ q 3 .b ,, m ust h ave  P ,  so that
also b ,, has P  by axiom  4 on P ;  b u t  th is  is  ab su rd  and, finally, m '
cannot be (0).

2 -11f#  (0 ) ; since E  is  a  lo ca l domain o f d im en sio n  1, m ' contains a
suitable pow er o f tn E = R a d (E ), say tit'E . H e n c e  w e  h a v e  :
homomorphic im age of b/m;3 =D/rw,=finite AwITCA„,-module=finite
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A / 9)-m o d u le . So  E /m E  is fin ite over A , w h ich  is  m-separated and
complete ;  th is  m ean s  th a t E  i s  a  f in it e  A -m odule ([10 ], (28 . P),
lem m a). W e  have now the following finite inclusions:

A /(  nA),---->D/P--->E.

S ince A /(13nA ) is  m-complete an d  separated, th e  sam e  is  tru e  for
D/13; but D /9  i s  a  lo ca l domain of d im ension 1, so that it is complete
a s  a  lo c a l  r in g ,  i. e .  D /4 3 =b 1 3 b ; f in a l ly  w e  s e e  th a t  0 = 1 3  and
b v /M ,  is  a  f i e ld .  T herefore Ls, m ust have P  by axiom  4  on P.

W e ge t aga in  an  absurd and  the un ique p o ss ib ility  is  Y = 0, which
proves our claim.

Remark : T he theorem  is true w hen P= regularity, CI, G or,C M . In
particu lar, in  the case  o f regu larity , w e find exactly th e  resu lt o f  [12],
theorem 4.

Corollary 1: L e t  A  be a norm al local ring of  dim ension 3 , m-complete
an d  separated f o r som e ideal m .  I f  A /m  is  a  P-ring, w ith  P=C M , then
th e  sam e is true f or A .

Proof : A  h a s  (CM U), h e n c e  i t  is  P - 2 ,  w ith  P = C M . I n  f a c t , if
f# 0 , fE R ad (A ), then  A f  is  a norm al domain o f d im en sio n  2  a n d , if
$E S p ec (A ), q3# (0 ), then  there is fERad(A /13) su c h  th a t  (A /43) 1 i s
a  domain of dimension no t greater than  1 ;  in  a n y  c a se  w e  g e t  a  C M
rin g  localizing at som e suitable f .

W hen P  has N C  an d  Q C  w e can  deduce the following

Corollary 2: L e t  A  b e  a  noetherian r in g  a n d  l e t  P  satisf y  ax iom s
1 - 5 ,  N C  a n d  Q C , A ssum e m oreov er that:
1— A  has P - 2  ;
2—A is  P-ring.

T h e n  i f  mOERad(A) a n d  B = (A , m )", also  B  satisf ies 1 a n d  2.

Proo f : B y proposition 1 ,  P - 2  passes to  B , since A ->B  i s  a  P-mor-
p h ism . Now apply theorem 3.

Remark : Corollary 2  states in  particu lar the following facts:
1—If A  is  acceptab le ( [1 1 ]) , then  also  (A , m)"  is  accep tab le ;
2—If A  is  q . excellent th e n  (A , n i r  h a s  P - 2  w ith  P=CI, G or, CM

(th e  claim  on f ib e rs  in  th is  c a s e  is  w e ll  k n o w n : it  is  e a s y  to  s e e
that the fib ers o f  (A , m)"  a r e  even CI without th e  m achinery of the
theorem).
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Unfortunately th e  corollary cannot be em ployed w hen P=regularity
since Q C  is not know n in  th is  case  (an d  N C  is not enough).

W e rem ark exp licitly that, i f  Q C  is  v a lid  fo r som e c lass o f  regular
rings, like , for instance, regu lar lo c a l r in g s  containing a  f ie ld  o f  cha-
racteristic 0, th en  it g ives au to m atica lly  th e  p a s sa g e  to completion of
the excellent property, w ithin th e  class considered, by corollary 2.

POLITECNICO DI TORINO
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