
J .  Math. Kyoto Univ. ( JMKYAZ)
18-1 (1978) 131-135

Formal degree and
Clebsch-Gordan coefficient

By

Nobuhiko TATSUUMA

(Communicated by Prof. H. Yoshizawa, March 31, 1977)

1. Let G  b e  a  unimodular locally compact group, and co=
b e a  unitary representation o f G. Here is  the space of representation
(I) and Ug 's are its representation operators.

W e call co L '-represen tation  if a n d  o n ly  i f  co is i r r e d u c ib le  and
there exists a non-zero vector V in su ch  th a t < U ,v , Y >  is  a square
integrable function of g  in  G  w ith  respect to  th e  righ t H aar m easure
dg on G.

For an L 2-representation co, the following properties a re  know n  (cf.
[1 ]) .

1) For any vectors u , w  in < U g u , w >  is  square integrable.
2) For a fix ed  non-zero vector y  in  CO, the map

u - - ›< U g u , v>  E D (G)

is  an intertwining operator from co to  th e right regu lar representation
gt= {D (G ), R O  of G.

3) For any representation  r=  {Se, V A  w hich  is disjoint to  co, and
any vectors u , y in any vectors z , y  in  g  fo r  w h ic h  <V g x ,  y >  is
square integrable,

SG< U gu' v
> < V g x ,  y > d g = 0 .

4 )  T here exists a  pos itive  n u m b er d ( w ) ,  d e p e n d in g  o n ly  o n  co,
such that

<U g zi, v><LIg to, z>dg,d(w) - '<  ,  > < z ,  y >
G

for a n y  u , y , w , z  in
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We call the number d(a)), the formal degree of a).
On the other hand, consider two unitary representations co= ,

7 = {,St, Vg }  and an irreducible one a= f2, W e ). Take normalized vectors
u, y ,  w  in their representation spaces St, 2  respectively.

Assume that 0,C)z- contains a  a s  a  discrete component. Denote 2"
the maximal subspace o f , (:)St on which the restriction of a)01 -  operates
a s  a  m u lt ip le  o f  a .  It is  ev iden t that 2  is  un iquely  determ ined
invariant subspace, and the space o f vectors

{Aw ; A is any intertwining operator from a  to a)(:)/
is a  closed subspace o f 2 .  Put P 2 and P„ the projection of . 0 S t to  "2
and , (w ) respectively.

We call the following non-negative real number the Clebsch-Gordan
coeff icient o f uC)v with respect to w:

a(u, v; w ) (uC)v)II.

The purpose o f th is  p a p e r  is  to  sh ow  a  c lo se  re la tion  between
formal degrees and Clebsch-Gordan coefficients, and using this relation,
to calculate the formal degree of the discrete series o f SL (2, R).

Hereafter we denote the conjugate representation o f a) in  th e  sense
of G. W . Mackey by co*, and the im age o f v  i n  S) b y  th e  natural
conjugation map into th e  representation space o f  a)* by v*. For
instance, < U ,,*v * , u *> ,< U ,z ), u > . Obviously, if  a) is an L'-represen-
tation, a)* is too and d (w) = d (w * )  (c f. [2 ]).

2. Lemma 1. For any normalized vectors u in  k), v i n  ,R, w i n  2,
< ( Ug ® Vg ) P,„ (u 0 v ) , P.(u(Dv)>--_-a(u, v; w) 2 < W g zv, w>.

P ro o f .  From the definition o f  , , ( w ) ,  there exists a n  intertwining
isometric operator A  from 2  into .1(1),ST such that

P w (u 0 v ) ,a (u ,  y ;  w)Aw.

This leads us to the above equality directly.

Lemma 2. T he  component of  w ar restricted to th e  space (,to®St)e"g
is disjo int to  a.

P ro o f. Obvious from the assumption o f maximality on  2.

3. Main T heorem . L et w =  { ,  U s ) b e  a  unitary representation of
G , an d  r= {,R, V } a =  g?, W g l be two L'-representations o f  G.

A ssum e war contains a*  as  a  discrete component. Then f o r  any  nor-
malized vectors u, in vi i n  St, w, in  ,V (j=1, 2),

1) a<Da contains r* a s  a  discrete component,
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2) a(u„ w,*),a(u,*, y,* ; w ,),
3) cl(z-*)a(u„ y 1 ; w,*) 2 =d(a*)a(u„ w 1 ; y 1 *) 2 ,
4 )  a (u„ y, ; w,*)a(u„ w 2 ; y2 *) =a(u„ w 1 ; v 1 *)a (u 2 , y 2 ; w,*).

Proof . A t  first the equality 2 ) is a direct conclusion of the defini-
tions of a and the conjugation map.

For normalized vectors u  in y  in St, w in 2 , put

1-
o =  <L. u > < V g v, v><W ,w , w >dg

G

G

C )< (U ,V ) (u 0 v ) ,  u ® v > < 1 4  g *w*, w*>dg•

Now we p u t z , , P (u 0 y ) ,  z2 = (P 2 *  — P „,*) (u0v) and z3 = (I — P 2 * )
(u 0 v ), then  z,'s a re  mutually orthogonal and u ® v = z ,± z ,± z , .  By
lemma 1,

<(E7,03)Vg )z„ z 1 > = a (u , y ; w *) 2 <'147 ,*w*, w*>.

The vectors z, and z, are of the a*-component i n  0,0 7 ,  therefore
the functions < ( Ug ® Vg ) z„ zh >  ( j ,  k =  1, 2 )  are  squ are  integrable.
And since i s  an invariant subspace,

< ( Us ® Vg )z „  zi >  <  (U ,®  Vg )z,, z ,>  = O  (1=1, 2).

Combining these results, we obtain the following,

< U g u , u><V g y , y > ,< (U ,O V ,)(u O y ),
E < (ug o v g )z„ z,>+<(U g oV g )z3 , z3 >.

j,k= 1, 2

Because the left hand side and the first sum  p a r t  o f th e  right hand
side are square integrable, the last term is too.

Thus by the orthogonality relations 3) and 4 ) in 1.,

< (U ,O V ,.)z ,,z ,> < W g *w *, w *> d g = 0  (if j  or k=2).
G

Z3><Wg*W * > d g
G

Consequently we get

l o =S G < ([1 ,0 V g ) ;,,Z, > < W g
* w * ,w * > d g , a ( u ,  y; w*) 2 d (e ) - 1

Changing t h e  r o l l  o f  ( a ,  w )  to (7, v ) ,  we get analogously
I a =a (u , w ; v*)ld (r*) - 1 .

The rest of M ain theorem are deduced from this equality immedia-
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tely.

4. Now we shall consider the case of G =S L (2 , R ) . Its L2 -represen-
tations D , D : (n =1 , 3 / 2 ,  2 ,  5 / 2 ,  . . . )  a re  so-called o f  t h e  discrete
series. In the space of the representation D : (resp. D :) ,  there exists
a  complete orthonormal system {u„.' ; j = n , n  +1, . . . (re sp . u i_ .;  j=  —n,
— n - 1 , . . . ) 1  consisting o f K -finite  vectors.

For such vectors, the step-up (-down) operators a re  given by

F+ (D )ui„= (j + n) —  n + 1) uV -„',
F -  (Dr) u = — V (j— n) (j + n —1) .

The vector u: (resp . u .7„) in the space o f D „+ (resp. D :)  is charac-
terized as the normalized vector o f  w e igh t n  ( r e s p .  —  n) such that
F ( D ) u : 0  ( r e s p .  F + ( D ,7 ) u : : = 0 )  up to constant factor (cf. [3]).

In  the space of D ;/2® D ,  the vector u11
/

2
2 C)uP is th e  only normalized

vector o f weight p +  ( 1 / 2 )  and F - (D 20 D -
pE) (1,0 2 0uPp )  = 0 .  This means

that Dil-
h OD;',  contains Dp +

-to )  w ith  m u ltip lic ity  on e  an d  u1K ) u ; just
corresponds to the vector u: -.1-B 2 .  That is,

a (24 ; tz:V11 ) = a ; ( u : : )  = 1.

W hile in the space o f  Dii-
/ 2 ®D_ p _:- ( ,,/ 2 ) =Dif/ 2 (&(Dp 4, / 2 ) ) * ,  vectors y  o f

weight —p  are given by

10
Thus F  v  E a , ((I + 1) it' + ( VA) O u=: ia /2)

+111(1+ 2p) ui±v2Ou:;, -_- 6̀1-02))

= E (a, (1+1) +a (I +1) (1+2P +1)) (ul -' ( 1A )Ou::: 1
0

-e ))  .

The equality F+Y =0 gives a ,+1 = —a i l' ( 1 +1) / (/-1-2P+1). Therefore a,=
(— 1)  ̀V1 !(2 p )  ! / (i + 2P) ! a 0). By the additional condition ll v il = 1 ,
we get

a 0  = a (Ji g  14:::=N; ; u.1) = ( (2P — 1)/2P) 1/2 .

Substitute this to the formula 3 )  o f th e  M a in  theorem, then we
obtain

d (D ) / d (D p + t,12) ) d  ( D -;') / d (D
= a (12 1Zu ; '/a u Pp ; U ;TVA) ) 2 =  (2p  1) /2P

(P = 1 , 3 /2 , 2 , 5 /2 , ....) .

v= E a ,(u 1+( )(1)u )1/2 - p -  (1/2) •
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Sum m arizing these results, i f  w e put bo = d

d =d (D ) = (2p —1) b o ( P =  1, 3/2, 2,5/2, ...).

The determination o f bo depends of th e  norm alization o f  th e  Haar
m easure on G .  For instance, for the normalization as

S1 < Ug ul, zil>12 dg(= d  (D ih)) 1, w e get
G

d (a p
i- ) d (D;) = (2P — 1) .
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