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Nakai-Kosaki-Ishibashi [2] has proved that if K  is a  purely inseparable field
extension of finite exponent of a field k, then there exists a bijective correspondence
between intermediate fields of K lk  and closed subrings of .9(K lk ) containing K
such that the corresponding field E and closed subring a are related by the formulae
E = Z(a) and a =g(K IE), where .9(K1k) denotes the derivation algebra of K over k,
Z(a) denotes the center of a and 9(K lk ) is regarded as a topological space by the
topology induced by the Krull topology of Homk  (K, K).

This is a  generalization of the theorem of Jacobson-Bourbaki correspondence
in the case of purely inseparable finite extension.

In this paper we shall prove that a  similar theorem of Galois correspondence
still holds if the Krull topology is replaced by the finite topology and K  is replaced
by any field extension satisfying one of the following equivalent conditions (0), (1),
(2) and (3).

( 0 )  g(K1k) is dense in Hom k (K, K).
(1) Z(g(K1k))=k.
(2) If x is an element of K\k, then there exists a high order derivation D of some

order such that D(x) = 0.
0 0

(3) n Pkik = (0), where /K i k  =Ker (multiplication K  K --*K ).n=1.
Not only purely inseparable extension K lk  of finite exponent but also purely

transcendental extension K lk  satisfy the conditions above. And there exists an
example o f a purely inseparable extension, not of finite exponent, satisfying the
above conditions.*)

Notation and term inology. We adopt the notation and terminology in [1] and
[ 2 ] .  All rings are assumed to be commutative and have identities. When k  is a ring
and K is a commutative k-algebra, a q-th order derivation of K lk  (or k-derivation
of K) is, by definition, a k-homomorphism D: K—d( satisfying the following identity:

* ) Moreover, Klk is purely inseparable of finite exponent if and only if, for every intermediate
field E of Klk, KIE satisfies the above conditions. (cf. Mordeson-Vinograde [5])
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D ( x 0 x 1 •••,c,) =  E  (—  
1 ) s - 1 E x i i •• •X i .,D(X0•• •5Ci i •••k‘G• • •X q )

s=1 i t  < • • • < i ,

for any set {x 0 , x„..., x l } of (g + 1)-elements in K .  .C )q) (KI1c) denotes the totality
of q-th order k-derivations o f K  a n d  g 0 (K /k ) denotes the union 

.1=1
which is a K-submodule of Hom„ (K , K ) . g (K lk )  denotes the sum (necessarily a
direct sum) of K-submodules K  a n d  0 (K/k) in Hom k (K , K ), which has a  natural
structure of k-subalgebra of Hom ,, (K, K). ( K  / k )  is called the derivation algebra
of K  over k.

For any D E 90(K ik ) and a E K , we set [D, a]= Da— aD—D(a) i.e. [D, a](x )=
D(ax)—  aD(x)— D(a)x. D belongs to .9 (

0q) (K /k ) if  a n d  only i f  [D, a ] belongs to
g q - 1 ) (K/k) for all a e  K.

Always means O k  (tensoring over k). 1 , 1,  denotes the kernel of the multi-
plication m ap t t : K O K - 4 C  W e  regard K O K  a s  a  le ft K -m odu le  by  the
K-operation a(x  y )= ax ®  y .

§ 1 .  Preliminaries on the finite topology on Hom k ( K, K)

Let V and W be vector spaces over a field k. For any pair of finite ordered sets
{v„..., v„,} c V  and {w „..., w „,} W , w e  s e t  Uk (v „..., um ; w„..., w„,)= {fe Horn„
(V , W )If(v i)= w i for all il. The whole of the subsets of Hom k (V , W) of U k(vi ; w,)
type forms a basis for a topology on Horn,, (V , W) which is called the finite topology
on Horn,, (V , W). (cf. Jacobson [3], Ch. IX, §6) This is nothing but a topology with
the fundamental system of neighborhood of zero consisting of all the subsets of the
form  Uk (E)= {fe Hom k (V , W) = 0 } ,  w h e r e  E  is  a  finite dimensional subspace
o f V. This topology is discrete if and only if dim„ V < cc. I f  V= W and V is  an
algebraic extension field of k, the finite topology is identical with the Krull topology.
(cf. Nakai-Kosaki-Ishibashi [2])

By definition, next lemma is obvious, which means that the basic open sets
Uk (v i : 140's are also closed.

Lemma 1. L et V  and W  be vector spaces over a f ie ld  k , a  b e  a  subset of
Hom k (V, W) and a be its closure in Hom k (V, W) with respect to the finite topology.
L et v  and w  be elements of V  and W  respectively such that .f (v )=w  for ev ery  fe a.
Then we have g(v)=w for every g E

Now let K  be any field extension of a field k. When M is a K-submodule of the
left K-module K O K , we identify Hom ic ((K OK )IM , K ) with a subset of Hom K  •
(K OK , K ) consisting of the elements f  such that f l m  = O. Then, from the above
lemma, we obtain immediately the following.

Corollary 2 .  L et K  be any  f ield ex tension  o f  a f ie ld  k  and  M  be any  K -
submodule of  K O K . T h e n  HoinK  ((K OK )IM , K ) is closed in Hom K (K OK , K )
with respect to the finite topology.

Next we show the following
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Lemma 3 .  L et K  be any  f ield ex tension of  a f ield k . Then the m apping 9:
Hom K (KOK, K)-÷ Rom, (K , K ) def ined by  9(f  )(x)=f(1(:)x) is a homeomorphism
with respect to the finite topology.

P ro o f . If w e define : Homk  (K, K)—>Hom K (K O K , K ) by the formula tli(g)
(E x 10y 1) =- E x ig(y ;), it is clear that t/J.9 =id and 9.11J= id, hence tk is the inverse of

9 .  Consequently it is obvious that 9 - 1 (Uk (x 1 ; y 1))=1/i(U„(x 1 ; y i ))= U k (10x,; y 1)
for any (x ,), (y ) K , which shows that 9  is continuous. On the other hand, if
U ,,( ; 0) is any basic open neighborhood of zero in Horn„ (K O K , K ) w h ere  =
E x10)7 1 = E xi(toy i) (x 1, y e K ) and y o ..., y„ are linearly independent over k,

then we see easily that iii- 1 (L / ,(; 0 )) Uk (h ,.••, 0). Hence t// is also
continuous, q. e. d.

Remark 4. (Nakai-Kosaki-Ishibashi [2]) Let k , K  and 9  be as in Lemma 3,
CO

and let / = /,/ k . Then we have 9 - 1 (g(K 1k ))c Hom, ((Kato/ n i n ,  K), where
n=1

9 (K lk ) denotes the derivation algebra of K  over k. (However 9 - 1 (9(K /k ))

Hom, ((K  K )I n I", K ) in general.)
n=

Proposition 5 .  L et K  be any  f ield extension of  a f ield k , and E be an  inter-
m ediate f ield betw een k  a n d  K .  Then Hom E (K , K ) is closed in Hom k (K , K)
with respect to the finite topology.

Pro o f . The proof is similar to that of [2], Prop. 8. Let f  be any element of
the closure of Hom, (K , K ) and let x e K  and a E E . S in ce  the neighborhood
Uk (x, ax ; f (x ), f (ax )) of f  contains an  element o f Hom, (K , K ), there exists an
element g e Hom, (K , K ) such that g(x )=f (x ) and g(ax )=-f (ax ). Then we have
f (ax )= g(ax )= ag(x )= af (x ), which shows that f E Hom, (K, K). q. e. d.

Next we characterize the dense subrings of Homk  (K , K ) containing K (=K . id)
as follows.

Proposition 6 .  L et K  be a f ield extension of  a f ield k , and a  be a subring of
Hom k (K , K ) containing K .  Then a  is dense in Hom k (K , K ) w ith respect to  the
finite topology if  and only  if  Z(a)= k, where Z(a) denotes the center of a.

P ro o f . The proof of the if part is the same as that of [2], Th. 7. That is,
regarding K  as a left a-module, K  is a simple a-module. And the commutant of
a-module K  is nothing but Hom a  (K , K ) . However, since Z (a)=k , w e have
Hom a  (K , K )=k . Hence the bicommutant of a-module K  is Homk  ( K , K ) .  There-
fore by the density theorem (Bourbaki [4], ch. 8, §4, n° 2.), a is dense in Homk  (K, K).
Conversely suppose a be dense in Hom, (K , K ) . If fE Z(a), 9 e Homk  (K , K ) and
x e K , there exists an element ŒEO such that a(x)= 9(x) and a(f (x ))=9(f (x )) i.e.
Œ E  U k (X , f ( X ) ;  gO(X), 9(f (x))). Then we have (9 f )(x )= 9(f (x))= oc(f (x)) =f (Œ(x)) =
f (9(x)) = (.10)(x) i.e . 9 f  =f 9 .  This shows that Z(a) OE Z(Hom k  (K , K ) ) .  On the
other hand it is clear that Z(Hom k  (K , K ))— k . Hence we have Z(a)= k. q. e. d.
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Corollary 7 .  Let K  be a field extension of a field k. Then 9(K1k) is dense in
Hom k (K , K ) if  and only  if  Z (9(K lic))=k .

§ 2. Galois correspondence

First we shall investigate the condition for Z (9(K 1k))=k .

Lemma 8 . L et K  be a f ield ex tension of  a f ield k , and x E K .  Then the fol-
lowing conditions are equivalent.

(1) x e Z(g(K1k)).
(2) For any  D e g 0 (K1k), we have Dx=xD.
(3) For any  D e g 0 (K /k), we have D(x)=0.
(4) 6(x)=1(:)x — x 01 belongs to n

11=

P ro o f . Since (1)<= (2).■(3)<=44) is obvious, we have only to prove (3) (2).
Suppose D(x)= 0 for all D e  g 0 (K1k), and let y be any element in K .  Then we have

0 =[D, y](x)=D(yx)—  yD(x)— D(y)x

= D(xy)— xD(y)=(Dx—xD)y,
which shows that Dx= xD. q. e. d.

From this lemma and results in the last section we obtain the following

Theorem 9 .  L et K  be any  f ield ex tension of  a f ield k. Then the following
conditions are equivalent.

(1°) Z (9(K 1k ))=k .
( 2 ° )  If  x  is an element of K \k , then there exists a  deriv ation De.9 0 (K lk ) of

some order such that D(x) O.
co

(3°) n (0 )
m= 1

P ro o f . Since it is obvious that Z (g (K lk ))cK , the implications (3°)1*(1°).=.
(2°) are clear from the above lemma. Hence we have only to prove (1°)c 5(3°).
(The following proof is essentially the same as that of [2], Prop. 1 1 .)  Suppose that
Z (1(K 1k ))=k  and set M = i k i k .  Let cp: HomK  (KOK, K)--4 Homk  (K , K ) be

n= 1
the homeomorphism in  Lemma 3. Then, by Remark 4 , we have cpc- J(g(K ik ))c
Hom K ((KOK)1M , K)c Hom i c  (K O K , K ) . T h u s , s in ce  g (K 1 k )  is dense in
Hom,, (K , K ) by Cor. 7, Hom K  ((KOK)1M, K) must be dense in HomK  (K® K, K).
On the other hand, HomK  ((KOK)1M, K) is closed in HomK  (K OK , K ) by Cor. 2.
Hence we have HomK  ((K OK )1M , K )=Hom K (K O K , K ), which shows that M =
(0). q .  e .  d .

Corollary 10. Let K  be any f ield extension of a f ield k such that Klk satisfies
(one of) the equivalent conditions of  Theorem 9, and let E be an intermediate field
between k  a n d  K .  T hen the ex tension Elk  still satisf ies the sam e conditions of
Theorem 9. (K1E does not, in general.)
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P ro o f . Since we have 1E l k C  K ik ,  the condition n (0) implies n I I =n=1 n=1

Now we can establish a Galois correspondence between special intermediate
fields of K lk  and closed derivation subalgebras of 9(K1k) provided that K lk  satisfies
the conditions of Theorem 9, in a similar way as [2].

Definition. An intermediate field E  of K lk  is called allowable if K IE satisfies
the conditions of Theorem 9.

Theorem 1 1 .  L et K  be any f ield ex tension of  a f ield k  such that K lk  satisf ies
(one of) the conditions of Theorem 9, and endow  9(K lk) w ith the induced topology
from the finite topology of Hom k (K, K).

(1) L et E  be any  allow able interm ediate f ield o f  K lk .  T hen g(K IE ) is a
closed subring of  .9(K lk) containing K , and we have Z (g(K IE))= E.

(2) L et a  be a  closed subring of  .9(K lk ) containing K .  T hen th e  center
Z(a) of a is an anllowable intermediate field of Klk, and we have 9(KIZ(a))= a.

Thus there ex ists a bijectiv e correspondence between allowable intermediate
f ie ld s  o f  K lk  and  c losed  subrings o f  .9 (K 1 k ) c o n tain in g  K  su c h  th at the
corresponding field E and closed subring a  are  related by  the form ulae E=Z (a)
and a =.9(K IE).

Pro o f . (1 )  is obvious from the fact 9(KIE)= .9(1(1k) n H om , (K , K ) and
Prop. 5.

( 2 )  S ince a  K , we must have Z (a )  K , from which we can easily show that
Z(a) is an intermediate field between k  and K .  On the other hand, s in ce  a  g(ICI
Z(a)) and  a  is  dense in Hom, ( Q )  (K , K ) by Prop. 6 , a  i s  dense and closed in
9(KIZ(a))= 9(1(1 k) n Homz ( a ) (K, K ) .  Hence we must have a =.9(KIZ(a)).

q. e. d.

Corollary 1 2 .  L et K  be a f ield ex tension of  a f ield k  such that K lk  satisf ies
the conditions of Theorem 9. L et {El l e A }  be any  collection of  allowable inter-
mediate fields of Klk and {aA I E A }  be any collection of closed subrings of  g(K lk)
containing K .  Then we have the following formulae, where  d e n o te s  the generated
object.

(1) 9 (K lu  E l )= n g (K IE 2 ).
A

(2) .9(K /nE 2 )= the closure of  U9(K IE 2 ) in 9(K /k ).

( 3 )  Z (r ct2 )= the smallest allowable subfield containing Z(a l ).
2

( 4 )  Z (u  ct2 )= r  Z (a A).
A

Proposition 1 3 .  If  K  is a f ield extension of  a f ield k  satisfy ing the conditions
of Theorem 9, then we have the following.

(1) k  is separably  closed i n  K .  T hat is, no  elem ent o f  K \k  is separably
algebraic over k.

(2) If  K lk  is algebraic, then K lk  is purely  inseparable.
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Pro o f . If  an element x E K\k is separably algebraic over k, we have n E x v ,-
I k [ x ] i k . Hence we have

(0) 4  /k [ x ] i k  = 7H
'k /  k '

n=1 n=1

which proves (1). (2) follows from (1). q. e. d.

Proposition 1 4 .  ( 1 )  In  the  follow ing cases, K lk  satisf ies the conditions of
Theorem 9.

(i) Klk is a purely inseparable extension of finite exponent.
(ii) Klk is a purely transcendental f ield extension.

( 2 )  In the case of (i), every intermediate field of Klk is allowable.*)

P ro o f . (i) has been already proved in [2] (Th. 2, Th. 3 or P rop . 11) (ii) Let
K be the quotient field of a polynomial ring A = k[X E A ] where X A 's are indeter-

CO

m inates. Then by the arguments of [1], Ch. 2, §2 we have n  110 ,- (0 ) .  On the
n=1

other hand, if we denote {sOs I s E A , s00} by S, then w e have K OK  = (A (S)A)s
and IK / k = 1 A lk (K O K ), P Â I lc  is  / A R -primary. Hence n  rki k  = PAli k(KoK)-(o).

n=1 n=1

q. e. d.

Examples

(1) An example of purely inseparable extension Klk, not of finite exponent,
satisfying the conditions of Theorem 9.

Let /co  b e  a  perfect field of characteristic p> 0 ,  se t k=k 0 (4 ,
where x i 's are independent variables over k, and set K=k(x i , x 2 ,..., x n ,...).

Then we have 1K/k= In  (direct sum of K-modules) where I the

K-submodule w ith  a  basis 1 H (5(x i)n , 0 p— 1, E n} (6 (x ,)=10x 1 —i=1
xØ1). Therefore we have n  /7„k = (0) and exponent (K1k)= co.

n= I
(2) A n  example o f  imperfect purely inseparable extension K lk  such that

4 (0)•
n=1

Let lc, be a  perfect field and x and y be independent variables over /c o . Set
k=k 0 (x, y )  a n d  K = k(yP - 1 , y P - 2 , • • • ,  y P  " , • • • ) --=  ko(x) ko(Y )P  - •
K P= ko (y)P - -  and k(KP - ) =K , therefore n  l7c/k

= 1
1Clio

n=1

T h e n  w e  have

NARA UNIVERSITY OF EDUCATION

By the THEOREM of Mordeson-Vinograde [5], Klk is purely inseparable of finite exponent if
and only if every intermediate field of Klk is allowable.
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